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A CLASS OF MEAN VALUE FUNCTIONS* 


E. F. BECKENBACH, University of California, Los Angeles, 
and National Bureau of Standards 


1. Introduction. The two problems discussed in the note by G. Pélya in this 
issue of the MONTHLY suggest the following two problems, of which the first at 
least is well known, concerning a given finite set of positive values 
(a) = (a1, Ga, °°", Gn). 

PROBLEM I. Find the value x which minimizes the sum of the squares of the 
errors, >_*.1(a;—x)?. 

PROBLEM II. Find the value y which minimizes the sum of the squares of the 
relative errors, >.*.1|(a;—y)/y]?. 


Solutions are readily obtained by considering first and second derivatives. 
The solutions are x= > 714;/ n, which is the arithmetic mean of (a), and 


nM 4 n 
(1) y= > aj » Qh, 
j=l k=l 


which is a weighted arithmetic mean of (a) with each a; as its own weight. 
We shall investigate (1) as an instance of a continuum of mean value func- 
tions, and shall compare these means with the standard means Nt:(a). 


2. The mean of order ¢. For a set of positive values (@) =(a1, G2, + °°, Gn), 
the mean of order ¢, — » StS +, is defined [4, p. 54; 3, p. 12] by 


M@_.(@) = min (a), Ms) = max (a), Mo(a) = ( I ai) 


n 1/t 
Mila) = ( » ci/n) , otherwise. 
j=l | 


The harmonic, geometric, and arithmetic means are the special cases 
t= —1, 0, +1, respectively. 

We have I_:(a) =1/Nti(1/a), and, for positive constants k, Mi(ka) =kRM:(a). 

As is well known, Yts(a) is a continuous strictly increasing function of 
t, —0o StS-+o, unless all the a; are equal; Mt:(a) is a continuous increasing 
function of a,, R=1, 2,---,n; and Nt.(a) satisfies Minkowski’s inequality, 


(2) Mila + 6) S Mi(a) + Mx(d), (21, 


the sign of equality holding for + © >t>1 if and only if (a) and (0) are propor- 
tional; the inequality sign in (2)is reversed for ¢S1. 


3. Definition. For a set of positive values (a) =(a1, d2, +--+, Gn), we define 


* The preparation of this paper was sponsored in part by the Office of Naval Research. 
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Ni(a), —o StS+o, by 


N_.(@) = min (a), Ny.(a) = max (a); 
Nila) = Do a; >» a. , otherwise. 
j=1 k=1 


Then 9(a@) is a weighted arithmetic mean of (a), with af’ as weight for ay, 
j=l, 2, vey nh. 

The function (1) is the special case ¢=2. The harmonic and arithmetic means 
are the cases ¢=0, 1, respectively. For n=2, the geometric mean is the case 
t=1/2. 

We have %_i(a) =1/%iy1(1/a), and, for positive constants k, Nti(ka) =kNi(a). 

In the theory of asymptotic values it is shown [4, p. 78; 3, p. 62] that 

lim N(a) = N_.(2), lim Nz(a) = Mi 0(2), 

t—— 0 t—- 00 
so that 9t.(a) is a continuous function of ¢, — © SiS + 0;and clearly N,(a) isa 
continuous function of the ax. 


4. Comparison of ¥t.(a) and Nti(a). For — 0 <i<-+ 0 we have 


[M(a) | t Wes(a) 
Nte(a) = 
[Mt.-1(a) ]* Mr1(a) 
whence it follows that N.(a)2 Mila) for 1<i<+o, and Ni(a) SM(a) for 
—0<t<1, the signs of equality holding if and only «af all the a; are equal. Ai 
t=—o,1, +o, we have N.(a) =Mi(a). 
For negative values —t we have the stronger result thai 


Nisa) = 1/Meyi(1/a) S1/Meyi(1/e) = M_+1(e). 


im M.(2), 


5. N, (a) as function of t. By means of Cauchy’s inequality [4, p. 54;3, p. 16] 
it has been shown [3, p. 243] that for positive integers p we have 
Nn(@) SNyii(a), so that N,p(a) is a non-decreasing function of the integer p. We 
now extend this result as follows. 


THEOREM 1. The function Ni(a) is a non-decreasing function of t, —© St 
<+ 0, and is strictly increasing unless all the a; are equal. 


Proof. We have 


n 2 n n n n 
( > a) dN,(a)/dt = >> a; > ay log a, — >, a;>. a, log az 
j=1 k=l 


j=1 k=1 i=l 


1 n n _ _ 
= — > > a; “as (a; — a,)(log a; — log ax), 


2 j=1 k=l 


which is positive unless each term vanishes. 
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An alternative proof, suggested by G. Pélya, is as follows. By Cauchy’s 
inequality we have d? log ( >.7%.1a})/di220, the sign of equality holding if and 
only if all the a; are equal. Hence log ( >. 1a) is a convex function of ¢ and there- 
fore, for t2>¢,, we have 


log ( » o?) _ loe( » a”) = log ( >» a) — log ( >» oi"), 
j=1 j=l j=l j=l 
6. MN, (a) as function of the a,. We have 
nm y-\? t2—~ tl 
3) (5 a5") ariay/aae = ab *S af “lias — ¢ — BRO), 
j=l i=l 


Hence for 0OSitX1, N(a) ts @ strictly increasing function of ay. Further, while 
precise conditions for each ¢ can be obtained from (3), 9t:(a@) is an increasing 
function of a, for ¢>1 provided a,>%i(a), and for t<0, provided a, < %;,(a). 


7. Minkowski’s inequality. We shall establish the following result. 


THEOREM 2. Let (a) =(a1, da, ++ +>, Gn) and (b)=(bi, be, +++, ba) be sets of 
positive values. Then 
(4) Nila + 6) S Mila) + Ned), 1St¢s2, 
and 
(5) Nila + b) = Nia) + Nx(d), O<tS1, 


the signs of equality holding if and only if t=1 or (a) ts proportional to (6b). 
Proof. For the function 


oA) = MN[Aa + (1 — Add], OS) S81, 
we have 
n 3 n n n 
( D 45") defn’ = = 0 | D4i bar Lars 
j=1 j=1 k=1 lot 


> A,( 


j=l 


n 2 n n n 
> Ars) | — | 4A; A, DAL B; 
— k=1 


k=1 j=1 l=1 


n n n n 2n 
(6) +204; DiAn Bid Ai Bi-( > 47") > At B; 
l=1 k=1 


j=1 k=1 j=1 


Ea Lata) } 
(1) (QP — 10), 
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where A;=Aa;+(1—A)b;, B;=a;—6,;, and P and Q are the indicated expressions 
in brackets. 

By Cauchy’s inequality we have P20. Further, first by the inequality be- 
tween the arithmetic and geometric means and then by Cauchy’s inequality, we - 
have 


P—Q 


n 2n n n 2 
( > 45") 4, B+ > A;( > Ay*B) 
k=1 } 


—2>°4; SA, Bed A? B: 
k=1 i=1 


j=l 


IV 


Lr ore mo ope oe mg PP? a 
2>°4; DOA, Bid[ Dat B, 4 — >A, By > 0. 
j=1 ke=1 l=1 m=1 l=1 

Thus for 0StS2 we have 2P—!Q=20, whence, by (6), (A) is a convex func- 
tion of X for 1S#S$2, and a concave function of \ for OStS1. Hence 2¢(1/2) 
<¢(0)+¢(1) for 1 SiS2, and 2¢6(1/2) =2¢(0)+¢(1) for 0S¢1; then (4) and (5) 
follow. 

The conditions for the signs of equality to hold in the inequalities used in 
the proof reduce to the conditions expressed in the theorem. 

An alternative method of proof for the interval 1StS2 was suggested by 
R. Bellman, who has kindly supplied the details [1]. A third method for this 
interval, suggested by G. Forsythe, is included in the next section because of 
its geometric aspects. 


8. An alternative proof. By Minkowski’s lemma |2, p. 23], if a positive vec- 

tor function ||x|| satisfies ||Ax||=2l|x|| for all k>0, and if the “unit sphere” 

«|| =1 is convex, then this function satisfies ||«+-y|] <||«||+-||y||. For under the 
hypotheses we have 


_ Wedel il ov Wey, 
Jet all = tel + Ul aor peat Tar x od ol = lal + 


For the function |la||=9.(a), 1S$tS2, let |la||=||d||=1, with a;>0 and 
b;>0,j7=1,2,---,n. Then ajis a convex function, and aj * a concave function, 
of a;, whence, as observed by W. Seidel, for 0S‘ S1 we have the following re- 
lationship: 
> fra; + (1 — d;]' NYS ap + (1 — DB; 

j=1 j=l 


j=1 


|A@ + (1 — d)b|| = ——_______ s ——____LL__ = 1, 


A 


dD Part (1 —aro}™ Aa +0 -)D 8; 
j=1 j=1 j=1 
and (4) follows from Minkowski’s lemma. 
For example, with ¢=2, 2=2,x«>0, y>0, the “unit sphere” (x?+-y?)/(«+y) 
=1 is the portion of the circle («—1/2)?-+(y—1/2)2=1/2 which lies in the first 
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quadrant; this is convex. But the boundary would not be convex if we included 
all vine there are real sets (a) and (6) for which No(|a-+d|) >%2(|a|) 
+2e(| 5] ). 


9. Other values of #. Clearly the inequalities (4) and (5) hold for t=-+ © 
and ¢= — , respectively. But it is easy to show that for any ¢ satisfying 2 <i 


<-+ © there is ane>0 such that for (a) =(1, €, - - +, €) and (6) =(1, e?, -- +, €?) 
the inequality (4) does not hold. Similarly for any ¢ satisfying — 0 <t<0 there 
is an M>0 such that the inequality (5) does not hold for (a) =(1, M,---, 4, 
(b)=(1, M?, ---, M*). Nevertheless we have the following result supplied by 
W. Seidel. 

THEOREM 3. If the components of (b) are all equal, (b)=(b, b, - ++, 6), then 
(7) Nila + 5b) SMRi(a) + N.(d), 1<i<+o, 
and 
(8) Vela + b) 2 Nia) + N.(d), -o<i<l, 


the signs of equality holding uf and only wf all components of (a) are equal. 
Proof. For the function f(x) = 50%. ,(a;-+«)*/ >-%_1(a,-+x)*1, we have 


af ‘| eit ye] - (¢ — DD (e+ aD (ay + x)? 


ax 


| » (a;+ al 


It follows from Cauchy’s inequality that for {>1 we have df/dx St—(t—1) =1, 
whence f(b) Sf(0)-+8, which is (7). The sign of equality holds if and only if the 
sets (a;-+5)*/? and (a;+0)/?-! are proportional, that is, if and only if all the a; 
are equal. We obtain (8) similarly. 


10. Generalizations. The above results hold also for weighted means, 


» pa; 


Mea, p) = a, pi > 0, 
> Pid 
hal 
for simply or doubly infinite sequences (a) =(a1, dz, + + +) or (@) =( + + + G1, do, 


a;,::°-), and for integral means 
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f p(a) [f(a |'ae 
NS, 2) = ————— > p(x) > 0. 
f eve lna 


References 


1. Richard Bellman, Some elementary inequalities, U. S. Airforce Project Rand, D-484, The 
Rand Corporation, Santa Monica ,Calif. 

2. T. Bonnesen und W. Fenchel, Theorie der Konvexen Korper, Springer, Berlin, 1934. 

3. G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge, England, 1934. 
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ERRATA 


The following errata in recent volumes have been'called to the attention of 
the editors: 
Edmund Pinney, Vibration Modes of Tapered Beams, vol. 54. 
p. 393, formula (10), change sign of both p’s. 
p. 393, formula (13), change sign of u’s in By —a column. 
p. 393, formula (15), replace x#/? by x7*/2, 
p. 394, formula (17), replace left member of equation by 


«Fyii(A, B,C, D; «) + FysA(A, B, —C, —D; x). 
P. M. Bailey, abstract of the paper A general finite difference summation 


formula, vol. 55. 
p. 658, replace the displayed equations by 


at(n—1)r (h/r)—1 
Dor O(%) = Dir Anf(a + ar) 
t=a z=0 
(h{r)—1 


> O(*) = 2 f(x + kr) C. 


Victor Thebault, Concerning Two Classes of Remarkable Perfect Square Pairs, 
vol. 56. — oe 
p. 444, (ii), replace x7=2 46 4 46 by x?7=4 46 4 46. 
Problem 4224 [1946, 537], vol. 56. 
p. 348. line 17, replace the summation limits j=1 to z by 7=0 to c—1. 


JAMES HUME AND EXPONENTS 
C. B. BOYER, Brooklyn College 


A widely-used work of reference, Cajori’s History of Mathematical Notations, 
reports that “Hume took an important step in his edition of L’algébre de Viéte 
(Paris, 1636), in which he wrote Aili for A’. Except for the use of Roman num- 
erals one has here the notation used by Descartes in 1637 in his La géométrie.” 
[1] Further on Cajori makes this same assertion more explicitly: “In 1636 James 
Hume brought out an edition of the algebra of Vieta, in which he introduced a 
superior notation, writing down the base and elevating the exponent to a posi- 


tion above the regular line and a little to the right . . . Thus, this Scotsman, re- 
siding in Paris, had almost hit upon the exponential symbolism which has be- 
come universal through the writings of Descartes... Hérigone and Hume al- 


most hit upon the scheme of Descartes. The only difference was, in one case, the 
position of the exponent, and, in the other, the exponent written in Roman 
numerals. Descartes expressed the exponent in Arabic numerals and assigned 
it an elevated position. Where Hume would write 5a!’ and Hérigone would 
write 5a4, Descartes wrote 5a‘.” [2] Years after reading these sentences, I had 
occasion to refer to the work of Hume in question and was struck by the ab- 
sence of elevated exponents. It would appear that Cajori had been misled by 
a passage from the Oeuvres de Descartes |[3| in which the use of “exposants 
marqués en chiffres romains” is traced to Hume's algébre de Viéte. Wieleitner, 
too, jumped to the erroneous conclusion that Hume’s exponents were elevated, 
for he refers to the same treatise of 1636 as one in which “rémische Ziffern 
als wirkliche Exponenten benutzt wurden, z. B. in der Gleichung A™—AAH 
égal 4 X.” [4] Hume did indeed use Roman numerals as indices of powers. 
He wrote that “Ajj signifie que la grandeur Aij est quarré, ou bien le quarré de 
la grandeur Aj”; in the same way “Aiij signifie le cube de la grandeur Aj”; 
and “Ajv signifie le quarré de quarré de Aj”; and similarly for higher powers 
[5|. This notation is used throughout, so that the equation which now would 
be written as x4—ax=b! appears [6| in the form Ajv—Diij en Aj est egal 
a Zjv. Occasional unevenness of the type results in the placing of some of the 
exponents (Jogarymes) slightly above or below the letter to which they apply; 
but there obviously is no intentional elevation as in the case of Cartesian ex- 
ponents in La géoméir1e. Until new evidence is presented, it appears that Des- 
cartes, not Hume, was the first mathematician to adopt exponents in the mod- 
ern sense, namely, as “a symbol written above another symbol and on the 
right.” 
References | 
1. Florian Cajori, A history of mathematical notations (2 vols., Chicago, 1928-1929), I, 204. In 
my paper on “Fractional indices, exponents, and powers,” National Mathematics Magazine, XVIII 


(1943), 81-86, the error of Cajori unfortunately is repeated. See also V. B. Bly, “A history of the 
exponent,” Bulletin of the Kansas Association of Teachers of Mathematics, XXIII (1949), 20-23. 
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2. Cajori, op. cit., I, 345-346. 

3. Ed. by Charles Adam and Paul Tannery (12 vols. and supplement, Paris, 1897-1913), V, 
504-512. See especially page 504. 

4. Heinrich Wieleitner, Geschichte der Mathematik (2 vols., Leipzig, 1908-1921), vol. II, part 
1, page 4. 

5. Algébre de Viéte, d’une methode nouvelle, claire, et facile (Paris, 1636), page 3. 

6. Ibid., page 550. 


A THEOREM ON SETS OF COPRIME INTEGERS 
L. MIRSKY, Sheffield, England 


1. Introduction. Let n, s, r be integers such that,n21, 2SrsSs, and denote 
by N.,-(~) the number of representations (order being regarded as relevant) of 
n as the sum of s positive integers such that the highest common factor of any r 
of them is equal to 1. The object of this noté is to investigate the asymptotic 
behavior of N.,,(~) when s, 7 are fixed and no. 

It will be convenient to write 


~~ & f(m, n, +++) 


in place of 


D f(m, nN," ); 
© 


here © stands for the set of conditions which define the range of summation. The 
highest common factor of m, - - + , 2, will be denoted by (m, +++ , %e). 
The case 7 = s is dealt with very easily. Writing 


n=Mm+*+: +s 


(m1,°°*,%) =d 


Ne e(n; ad) = » 


I, 


so that, in particular, N,,e(n; 1) =Nz.e(n), we have 


n/d =vyterrs +, n 
vol; 2) = | 1 = N..(—). 
Noun > (y,°++,v) = 1 | (=) 


Hence 


¥ wu(=)= Daa mte tm 


d\n d 


where 
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M,(n) = (w—  — 2) ++ as +1) = > Ami. 


(s — 1)! 0SitSs—1 


Therefore, by M@ébius’s inversion formula, 


n n s—1—74 
vaaln) = D ala(~)= F w@ YO a(*) 
d|n d d|n 0SiSs—1 d 
a (a) 
~ Oia , 2. qs—-1-t 
1 

= > Awn*1-% I] (1 _ ) 

0SiSs—1 p|n psi 

yet I1( 

— 1 — ) 4. O(ns-*) 

(s — 1)! p\n ps} 


It is also easy to see that for s=2, n>1, the error term in this formula is iden- 
tically equal to zero. 
The case 2 Sr<s is more interesting. We shall write 


af = (— y( s ) y~ (- v(*") (OS kSs-—n), 


r+ k/ osiSr—1 


(s,r) 8—r—1 (8,7) s—r—2 (8,7) 


Xz,r(p) = 20 p + a1 p +: ‘EF Qs—r—1) 
Xe,r Xeir + 8—r 
Sen) = (1 - 2") 11(1 - sul) +a) 


pin pe FS ain pr 


The following result will be proved. 


THEOREM. Lei 2Sr<s. Then, as n—>~, 


s—1 


yet 
Ne(n) = —————— ©, (”) + o( —___), 
in) (s — 1)! ) log”! n log log n 
where the O-constant depends at most on Ss. 
Furthermore, the true order of magnitude of Nz,,(n) ts n®. 


2. Notation. The letter x denotes a positive number; all other small letters 
denote integers, which are positive unless the contrary is stated. The letter p is 
reserved for primes. As usual r(x) denotes the number of primes not exceeding x. 

The O-notation refers to the passage n—> unless otherwise stated, and the 
O-constants depend at most on s. 

We shall frequently write a=0(-m) as an abbreviation for a=b (mod m). 

If a1, - + , @, are non-negative integers, then [a,, - - - , @,] denotes the num- 
ber of zeros among them. 

For s21, 21, any p, we write 
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O<d1,-++,A, <p 
Ar-te+:> HAs = n(-p) 


For 2Sr<s,n21, any p, we write 


T.(n, p) = > 


OSA1,°°°,A <p | 
ts. +(n, = Ny, °°, Ae 1. 
(ft, p) ee be ald); [Ai l<r 
3. Lemmas. 
LEMMA 1. 
(p — 1)* — (—1): if pin 
T.(n, p) = P | 
(p—1)?+(-)e-1) . 
——____———_ if p\n 
p 
- Proof. 
0<A <p 1 if pin, 


Hence the lemma is true for s=1. Assume next that it is true for some s21. 
Then 


O<Ay e+, Ae <p 


re+i(t P) cp Ai bs + + Ae = 0 — A -f) 
= » T.(” — d, p). 
0<A<p 
If p{ n, then 


pt (n — d) for p — 2 values . 
hota in the range 0 <A < p. 

P| (x — d) for one value 

Hence 


(p—1)?—(-1)* (p— 1)8+ (—1)*(p — 1 
4 -» # (“9 = "(6 ~ 1) 
p p 
_ (p— 1)s+1 — (—1)s+1 
p 
If p|n, then p/(n—d) for 0<A<>, and so 


— 1)* — (-1)° — 1)stl —1)stl(p — 1 
rest, 2) = (P - 1 SOME ea Ve Corner, 


Te+1(M, p) 


This completes the proof of Lemma 1. 
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LEMMA 2. 
X, r 
1—— (?) if pln, 
ter(n, p) _ pr coor) 
1 Xe or 
P 1- ee if pln. 
Proof. We have 
OS1,°-:,A <p; [Anes Ae] = 


ts r(n, = 1 
( 2) eo 2. Artie: HAs = uX-p) 


(1) - > ( reat ?), 


and the required result now follows by a straightforward calculation on making 
use of Lemma 1. . 


Lema 3. There exist positive constants C,, C2. (depending at most on s) such that, 
for 2Sr<s, n21, 


Ci < ©,,r(2) < Co. 


Proof. By Lemma 1 we see that 7,(n, »)20 always, and 7,(n, »)>0 unless 
p=2, 2|n, 2ts or p=2, 2}n, 2| s. Hence, for 2 <r<s, n21, we have, using (1), 


ber (Mt, p) = T.(N, p) + STs-1(N, p) > 0. 


Furthermore, by Lemma 2, 


ber(p) 1 
2 ant =1+0(— -+ «), 
(2) ait (~) (p> «) 
and 
ter(p) 
3 Ss,r = ——— ° 
(3) @) = 


The assertion therefore follows. 


4. Proof of the theorem. Let x be a function of 1, to be fixed later, such that 
x0, as no, and 
sI] pi< n. 
paz 
Denote by fi, - : - , p, the primes not exceeding x. 
Let N® =N®(n, s, r) be the number of representations of 1 as the sum of s 


positive integers, no r of which are divisible by any Sx. Furthermore, let 
N® = N®(n, s, r) be the number of representations of 2 as the sum of s positive 
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integers, at least r of which are divisible by some p>«x. 
We clearly have 


(4) 05 N® —N,,(n)-S NO. 


Moreover, 


ves>y>d Mb ttt th = TN 


p>z At least r among m,--- , 2, are divisible by p | 


()ormrreer 
1) 


o( XE Vipte + bwyptrmit::+ +e =n 


p> =z 


n* 1 
o( » — no) =O (wZ —), 
p>z p" p> p* 
But, using the well-known estimate* r(x) =O(x/log x), we have 


1 — 7(n) — r(n— 1 1 1 
Soe yp mam). E x(n) (— ) 
nN 


p> x pr n> cx n>Z n* (n + 1)" 


1 1 
~ Eicen)°Goa) - Gage) 
n> log n nrrt x1 log x 


ys 
vo -0(—*_.) 
xllog x 


lA 


Therefore 


and so, by (A), 


ys—1 
Niy(n) = N@ + o(—_). 


xllog x 


(5) 


To estimate N® we observe that if n=m+ --- +m, and is any given 
prime, then fewer than 7 among m, - - - , m, are divisible by p if and only if there 
exist numbers Ai, - +: , Ae such that 


05); < 4, ns = d; (mod £) (1SiSss), 
[Aa ++ Ae] <7, Ar-+--> +A, = ” (mod pf). 


. Hence we have 


* For a proof see, for instance, G. H. Hardy and E. M. Wright, An introduction to the theory 
of numbers (Second edition, Oxford, 1945), §22.7. 
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OS daz < Pa3 Ang + ay = 0-7) 

[aun ss Ase] < ri siss;isjsk) 
motets + he 1 
mi =hii(-p;) (1 St185,1 8598 k) 


NO= > 


(6) 


Here the inner sum J is equal to 


Mortman 


J = 1, 
2. ne = us(-pi->- pr) (1 S24 Ss) 
where the y’s depend on the d's. Since clearly p; - - - pr | (n—pi— ++ -* —pes) and 
OSmi,-+ +, Mse<pi-: ++ pe, we have 


=a) Ge) I 
: clea) +0 SH ) 


Hence, by (6), 


a nel te r(n, p) - te,r(2, p) 
) Ns = (s _ pitt prt + 0( pat pr? ), 


But 
(8) oot 2) SL OS My <p [1S PS 
and therefore, by (7), (8), (2), and (3), 


wn munis o(saiaa)} +o DL) 


But, as is well known,* 


> log ~ S 3x, 
paz 


so that 
Il s e*. 


paz 


Hence, by (9), (5), and Lemma 3, 


* Hardy and Wright, op. cit., §22.6. 
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ysl mel 

N.,(n) = ———— ©, (n) + o(——_) + O(n*%e87), 
(s — 1)! x-llog x 

The choice of x is still at our disposal. It is advantageous to take x =} log n; with 

this choice of x we obtain 


mel mel 
N, r = 98, O( ———_-—_—-—— ]. 
on) (s — 1)! Sul) + (— n log log -) 


This is our first assertion and the second now follows immediately by Lemma 3. 

5. The conjugate problem. In conclusion it may be of some interest to men- 
tion the conjugate problem of the problem discussed above. This consists in the 
determination of an asymptotic formula for the number F(x) = F(x;7r; i, + + +, Re) 
of positive integers 7x which are such that the highest common factor of any 
r of the integers n+, -- +, +k, is 1. An account of this problem (in a more 
general form) has previously appeared in this MonTHLYf. 


¢ L. Mirsky, On coprime values taken by given polynomials, this MONTHLY, vol. 55, 1948, pp. 
88-89. 


A CALCULUS OF FIGURATE NUMBERS AND 
FINITE DIFFERENCES* 


E. T. FRANKEL, Pittsburgh, Pennsylvania 


1. Introduction. The purpose of this article is to derive an operational cal- 
culus in the field of finite differences, which is based on the properties of general- 
ized figurate numbers. The procedures necessarily yield old as well as new re- 
sults, but the emphasis will be on methods and results which are believed to be 
new. 


2. Figurate Numbers are here generalized to include figurate numbers of 
negative order as well as the traditional series of positive order [1]. The more 
general numbers are derived by using 1, 0, 0, --- as a generating series, and 
operating on it by repeated summation for figurate numbers of positive order 
and by repeated inverse summation for figurate numbers of negative order. 


The generating series 1,0, 0, - - - is defined as the series of figurate numbers 
of zero order. In our notation, superscripts will represent orders of figurate 
nuimbers, positive or negative, and subscripts 0, 1, 2,--- will represent the 


successive terms. Thus, the (7-++1)th term in the series of figurate numbers 
of the nth order will be represented by F;. The operation of repeated summation 
is, of course, the process of successive cumulative addition which connects the 


* Based on a presentation by the author at the Mathematics Colloquium of the University of 
Pittsburgh, April 24, 1947, through the courtesy of Professor J. S. Taylor, Head of the Depart- 
ment. 
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adjacent columns, or rows, of Pascal’s triangle. Inverse summation, as the term 
implies, is the operation which reverses or “undoes” the operation of summa- 
tion. Thus, regardless of the sign of the superscript, the following basic relation- 
ships are true: 


(1) Bes FO+Ri+h+-:-+F 
(2) Rar a Rt +> 0 
(3) Fy =F, = 1. 


Table 1 presents a short table of figurate numbers of orders ranging from —7 
to 7, and terms ranging from 0 to 7. 


TABLE 1 


Negative Order Positive Order 


Ft FS ORO ORS ORS OF? FOR FOR OFS OFS OFS OFS OF 


| 


0 1 . 1 i 1 1 i i111 1 1 1 1 1 i 
1 —7 —6 —-§ -4 -3 -2 -1 0 1 2 3 4 5 6 7 
2 21 15 10 6 3 1 0 0 1 3 6 10 15 ai 28 
3 —35 -—20 -10 -4 -Il 0 0 0 1 4 10 20 35 56 84 
4 35 15 5 1 0 0 0 0 1 5 15 35 70 126 210 
s) —21 —6 —1 0 0 0 0 0 1 6 21 56 126 252 462 
6 7 1 0 0 0 0 0 0 41 7 28 84 210 462 924 
7 —1 0 0 0 0 0 0 0 i 8 36 120 330 792 1716 


In standard combinatorial notation, 


(4) a(R eae 


r n—l1 n—l1 


(6) FF = (" a — ') - (" mart ») - o(") 


© =Co(" )-coR. 
Conversely, 

(7) (F) a9 = (0 

and 


— —a— —(a+bo— b — 1 
(8) ( *) _F; bel Fy’ +b-1) (— y'(’ + ). 
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In the notation of the calculus of finite differences Au,=uz41—Uz. Since, 
from (2) 


(9) Fry = Fri — F,, 
(10) AF. = Frat. 


In particular, 
AF) = Fi - Fy =F; 
2.” n—1 n— 
A Fo = AF, = FP, ° 
and, in general, 
(11) AFo =F; 

Thus, the leading term and leading differences of the series of figurate num- 
bers Fy, (r=0, 1, 2, ---), are the figurate numbers Ff, Fe! FR? | etc., which, 
as in Table 1, form a downward diagonal to the left, starting with Fo. It may be 
observed that the numbers above such a diagonal do not appear at all when a 
series of figurate numbers is successively differenced by the repeated operation 
Au, =Uz41—u,. Apparently the operation of inverse summation, which we shall 
represent by the symbol S~! (corresponding to S for summation), is a more 
general type of difference operation since it produces the numbers above the 
leading difference diagonal in addition to the leading differences themselves. 
This suggests the desirability of studying similar patterns derived from other 
series. 


3. Summation and Inverse Summation of Series. When generalized figurate 
numbers are arranged as in Table 1 any two adjacent columns bear mutually 
inverse relationships to each other. The series at the right is the summation of ' 
the series at the left. The series at the left is the inverse summation of the 
series at the right. In effect, any one of the columns may be regarded as a gen- 
erating series from which all of the others are derived. 

Analogously, the successive equidistant values of a function u,, (v=0, 1, 
2,--++,7), may be treated asa generating series and operated upon by repeated 
summation and by repeated inverse summation. If u, represents the general term 
of the generating series, Su, the general term of the summation series, and 
S-14, the general term of the inverse summation series, the following relation- 
ships are true: 


(12) Su, = Uy 


thy + t+ ets + u, = Dy me 


i=0 


(13) SU, 


(14) S24, = Sy + Sty + Ste +--+ + Su, = Dd) Su, ete. 
t=0 
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(15) Su, = Up — Up—-1; r>0 

_ (16) S24, = St, — Sa t,-1, r>0, ete. 

In particular, 

(17) Sala, = Uy — Uo = Ato 

(18) S24g = Ste — S71, = AST uy, = Au. 
Analogous to (11) 

(19) ALS*ut9 = S*- "th. 


When 7 =0, no operation of summation or of inverse summation is performed 
on uo. Therefore, analogous to (3), 


(20) ‘  S™u9 = S7 Uo = Uo. 


Table 2 exhibits basic relationships between the generating series, the sum- 
mation series and the inverse summation series. It should be noted that the 


TABLE 2 
a Inverse Summation Generating Series Summation 
Su, Sune Suz 
uo uo uo 
1 U1, —Up U1 uotuy 
r Up Up Up Uotuit ++ +u, 


mutually inverse operations S and S—1 are commutative. By contrast, the opera- 
tion A and its inverse A~! (or 2) are not commutative [2]. 


4. Parallel Leading Differences and Intersecting Leading Differences. Sup- 
pose “#, is a rational integral function of the mth degree in x, and that the series 
of equidistant terms u,, (x=0, 1, -- -,2-+1), has been operated on by repeated 
inverse summation. Table 3 summarizes certain results of such operations; that 
is, it lists parallel leading differences and intersecting leading differences of a 


TABLE 3 
x S-mH)y, Sn, S-oDy, oe Sus Ste S Xz 
0 ’ u0 uo uo an uo Ho “0 
{ dy Auo U1 
2 de A*u9 ue 
n _ 1 dn—-1 A® lu eeoe Un—1 
n dn Aug eee Un 


n+i 0 A™u9 oo Uns 
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rational integral function of the mth degree in x. In column S~"u, the xth differ- 
ences, starting with A”zo, are constant. In the successive columns starting with 
S-@t)y, the (n-+1)th and higher orders of differences vanish. In general, the 


terms d1, do, ---,d, in column S-“)y, are not zero. We designate them the 
parallel leading differences of the generating series, in order to distinguish them 
from Ato, A2uo, - - - , A"U%o which we call the intersecting leading differences. In 


this way, both sets of differences may be derived by repeated inverse summa- 
tion of the (z-++-1)th order. 
The rth parallel leading difference is 


(21) d, = S~@Dy,, 
The rth intersecting leading difference is 
(22) Aru = S7 Uy. 


5. Criss-Cross Multiplication of Series. Having given two series a, and ),, 
(c=0,1,---,7), a third series c,=a,*b, can be obtained by a process of criss- 
cross multiplication shown in Table 4. The symbol of criss-cross multiplication 


TABLE 4 
x . Ade bz Cx = az * bz 
Qo bo Co= obo 
1 a by 61= abi +-a1b9 
r 
r ay b, C =A, %*bp= >, Aides 


t=0 


(*) is somewhat suggestive of the operation which it represents. The symbol is 
taken from the theory of the Laplace Transformation where it has an analogous 
significance in connection with certain continuous functions [3]. The operation 
of criss-cross multiplication obviously conforms to the commutative law; that 
is, a,*b,=0,*a,. It is easily seen that the operation of criss-cross multiplication 
conforms to the distributive law; that is, a,*(b,+c,) =a,*b,+a,*c,. We shall 
now demonstrate that it also conforms to the associate law. 
| Proof: 


(23) (a, b,) *C, = (do%*b0)Cp + (G1#b1)Cr-a + + + (G1 b,-1)61 + (G,*,) C0. 
Multiplying out and regrouping the terms, we obtain 


(24) (a,%b,) *C, = o(b-* Cy)  01(b,-1* Gp—1) + °° + + &(b0%* Co) 
(25) = a,% (b,*C,). | 
(26) (a,*b,) * C, = bo(d,* Cr) + b1(@,1* Cr—1) + . + b,(do* Co) 


(27) = b,*(d,¥#C,). 


1950] A CALCULUS OF FIGURATE NUMBERS AND FINITE DIFFERENCES 19 


6. Theorems on Criss-Cross Multiplication, Figurate Numbers, and Sum- 
mation of Series. 


THEOREM 1. Repeated summation of a series n times is equivalent to criss-cross 
multiplication of the series by the nth order of figurate numbers. That is, 


(28) S'Up = UF, 
(29) = ul, + uF +++ + uaF + uF o 
— 1 —2 
(30) =u (Or yrun(" )+ 
7 r—l 


4 nN n — ') 
ma() + u( 0 


—1 — 2\. 
(31) = (Or! Jerr! )+ 
n—l n—l 


taal” dem) 
_ Uy . 
MN 4 n—ti1 


An equivalent result has been given by Sheppard [4] with a reference to Elder- 
ton [5]. 


THEOREM 2. Repeated inverse summation of a series n times is equivalent to 


criss-cross multiplication of the series by the (—n)th order of figurate numbers. 
That 1s, 


(32) St, = u%p*F,- 
(33) = ul, + Fa t+) + a + Fo" 
(34) = wo(—ty(") + m(—er( "+--+ (") 
r r—i1 0 
nN N nN 
(35) =u, =( ) tes + ( i= + (=a) ) 
1 2 r 


. | 
An equivalent result has been given by Dwyer [6]. 


THEOREM 3. Criss-cross multiplication of figurate numbers of order r (positive 
or negative) by figurate numbers of order s (positive or negative) results in figurate 
numbers of order r+s. 


(36) That is, FF, = Fo 


r+s—t etce 


(37) Corollary: F&F ,%Fy, ele. = Fy, 
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THEOREM 4. If u,(x=0, 1,2, - +--+, ) is a rational integral function of the nth 
degree in x, the rth parallel leading difference is 


—(n+1 —(n 
(38) <5 te = 4 ,4F | +1) 
and the rth intersecting leading difference is 
(39) Muy = Su, = u,#F, = d,*#F ” 

THEOREM 5. Let u, and v, represent the successive terms of two series for 
x=0, 1, 2, etc., and let u,*v, represent the general term of their criss-cross product. 
If the first series 1s operated on by repeated summation of the mth order, and the 
second series by repeated inverse summation of the nth order, then the general term 
of the criss-cross product of the two new series is 


(40) S"u,*S 0, = (F, #U,)*(F, *0,) = Fy (tp 0,) = SS” (u,*9,). 
THEOREM 6. If in the preceding formula n=m, it becomes 
(41) S"u,*S 0, = Fix (U,-% Up) = Up # Vp. 


This last result is equivalent to Dwyer’s Successive Cumulation Theorem [6], 
which he applied to the development of new techniques for the computation of 
moments of statistical frequency distributions. ° 

Proofs of theorems 1 to 6 present no unusual features, and are omitted here. 


7. Applications. To derive a general formula for the (7-+1)th term in the &th 
order of repeated summation of the series u,(%=0, 1, -- - ,7), a rational integral 
function of the mth degree in x: 

In Table 3, any column operated upon by repeated summation and inverse 
- summation will produce the entire field of numbers. Therefore, any column oper- 
ated upon by criss-cross multiplication with figurate numbers will produce the 
entire field. If we choose the column which contains the parallel leading differ- 
ences of the original series, that is, if we apply criss-cross multiplication by 
figurate numbers to the series uo, di, de, - - + , dn, then any term in any column 
can be represented by an expression of not more than z-++-1 terms involving the 
parallel leading differences and figurate numbers. 

Applying the foregoing principles, the desired term is S*u,, and 


(42) Siu, = ueF* = (deF")«F = dR 

(43) a aie ar aa a 

(44) =u aT 4 tao”) 

(45) = (a ET a ta 7), 
. R+n k-+ 1 k+n 
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The parallel leading differences d:, d2, etc. which are required in applying the 
above formulas may be obtained either by repeated inverse summation or by 
criss-cross multiplication of the given series by the series of figurate numbers of 
order —(n+1), that is, by F-@+. It may be observed that the combinatorial 
expressions represent figurate numbers of constant order (k-+2-+1). Such ex- 
pressions are simpler to evaluate numerically than the binomial coefficients of 
constant order which appear in corresponding formulas in terms of the inter- 
secting leading differences A, A?, A’, etc. 


8. Numerical Examples. A few numerical examples will illustrate the ap- 
plication of the summation formula described in the preceding section. 

Example (a): Derive an expression for the sum of the cubes of the first 7 odd 
numbers. Here, u,=(2x-+1)%, the expression is of the third degree, and the paral- 
lel leading differences may be obtained by criss-cross multiplication by figurate 
numbers of the fourth negative order, that is, by F,“*, as follows: 


x Uz = (2x%+1)8 F;4 dz, =U, * Fz4 
0 1 1 1 
1 27 —4 23 
2 125 6 23 
3 343 —4 1 


In this case, R=1; 2 =3; up =1; d;=23; d,=23; d3=1; and the required summa- 
tion ends with the term u,_;. Substituting, 


on (Eee eC TC) 
_ GEM EDO + DY , 236-420 + Ilr = 1 
24 24 
23(7 + Ir(r — Iv — 2 rir — 1)(7 — 2)(r — 3 
. e+ te r= 2) of Ide \(r— 3) 
When this is multiplied out, it reduces to 
134.334... 4 (2p — 1)3 = 72(2r? — 1). 


Example (b): Find polynomial expressions for the rth term and the sum of 
vy terms of the series —6, —3, 10, 39, 90, 169,---. 

Since, in this case, inspection does not reveal the degree of the general term, 
the parallel differences are formed by repeated inverse summation, as follows: 
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x Us Su, Su, S3y, S~4u,=dz 
0 —6 —6 —6 —6 —6 
1 —3 3 9 15 21 
2 10 13 10 1 —14 
3 39 29 16 6 5 
4, 90 51 22 6 0 
5 169 «79 28 6 0 


From the above difference table, since terminal zeros appear in column S~‘z,, 
we assume that the desired polynomial is of the third degree. The term desired 
is U1, since that is the rth term of the series wo, #1, U2, +> * , Urs. Substituting 
in formula (45), k=0; n=3; uo= —6; di=21; dg= —14; d3=5; and for the rth 
term of the series 


9 eas )-eG eC) 


=p —pP—r—5, 


Similarly, for the sum of the first 7 terms, 


r+ 3 r+2 r+i1 Y 
1 = 21 — 14 
suse *)tay )-4E) +84) 


r(3r3 + 27? — Or — 68)/12. 


9. Vandermonde’s Theorem. Using the notation 7 =r(r—1) -- - (7 —k-+1), 
the identity known as Vandermonde’s Theorem or the factorial binomial 
theorem [7] may be written 


(46) (7 + 5) =— rk) + (7) rs 4. (;) y (k—2) 9 (2) +... 
1 2 

which is analogous in form to the binomial expansion 
k k 

(47) (tgtartt (7 )rst() rate 


The factorial binomial theorem may be proved starting with Theorem 3, as 
follows: 


(48) Fi, = Fy Fi, 
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(49) ( -9'(’ . ‘) =F, Fo +FpaFi +++: +Fo Fy 
gf ? S k—1 Y 1f § 
= (—1 —] —] 
MM) +! (74) G) 
r kf s 
wee —1 
tet (o)en'G) 


Eliminating (—1)* from both sides of the equation, 


© (E)-OO GIG OG) 


(r+ s)(h (B90) p(B) g @) 7 (0) 9(k) 
51 ~ ee pe 
61) k! R10! (k — 1)!1! Olk! 


Multiplying both sides by k! we obtain 
(52) (7 4. 5) (#) == 7(k)s(0) (|) vse 4. (nse foe ee 5 Ck), 
1 2 


10. A Problem in Binomial Coefficients. The properties of generalized fig- 
urate numbers can be applied to solve Problem 4189 in the MontTHLY, Febru- 
ary, 1946, Vol. 53, No. 2, page 103. 


Prove that 
m mt+k+a\vfrtk mt+a-i1 
—)7 — ,' 
Id Main | GP) bed ED 


The expression 


r{m+k+a (m+ k-+a m_—(m+k+a) 
—1 = (-1 1) Pins ; 
pate) ( m—r )- od) 


(’ + ‘) _ ( ) _ pitt 
k r 


Therefore, the original expression is equivalent to 


IN 
So 


The expression 


(— 1)”. Fae RF, = (— 1) Mag (meta) itt 


=(— 1 (” + a— ') 


m 
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The result is independent of the restriction a 20. The above proof may be com- 
pared with the proof in the MonTHLy, June-July, 1947, page 347. 


11. Summation of Product Series. Theorem 6 can be applied to find the sum 


of a product series such as 4,Vo, Up—101, * * * , UoVr, Where vz is a polynomial of 
degree x. The sum of the series is evidently 
(53) Up Vp = UpVo -- Up-101 + Uod;. 


Introducing figurate numbers of the (n+1)th order, positive and negative, 


(54) Uy, = (Fe ty) (FE, Te 9,) 


(55) = (F." *u,) *d,. 


Changing back from criss-cross multiplication by figurate numbers to repeated 
summation, 


(56) Up #0, = S**y, % dy, 


When the above is expanded, since the function v, is of the mth degree, the terms 
involving dpyi, An+2, etc., will vanish. Therefore, the desired sum 


(57) Uy # Vp = AgS™*1u, + dyS*t lu, 1 + + + d,S™4 un, 
where 


d, =F," #0; (¢=0,1,-++, 7). 


This result is equivalent to one given by Dwyer [6]| for the evaluation of 
gE 
3 Ua+ 2Va+ x. 


12. Parallel Leading Differences of Powers of Integers. Although Dwyer 
used another type of notation, the differencing operation which he applied is 
identical with the operation of inverse summation as defined in this article. 
Carrying out his objective of simplifying the computation of statistical mo- 
ments, Dwyer derived general expressions and recurrence formulas for what, 
in our terminology, are the parallel leading differences of the powers of integers, 
which are analogous to the “differences of zero” of actuarial literature. For the 
powers r”, (r=0, 1, 2, - - - ), since the function is of the mth degree, Theorem 4 
is applicable, and we have 


—(n-+1) —(n-+1) 
r” xr”, 


An equivalent formula, in another connection has been given by Wall [8]. 
Values of di, dz, - ++ are given in Table 5 from n=1 to n=11. 
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TABLE 5 
ry n=1n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10 n=11 
1 1 1 1 1 1 1 1 1 1 1 1 
2 1 4 1 #'26 #57 + &# 120 247 502 . 1013 2036 
3 1 11 66 302 1191 4293 14608 47840 152637 
4 1 26 302 2416 15619 88234 455192 2203488 
5 1 57 1191 15619 156190 1310354 9738114 
6 1 120 4293 88234 1310354 15724248 
7 1 247 14608 455192 9738114 
8 i 502 47840 2203488 
9 1 1013 152637 
10 1 2036 
11 1 
Totals 1 2 6 24 120 720 5040 40320 362880 3628800 39916800 
1! 2! 3! 4! 5! 6! 7! 8! 9! 10! 11! 


These values of d may be substituted in Formula 45 to derive expressions 
for powers of integers and their sums in terms of figurate numbers or in 
terms of factorial products. From a statistical point of view, 7” turns out to be 
a weighted average of factorial products, in which the d’s are the weights. Thus, 


a dyr™™ + d2(r + 1) + oo + d,(r + n— 1)™ 
dy + dg + . ee +d, 
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quantities are different, one of them is greater than the right-hand side of (6), 
that is 


(7) max loreal bra 
Ps x b+a 


It happens only in the case (4) that (7) goes over into an equation. This proves 
our theorem in the case in which the value of » lies between a and b. The two 
remaining (a priori unplausible) cases, p<a and p>b, can be discussed even 
more simply. 

NOTE ON CAUCHY’S LIMIT THEOREM 


SEN-MING LENG, National Peking University, Peiping 


Cauchy’s limit theorem states that limyz.. (@i+ «++ +an)/n=limase Gn if 
the second limit exists. We may generalize this theorem as follows. 


THEOREM 1. Let a, be a sequence of real numbers convergent to A: a, A. 


Let fn(ar, O2, 3, ° °°) be a sequence of real-valued functions which 1s defined for 
any such sequence (a1, Q2, 3, °° +) that, for some postive integer h, a,=a, or A 
when vsh and a,=a, when v>h. Suppose that such individual a; 1s ultimately 
ammatertal to fr(a1, G2, d3,°°*) and fn(ai, Ge, a3, °°*) ts ultimately a mean, 
namely that 

lim [fn(o1, ++ * , Chet, Uh, not, Gep2, °° + ) 

nt © 
(1) | 

— fr(oa, ve 8 y Akl, A, Ak+1, Ak+2, °° | = 0 

and 

min (a1, "8 8 5 Ak, Ak+t, Ak+25 .r. ) + Nn S fn(a, "2 8 5 Ak, Qk+1y Qk+2, ., ) 
(2) 

Ss max (a1, me fy Ak, Qk+ly Dk+2) .e ) + Cn 

for every (a1, G2, 3, °°) and for every positive integer k, where nn—0, 6,0. 
Then | 


fa(@1, G2, d3,°°* ) A. 
For we may write 
fn(@1, G2, @3,°**) — A = fr(G1, Ge, dz,° °°) — fa(A, Ge, as, °°: ) 
+ fl, de, a3,°°*) — frlA, A, ds, °° *) 


+ fr(A, +++, A, by Gent, *) 

— f,(A,+++, A, Cher, Gera, °°?) 

+ f(A, +++, A, Oey, Gaya,*° +) — A, 
hence (1) implies that 
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lim | fa(@1, G2, as, _ -) —A| < lim | fa(A, ve. »A, Orit, Qi+2,°°° ) —A|. 
N— > © . n—> 0 
And (2) implies that the right member of the above inequality tends to zero as 
k— oo. Thus the left member of the inequality is equal to zero, and the theorem 
is proved. 

Similarly we have the following result. 


THEOREM 2. Let an be a sequence of complex numbers convergent to A, and let 
Fr(c1, O2, a3, * ++) be a sequence of complex-valued functions which is defined for 
any such sequence (on, a2, a3, +++) that, for some positive integer h, a,=a, or A 
when vSh, and a,=a, for v>h or a,=A for v>h. Suppose that each individual 
a, is ultimately tmmatertal to fa(a1, G2, 3, +++) and fr(ay, Oe, a3, °° +) ts ulit- 
‘mately continuous, namely that condition (1) ts satisfied together with the condition 


lim lim | floes, 8°, Mk, k41, kya, °° * ) 
(2') " 
— fr(ar, +: , ar, A, A, .° -)| = () 
for each (a4, a2, a3, +++) and k. Then 


fn(a, do, @3,° °° ) = frlA, A, A, see ) + o(1). 


It is to be observed that conditions (1) and (2) are also necessary for a,—>A 
to imply f,(a1, @2, a3, - + - )—A; and that (1) and (2’) form also necessary condi- 
tions for @,—>A to imply the conclusion of Theorem 2. 

The necessity of (1) is evident; for, if (a1, a2, a3, - +--+) has limit A then 
(ay, °° +, @na, A, Oxi1, @xp2, °°) has the same limit. And (2) follows immedi- 
ately from the relations: 


(a1, "* 5 Ak, Gk41, Gkpe, °° ° )—- A, fila, "8% y Mk, Gk+1, kya, °° ° )—- A. 


A similar argument proves the necessity of (2’) . 

We note also that Theorems 1 and 2 hold for A = + © as well as for finite A if 
we substitute A, for A in conditions (1), (2), and in the conclusion of Theorem 2 
together with the definition of f,(a1, a2, a3, ° ++), where A, is any sequence 
(real in the case of Theorem 1) such that A,—>A. The necessity of the new condi- 
_ tions thus obtained is still only for finite A, however. 

The well-known generalizations (due to Jensen, Stolz, Toeplitz and Silver- 
man) of Cauchy’s theorem lay stress on the linear form of fn (a1,a2,d3, + °° ). 
(See K! Knopp, Theory and Application of Infinite Series, English translation 
by R. C. Young, pp. 70-76.) The above extensions contain these as particular 
cases and seem sometimes more convenient to apply. 

Silverman’s theorem reads: If 


dn—0 or >t, 1, 


poo] 
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then 
D tants A, 
provided that a,—A and that 
(a) tnk = 0(1) fork = 1,2,3,--:, 
(0) > tn | = O(1). 


This immediately follows from Theorem 2, since (a) implies (1), (0) implies (2’). 
By making use of Theorem 2, it is also readily seen that a generalization of 
Knopp’s theorem on bilinear form (op. cit. p. 73) runs as follows. 


If (Pur, Dna, Dns, * + +) ts a permutation of (1, 2,3, -- +) for each n, then 
D>, tavdvbn,» > AB when d,—A, ba > B’ (A, B finite), 
ven] 
provided that >--".1tn»—1, and that (a) and (b) are satisfied together with the condition 
(a) lim ty, = 0 fork = 1,2,3,++°, 


n—> 0 
where vz, ts the integer value of v for which pay=k. 


For, (6) implies that the function 


~ 


fr(as, do, @3,° °° ) = » tnvdyD pay 


prul 


is ultimately continuous, and (a) implies that each a; is immaterial to it; hence 
we have | 


fr( a, Ge, M3, ° °° ) = » tnvA Dany + 0(1) = A gn(di, be, bs, se. ) + o(1), 


Yur} 
where 
8n(b1, bo, bs, > - - ) = > tnvD ony 
poo] 
Now (0) implies that gn(01, bs, b3, - - - ) is ultimately continuous and (a’) implies 


that each 6; is immaterial to it; hence we also have 
gn(di, be, bs, ++) = Dy tavB + o(1) = B+ o(1). 
. p=] 


Therefore fn(a1, G2, a3, - - - )=AB+o0(1), and the statement is proved. 
To illustrate Theorem 1, let ay (¢=1, 2,---,; j=1, 2,+--,m) be new 
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notations for a, G2, G3, - - + , @n2 in any order, and let 
| ai;|" = » Qi paps a Gnas 
Pp 
where the summation extends over all the permutations of (1, 2, +--+, m2). Then 
we have 
(jaya if ¢, > A, an = 0. 


For, Theorem 1 (with y,=¢,=0) gives 


1 n lj/n 
(=| ai") — A, 
n} 


ma (2)"ero mal (2VG)-C2YT 


and 


Finally, the author should like to express his indebtedness and gratitude to 
the referee for invaluable criticisms and suggestions. 


CLASSROOM NOTES 
EpITEpD By C. B. ALLENDOERFER, Haverford College 


After February 1, 1950 all material for this department should be sent to C. B. Allen- 
doerfer, Department of Mathematics, Massachusetts Institute of Technology, Cambridge 39, 
Mass. ) 


A PARADOX RELATING TO MATHEMATICAL INDUCTION 
R. G. ALBERT, Providence, R. I. 


The axiom of mathematical induction as included in the set of axioms of 
Peano which characterize the system of natural numbers asserts: 

If S be a set of natural numbers containing 1 and containing the successor 
x’ of every natural number x which S contains, then S is the set of a/i natural 
numbers. 

The following proof by mathematical induction (by Landau), that every 
natural number except 1 has an immediate predecessor, suggested an interesting 
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paradox which may aid in gaining an insight into this important method of 
proof: 

Let x’ denote the successor of x (i.e., x-+1). 

Let S be the set of natural numbers including 1 and including all n.n.’s u such 
that there exists a n.n. x with x’=wu. Then, obviously, S contains 1. If S contains 
u=k, then S contains u=k’, since x’=k’ has the evident solution x=k. Hence 
S is the set of all n.n.’s. Since S was defined to be the set comprised of 1 and of 
all n.n.’s « which have predecessors, it follows that every n.n. except 1 has an 
immediate predecessor. 

Now, examine the following proof which seems to trace the same lines: 

We shall try to show that every n.n. except 1 equals its own successor. 

Let S be the set of n.n.’s containing 1 and containing all n.n.’s 4 such that 
u=u' (u’ denotes u-+1, as before). S contains 1. If S contains u=k, then k=’. 
Since every n.n. has a unique successor (Axiom 2, Peano), then k’=(k’)’. The 
latter verifies w=u' for u=k’. Thence, S contains u=k’. Thus, S is the set of 
all n.n.’s. Since S was defined to contain 1 and all n.n.’s equal to their own 
successors, it follows that every n.n. with the possible exception of 1 is its own 
successor. 

This procedure is of course generalizable and seems to suggest that many 
theorems or formulas which are known to be false can be “proved” for all n.n.’s 
except 1, by this device of consigning 1 to S a priori. It appears as if tossing 1 in 
bodily from the start is a kind of circumvention of the intention in the induc- 
tion hypothesis, raising doubts regarding the validity of arbitrary inclusion of 1. 

It has been of interest to me to note how many of my students have failed to 
“see through” the error in the last proof and why the first proof is still valid. 

Of course, the error in the second demonstration lies in the step: 

If S contains u=k, then k=’. 

From S containing u=k, follows: Either k=1 or k=k’. And in the first of 
these alternative cases, we can no longer assert that S contains k’, since neither 
qualification for admission to S is satisfied by k’, i.e., 1’ 1 and 1’A(1’)’. 

In the first proof, S containing k did imply invariably that S contained k’, for 
x'=h' does in all cases have a solution, x=R. 


A NOTE ON TAYLOR’S THEOREM 


C. L. SEEBECK, JR., University of Alabama 


Although there are many proofs of Taylor’s Theorem in mathematical liter- 
atute, most of these are difficult for a not-too-advanced Calculus student to 
master. The following proof requires no knowledge of infinite series, or of con- 
vergence. It is direct, readily illustrated geometrically, and provides the re- 
mainder using only elementary or easily explained theorems. 

Let f(x) be a function continuous with its derivatives through order m--1 in 
a suitable neighborhood of «=a. Moreover, assume f")(a) may be evaluated for 
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k=0,1,2,-+-+,m. We desire the value of f(x) at a point in the given neighbor- 
hood. Since the evaluation process may call for operations other than (+, —, 
X, +), we first approximate its value by means of 


n 


P(x) = > cy(% — a)*; 


k=x0 


a polynomial."We choose cx, so that P(x) will be identified with f(x) as closely 
as possible when «=a, or such that 


(1) PUl(a) = fUl(a), k= 0, 1, 2, cr yn, 


a condition that implies 


fra) 
Cc, = . 
k! 
Now let R(x) be the amount by which the approximation fails. 
(2) R(x) = f(x) — P(x). 
Equation (1) implies 
(3) Rt*(a) = 0, k=0,1,2,+++,n. 


Differentiating equation (2) m times gives 
Rinl(4) = firl(x) — Pinl(x), 
But since P(x) is a polynomial of degree x, its mth derivative is a constant, 
Pil(y) = Plel(a) = fil(a), and 
Rtl(~) = flel(x) — flel(a). 
By the law of the mean 
(4) Ri(y) = flet(6)(«% — a), 6 between a and x. 


Let M and m be respectively the maximum and minimum values of f'*t11(@) 
in the interval (a, x). Then if aSiSx, 
mi-—a) Ss Rel@) S Mi — a). 
It is clear geometrically that if an ordinate of one curve is never greater than the 
corresponding ordinate of a second curve in a given interval, then the area under 


the first curve cannot exceed the area under the second for this interval. Ac- 
cordingly, we integrate this inequality from @ to x and obtain 


gm(x— a)? S R-U(x) S $M (x — a)?. 


Continuity of the (%-++1)st derivative of f(#) now implies 
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(~ — a)? 
(5) Rl—1l(¢) = flntl(@,) —_? 6, between a and x.* 


If x StSa, the inequalities are reversed and (5) is again true. 
Repeated integration of the inequalities from a@ to x will produce 


_ fimt(g) 
(n+)! 


(x — a)", @ between a and x. 


R(x) 


Equation (2) now gives 
(6) f(x) = P(x) + R(x) 


which is Taylor’s Theorem with remainder. 

It may be noted that the question of convergence has been completely side- 
stepped. P(x) is a good approximation of f(%) whenever the least upper bound 
for | R(x) | is as small as desired. When 1 is finite, equation (6) is identically true 
in %, and the question of the series representing the function does not arise. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITED By Howarp EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 896. Proposed by F. J. Duarte, Caracas, Venezuela 
If » is an odd prime show that 
[1-3-5 +++ (p — 2)]* = (—1) +!" (nod £). 
E 897. Proposed by W. R. Ransom, Tufts College 


A cube is divided into equal parts by the plane of a hexagon whose vertices 
are midpoints of its edges. In what ratio is a cube divided by a parallel plane 
that divides an edge in the ratio a:(1—a)? 


Ey 898. Proposed by N. S. Mendelsohn, University of Manitoba 


A pack of N cards is disposed of as follows. The top card is placed at the bot- 
tom of the deck, the next card is discarded, the third card is placed at the bot- 
tom, the fourth discarded, etc., this process being carried on until there is only 


* This follows more directly and more rigorously from equation (4) by the first law of the 
mean for integrals if this is available. 
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one card left. Let f(N) be the position of this card, from the top, in the original 
arrangement of the deck. Prove that 


f(N) = 2N — QHlee, Nitti + 4, 
where [x] denotes, as usual, the largest integer not greater than x. 


E 899. Proposed by EH. R. Bowersox, Chicago, Illinois 


Construct an equilateral triangle given the distances of a point in its plane 
from the three vertices. 


E 900. Proposed by N. A. Court, University of Oklahoma 


If four spheres may be divided into two pairs so that the circle common to 
one pair is cospherical with the circle common to the second pair, then the circle 
determined by any two of the given spheres is cospherical with the circle deter- 
mined by the remaining two spheres. 


E 849 [1949, 552]. Correction 


In both the title and the solution of this problem read “ pedal” for “cevian.” 


SOLUTIONS 
A Curious Representation of Integers 

E 861 [1949, 262]. Proposed by Vern Hoggatt, College of Puget Sound, and 
Leo Moser, University of Maniioba 

Let a be any positive number different from 1 and let p be any integer 
greater than 3. Show that every integer may be expressed by using p a’s and a 
finite number of operator symbols used in high school texts. 

Solution by the Proposers. It is easily verified that 


(1) + logis yaa log Ye = tM, 
(2) F logcataya log Waa = tM 
(3) (a — a) + (a — a) = (a — a) + log, log. a = 0, 


where, in (1) and (2), there are x radical signs in the iterated set. These formulas 
solve the problem for p=4 and 5. If p>5, then add to the appropriate left 
member a suitable number of terms of the form (a—a). 

Hoggatt has also shown that every integer can be expressed by using the 
first m> 3 positive integers, repetitions allowed, and a finite number of operator 
symbols used in high school texts. 


Extreme Rectangles About a Parallelogram 
E 862 [1949, 262|. Proposed by R. E. Horton, Los Angeles City College 


Find the rectangles of greatest and least area which can be circumscribed 
about a given parallelogram. 
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Solution by Roger Lessard, Ecole Polytechnique, Montreal. Let a and b, a2), 
be the sides of the parallelogram P, and aS7/2 the angle between them. Let 8 
be the acute angle made with a by a side of the rectangle passing through the 
vertex of a non-acute angle of P. Then we must have 0S8 Sa. Denote the areas 
of the rectangle and the parallelogram by Ar and Ap respectively. Then 


A(8) = Ar — Ap 
(1) = @* sin B cos B + 6? sin (a — 8) cos (a — B) 
= (1/2)a? sin 28 + (1/2)b? sin 2(a — 8B), 
whence | 
(2) dA/dB = a? cos 2B — b? cos 2(a — 8B) 
and 


d2A /dp? = — 2a? sin 28 — 2b? sin 2(a — B) = — 44 <0. 
Since there is no turning point minimum, the least area will be at one end of the 
interval (0, a). Now 
A(0) = (1/2)? sin 2a S (1/2)a? sin 2a = A(a). 
Therefore 
min Ar = (a+ bcos a)b sina. 
Setting dA /d@ =0 we find 
tan (28 — a) = [(a? — b?)/(a? + b%)| cot a. 
Therefore, since 28 —a Sa, we have a turning point maximum only if 
(3) (a? — b?)/(a? + 0?) & tan’ a, 
in which case we find | 
max Az = ab sin a + [at — 2ab? cos 2a + b4]1/2/2, 
If (3) is not satisfied then (2) is positive and (1) is continuously increasing in 


the interval (0, ), and the greatest area is obtained at 8 =a. Thus, in this case, 
we have 


max Ar = (b+ acosa)asina. 


Also solved by D. H. Browne, Sam Kravitz, N. D. Lane, C.S. Ogilvy, I. W. 
Thompson, and the proposer. | 

Let the parallelogram be ABCD, AB SBC, and the circumscribed rectangle 
PQRS, such that A lies on PQ, B on OR, C on RS, S on SP. Let O be the com- 
mon center of the parallelogram and rectangle. Browne showed that a turning 
point maximum exists if <ABO— <OAB<7/2, and that in this case (OBR 
= { RCO. A euclidean construction of this maximum rectangle can be made, and 
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we have 


max Ar = (AC)(BD) sin? (135° — BOC/2). 


The Generalized Steiner-Lehmus Problem 
E 863 [1949, 263]. Proposed by W. O. Pennell, Exeter, N. H. 


If a>0, B>0, atB<7, 0<k<1, then a=€ is a necessary and sufficient 
condition for 


sin a sin (ka + 8) = sin B sin (kG + a). 


I. Solution by Mary Payne, Michigan State College. If a=6, the identity is 
obviously true without any restrictions on & or on the size of a and 8. 

If the identity is true, we may differentiate it twice with respect to k to 
obtain 


— a’ sin a sin (ka + 8) = — 6B? sin B sin (kB + a). 
Dividing this result by the identity, we have 
B?=a* or B= tea, 
and if a>0, 8>a, the truth of the identity implies a =8 with no restrictions on 
k and no further restrictions on a@ and £. 


Since the identity is evidently true for a= +8, we may state the following 
more general theorem: A necessary and sufficient condition that the identity 


sin a sin (ka + 6) = sin @ sin (kB + a) 
hold is that a= +8. 

IT. ‘Solution by N. D. Lane, St. Andrew's College, Aurora, Ontario. Evidently, 
if a=, the equation is satisfied. Suppose that a>. Multiplying by 2 we get 
— cos (ka + B + a) + cos (ka — a+ 8) 

= — cos (kB + a+ 6) + cos (kG — B+ a), 

or 
cos (RB + a+ 8) — cos (ka + B + a) = cos (kG — B+ a) — cos (ka — a + 8), 
whence | 
sin [(% + 2)(8 + a)/2] sin [2(6 — a)/2] 

= sin [&(8 + «)/2] sin [(2 — k)(a — 8)/2]. 
Now if a>, the left side is negative, while the right side is positive, and we have 
a contradiction. 


Also solved by B. B. Dressler, L. M. Kelly, Norman Miller, C. S. Ogilvy, 
and the proposer. 


38 ELEMENTARY PROBLEMS AND SOLUTIONS [January, 


Editorial Note. Consider a triangle ABC with base angles at A and B denoted 
by a and 8 respectively. Let AD and BE be drawn so that XBAD=ka and 
~ABE=k§. Then, by the law of sines applied to triangles ABE and ABD, 

sin a/sin (kB + a) = BE/AB, 
sin B/sin (ka + 8) = AD/AB. 
Therefore, if BE=AD, 
sin a sin (ka + 8) = sin B sin (k8 + a), 


and, by the proposed problem, a=, and triangle ABC is isosceles. If k=1/2, 
then AD and BE are the angle bisectors of a and B and we have the Steiner- 
Lehmus theorem: “If the bisectors of the base angles of a triangle are equal, 
then the triangle is isosceles.” 


A Well Known Identity 


E864 [1949, 263]. Proposed by N. S. Mendelsohn, University of Manitoba 
Prove that 


D t/n= Z(-1a/m("). 


r 
n=l i 
Solution by Leo Moser, University of Manitoba. Evaluate 
1 1 — 47 
J ax 
0 1-x 
directly to obtain the left side of the given expression. Then evaluate the same 
integral after making the substitution x=1—w to obtain the right side of the 
given expression. 
Also solved by W. D. Berg, W. G. Brady, D. H. Browne, Paul Carnahan, 
Ragnar Dybvik, B. F. Hadnot, R. Hamming, Vern Hoggatt, M. S. Klamkin, 


Roger Lessard, Norman Miller, S, T. Parker, C. F. Pinzka, C. M. Sandwick, 
C. W. Trigg, and the proposer. 


Editorial Note. Many references were sent in for this problem. See, for ex- 
ample, prob. 38, p. 6, Pélya and Szegé, Aufgaben und Lehrsétze aus der Analysis; 
prob. 21, p. 393, Hardy, Pure Mathematics; prob. 23, p. 169, Hall and Knight, 
Higher Algebra; p. 327, Jordan, Calculus of Finite Differences; prob. 18, v. 2, p. 
19, Chrystal, Algebra; prob. 117(a), p. 270, Knopp, Infinite Series; p. 104, ser. 
2, v. ‘1, 1891, Mathesis; prob. 1245, Jan. 1933, School Science and Mathematics; 
problems 4130 [1945, 527] and E 460 [1941, 700], this MonTuty. For other prob- 
lems in the MonTHLY dealing with sums involving the binomial coefficients see 
E 205, E 445, E 670, 3625, 3701, 3748, and for other problems dealing with the 
sum of a finite number of terms of the harmonic series see E 46, E 53, E 520, 
E 819, 3652, 4267. 
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Equivalent Concurrent Sections of a Tetrahedron 
E 865 [1949, 263]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find a point such that planes drawn through this point parallel to the faces 
of a tetrahedron cut the opposite trihedrals in equivalent triangles. Express the 
common area of these triangles in terms of the areas of the faces of the tetra- 
hedron. 


Solution by M.S. Klamkin, Polytechnic Institute of Brooklyn. Denote the areas 
of the faces of the tetrahedron by A; (¢=1, 2, 3, 4), the corresponding altitudes 
by H;, and the perpendicular distances from the corresponding vertices to the 
corresponding parallel sections by h;. Let V be the volume of the tetrahedron 
and A the common area Of the parallel sections. Then 


Z(H; — hy)A; = 3V = HAs, = hg / Hy = A/Ay. 


Therefore 
3V = 2{ HA; — Hi(AA,)*/2} = 12V — 2H(AA,)”, 
or 
A’ = OV/SH,Ay = 3/34; . 
Also 


hi = 3HiA,  /EA,. 


Also solved by N. D. Lane and the proposer. 
The analogous problem for the plane was proposed by J. Neuberg as ques- 
tion 30, p. 148, 1881, Mathesits. For this case we have 


2/k = 1/a+1/b+ 1/c, 


where a, 6, c are the sides of the triangle and k is the common length of the 
concurrent lines which are drawn parallel to the sides of the triangle. This, and 
the result of the given problem, suggested to Lane for the corresponding prob- 
lem of an n-dimensional simplex the formula 


n/[k = Z1/a, 


where k”—! is the common content of the (x —1)-dimensional cells parallel to the 
(n—1)-dimensional cell “faces” of the simplex, and a" is the content of a 
“face.” 

A Lattice Game 


E 866 [1949, 338]. Proposed by L. J. Burton, Bryn Mawr College 


Players A and B take turns, beginning with A, each marking a previously 
unmarked unit line segment joining two points with integral coordinates at a 
unit distance in a plane. 

(a) Prove that B can prevent A from ever marking all the line segments in 
the perimeter of any closed polygon. 
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(b) Prove that if Pi: (x1, v1) and Pe!(xe, ye) are any two fixed points with 
integral coordinates such that | PyPo| >1, then B can prevent A from joining 
P; and P2 by a broken line consisting of segments marked by A. 


Solution by the Proposer. (a) B simply prevents A from ever making an L 
with two of his segments. Whenever A draws a vertical segment, B completes 
the Z by drawing the proper horizontal segment, and whenever A draws a hor- 
izontal segment, B completes the L by drawing the proper vertical segment. Of 
course every closed polygon made of unit segments joining points with integral 
coordinates has at least one L. 

(b) Draw the line P:P2. By interchanging the axes if necessary, we may as- 
sume that P,P: is not vertical. Whenever A marks a segment lying along P,P» 
(if this is possible), B marks another segment lying along the line, which will be 
possible since | PiPo| >1. When A draws a segment with at least one vertex 
above P:P2, B completes the inverted backward L at a vertex above P;Pz if the 
slope of P:P:20, and completes the inverted LZ at a vertex above P,P2 if the 
slope <0. If no vertex of A’s segment is above P,P» and if at least one vertex 
is below P:P2, B completes the backward L at a vertex below P;Pz if the slope 
= 0, and completes the Z at a vertex below P,P» if the slope <0. 

It is clear that if A leaves P,P, he must use an angle of the kind drawn to 
reach Pe, but B prevents him from making such an angle. It is fairly evident 
that the case when A’s segment crosses PiP:2 causes no difficulty, because if A 
ever gets above PP. on his route, he can never get down to the line again. 


A Limit Given by John Wallis 


E 867 [1949, 338]. Proposed by Walter Fleming, Fort Hays Kansas State 
College 


Find 


lim n-? >) j?-, 


Solution by S. T. Thompson, Tacoma, Washington. The definition of a Rie- 
mann integral shows that the limit is 1/p if p21. If 0<p<1 the corresponding 
integral is improper but converges to. 1/p, and the limit is still 1/p. The familiar 
p-series of elementary calculus shows that the limit is + © if pS0. 

Also solved by Philip Anselone, W. D. Berg, Louis Berkofsky, A. B. Boggs, 
D. H. Browne, Paul Carnahan, K. L. Cooke, B. B. Dressler, Maurice Dunn, 
Vern Hoggatt, Philip Kirmser, N. D. Lane, Roger Lessard, A. E. Livingston, 
Joseph Rosenbaum, and the proposer. Many of these solutions were incomplete. 

As Azriel Rosenfeld pointed out, this limit was established by John Wallis 
in his Opera Mathematica in 1656. See, e.g., Scripta Mathematica, vol. IX, no. 4, 
p: 241. Boggs located the problem in Pélya and Szegi, Aufgaben und Lehrsiize 
aus der Analysis, probs. 20 and 22, p. 39, vol. 1. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems. and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 


known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4375. Proposed by N. J. Fine, University of Pennsylvania 
Let ((x)) =x— [x]—4. Prove that the sums 


3. (2% + 3) 


n=] 


are uniformly bounded. 


4376. Proposed by Victor Thébauli, Tennie, Sarthe, France 


For a tetrahedron ABCD let (A) be the sphere with center A and radius 
equal to the altitude 4A’, and let the tangent planes to (A) through the edges 
BC, CD, DB intersect in the point A;. Let Bi, Ci, Di be analogously defined. If 
ABCD is orthocentric show that 4Ai, BB:, CC;, DD, are concurrent at the iso- 
gonal conjugate of the orthocenter, and that otherwise 4A, BB,, CCi, DD; con- 
stitute a hyperbolic group of lines. 


4377. Proposed by Paul Brock, Reeves Instrument Company, New York City 


Consider two non-decreasing sequences of ” positive integers, (1<M), the 
integers being chosen at random. What is the most probable number of integers 
in the sequence containing the maximum integer, each of which is larger than 
the maximum of the second sequence? 


4378. Proposed by H. W. Smith, Oklahoma Agricultural and Mechanical 
College. 


Determine 


> Co[(2k + 1) 


im ———————_—_- 
n~o n+1 
Dy npiCe/ (2k + 1) 
k=0 


where the ,C; are the binomial coefficients. 
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4379. Proposed by Watson Fulks, University of Minnesota 


If 
(1) #(¢) is defined in J: mStSM, 
(2) for any a, bin I, aX), 


b b 
(= )< O(a) + 60) 
2 2 
(3) p; are non-negative numbers, 7=1, 2, 3,---,%, 


(4) t;ET, not all ¢; equal, 
it has been shown that 


> Pil > Pib(ts) 


t=1 t=1 


d bi dD bi 
t=1 


t=] 


IIA 


See Pélya and Szegé, Aufgaben und Lehrsiize aus der Analysis, v. 1, p. 53, prob- 
lem 74. 
Show that the relation is true without the equality sign. 


SOLUTIONS | 
Orthocentric Tetrahedron, Minimum Property 
4251 [1947, 286]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In an orthocentric tetrahedron the lines joining the symmedian points 
(Lemoine points) of the faces to the midpoints of the corresponding altitudes, 
are concurrent at a point such that the sum of the squares of its distances to the 
planes of the faces is a minimum. 

Note. The problem is solved by the following result due to Robert Bouvaist 
which appeared in Mathesis, t. LVI, 1947, p. 113.* 

Let (1) be a quadric inscribed in the tetrahedron ABCD: let its points of 
contact with the faces BCD, CDA, DAB, ABC be A’, B’, C’, D’. We restrict our 
attention to the case for which 4A’, BB’, CC’, DD’ are concurrent at P. If P 
varies on AA’ the one-parameter family of quadrics (I) includes the points A 
and A’ and the conic (y:) inscribed in BCD at the feet of the cevians of A’. 
Hence the locus of the centers of the pencil of quadrics is the line 1,0; joining 
the midpoint M, of AA’ to the center O; of (71). Thus the four lines 110i, 
M202, M303, M40, pass through the center of (I). 

If ABCD is orthocentric the point P is the orthocenter, and we have the fol- 
lowing proposition: In an orthocentric tetrahedron the lines joining the sym- 
median points (Lemoine points) of each face to the midpoint of the correspond- 


* Translation by W. E. Byrne, Virginia Military Institute. 
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ing altitude pass through the first Lemoine point of the tetrahedron.! 

It is known that in a triangle the conic tangent to the three sides at the feet 
of the altitudes has as its center the Lemoine point of the triangle. Likewise in 
an orthocentric tetrahedron the quadric tangent to the faces at the feet of the 
altitudes has as its center the first Lemoine point of the tetrahedron.? 


The Four Liars 
4288 [1948, 165]. Proposed by J. W. Campbell, University of Alberta. 


In his Messenger Lecture on Probability (A. S. Eddington, New Pathways in 
Science, 1935, p. 121) Eddington referred to the following problem: If A, B, C, D 
each speak the truth once in three times (independently), and A affirms that 
B denies that C declares that D is a liar, what is the probability that D was 
telling the truth? He used the Exclusion Method of Solution and arrived at the 
numerical result 25/71. 

Prove that the correct probability is 13/41, and that this is also the prob- 
ability that each of A, B, and C told the truth. 

I. Solution by Bart Park, Michigan College of Mining and Technology. Of 
the 81 possible combinations of truth and lie, the only ones which are com- 
patible with the statement, “A affirms that B denies that C declares that Disa 
liar,” are those which contain an even number of lies. Thus, if D tells the truth, 
all the others must tell the truth or exactly two of them must lie. These combina- 
tions or paths may be represented as follows: 


T-T-T-T, T-L-L-T, L-F-L-T, L-L-T-T. 
(1 way) (4 ways) (4 ways) . (4 ways) 
Similarly, if D tells a lie the following paths are possible: 
L-L-L-L, T-T-L-L, L-T-T-L, T-L-T-L. 
(16 ways) (4 ways) (4 ways) (4 ways) 


Therefore the probability that D was telling the truth is 13/41. Exactly similar 
reasoning applies to A, B and C. 
II. Solution by G. N. Garrison and Theodore Hailperin, Lehigh University. 
The following notations will be used: 


for A speaks the truth about B’s statement 
for B speaks the truth about C's statement 
for C speaks the truth about D’s statement 
for D speaks the truth about an event X 
for the contrary event to E 

EF for the event “EZ and F” 

EvF for the event “E or F” 


1 The first Lemoine point of a tetrahedron is a point such that the sum of the squares of its 
distances to the faces of the tetrahedron is a minimum. 

2 R. Bouvaist et V. Thébault, Comptes-Rendus de I’Académie des Sciences, Paris, 1943, pp. 
418-419. 


ty or 2 @R 
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The probabilities of a, B, y, 6 are denoted by a, b, c, d; and # is used for 1—x. 
The event “C declares that D lied” may be expressed as 


viv 75, 
for the event will happen if D lies and C speaks the truth about D’s statement, 


or if D speaks the truth and C lies. The event “B denies that C declares that D 
lied” then is 


B(y5 v 78) v B(v5 V 78) 
or, by the calculus of logic, 
By8 v BY6 v Byé v YS. 
Finally “A affirms that B denies that C declares that D lied” becomes 


o(Bry5 v BS v Byé v B76) v a(By5 v Ryo V Byé Vv By) 
which is | 
apy5 V aBy6 Vv aby5 Vv aBy5 V ays V ABYS V ABY5 V ABO. 


We note that this expression is invariant under the cyclical substitution 
(aBy5), since the first and last members of the alternation are invariant and the 
remaining six include all of the possible cases where two of the events are denied; 
we also note that these alternatives are mutually exclusive and consist of the 
conjunction of independent events. Thus the probability of the event is 


abcd + abéd + abcd + abéd + abcd + abéd + abcd + abéd, 


and the probability that this event and 6 happened is obtained by deleting 
those terms containing d. Thus the @ posteriori probability of 6 on the hypothesis 
that “A affirms that B---” is 


abcd + abéd + dbcd + abéd 
abcd +- abéd + abcd + abéd + abcd + abéd + abcd + abéd 


If we put a=b=c=d=1/3, we obtain 13/41. Clearly this is also the @ posteriori 
probability of a, 8, and y because of the previously mentioned symmetry. 

Also solved by Karl Itkin, John Riordan, and the Proposer. 

Editorial Note. Riordan cites the following problem as one to which the’ 
same analysis applies. Let a, 8, y, and 6 be interpreted as switching variables 
(C. E. Shannon, A Symbolic Analysis of Relay and Switching Circuits, Trans. 
A.I.E.E., 1938), where if y is a switch, then ¥ is its negative, closed when y is 
open and vice versa. Given that the circuit shown below is open and that each 
switch operates with probability 1/3, what is the probability that a specified 
switch is operated? 

All the solvers made the assumption that ¥, for example, means “C asserts 
the opposite of D’s statement.” Without such assumptions about B and C we 
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are not sure that either of them made any statement whatever—perhaps A 
fabricated the whole chain. For discussion and solution of this more general 
interpretation see (references supplied by C. D. Olds) Math. Gazette 1935, pp. 
256-257; 1936, pp. 298-308, 309-310. In the last reference, the interpretation is 
given which justifies Eddington’s original result 25/71. 


Twisted Curves 
4292 [1948, 253]. Proposed by R. Goormaghtigh, Bruges, Belgium 


If s and p are the arc length and the radius of curvature of a plane curve T 
at a variable point M, and if it be required that s have a constant ratio to the 
distance of M from a fixed point, then I' must be a cycloidal curve and 


A252 — p? = g?, 


A and a being constants. 
Prove that, in the case of a twisted curve, the condition is 


2 
ust —pt=( fasta), 
T 


7 being the radius of torsion of T at M. 


Solution by the Proposer. Consider variable axes of coérdinates, these being 
the tangent Mx, the binormal My and the principal normal Mz of T at M. 
Then, a, 8, y being the coérdinates of a fixed point, 


(1) da/ds = y/p — 1, dB/ds = y/7, dy/ds = — a/p — B/r, 


(see Cesaro-Kowalewski, Natiérliche Geometrie, Teubner, 1901, p. 157, also 
Lane, Metric Differential Geometry of Curves and Surfaces, p. 47, ex. 3) and 


(2) a? + B? + y? = k*s?*, 
Differentiating (2), taking (1) into account, 
a= — ks; 


differentiating again, 
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Y= (1 _ k*)p, 
and again 
B = r{ k*s/p — (1 — B*)dp/ds}. 


Substitution of these values of a, 8, y into (2) gives a relation which can be put 
in the form 


p _ R*s/(1 — k*) — pdp/ds 
7 { Rs?/(4 — k%) — p?} te 
whence the theorem follows immediately, \?=k?/(1—k?), -1<k<1. 


Summation 
4293 [1948, 254]. Proposed by H. F. Sandham, Trinity College, Ireland 
Evaluate 


iMs 


Solution by D. A. Darling, Rutgers University. The result is 


= 6r(3) + 2 log (4) — 5| log (t)] t ; 


where ¢(s) is the Riemann zeta function. This is an immediate consequence of 
a formula due to Spence to the effect that if 


$(x) = y=, j«| <4 


then 


* ) 1 1 
(— + (x) + o(t — ) — 6(1) 


= hog (1— x) + - {log (1 — x) }#{log (1 — x) — 3 log a}. 


See W. Spence, An essay on the theory of the various orders of logarithmic trans- 
cendents, (1809), p. 28. The formula was discovered independently by Ramanu- 
jan. In the Journal of the London Mathematical Society, v. 3 (1928), p. 217, G. 
N. Watson gives an elementary proof based upon the obvious relation 


* log (1 — u)?du (1 — u)idu 


0 “t—ax+ om 


o(x) = — 
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expressing the left-hand side of Spence’s formulas as the sum of four such inte- 
grals and making elementary transformations. 


Letting x = (3—4+/5)/2 we see that (wx—1)?=x and x/(x—1) =x—1, and put- 
ting further v=1—x, Spence’s formula gives 


1? 5 
o(x) + $(v) + o(-») = o(1) + =e log v — 7 (log v)*. 
From the series definition it is easy to see that 
2 1 
o(v) + ¢(-2) = 38 o(v’?) = 7 (x), 


and observing finally that v=(—1+4+/5)/2, $(1) =€(3), we obtain the result 
announced. 
Also solved by the Proposer. 


The Identity as a Product of Successive Elements 
4300 [1948, 369]. Proposed by Leo Moser, University of Toronto 


Let ai, @2,-+ +, @, be m, not necessarily distinct, elements of a group of 
order n. Show that there exist integers p and g, 1SpSqSn, such that 


q 
Il ay = 1. 
t=p 
Solution by D. J. Newman, Freshman, College of the City of New York. Con- 
sider 1, @1, @1@2, @A203, > - + , A123 ° - - Gy. Since there are ~-+1 elements of the 
group: present in this set, we must have at least two of them equal. If 1= [Tk Qi, 
then the proposed theorem is proved. Otherwise 


q v 
Il a = I] a, qg> 2, 


i=1 t=1 


whence 


q 

Il a= 1. 

s=9-+1 
With p=v-+1, this completes the proof. 
. Also solved by Michael Aissen, R. V. Andree, Paul Brock, S. H. Gould, 
B. A. Hausmann, J. B. Kelly, Arnold Walfisz, and the Proposer. Kelly notes the 
corollary: From any row of 1 integers, a block of adjacent integers may always 
be selected whose sum is divisible by x. 


RECENT PUBLICATIONS 
EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


A pplied Differential Equations. By F. E. Relton. Blackie and Son, Ltd. Glasgow, 
1948. 4-+264 pages. 20s. 


This book is divided into eleven chapters with the following headings. I. Pre- 
liminary notions; hyperbolic functions. II. First order; standard methods. 
III. The linear equations; constant coefficients. [V. Miscellaneous theorems 
and methods. V. Simultaneous equations. VI. Fourier series. VII. Partial dif- 
ferential equations. VIII. The method of isoclinals. IX. Numerical methods of 
solution. X. Equations in three variables. XI. Variable coefficients. 

As these headings indicate the contents of the book is essentially that of any 
good American introductory textbook on differential equations. The arrange- 
ment of its material is, however, somewhat different. 

The book was written primarily for students of applied science. This is made 
evident by the numerous applications which are developed in detail throughout 
the text or are listed among the exercises (given with hints and answers). These 
include problems in mechanical vibrations, heat flow, and bending of beams. 
It is also made evident by the emphasis upon the intuitive or formal treatment 
of the various topics. As, for example in the chapters on Fourier series and on 
numerical methods, no conditions are stated for the convergence of the series or 
of the other processes. 

Throughout the book the author makes statements which attempt to justify 
this omission of theorems and proofs. For example, in the preface, he says: 
“ ‘Epsilonology’ is to the mathematician what J. S. Bach is to the musician; 
there is an enormous sense of gratification in its essential rightness. It is an ex- 
hilarating experience to go right down to the foundations of one’s subject; es- 
pecially if one does not stay there. ... But I see no justification on that ac- 
count for expecting those to whose studies mathematics is ancillary to master 
the philosophical profundities of a limit. It would be as rational to expect the 
piano-tuner to be interested in the comma of Pythagoras. Geometric intuition is 
good enough for the applied scientist.” 

But is geometric intuition good enough for thé applied scientist? With the 
increasing degree of accuracy required in modern manufacturing processes, the 
engirieer is (or should be) more conscious than ever of the importance of ques- 
tions of convergence. Many have learned from experience that it is foolhardy to 
be ignorant of the restrictions attached to the use of a mathematical process; 
that is, they realize the importance of knowing what hypotheses are needed to 
ensure certain conclusions. While it may be conceded that an epsilon-delta proof 
does not often appeal to an engineer, he nevertheless wishes to know at least the 
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gist of a proof so that he might understand the reasons for the validity of the 
theorem. In the experience of the reviewer, neither graduate nor undergraduate 
engineering students regard a discussion of theorems and proofs as worthless or 
uninteresting. 

In spite of the above criticisms, the reviewer considers the book to be a clear 
and well-organized exposition of the subject. The reader will particularly enjoy 
the author’s numerous informal remarks, both for their content and language. 
The book would make good collateral reading in an introductory course on 
differential equations or, if somewhat supplemented with respect to theorems 
and proofs, would also be adaptable as a textbook for such a course. 

Morris MARDEN 


Theory of Experimenial Inference. By C. W. Churchman. New York, The Mac- 
millan Company, 1948. 11-+-292 pp. $4.25. 


This book attempts “to preach the gospel of modernism to two groups”— 
the philosophers and the scientists. To the modern philosopher of science, it 
preaches that “we can no longer conceive of scientific method in the older 
empirical fashion of ‘discrete’ observation sentences”; that “we put far more 
into the process of question-answering than is contained in so much of present- 
day philosophical writing”; and that “the simplest question of fact in science 
requires for even an approximation, a judgment of value.” (p. vii) To the scien- 
tist, the book has tried “to preach the moral that the process of raising a ques- 
tion and proceeding to reply to it, is a process.which eventually demands the 
active cooperation of all fields of research.” Moreover, the author has attempted 
“to show that besides certain statistical considerations, the self conscious ex- 
perimenter must take into account very general problems concerning the natu- 
ral universe within which he is solving his special problems.” (p. viii) However 
praiseworthy his endeavor, Churchman has substantially failed in giving clear 
statement to his brand of “modernism,” and his lack of clarity suggests funda- 
mental weaknesses, inaccuracies, and confusions. 

The first three chapters are concerned with the nature of statistical tests, the 
general methodology of inference and certain problems of method. The next six 
chapters form a backdrop for the author’s presentation of his own position, 
called “experimentalism.” One by one, traditional and current positions fall 
under Churchman’s attack. It turns out that, for the author, the fundamental 
problems of the philosophy of science are: “What can be known?” and “How 
can it,be known?” Or, more specifically, the important problem is how to define 
“answer” in such a way that answers exist even though (1) “the answering of any 
question of law presupposes the answering of at least some questions of fact” 
and (2) “the answering of any questions of fact presupposes the answering of at 
least some questions of law.” (pp. 47, 51, 57) 

The remainder of the work is devoted to the definition of experimenialism and 
its applications. Experimentalism is characterized by its fundamental postulate, 
namely, that “there exists a formalization of nature, such that stochastic limits exist 
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for ceriain sequences of mathematical functions of the observations which are per- 
tinent to a given question of fact.” (p. 178) One wonders whether the complexity 
of the machinery developed under the name of experimentalism, is warranted 
by the questions Churchman seeks to answer. The essay is concluded with dis- 
cussions of chance, loss, risk, and quality control. It is the appeal of the essay 
“that the sciences, and society in general, collaborate in setting up a controlled 
science of losses and risks, i.e., a controlled science of ethics.” (p. 263) 

To the professional philosopher, further objections occur. Churchman seems 
to have confused methodology of science with epistemology, and (at times) both 
of these fields with metaphysics. Another serious confusion is the author’s re- 
peated claim that science requires ethics and that ethics can be a science. Per- 
haps the only way to understand his claim is to realize that, throughout, a form 
of utilitarianism has been tacitly assumed, but surely not scientifically estab- 
lished. 

V. G. HINsHAW, JR. 


College Algebra by E. A. Cameron and E. T. Browne. New York, Henry Holt 
and Company, 1949. 10-+406 pp. $3.00. 


The topics covered in this book are essentially those contained in the stand- 
ard college algebra text, the first nine of twenty-four chapters containing a thor- 
ough review of elementary algebra. The authors have been generally successful 
in their aim to treat this review material from a more mature point of view than 
is possible in a high school course. Although some attempt has been made to 
show that the formal rules of manipulation of algebraic quantities are conse- 
quences of the postulates assumed for the number systems, in most instances the 
common practice of stating rules of procedure is adopted. 

The theorems are carefully stated, often in more general form than is cus- 
tomary, and the proofs are.concise and accurate. 

The theory of equations, including the quadratic equation, is especially well 
done. Descartes’ Rule of Signs and the theorem on rational roots are examples 
of theorems stated and proved in their general forms. Only second and third 
order determinants are discussed, the properties being proved in the third order 
case, and the generalizations to the mth order indicated. 

The illustrative examples throughout the book are well chosen and the 
exercises numerous and well graded. Finally, the printing is excellent, each page 
presenting an uncrowded appearance which should be inviting to the student 
and instructor alike. 

R. A. BEAUMONT 


NEW BOOKS RECEIVED 


Le Superficie Algebriche. By Federigo Enriques. Nichola Zanichelli Editore, 
Bologne, 1949. 14-464 pp. 3000 lire. | 

Radio and Television Mathematics. By B. Fischer. New York, Macmillan, 
1949. 18-++-484 pp. $6.00. 
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Transformation Calculus and Electrical Transients. By S. Goldman. New 
York, Prentice-Hall, 1949. 144-439 pp. $6.25. 

Advanced Calculus for Engineers. By F. B. Hildebrand. New York, Prentice- 
Hall, 1949. 14+-594 pp. $6.00. 

Teorica Della Capitalizzazione. By F. Insolera. Turin, Giulio Einaudi, 1949. 
237 pp. L. 1500. 

Statistical Methods in Research. By P. O. Johnson. New York, Prentice-Hall, 
1949. 18+377 pp. $5.00. 

Rinehart Mathematical Tables. Compiled by H. D. Larsen. Alternate Edition. 
New York, Rinehart, 1948. 8+160 pp. $1.00. 

Analytic Geometry and Calculus. By F. H. Miller. New York, Wiley, 1949. 
12+658 pp. $5.00. 

Differential Equations. Second Edition. By H. W. Reddick. New York, 
Wiley, 1949. 10-+288 pp. $3.00. 

First-year Mathematics for Colleges. By P. R. Rider. New York, Macmillan, 
1949. 16+-714 pp. $5.00. 

Introduction to Algebraic Geometry. By J. G. Semple and L. Roth. Oxford 
University Press, 1949. 16+446 pp. $7.50. 

Modern Algebra. Vol. 1. Translated from the second revised German edition 
by Fred Blum with revisions and additions by the author, B. L. van der Waer- 
den. New York, Frederick Ungar, 1949. 12+264 pp. $5.50. 

Quantum Theory of Fields. By G. Wentzel. Translated from the German by 
C. Houtermans and J. M. Jauch. New York, Interscience, 1949. 10-++224 pp. 
$6.00. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1948-49 
Pi Mu Epsilon, University of Missouri 


The program of the Missouri Alpha Chapter of Pt Mu Epsilon for the aca- 
demic year 1948-49 was: 

Functions defined by more than one equation, by Dr. G. M. Ewing 

Mathematics as a career, by Dr. L. M. Blumenthal 

The students’ points of view on mathematics courses, by a panel of students 

Saturn and the Moon, by Dr. E. S..Hayner of the Astronomy department 

Mathematics and vagueness, by Dr. W. D. Oliver, of the Philosophy depart- 
ment. 
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Other activities of the fraternity were: the annual initiation; the “Problem 
of the Month” Contest, consisting of a monthly mathematics problem with all 
prizes awarded to the first person giving the correct solution; and the annual 
calculus examination with prizes won by William Posladek, William Nichols, 
and Aldo Linsenbardt. 

Newly elected officers are: President, William Nichols; Vice-President, 
Martin Smith; Secretary, Walter Hickman; Treasurer, Jesse Corder. 


Kappa Mu Epsilon, College of St. Francis 


The Illinois Delta Chapter of Kappa Mu Epsilon made a special study this 
year of the lives and works of the late Cassius J. Keyser and Alfred North 
Whitehead. Most of the papers and reports centered about these two outstand- 
ing scholars. The program was as follows: 

Pastures of Wonder, by Keyser, by Sister M. Claudia O.S.F. 

The life of Alfred North Whitehead, by Miss Mary Hodor 

Cassius J. Keyser, by Miss Florence Kane 

Humanization of the teaching of mathematics, by Miss Mary Jean Lafond 

Educational ideals most worthy of loyalty, by Miss Lillian Rafac 

Nature and Life, by Whitehead, by Sister M. Rita Clare O.S.G. 

Whitehead’s Introduction to Business Adrift, by Donham, by Miss Anne 
Hutchings 

Aims of education, by Sister M. Perter O.S.F. 

Mathematical curriculum, by Sister M. Hilary O.S.F. 

The place of the classics in education, by Sister M. Elizbeth O.S.F. 

Element in the history of thought, by Miss Jane Rourke 

Non-euclhidean geometries, by Miss Rita Grogan. 

Miss Jane Rourke was elected by the Chapter to speak at a Mathematics 
Symposium sponsored by the Catholic Colleges of the Chicago area and held at 
DePaul University. Miss Rourke reviewed the book Cybernetics by N. Weiner. 
The paper was very timely and worth while. 

The new officers for 1949-50 are: President, Mary Hodor; Vice-President, 
Anne Hutchings; Secretary, Margaret Dreska; Treasurer, Rita Grogan; Cor- 
responding Secretary, Sister M. Rita Clare O.S.F. 


Mathematics Club, University of Colorado 


Members of the Mathematics Club of the University of Colorado presented 
the following talks during 1948-49: 

On the origin of some mathematical terms and symbols, by Gideon Culpepper 

How to win a free beer (nim), by Gordon Burton 

Bromwich’'s integral, by Roy Reeves 

A four number game, by Burrowes Hunt. Mr. Hunt extended the problem to 
include all real numbers 

On p-adic numbers, by Prof. Burton Jones 
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Generating functions, by Prof. David Hawkins 

On Jacobian elliptic functions, by Gideon Culpepper 

On. the algebra of sets, by David De Vol 

On exterior differential forms, by Prof. Wesley Brittin 

Cryptography, by Burrowes Hunt 

Ruler and/or compasses, by Ralph Merrill 

On some mathematical concepts in biophysics, by William Musgrove 

Iteration, by Prof. Aubrey Kempner 

Continued fraction approximation, by Prof. Burton Jones. 

Officers for 1948-49 were: President, David De Vol; Secretary, Gordon 
Burton. 


Sigma Phi Mu, Montclair Teachers College 


Papers presented to Sigma Phi Mu, of Montclair Teachers College, New 
Jersey during the year 1948-49 were: 

Cryptography, by Dr. Davis 

Mathematics in the modern world, by Dr. Frieschower 

Unknown quaniity or logical system in algebra, by Dr. Fehr. 

Movie strips shown were: 

Geometry and Nature 

Geomeiry in the Home 

Seeing Is Believing. 

The social program consisted of our annual Christmas Party with Kappa 
Mu Epsilon, a most enjoyable Probability Night, and our annual May picnic. 

Instead of a February meeting here, several members attended the meeting 
of the David Eugene Smith Mathematics Club of Teachers College, Columbia 
University, at which time Mr. Clifford gave a talk on Quality control. Members 
of the Teachers College returned the visit to help us enjoy Probability Night. 

We had a good attendance at all of our meetings. The number present each 
month averaged about sixty-five. 

Officers for the coming year: President, William Koellner; Vice-President, 
Martin Vallaster; Secretary, Catherine Bruce; Treasurer, Dorothy Ryan. 


Mathematics Club, University of Massachusetts 


The Mathematics Club of the University of Massachusetts was organized on 
a formal basis at the beginning of the year and held monthly meetings. The 
following talks were presented to the Club: 

Applications of probability, by Jerome Landry 

Complex numbers, by Louis Robinson 

Aerial navigation simplified, by Deane Beytes 

Mathematical induction, by Murray Altsher 

The mathematical analysts of a game, by Prof. I. H. Rose 

The Ceasaro curve, by Francis Vigneau 

Nature of postulational systems, by Janice Rittenburg 
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Infinite products, by Paul Ritger 

The Lorentz transformation, by Robert San Soucie 

Pythagorean numbers, by Henry Skillings 

Number systems, by Walter Szetela 

Mathematical principles of field artillery methods, by Stephen Allen 

Symbolic logic, by Arthur Budd 

Some entertaining applications of topology, by Prof. A. E. Andersen. 

The newly elected officers are: President, Francis Vigneau; Vice-President, 
Charles Reynolds; Secretary-Treasurer, Grace Hyder; Faculty Advisor, Prof. 
A. E. Andersen. 


Delta Rho, Southern Illinois University 


Delta Rho, honorary mathematics fraternity of Southern Illinois Univer- 
sity, held two meetings each quarter for the year 1948-49. Among the interesting 
papers given during the year were: 

The four-color problem, by William Staudacher 

The life of Pascal, by Joseph Rezetka 

The life of LaGrange, by Louis Rowell 

Philosophy and mathematics, by Dr. Charles Tenny 

Abstract equivalence relations, by Charles Ablett 

Involution and evolution, by Miss Ruth Sprankel 

Zero, by Emmett Moll 

Poly-dimensional manifolds, by Robert Etherton. 

The outstanding meeting of the year was the annual Founders’ Day banquet 
at which time nine new members were initiated. The total number initiated this 
year was 31. 

The newly elected officers for the year 1949-50 are: President, William 
Staudacher; Vice-President, Charles Elliott; Secretary, Richard Vorwald; Treas- 
urer, Imogene Beckemeyer; Program Chairman, Joseph Rezetka. 


Pi Mu Epsilon, University of Oklahoma 


The Oklahoma Alpha chapter of Pi Mu Epsilon began its activities for the 
year with a business meeting, at which time the following officers were elected 
for the year: Director, Lowell Gregory; Vice-Director, Richard Yeilding; Secre- 
tary-Treasurer, Gerald Webster. 

The dates, speakers, and their topics for the subsequent meetings are as 
follows: 

The five-color conjecture, by Dr. Arthur Bernhart 

The effects of atmospheric disturbances on projectiles, by Otis Spears 

Eigenfunctions and limits to the characteristic roots of a matrix, by Lowell 
Gregory 

Cybernetics, by Dr. Carlton Berenda 

Galois theory, by Miss Ann Sheldon. 


1950] CLUBS AND ALLIED ACTIVITIES 55 


The annual banquet and initiation was held at which Dr. J. Rud Nielsen, 
Research Professor of Physics, spoke on-The Raman effect. Prizes consisting of 
mathematics books were presented to the winners of the Annual Mathematics 
Contest. These were: First prize, Mr. Miles Maxwell, Jr.; Second prize, Mr. Earl 
Scott. 

The Officers for the year 1949-50 will not be elected until next fall. 


Mathematics Club, Butler University 


The Mathematics Club of Butler University submits the following report for 
the academic year 1948-49: 

The activities included bi-weekly business meetings and programs and three 
social functions—Fall Wiener Roast, Christmas Party, and Spring Picnic. 

The papers presented include: 

Mathematical fallacies, by Mrs. Juna L. Beal 

Mathematics in art, by Nancy Heemstra 

Calculating machines, by Robert Gambill 

Book review of Whom the Gods Love, by Mary Ethel Jackson 

The abacus, by Clifford Wagoner 

The navigation of the battleship Missouri from Norfolk, Virginia to Guanta- 
namo, Cuba, by Dr. Harry E. Crull 

Geometric exercises in paper folding, by Donald Reisinger 

Mathematics of the automobile, by Max Sayler 

The history of mathematics, by Anna White* 

The philosophy of mathematics, by Elsie Popplewell 

Rubber sheet geometry, by Miss Jane Uhrhan 

Mathematical literature, by Byron Carmichal. 

The officers for the first semester 1949-50 are: President, Robert Gambill; 
Vice-President, Mary Ethel Jackson; Secretary, Phyllis Stultz; Treasurer, Ann 
Montgomery. 


Kappa Mu Epsilon, University of New Mexico 


The following papers were presented to the New Mexico Alpha chapter of 
_ Kappa Mu Epsilon for the year 1948-49: 

History of the theory of planetary motion, by Robert Flanagan 

The theory and use of the electronic oscilloscope, by Thomas Martin 

The morality of science, by Dr. Sherman Smith 

Bessel’'s functions applied to the theory of heat transfer by the use of fins, by 
Edward Rightley. 

The general theory of alignment and contour charts, by Dr. Morris Hendrick- 
son. 

Science and ari, by Dr. W. P. Albrecht. 

Officers elected for 1949-50 are: President, Ross Schmidt; Vice-President, 
Thomas Wooten; Secretary, George Vincent; Treasurer, Prof. H. P. Rogers; 
Faculty Sponsor, Prof. Morris Hendrickson. 
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Mu Alpha Theta, Yeshiva College 


The Yeshiva Mathematics Club, Mu Alpha Theta, was formed early in 1948. 
Since its inception, more than thirty papers have been presented to its members 
by students. In addition to major papers, there were some minor talks, including 
discussions on a number of problems which have appeared in the MONTHLY. 

Other activities of the club included two parties, the presentation of a play 
at the College Class-Nite, and the planning of a Publication which later devel- 
oped into a Yeshiva College Academic Journal. . 

The present officers are: President, William Frank; Vice-President, Seymour 
Haber; Secretary, Azriel Rosenfeld. 


Kappa Mu Epsilon, Hofstra College 


Regular monthly meetings were held by the New York Alpha Chapter of 
Kappa Mu Epsilon during 1948-49. Speakers and the titles of their papers were 
as follows: 

Nomograms, by Leonard Hinder 

Introduction to vector analysis, by Dr. L. F. Ollmann 

Projectiles and parabolae, by Frank Hawthorne 

Elements of Lewis Carroll, by Dorothea Reiffel 

Huygen’s relations with France, by Dr. Henri Brugmans of the Department 
of French 

The useful and the useless in mathematics, by Dr. E. R. Stabler 

Models and methods, by Lt. Col. Robert Yates of West Point, in which 
models for the construction of plane curves, diagrams, and linkages were pre- 
sented. 

The chapter members joined the Adelphi College Mathematics Club in hear- 
ing two lectures: Diagrams and models, by Col. Robert Beard; and The number 
e and the law of continuing growth, by Dr. Howard Fehr of Columbia University. 

Two student.and two faculty members attended the National Convention 
at Topeka, Kansas in April. Miss E. Marie Hove was re-elected National Sec- 
retary and Dr. L. F, Ollmann was re-elected National Treasurer of Kappa Mu 
Epsilon. 


Pi Mu Epsilon, University of Kansas 


The Kansas Alpha Chapter of Pi Mu Epsilon reports the following activities: 

A get-acquainted picnic early in the fall term for all members of the chapter 
and all members of the mathematics staff. 

A tea in January at which 13 new members were initiated. 

‘Annual banquet in May at which Dr. N. W. Storer, of the Physics depart- 
ment, spoke on Consider the universe. 

Officers for 1949-50 are: Director, Otho M. Rassmussen; Vice-Director, 
Martha Wagner; Corresponding Secretary, Wealthy Babcock; Recording Secre- 
tary, Frances Wolfe; Treasurer, Kathleen O’Donnell; Librarian, Gilbert Ulmer. 


NEWS AND NOTICES 
EDITED BY EDITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 
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Copeland, H. S. M. Coxeter, P. H. Daus, J. B. Diaz, Arnold Dresden, F. G. 
Dressel, P. S. Dwyer, J. D. Elder, Wade Ellis, H. W. Eves, C. D. Firestone, 
J. S. Frame, Abraham Franck, E. T. Frankel, Philip Franklin, G. E. Hay, E. 
Marie Hove, Ralph Hull, P. M. Hummel, R. D. James, R. A. Johnson, B. W. 
Jones, P. S. Jones, Edward Kasner, V. L. Klee, Jr., S. C. Kleene, R. E. Langer, 
H. D. Larsen, C. C. MacDuffee, Morris Marden, N. H. McCoy, Karl Menger, 
D. C. Murdoch, C. D. Olds, Gordon Pall, W. V. Parker, G. P. Price, G. Y. 
Rainich, E. D. Rainville, W. T. Reid, G. deB.. Robinson, Louise J. Rosenbaum, 
Arthur Rosenthal, Vera Sanford, Robert Schatten, I. J. Schoenberg, Wladmir 
Seidel, Samuel Selby, I. M. Sheffer, W. H. Simons, F. C. Smith, Ruth B. Smyth, 
Pauline Sperry, Robert Stalley, F. H. Steen, Gabor Szegé, H. S. Uhler, Henry 
Van Engen, R. W. Wagner, R. J. Walker, J. L. Walsh, A. R. Williams, John 
Williamson, H. E. Wolfe, R. C. Yates, Leo Zippin. 


BENJAMIN PEIRCE INSTRUCTORSHIPS AT HARVARD UNIVERSITY 


The Mathematics Department of Harvard University expects to have one 
or two vacancies in the rank of Benjamin Peirce instructor beginning in the fall 
of 1950. Appointments are for a maximum period of three years. Applications 
should reach the Department prior to March 15, 1950. 


EXECUTIVE DIRECTOR OF THE AMERICAN MATHEMATICAL SOCIETY 


The Council and Trustees of the American Mathematical Society take pleas- 
ure in announcing the appointment of Dr. H. M. MacNeille as Executive Dir- 
ector of the Society. Dr. MacNeille assumed his duties in the New York office 
of the Society on November 15, 1949. The position of Executive Director to aid 
in the administration of the affairs of the Society was created by the Council and 
approved by the Trustees, on recommendation of a Committee on Reorganiza- 
tion. The members of the Society approved this action of the Council when the 
new By-Laws were adopted at the Annual Meeting in December, 1948. 
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Dr. MacNeille was graduated with highest honors from Swarthmore College 
in 1928. For two years he was Rhodes Scholar from New Jersey at Balliol Col- 
lege, Oxford, and took an honors degree in mathematics at that university. He 
received the degree of Doctor of Philosophy from Harvard University in 1935, 
the subject of his dissertation being Extensions of partially ordered sets. During 
the academic year 1935-1936 he was Sterling Fellow at Yale University, from 
1936-1938 he was an Instructor of Mathematics at Harvard University, and 
from 1938 to 1947 he was Professor of Mathematics at Kenyon College. At the 
close of the Army and Air Force training programs at Kenyon College early in 
1944 Dr. MacNeille was appointed Scientific Liaison officer and later head of the 
London Mission of the Office of Scientific Research and Development. In 1946 
he became the Scientific Director of the newly established Office of the Assistant 
Naval Attache for Research in London. Since January, 1948 he has been Chief of 
the Fundamental Research Branch of the United States Atomic Energy Com- 
mission in Washington. 


PERSONAL ITEMS 


Professor A. T. Brauer of the University of North Carolina has received one 
of the three inaugural Science Research Awards of the Oak Ridge Institute of 
Nuclear Studies for “significant contributions to science in the South.” 

Dean E. L. Mackie of the University of North Carolina represented the 
Association at the installation of President A. H. Edens of Duke University on 
October 22, 1949. 

Dr. C. V. Newsom, Assistant Commissioner for Higher Education for the 
State of New York, was the representative of the Association upon the com- 
memoration of the 125th Anniversary of Rensselaer Polytechnic Institute on ~ 
October 12-15, 1949. 

Professor J. B. Reynolds of Lehigh University served as the representative 
of the Association at the inauguration of President D. E. Weinland of Moravian 
Seminary and College for Women on October 22, 1949. 

Dr. S. A. Schelkunoff of the Bell Telephone Laboratories was the delegate 
of the Association at a meeting of the American Standards Association on Octo- 
ber 14, 1949. 

Assistant Professor Edith R. Schneckenburger of the University of Buffalo 
represented the Association at the installation of the Very Reverend Juvenal 
Lalor as president of St. Bonaventure College on September 22, 1949. 

Professor J. M. Thomas, Duke University, was appointed to represent the 
Association at the inauguration of President A. G. Moron of Hampton Institute 
on October 29, 1949. 

Montana State University announces: Assistant Professor Harold Chatland 
of Ohio State University has been appointed to a professorship; Mr. R. L. 
Berggren, University of Minnesota, has been appointed to an instructorship. 

The Institute for Mathematics and Mechanics of New York University 
reports: Professor Emil Artin of Princeton University, Professor Hans Rade- 
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macher of the University of Pennsylvania, and Professor Carl Siegel of The 
Institute for Advanced Study have been appointed Visiting Professors; Dr. 
Bernard Friedman, who is a research associate at the Institute, has been pro- 
moted to an associate professorship at Washington Square College. 

At The Oklahoma Agricultural and Mechanical College the Department of 
Mathematics is now offering the Ph.D. degree. This expansion is being made 
with the support of a research contract with the Office of Naval Research. The 
work of this contract is under the direction of Research Professor Nachman 
Aronszajn. The following are also participating in this work: Professors A. H. 
Diamond, O. H. Hamilton, H. W. Smith; Research Assistants M. Arnsten, 
C. J. Clark, Alan Jennings, L. F. McAuley, G. B. Pedrick, G. D. Pirtle, A. W. 
Wortham, Arthur Zeichner. The following research divisions are supporting the 
program: The Research Foundation, The Agricultural Experiment Station, The 
Division of Engineering Research and Experiment Station and The Oklahoma 
Power and Propulsion Laboratory. 

The University of Buffalo makes the following announcements: Mr. Ben- 
jamin Lapidus of the University of Toronto has been appointed to an instructor- 
ship; Mr. A. G. Fadell and Mr. L. J. Montzingo have received appointments as 
teaching fellows. | 

University of California at Los Angeles reports: Professor J. B. Rosser of 
Cornell University, who has the position of Director of Research at the Institute 
for Numerical Analysis, has been appointed Visiting Professor of Mathematics; 
Assistant Professor F. A. Valentine has been promoted to an associate professor- 
ship and has been granted a year’s leave of absence for the purpose of further 
study at the University of Chicago; Dr. L. J. Paige and Dr. J. D. Swift have 
been promoted to assistant professorships; Dr. P. G. Hodge, Jr. of Brown Uni- 
versity has been appointed to an assistant professorship; Dr. G. M. Wing, Cor- 
nell University, has been appointed to an instructorship; Assistant Professor 
FE. R. Worthington has retired. 

University of South Carolina announces: Adjunct Professor Marguerite Z. 
Hedberg has been promoted to an associate professorship; Mr. C. W. Huff of 
Pennsylvania State College has been appointed to an instructorship. 

Washington University announces the appointments of Dr. I. I. Hirschman, 
Harvard University, to an assistant professorship and of Dr. H. Margaret EI- 
liott, Radcliffe College, to an instructorship. 

Professor E. P. Adams of Princeton University has retired with the title of 
Emeritus Professor of Physics. 

Professor V. W. Adkisson, chairman of the Department of Mathematics of 
the University of Arkansas, has been appointed Dean of the Graduate School. 

Dr. A. V. Baez, formerly instructor in the Department of Physics at Stanford 
University, has accepted an appointment as a research physicist at the Cornell 
Aeronautical Laboratory, Buffalo, New York. 

Mr. R. T. Bailey has been appointed to an instructorship at Norwich Uni- 
versity. 
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Brother Ladislaus Balbert, formerly at Christian Brothers College, Mem- 
phis, is now an instructor at Colegio San Jose, Bluefield, Nicaragua. 

Dr. R. E. Basye has been promoted to an associate professorship at Agricul- 
tural and Mechanical College, Texas. 

Mr. Leon Benson of Lehigh University is teaching now at Blasdell High 
School, Buffalo, New York. 

Professor H. L. Black of Michigan State College has accepted an appoint- 
ment as associate professor in the Department of Engineering, Pennsylvania 
State College. 

Associate Professor R. C. Blackwell has been promoted to a professorship at 
Furman University. 

Dr. A. L. Blakers of Princeton University has been appointed to an assist- 
ant professorship at Lehigh University. 

Dr. J. H. Blau, Massachusetts Institute of Technology, has received an ap- 
pointment as assistant professor at Pennsylvania State College. 

Associate Professor F. E. Bowling has been promoted to the position of Head 
of Department of Mathematics, Lincoln Memorial University. 

Dr. L. E. Boyer has been promoted to the chairmanship of the Department 
of Mathematics, State Teachers College, Millersville, Pennsylvania. 

Dr. R. A. Bradley has been appointed to an assistant professorship at McGill 
University. 

Dean J. W. Branson, who has been serving as acting president of The New 
Mexico College of Agriculture and Mechanic Arts, has been appointed Presi- 
dent. 

Miss Jeneva J. Brewer, formerly graduate fellow at the University of Wich- 
ita, has been appointed to an instructorship. 

Assistant Professor J. B. Brewster of Clemson Agricultural College has been 
promoted to an associate professorship. 

Mr. B. B. Clark, previously graduate student at the University of Michigan, 
has been appointed to an instructorship at Grinnell College. 

Instructor R. L. Coker, Southern College of Optometry, has been appointed 
Professor of Mathematics and Physics. 

_ Assistant Professor R. H. Cole has been promoted to an associate professor- 
ship at the University of Western Ontario. 

Assistant Professor Mamie M. Davis, Southeastern Louisiana College, has 
accepted an instructorship at Mississippi Southern College. 

Mr. B. B. Dressler has been promoted to an assistant professorship at Kent 
State University. 

Dr. J. C. Eaves has been appointed to an assistant professorship at the 
University of Alabama. 

Mr. J. L. Ericksen has been appointed to a teaching fellowship at Indiana 
University. 

Assistant Professor Walter Fleming, Fort Hays Kansas State College, is now 
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Associate Professor of Mathematics at Mankato State Teachers College, Minne- 
sota. 

Mr. Charles Franciol is teaching at Gillis High School, Lake Charles, 
Louisiana. 

Dr. M. J. Gottlieb, who has been at the Institute for Advanced Study, has 
been appointed to an assistant professorship at the University of Chicago. 

Miss Alice Graeber, who has been teaching at Dates School, San Francisco, 
has accepted a position as teacher at Mission High School, San Francisco. 

Mr. H. H. Harman, formerly research associate, has been promoted to the 
position of Chief of the Statistical Research and Analysis Unit, Department of 
Army. 

Mr. J. R. Hodges, teaching fellow at Tulane University, has received an 
appointment as instructor at Little Rock Junior College. 

Mr. Julius Honig has the position of Research Assistant at Long Island 
College of Medicine. 

Mr. G. K. Howe of Bell Aircraft Corporation, Marietta, Georgia, has re- 
tired. 

Mr. Eugene Isaacson has been appointed to an assistant professorship at 
New York University. 

Dr. John Kronsbein has been appointed Head of the Department of Engi- 
neering of Evansville College. 

Dr. Paolo Lanzano of the University of Rome has received an appointment 
as instructor at St. Louis University. 

Dr. Lee Lorch, City College of the City of New York, has been appointed 
to an assistant professorship at Pennsylvania State College. 

Professor E. J. Lowry has been promoted to the position of Head of the 
Department of Mathematics, Hastings College. 

Miss Hazel L. Mason, formerly instructor at Mary Hardin-Baylor College, 
is now a member of the faculty of the Grand Prairie Public Schools, Texas. 

Professor J. C. C. McKinsey has returned to the Oklahoma Agricultural and 
Mechanical College after spending the last two years on leave with the Rand 
Corporation. | 

Dr. G. D. Mostow, who has been at the Institute for Advanced Study, has 
been appointed to an assistant professorship at Syracuse University. 

Mr. E. J. Musch has been appointed to an instructorship at the University 
of Louisville. 

Mr. J. A. S. Neilson has been promoted to the chairmanship of the Depart- 
ment’of Mathematics, Westmont College. 

Associate Professor H. E. Nelson of Gustavus Adolphus College has been 
appointed to an associate professorship at Augustana College. 

Mr. J. A. Nickel is now serving as graduate assistant at Oregon State College. 

Dr. Helen K. Nickerson has been promoted to an assistant professorship at 
Wheaton College, Massachusetts. 
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Mr. J. V. Pennington, formerly associate director of Southwest Research 
Institute, San Antonio, has been appointed Technical Director of Drilling Re- 
search Inc., Houston. 

Associate Professor P. M. Pepper of the University of Notre Dame has been 
appointed Associate Professor of Industrial Engineering at Ohio State Univer- 
sity. 

Mr. C. R. Perisho has been promoted to an associate professorship at Ne- 
braska Wesleyan University. 

Professor Mary Pettus, Lander. College, has been appointed to an assistant 
professorship at the University of Richmond. 

Professor J. C. Polley of Wabash College has been promoted to the position 
of Head of the Department of Mathematics. 

Associate Professor D. W. Pugsley has been promoted to the position of Pro- 
fessor and Head of the Department of Mathematics at Berea College. 

Professor H. R. Pyle of Whittier College is now Head of the Department of 
Mathematics. 

Assistant Professor G. E. Reves of The Citadel has been promoted to an 
associate professorship. 

Professor B. D. Roberts, New Mexico Highlands University, has been pro- 
_moted to the position of Dean and Head of the Department of Mathematics. 

Miss Margarita E. Rodriguez, formerly at Montanzas Instituto, Cuba, is 
teaching.at Instituto del Vedado, Cuba. 

Assistant Professor D. R. Ryan of Gonzaga University is now Chairman of 
the Department of Mathematics. 

Mr. A. H. Sarno, St. John’s College, has been promoted to an assistant pro- 
fessorship and chairmanship of the Department of Mathematics. 

Mr. F. W. Saunders has been promoted to a professorship at Coker 
College.. 

Mr. J. A. Schumaker of MacMurray College for Women has been appointed 
to an assistant professorship. 

Mr. Whitney Scobert, formerly at University of Oregon, has accepted a 
position as associate professor at Idaho State College. 

Mr. R. C. Seber, formerly graduate assistant at the State University of 
Iowa, has been appointed to an instructorship at Rockford College. 

Mr. D. P. Shore is teaching at Carter-Riverside High School, Fort Worth. 

Mr. C. E. Shotwell, who has been an assistant instructor at the University of 
Missouri, has received an appointment as instructor at the University of the 
South. 

Mr. A. T. Skinner has been appointed to an assistant professorship at 
Champlain College. 

Professor A. A. Smith, previously chairman of the Department of Mathe- 
matics of San Angelo College, has been appointed Business Manager of Texas 
Western College. 

Associate Professor Ernst Snapper of the University of Southern California 
is now Visiting Associate Professor at Princeton University. 
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Assistant Professor P. I. Speicher has been promoted to an associate pro- 
fessorship at Albright College. 

Mr. Isaay Stempnitzky is serving as research assistant in Electrical Engi- 
neering at Massachusetts Institute of Technology and teaching fellow at 
Brandeis University. 

Mr. R. F. Steward, formerly teaching assistant at New Jersey College for 
Women, has been appointed to an instructorship at Virginia Military Institute. 

Assistant Professor C. F. Strobel of North Carolina State College has been 
promoted to an associate professorship. 

Mr. J. S. Stubbe of the University of New Hampshire has been appointed to 
an assistant professorship at Clark University. 

Mr. Kaidy Tan is now Tutor at Anglo-Chinese College, Kulangsu, Amoy, 
China. 

Professor Alex Tartler of Drexel Institute has been appointed to an associate 
professorship at Lafayette College. 

Mr. B. P. Taylor is now Head of the Calculation Group, Lofting Depart- 
ment, Douglas Aircraft Company. 

Mr. C. M. Terry has been appointed to a fellowship at Iowa State College. 

Instructor O. M. Thomas of the United States Naval Academy has been 
promoted to an assistant professorship. 

Mr. C. W. Trigg has been appointed Assistant to the Dean of Instruction, 
Los Angeles City College. 

Dr. W. R. Utz, University of Michigan, has.been appointed to an assistant 
professorship at the University of Missouri. 

Miss Frances Weisbecker of Milwaukee-Downer College has been promoted 
to an assistant professorship. 

Assistant Professor D. W. Whitford has been promoted to an associate pro- 
fessorship at Polytechnic Institute of Brooklyn. 

Professor P. D. Wilkins of Bates College has been promoted to the position of 
Head of the Department of Mathematics. 

Mr. A. D. Wirshup, formerly an instructor at Multnomah College, has ac- 
cepted a teaching fellowship at Oregon State College. 

Miss Ferna E. Wrestler has been promoted to an assistant professorship at 
the University of Wichita. 

Miss Frances M. Wright has been promoted to an assistant professorship at 
Triple Cities College of Syracuse University. 

Associate Professor A. J. Zanolar has been appointed President of St. 
Joseph’s College, Indiana. 

Mr. R. K. Zeigler has been appointed to an associate professorship at Brad- 
ley University. 


Professor Emeritus S. E. Brasefield of Rutgers University died October 14, 
1949. 

Professor A. F. Carpenter, formerly executive officer of the Department of 
Mathematics of the University of Washington, died on October 16, 1949. 
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Professor Emeritus Peter Field of the University of Michigan, died on Sep- 
tember 24, 1949. He was a charter member of the Association. 

Professor F. A. Foraker of the University of Pittsburgh, died on June 30, 
1949. He was a charter member of the Association. 

Associate Professor R. K. Luneburg of the University of Southern California 


died on August 19, 1949, 


Dr. D. A. Rothrock, professor emeritus of Indiana University and a charter 
member of the Association, died September 2, 1949. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
91 persons have been elected to membership by the Board of Governors on 


applications duly certified: 


J. D. R. Banna, Student, St. Norbert College, 
West DePere, Wis. 

ESTHER P. BARNHART, M.A.(Michigan) In- 
structor, Capital University, Columbus 9, 
Ohio. 

R. D. Bartz, Student, University of Wiscon- 
sin, Milwaukee 3, Wis. 

R. W. BEAts, JR., M.Ed. (Alfred) Instructor, 
Alfred University, N. Y. 

R. W. Birp, B.A.(Roosevelt) Bookkeeper, 
Hartford Fire Insurance Co., Chicago, III. 

W. W. BLAKELY, B.A.(Macalester) Grad. 
Asst., Macalester College, St. Paul, Minn. 

I. H. BRuNE, Ph.D.(Ohio State) Asso. Pro- 
fessor, lowa State Teachers College, Cedar 
Falls, Iowa. ; 

R. K. Butz, B.S.(Colorado A & M) Grad. 
Student, University of Georgia, Athens, 
Ga. 

W. W. CuHamsers, M.A.(Colorado State) In- 
structor, Purdue University, Indianapolis, 
Ind. ° 

M. H. Cuiayton, M.E.(North Carolina) In- 
*structor, North Carolina State College, 
Raleigh, N. C. 

L. W. Cowen, Ph.D.(Michigan) Professor, 
Queens College, Flushing, L. I. 

J. W. Coy, M.A.(New Mexico) Instructor, 
Michigan State College, East Lansing, 
Mich. 

W. V. Cressy, Student, University of Cali- 


fornia, Los Angeles, Calif. 

W. F. Crum, B.A.(Carleton) Instructor, 
Carleton College, Northfield, Minn. 

DorotHy S. Curry, M.S.(Chicago) Asso. 
Professor, Wilberforce University, Ohio. 

T. S. Dean, M.S.(North Texas) President, 
Design Associates, Inc., Sherman, Texas. 

V. E. DietricH, M.Sc.(Notre Dame) Grad. 
Asst., Purdue University, Lafayette, Ind. 

D. W. Dusois, B.S.(Oklahoma) Grad. Asst., 
University of Oklahoma, Norman, Okla. 

ARTHUR ERpDELyI, D.Sc.(Edinburgh) Profes- 
sor, California Institute of Technology, 
Pasadena, Calif. 

LORRAINE W. FARBER, M.A.(Buffalo) In- 
structor, University of Buffalo, N. Y. 
JEAN B. FEIDNER, B.A.(William Smith) In- 
structor, University of Buffalo, N. Y. 
RupoLF FEIGE, M.A.(Berlin) Instructor, 

University of Cincinnati, Ohio. 

J. R. FLEmina, Captain, U.S.A.F., Air Weather 
Service, Warner Robins, Ga. 

F. A. Foae, B.S.(Chile) Engr., Coflins Radio 
Co., Cedar Rapids, Iowa. 

P, L. Forp, M.S.(Louisiana State) Instruc- 
tor, Kemper Military School, Boonville, 
Mo. 

J. H. Fountain, B.A.(Buffalo) Grad. Stu- 
dent, University of Buffalo, N. Y. 

G. C. Francis, M.S.(Minnesota) Instructor, 
Carleton College, Northfield, Minn. 
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W. M. Frank, Student, Yeshiva University, 
Brooklyn, N. Y. 

F. C. GERMAN, M.A. (Illinois) Asso. Professor, 
Kansas State Teachers College, Pittsburg, 
Kansas. 

Giapys E. GiuuMAN, _ B.A. (Skidmore) 
Teacher, Winsor School, Boston, Mass. 

R. D. Guauz, M.S.(Michigan) Instructor, 
Montana State College, Bozeman, Mont. 

H. E. GoweeEn, Ph.D.(Stanford) Asst. Pro- 
fessor, Syracuse University, N. Y. 

B. T. GoipBeck, M.A.(Texas Christian) 
Student, Texas Christian University, Fort 
Worth, Texas. 

BEULAH GRAHAM, M.A.(Kentucky) Teacher, 
Campbellsville College, Ky. 

U. S. GREENE, C.P.A., Marine Midland Bldg., 
Binghamton, N. Y. 

VirGinia M. Hau, A.M.(Boston Univ.) In- 
structor, Simmons College, Boston, Mass. 

PARKER HAMILTON, B.S.(Harvard) Asst. Pro- 
fessor, Antioch College, Yellow Springs, 
Ohio. 

C. L. Harpison, M.A.(Indiana) Asst. Pro- 
fessor, South Dakota School of Mines and 
Technology, Rapid City, S. D. 

GERALD Harrison, Ph.D.(Calif. Inst.) Asst. 
Professor, Wayne University, Detroit, 

_. Mich. 

M. J. Heuuman, M.S.(CCNY) Instructor, 
Rutgers University, Newark, N.J. 

B. O. Hoye, M.S.(Southern Illinois) In- 
structor, Southern I]linois University, Car- 
bondale, Il. 

W. R. Hypeman, A.M.(Syracuse) Mathe- 
matician, Navy Department, Washington, 
D.C. ‘ 

EuGENE Isaacson, Ph.D.(New York) In- 
structor, New York University, N. Y. 

P. W. M. Joun, M.A.(Oxon) Instructor, Uni- 
versity of Oklahoma, Norman, Okla. 

G. P. Jounson, M.A.(Minnesota) Grad. 
Student, University of Minnesota, St. 
Paul, Minn. 

R. P. Kania, M.A.(New Zealand) Lecturer, 
Teachers Training College, Auckland, 
N. Z. 

C. E. KELLEy, B.S.(Central Missouri) Asst. 
Instructor, University of Missouri, Co- 
lumbia, Mo. 

D. E. KispsBey, Ph.D (Illinois) Asso. Profes- 
sor, Syracuse University, N. Y. 

Jos—ePpH KLEIN,’  8B.S.(Rutgers) Student, 
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Rutgers University, New Brunswick, N. J. 

R. J. KoHLMEYER, M.A.(Washington) In- 
structor, Pratt Institute, Brooklyn, N. Y. 

G. M. Kuznets, Ph.D.(California) Asso. 
Professor, University of California, Berke- 
ley, Calif. 

VIVIAN E. Larson, M.A. (Wisconsin) Instruc- 
tor, University of Wisconsin, Milwaukee, 
Wis. 

F. W. Lott, Jr., M.A.(Michigan) Asst. Pro- 
fessor, Iowa State Teachers College, Cedar 
Falls, Iowa. 

R. E. Lowney, M.A.(Michigan State) Asst. 
Professor, Montana State College, Boze- 
man, Mont. 

J. A. Martin, Sr. Partner, National Oil Co., 
Lisbon, Ohio. 

H. C. McKenziz, M.A.(Wisconsin) Instruc- 
tor, University of Colorado, Boulder, Colo. 

GENEVIEVE T. MEvErR, M.A.(Marquette) In- 
structor, University of Wisconsin, Mil- 
waukee, Wis. 

MicHAEL More tui, S.B.(M.IT.) Air Mate- 
rial Command, Cambridge Field Station, 
Mass. 

F. J. Murray, Ph.D.(Columbia) Professor, 
Columbia University, New York, N. Y. 

R. E. Netson, M.A.(Dartmouth) Asso. Pro- 
fessor, Dickinson College, Carlisle, Pa. 

E. N. Nitson, Ph.D.(Harvard) Asst. Pro- 
fessor, Trinity College, Hartford, Conn. 

CHESTER Pacuucki, M.S.(De Paul) Instruc- 
tor, De Paul University, Chicago, IIl. 

L. J. Paice, Ph.D.(Wisconsin) Instructor, 
University of California, Los Angeles, 
Calif. 

A. J. Pejsa, M.S.(Marquette) Asst. Profes- 
sor, U.S. Naval Academy, Annapolis, Md. 

C. L. Perry, Jr., Ph.D.(Michigan) Asst. 
Professor, University of Arkansas, Fayette- 
ville, Ark. 

M. B. Porter, M.A.(Texas) Asst. Professor, 
Southwest Texas State Teachers College, 
San Marcos, Texas. 

R. E. Priest, Student, University of Illinois, 
Urbana, III. 

N. J. Rose, M.E.(Stevens) Instructor, Stev- 
ens Institute of Technology, Hoboken, 
N. J. 

R. M. Ross, M.A.(Indiana) Asst. Professor, 
Rose Polytechnic Institute, Terre Haute, 
Ind. 
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J. P. Rotu, M.S.(Michigan) Student, Uni- 
versity of Michigan, Ann Arbor, Mich. 

BARNEY SANDLER, B.A.(Brooklyn) Instruc- 
tor, Institute of Appliéd Arts and Science, 
Brooklyn, N. Y. 

W. L. SAuTER, Student, University of Louis- 
ville, Ky. 

R. W. ScHMIED, B.A.(Texas) Instructor, 
Tulane University, New Orleans, La. 

. A, SCHUMAKER, M.A.(Illinois) Asst. Pro- 
fessor, MacMurray College for Women, 
Jacksonville, I11. 

SISTER Mary PETRONIA, Ph.D.(Notre Dame) 
Teacher, Mount Mary College, Milwaukee, 
Wis. 

SISTER MirIAM FRANcis, Ph.D.(Catholic) 
Instructor, Xavier University, New Or- 
leans, La. 

R. D. Stavtey, M.A.(Oregon) Instructor, 
University of Arizona, Tucson, Ariz. 

E. A. STAvINOHA, B.S.(Baylor) Grad. Fel- 
low, Oklahoma A & M College, Stillwater, 
Okla. 

RoscoE STINETORF, Ph.D. (Pennsylvania) 
Professor of Physics, Wagner College, 
Staten Island, N. Y. . 

IRwin Stoner, M.A.(North Carolina) In- 
structor, University of Minnesota, Min- 
neapolis, Minn. 

J. R. SWAFFIELD, Student, Boston University, 
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Boston, Mass. 

N. Y. Tana, M.S.(Michigan) Lecturer, Uni- 
versity of Washington, Seattle, Wash. 

J. R. THompson, M.A.(Minnesota)  Instruc- 
tor, University of Wisconsin, Milwaukee, 
Wis. 

M. E. TittLte, M.A.(Texas) Instructor, 
A &M College of Texas, College Station, 
Tex. 

Witwont Toatson, M.A.(Kansas) Asst. Pro- 
fessor, Fort Hays Kansas State College, 
Kan. . | 

C. M. Tver, Jr., Ph.D.(Pittsburgh) Asst. 
Professor, Carnegie Institute of Technol- 
ogy, Pittsburgh, Pa. 

H. R. Unt, B.A.(Buffalo) Grad. Teaching 
Fellow, Tulane University, New Orleans, 
La. 

D. D. Watt, Ph.D.(California) Instructor, 
University of California, Santa Barbara 
College, Calif. 

FRANCES WEISBECKER, M.A.(North Dakota) 
Asst. Professor, Milwaukee-Downer Col- 
lege, Wis. 

C. S. Wiuuiams, Jr., M.A.(Oklahoma) In- 
structor, University of Oklahoma, Nor- 
man, Okla. 

H. B. Younc, M.C.S.(Boston University) 
Instructor, Arkansas A. M. & N. College, 
Pine Bluff, Ark. 


THE APRIL MEETING OF THE MISSOURI SECTION 


The Missouri Section of the Mathematical Association of America met in 
Mumford Hall on the campus of the University of Missouri in Columbia, on 
Saturday, April 9, 1949. Professor P. R. Rider, Chairman of the Section, pre- 
sided at the morning session, and Professor P. B. Burcham presided at the 
afternoon session. 

Seventy-four persons were in attendance including the following twenty- 
seven members of the Association: L. M. Blumenthal, C. H. Brown, P. B. 
Burcham, Mary L. Cummings, W. C. Doyle, R. E. Ekstrom, G. M. Ewing, 
C. V. Fronabarger, W. L. Graves, Nola L. Haynes, F. F. Helton; R. E. Hogan, 
L. O. Jones, C. W. Mathews, J. M. Marr, Karl Menger, E. F. Moore, A. D. 
Pierson, P. R. Rider, J. S. Rosen, J. W. Sawyer, C. E. Shotwell, R. L. Snider, 
W. L. Stamey, A. D. Talkington, Margaret F. Willerding, and W. D. Williams. 

The following officers were elected for the coming year: Chairman, C. W. 
Mathews, Washington University; Vice-Chairman, G. H. Jamison, Northeast 
Missouri State Teachers College; Secretary-Treasurer, Margaret F. Willerding, 
Harris Teachers College. At the conclusion of the meeting tea was served in the 
lounge of Gwynn Hall. 
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The Section had Professor Karl Menger of the Illinois Institute of Tech- 
nology as a guest speaker. Professor Menger spoke on Some Aspects of the Con- 
cept of Convextiy. The following papers were also presented: 

1. ‘An approximate solution of Strelizes integral by use of Cantellt’'s wnequalrty, 
by Dr. Maria Castellani, University of Kansas City, introduced by the Secretary. 

2. The metrization of torsion, by Dr. L. M. Blumenthal, University of 
Missouri. 


The paper presents a metric definition of torsion of a metric space at an accumulation point p 
based merely upon the consideration of the mutual distances of points of quadruples. In distinc- 
tion to the definition given by Alexits (Compositio Mathematicae, vol. 6 (1938-39), pp. 471-477) 
the new definition is (1) symmetric in all distances, and (2) avoids iterated limits. It is shown that 
the metric torsion so defined yields the classical torsion for curves of the kind usually dealt with in 
classical differential geometry. 


3. A reorganization of general mathematics of colleges, by Dr. Margaret F. 
Willerding, Harris Teachers College. 


Mathematical education is in a sad state of confusion. General mathematics, which is often all 
the mathematics a student gets in high school, is poorly conceived and inadequately presented. 
There is great need in this field for better organization and for better teaching. The great organiza- 
tions of mathematicians and teachers of mathematics should present a united front for improve- 
ment to state officers of education and to others who plan the educational offering in the high 
school. 


4. The trends 1n mathematical education in high schools, by Prof. G. H. 
Jamison, Northeast Missouri State Teachers College. 


Every year more and more students who have had only one year of general secondary mathe- 
matics are entering colleges. These students are totally unprepared to enter the college freshman 
mathematics courses in general mathematics as they are now organized. A college course in general 
mathematics must be organized for these students. The course must supplement the general mathe- 
matics courses given in the secondary schools. It must be primarily designed for students who 
signify that they have no intention of taking more than one year of mathematics. The objectives 
of such a basic first year course must center around the needs—both present and future—of the 
college student. It must give the student a better grasp of mathematics as a whole and of the inter- 
dependence of its various parts, and accustom him to use, in later applications, the method best 
adapted to the problems at hand. In order to meet these objectives the content of the course must 
be studied on an elaborate scale, and the subject matter picked with care. The problem of the 
reorganization of general mathematics is a fertile field for research and experimentation, and is a 
challenge to every mathematician and educator. 


5. Use of mnemonic devices in mathematics, by C. W. Mathews, Washington 
University. 


In teaching mathematics, mnemonic devices are used at times when it is easier to learn the 
facts from the fundamentals. An example served as an illustration of the truth of this statement. An 
effective mnemonic device must be one which is based upon well known facts, and should be 
simple. It should not admit exceptions, or hamper generalizations of the concepts or procedures. 
Students can learn better with a personalized memory aid than with a poor “mail order’’ variety. 
Consider a mnemonic device carefully before you use it. 


Cuas. W. MaTHews, Secretary-Treasurer 
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THE APRIL MEETING OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the Mathe- 
matical Association of America was held at the University of Buffalo, Buffalo, 
New York, on Saturday, April 30, 1949. The Chairman of the Section, Professor 
E. B. Allen of Rensselaer Polytechnic Institute, presided at the morning session; 
the Vice-Chairman, Professor W. H. Durfee of Hobart College, presided at the 
afternoon session. At the conclusion of the afternoon session tea was served. 

One hundred twenty-three persons attended the meeting, including the fol- 
lowing seventy members of the Association: Janet E. Abbey, E. B. Allen, H. P. 
Atkins, H. T. R. Aude, H. W. Baeumler, G. B. Banks, V. N. Behrns, R. L. 
Beinert, W. W. Bessell, I. S. Boak, A. L. Buchman, C. G. Burger, F. J. H. 
Burkett, I. S. Carroll, H. S. M. Coxeter, F. F. Decker; E. J. Downie, Walter H. 
Durfee, F. P. Egan, J. E. Freund, H. M. Gehman, B. H. Gere, R. D. Gordon, 
Lillian Gough, N. G. Gunderson, May N. Harwood, M. B. Haslam, Margaret 
W. Hickman, R. G. Hill, H. E. Hoffman, A. W. Jones, C. E. Lemke, Caroline 
A. Lester, J. V. Limpert, R. K. Longley, R. R. R. Luckey, Dis Maly, E. W. 
Marchand, June M. McArtney, Rudolph Meyer, F. E. Milliman, Harriet F. 
Montague, Mabel D. Montgomery, D. S. Morse, Abigail M. Mosey, C. W. 
Munshower, C. R. Newell, Ruth B. Noller, B. C. Patterson, Theresa L. Pod- 
mele, J. F. Randolph, P. C. Rapp, C. E. Rhodes, P. J. Schillo, Edith R. Schneck- 
enburger, L. F. Scholl, B. B. Sharpe, William A. Smith, Ruth W. Stokes, 
D. D. Strebe, Mary C. Suffa, R. T. Tear, G. W. Walker, J. F. Wardwell, F. C. 
Warner, E. T. Welmers, Ina W. Welmers, Mary E. Williams, Frances M. 
Wright, R. C. Yates. 

The following officers were elected: Chairman, Walter H. Durfee, Hobart 
College; Vice-Chairman, B. C. Patterson, Hamilton College; Secretary, C. W. 
Munshower, Colgate University. The Chairman was authorized to appoint a 
committee to study the relation between secondary school and college mathe- 
matics in New York State. It was announced that E. B. Allen had been elected 
Sectional Governor. The 1950 meeting will be held at Syracuse University in 
the spring of 1950. 

On Friday evening, April 29, 1949, Professor H. S. M. Coxeter of the Uni- 
versity of Toronto delivered a lecture on the Fenton Foundation of the Univer- 
sity of Buffalo on the subject Arithmetical Games and Phyllotaxis; many mem- 
bers of the Association attended. . 

The following papers were presented: 

1. The excenters of a hyperbolic triangle, by Professor H. S. M. Coxeter, Uni- 
versity of Toronto. 


Since the angle bisectors of a triangle ABC are the loci of points equidistant from two sides, 
any intersection of two bisectors lies also on a third; therefore, the six bisectors are the sides of a 
complete quadrangle. This simple argument is valid in elliptic geometry as well as in euclidean. 
But in hyperbolic geometry it fails to cover the case when the external bisectors of two of the angles 
are parallel or ultraparallel. With the aid of coordinates it is readily proved that the internal 
bisector of the third angle still belongs to the same pencil (of parallels or ultraparallels), so that 
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there is an escribed horocycle or hypercycle. A synthetic proof is obtained by exhibiting these 
three bisectors as the diagonals of a Brianchon hexagon whose sides are the tangents to the ab- 
solute conic at the six “ends” of the lines BC, CA, AB, taken ina suitable order (different from the 
natural order used for the concurrence of internal bisectors in Coxeter’s Non-Euclidean Geometry). 


2. The problem of eight points, by Professor W. B. Carver, Cornell Univer- 
sity. 

Because of illness Professor Carver was unable to be present; his paper will 
be published in this MONTHLY. 

3. The addition formulas of trigonometry, by Professor J. F. ‘Randolph, 
University of Rochester. 


A student will grant that two points on the rim of a wheel remain the same distance apart 
regardless of how the wheel is turned, and must therefore grant, for A and B arbitrary angles, that 


(1) cos (A — B) = cos A cos B + sin A sin B. 


It is only necessary to consider the points represented by (1, 0), (cos [A—B], sin [A—B)]), (cos B, 
sin B) and (cos A, sin A), note that the distance between the first pair (seen by rotating the first 
pair along the unit circle through the angle B), express the equality of these distances by using the 
distance formula, and simplify. Since (1) holds without restrictions on the angles A and B, and the 
values of the trigonometric functions for quadrantal angles are known, we set A =0 in (1) to obtain 
cos (—B)=cos B; set A=90° in (1) to obtain cos (90°—B)=sin B and hence also 
cos B=sin (90°—B); and from periodicity note sin (—A) =sin (360°—A) =sin (90°—(A—270°)) 
=cos (4 —270°) =—sin A (the last equality following from (1) with B=270°). Thus the sum and 
difference formulas and all consequences of them (including reduction formulas) are easily obtained 
without apology. 


4. An algebraic algorithm, by Dr. N. G. Gunderson, University of Rochester. 


The speaker described Rosser’s algorithm for solving the linear Diophantine equation, and dis- 
cussed several applications. 


5. Mathematics in New York State Institutes, by Professor I. S. Boak, New 
York State Agriculture and Technical Institute, Canton, New York. 


The purpose and scope of mathematics courses was discussed in relation to the technological 
courses offered at the Institutes. The influence of special requirements of technical courses on meth- 
ods of teaching and content, and the provisions for variations in ability and mathematical prepara- 
tion during the early weeks of the course was indicated. The work of the New York State curriculum 
workshop in relation to mathematics was described, and trends in this field were discussed. The 
paper conciuded with a brief discussion of trends toward standardization of courses and testing 
programs. 


6. Flying inertias, by Dr. E. T. Welmers, Bell Aircraft Corporation. 


The determination of the inertia properties of aircraft or aircraft components furnishes an in- 
teresting application of the formulas developed in elementary calculus. The moments of inertia of 
the aircraft as a whole are essential in determining the flight path. In the design of control surfaces 
to prevent flutter, it is necessary to determine the static balance (dependent on the simple moment), 
moment of inertia about a hinge line, and the dynamic balance (dependent on products of inertia). 
Illustrations of these requirements were given for unconventional control surfaces involving, par- 
ticularly, sweep and dihedral. More advanced mathematics is required to evaluate the virtual 
inertia of the air which surrounds an oscillating wing or the moment of inertia of liquid fuel. 
Finally, mention was made of the mathematical bases for certain experimental methods of de- 
termining inertias. 
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7. Extra-sensory perception, a problem in the theory of confirmation, by Pro- 
fessor J. E. Freund, Alfred University. 

Professor Freund discussed the application of the frequency theory of probability to the 
concept of the confirmation of scientific hypotheses. The probability of a scientific theory was 
defined in terms of its associated class of observable phenomena, and a formula was derived to 
show how the number and variety of instances of confirmation effect the degree to which a theory 
may be considered to be confirmed. These results were applied to the problem of confirming an 
“unusual” theory, e.g. the theory of extra-sensory perception, and it was demonstrated why 
theories are not accepted at times in spite.of the fact that the positive evidence seems overwhelm- 
ing. The danger of the statement “It couldn’t haye happened by chance” was discussed with refer- 
ence to this problem. 


C. W. MUNSHOWER Secretary 


THE APRIL MEETING OF THE OHIO SECTION 


The thirty-third annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio 
on Saturday, April 2, 1949. Professor R. H. Marquis, Chairman of the Section, 
presided. 

Ninety-two persons registered attendance, including the following sixty-five 
members of the Association: W. E. Anderson, Max Astrachan, Grace M. Bareis, 
I. A. Barnett, H. M. Beatty, Henry Blumberg, J. B. Brandeberry, Foster - 
Brooks, C. D. Calhoon, V. B. Caris, E. H. Clarke, W. F. Cornell, Rufus Crane, 
Grace Cutler, Wayne Dancer, Violet Davis, R. H. Downing, B. B. Dressler, 
P. L. Evans, H. E. Fettis, B. C. Glover, L. J. Green, Marshall Hall, Jr., Frances 
Harshbarger, C. H. Heinke, P. S. Herwitz, Carl Holtom, S. J. Jasper, E. D. 
Jenkins, Margaret E. Jones, Chosaburo Kato, L. C. Knight, L. L. Lowenstein, 
W. C. Lowry, R. H. Marquis, H. R. Mathias, E. J. Mickle, L. H. Miller, Max 
Morris, H. C. Parrish, H. S. Pollard, Irene Price, Tibor Rado, S. E. Rasor, 
O. W. Rechard, F. W. Reed, P. V. Reichelderfer, S. A. Rowland, K. C. Schraut, 
C. E. Sealander, J. L. Solomon, V. C. Stechschulte, R. L. Swain, Hellen Tappan, 
H. E. Tinnappel, H. S. Toney, E. P. Vance, R. W. Wagner, D. R. Whitney, 
R. B. Wildermuth, F. B. Wiley, C. O. Williamson, E. H. Wohler, Alberta Wolfe, 
G. F. Woodson, Jr. 

The following officers were elected for the coming year: Chairman, E. P. 
Vance, Oberlin College; Secretary-Treasurer, Foster Brooks, Kent State Uni- 
versity; Member of Executive Committee, R. L. Swain, Ohio State University; 
Program Committee, I. A. Barnett, University of Cincinnati (Chairman), 
L. C. Knight, Jr., Muskingum College, H. R. Mathias, Bowling Green State 
University. 

The following papers were presented: 

1. Some current questions in administration of college mathematics, by Pro- 
fessor R. H. Marquis, Ohio University. 

The speaker made the following points: Textbooks written for high school students of ele- 


mentary algebra and plane geometry are not suited to the more mature students required to take 
these subjects in college, hence there is a need for new texts for them. There is a great deal of 
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duplication in courses in elementary statistics given in various departments. The requirement of a 
course in the fundamentals given by the mathematics department would permit better courses to 
be built by the specialists in the other fields. The problems of securing a well-trained staff are still 
acute but becoming easier. The high schools will soon resume the trend toward the masters degree 
for the better jobs. The field of education is the easiest field for the schoolman to follow for this 
degree. A better approach to the needs of these men is needed on the part of mathematicians if 
they are to share in the advanced preparation of secondary teachers. 


2. Dynamics of variable mass systems, by Professor L. F. Doty, University 
of Cincinnati (introduced by Professor I. A. Barnett). 


It is known that the classical laws of motion of Newtonian mechanics require special interpre- 
tation when applied to a particle of varying mass. This concept is reviewed and extended to a sys- 
tem of particles of variable mass. By adopting a postulate concerning the continuous distribution 
of matter, vector equations of motion are derived for a finite body whose mass is a function of the 
time. As a special case, the scalar equations of plane motion are exhibited and compared with the 
ysual rigid body equations. 


3. Some extensions of a geometrical construction problem, by Mr. L. L. Ross, 
Ohio State University (introduced by the Secretary). 


This paper presents several distinct solutions of the problem: Given four points, to construct 
a line through each such that they intersect to form a square. The number of solutions, and some 
special cases, are also discussed. 

One of the methods used in solving the square problem is extended to solve these related prob- 
lems: (1) Construct a quadrilateral similar to a given one so that each side contains one of four 
given points; (2) Construct lines tangent to each of four given circles so that the lines form a 
quadrilateral similar to a given one; (3) Ina fixed quadrilateral, inscribe a quadrilateral similar toa 
given one. 

By considering a triangle as a special case of a quadrilateral, one obtains solutions to problems 
such as that of constructing a triangle, congruent to a given one, having each side tangent to one 
of three given circles. 


4. Linear periodic functions, by Professor F. W. Reed, Ohio University. 


The linear periodic functions (sinl tand cosl tand others derived from these by iteration) are 
used for writing the equations of figures made up of polygons and their degenerate forms. Seg- 
mental curves of cursive type are analysed into periodic and secular parts. Examples are: field of 
hexagons, packed circles, family of all regular polygons, checker-board. The methods yield equa- 
tions of surfaces having plane and curved facets, including the polyhedrons, the crystals, toroids, 
etc. Other examples are: packed spheres, stacked cubes, and honey-comb surfaces. 


5. A machine for solving simultaneous linear equations, by Mr. Edmund 
Churchill and Mr. Herman Berman, Antioch College (introduced by Professor 
Max Astrachan). 


A machine for the solution of simultaneous linear equations by the transformation of the 
mathematical problem into an electrical problem was demonstrated. Multiplications and additions 
of currents needed for solution is accomplished by simple resistances and potentiometers. Circuit 
diagrams together with directions for the construction of a model (cost about $35.00) for the solu- 
tion of two equations (can be extended to more variables) are available from the authors. 


6. History of mathematics for secondary school teachers, by Professor O. L. 
Dustheimer, University of Toledo. 


After a short review of the general plan of a course for young teachers of high school mathe- 
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matics, several allied topics were discussed. The real history of elementary mathematics centers 
around fifty-seven mathematicians. The special topics mentioned were: old, new, and world calen- 
dars, square and cube roots by arithmetic, »/2, +/3, , insurance and annuities, and determination 
of the date of Easter. 


7. Discussion of classroom notes. 


This discussion was led by Professor Wayne Dancer, University of Toledo, with contributions 
by R. L. Swain, I. A. Barnett, F. B. Wiley, H. S. Toney and Tibor Rado. 


8. Some questions in metric geometry, By Professor E. J. Mickle, Ohio State 
University. 


Professor Mickle’s paper was a one-hour address delivered by invitation of the Program Com- 
mittee. Let T and T* be two continuous mappings from a unit square Q in a plane into euclidean 
three space £3. Assume that for every pair of points in Q the images under 7* are never farther 
apart than the corresponding images under T. Then T and T™ are representations of surfaces 
whose Lebesgue areas A(T) and A(T*) satisfy the inequality A(T*)SA(T). The proof of this 
inequality utilizes the fact that a Lipschitzian transformation with constant Rk from a set in a 
euclidean space into a euclidean space can be extended toa Lipschitzian transformation with the 
same constant & defined on the whole space. Recent work in surface area utilizes a similar result on 


the extension of a Lipschitzian transformation in Banach spaces. 


FOSTER Brooks, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30-September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber, 1950. 
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The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Southern Illinois University, Carbon- 
dale, May 12-13, 1950. 

INDIANA, Wabash College, 
April 29, 1950. 

Iowa, State University of Iowa, Iowa City, 
April 21-22, 1950. 

KANSAS, Spring, 1950. 

KENTUCKY, University of Kentucky, Lexing- 
ton, April 29, 1950. 

LovuIsIANA-MIssIssIPrPI, Centenary College, 
Shreveport, Louisiana, February 24-25, 
1950. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA. 

METROPOLITAN NEw York, Spring, 1950. 

MIcHIGAN, March, 1950. 

MINNESOTA, Macalester College, St. Paul, May 
6, 1950. 

MissourlI, Spring, 1950. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, May 6, 1950. 


Crawfordsville, 


NORTHERN CALIFORNIA, Berkeley, January 28, 
1950. 

OuI0, Denison University, Granville, April 22, 
1950. 

OKLAHOMA 

Paciric NORTHWEST, University of Washing- 
ton, Seattle, June, 1950. 

PHILADELPHIA 

Rocky MovuntaIn, University of Denver, April, 
1950. 

SOUTHEASTERN, University of Florida, Gaines-. 
ville, April 7-8, 1950. 

SOUTHERN CALIFORNIA, Immaculate Heart Col- 
lege, Hollywood, March 11, 1950. 

SOUTHWESTERN, Spring, 1950. 

Texas, Abilene, Spring, 1950. 

UprpER NEW /YorK, Syracuse University, 
Spring, 1950. 

Wisconsin, Marquette University, Milwaukee,,. 
May, 1950. 
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Announcing for early 1950 publication 


ELEMENTS OF 
ANALYTIC GEOMETRY 


A primary objective is the presentation of a restricted core of con- 
tent which will be brief to teach and brief to learn. However, this 
core is not brief or incomplete in explanations of theory, illustra- 
tive examples, and problem material. 


INTRODUCTION TO 
COLLEGE ALGEBRA, REVISED (1947) 


A review of elementary algebra and a compléte, mature treatment 
of intermediate algebra. Intended for students who require instruc- 
tion in all fundamental algebraic skills as a part of a first course 
in algebra. 272 pages text. $2.50 


BRIEF COLLEGE ALGEBRA, REVISED (1947) 


A rapid review of elementary algebra and a thorough treatment 
of classical college algebra. Devotes special attention to needs of 
technical students and others who will continue with more advanced 
mathematics. 292 pages text. $2.75 | 


285 Columbus Avenue, Boston 16 , TH 


and Company 


WILLIAM L. HART 
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THE McGRAW-HILL BOOK COMPANY 


has pleasure in announcing the 
INTERNATIONAL SERIES IN PURE AND APPLIED MATHEMATICS 
Wituiam TED Martin, Consulting Editor 


This series has been established to meet the growing demand for new mathematical 
literature by means of a unified editorial program for texts and reference books at 
the graduate and upper undergraduate levels of instruction. 


The rapidly increasing influence of advanced mathematics on new developments in 
science and technology is producing a demand for mathematical training at a level not 
previously experienced. This, in turn, is creating a need for new texts and treatises 
suitable for advanced courses basic to the physical sciences and engineering. There 
is a simultaneous increase in the need for new works in theoretical or pure mathematics. 


Mathematicians and teachers in this country and abroad who plan new works in Eng- 
lish to fulfill these needs will receive the full encouragement and support of the pub- 
lisher and the consulting editor. 


The International Series in Pure and Applied Mathematics will come into being in 
1950 with the publication of the three books described below. 


VECTOR AND TENSOR ANALYSIS 
By Harry Lass, University of Illinois. Ready in March, 1950. 


This new text is written with careful attention to the needs of students of engineering, but also with 
due concern for appropriate mathematical rigor. It will be found extremely clear in exposition. 


ELEMENTS OF ORDINARY DIFFERENTIAL EQUATIONS 
By MicHaeEL Gotoms and M. S. Suanxs, Purdue University. Ready in June, 1950 


This new text is for use in the usual first course in differential equations, but also contains suffi- 
cient material to permit its use in a more advanced course or a full year course. The chief aim 
is to stimulate student imagination and at the same time to inculcate correct mathematical think- 
ing. Many techniques not often found in textbooks are included. 


FOURIER TRANSFORMS 
By Ian N. Sneppon, University of Glasgow. Ready in fall, 1950 


In this book a distinguished British mathematician presents a wealth of useful material brought to- 
gether in book form for the first time. The standard subject matter of Fourier Series and operational 
mathematics is extended to cover a great variety of applications to problems in engineering and 
physics. The exposition of the theory will have equal appeal to pure and applied mathematicians. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


Jindy McGRAW-HILL @ooks 


PLANE TRIGONOMETRY. New Alternate Edition 


By E. RicHarp HEINEMAN, Texas Technological College. In press 
‘A new “alternate” edition of a successful text, which contains 1,420 problems. Nearly all of the 


problems are different from the 1,247 appearing in the previous edition. Both editions will be 
available concurrently, both with and without tables. 


PLANE AND SPHERICAL TRIGONOMETRY. New 5th edition 


By C. I. Parmer; C. W. LeicH; and Srorrorp H. Kimsatt, University of Maine. With 
tables. 402 pages, $3.25. Without tables. 266 pages, $2.50 


An excellent revision of a widely used textbook. The careful organization and grading of the 
material, the emphasis on essentials and the large number of problems are characteristics of the 
book that have appealed to many teachers. 


INTRODUCTION TO THE THEORY OF STATISTICS 


By {ALEXANDER M. Moon, Rand Corporation, Santa Monica, Calif. In press—ready in spring 


A text for a standard course in statistical theory with a calculus’ prerequisite. The author 
develops the theory of probability, distribution and sampling. The book explores the two major 
problems of scientific inference: the estimation of quantities, and the testing of hypotheses. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


~, 


The Eighth Carus Mathematical Monograph 


RINGS AND IDEALS 


by 


NEAL H. McCOY 
Professor of Mathematics, Smith College 


A clear and concise exposition of the fundamental concepts and results in the elementary 
theory of rings is presented. Some emphasis is placed on the role of ideals. No previous 
knowledge of abstract algebra is expected of the reader. All terms and concepts are clearly de- 
fined and illustrated. One feature is the early introduction of a considerable number of ex- 
amples of rings. These examples are then available to illustrate the various concepts as they 
are introduced. In addition to the fundamental ideas and results, the principal topics pre- 
sented are: prime and primary ideals in commutative rings, direct and subdirect sums, 
Boolean rings and some generalizations, rings of matrices. 


Each member of the Association is entitled to purchase one copy of this Monograph for 
$1.75. Orders accompanied by remittance should be sent to: The Mathematical Association 
of America, University of Buffalo, Buffalo 14, New York. 


Additional copies for members and copies for non-members are priced at $3 each and must 
be purchased directly from: The Open Court Publishing, La Salle, Hlinois. 


to the H.M.Co. list 


Recent additions 


COOLEY ¢ GANS e KLINE ¢ WAHLERT 


INTRODUCTION 
TO MATHEMATICS 


SECOND EDITION 


The newly published Second Edition of this widely adopted text preserves and even 
strengthens the cultural spirit of the original edition—and at the same time provides 
more drill material and exercises for the instructor who wishes also to stress simple 
manipulations and problem solving. 


KELLER ¢ ZANT 


BASIC MATHEMATICS 


A WORKBOOK 


This workbook, adopted last year by 100 colleges and universities, provides in- 
struction and practice on those topics of elementary mathematics which tests have 
shown give the most trouble to beginning students. 


UNDERWOOD ¢ SPARKS 


ANALYTIC GEOMETRY 


In Analytic Geometry the authors have produced a brief text possessing clarity, serv- 
iceability, and efficiency. The book includes only the most immediately useful topics. 
New concepts are introduced as they are needed in the normal development of the 
subject, with new proofs for traditionally difficult subjects. A large number of care- 
fully selected and graded problems are included. 


HOUGHTON MIFFLIN COMPANY 
BOSTON - NEW YORK - CHICAGO - DALLAS + SAN FRANCISCO 


Phenomena, Atoms and Molecules 


IRVING LANGMUIR 


TH PHILOSOPHICAL LIBRARY deems it a privilege to announce 

the publication of Dr. Langmuir’s work, Phenomena, Atoms and Mole- 
cules. The eminent scholar, winner of the Nobel Prize and one of the coun- 
try’s pioneers in atomic research, has set down in this volume many of his 
thoughts, observations and conclusions. 


The first section of the book deals with such general problems as: Science, 
Common Sense and Decency; Science Legislation; World Control of Atomic 
Energy. 


The second part of the book deals with such technical, scientific problems 
as: Surface Chemistry; Flames of Atomic Hydrogen; Forces Near the Sur- 
faces of Molecules; The Evaporation of Atoms, Ions and Electrons from 
Caesium Films on Tungsten; The Condensation and Evaporation of Gas 
Molecules; Metastable Atoms and Electrons Produced by Resonance Radia- 
tion in Neon; etc. 


Among the many interesting, timely phases of Dr. Langmuir’s observa- 
tions are those concerning the present status and the possibilities of Soviet 
Russia’s scientific research. $10.00 


ms 


Scientific 
Autobiography 


And Other Papers 


The World 
As I See It 


New Abridged Edition 


Albert Einstein 


Contains some of the basic thoughts 
and concepts of the eminent physicist. 
Charming, witty, shrewd observations 
and intimate revelations of a great heart 


and mind. $2.75 


Max Planck 


These last writings of one of the great- 
est physicists of our time, include a fas- 
cinating story of his own personal and 
scientific development. Other subjects 
covered are: True and fictitious issues 
in science; Meaning and limit of exact 
science; Physics and casuality; Natural 
sciences and the religious world; etc. 


$3.75 


PHILOSOPHICAL LIBRARY, Publishers 


15 East 40th Street, Dept. 300 


New York 16, N.Y. 


(Expedite Shipment by Enclosing Remittance) 


ADVANCED CALCULUS FOR 
ENGINEERS 


By Francis B. Hildebrand, Massachusetts Institute of Technelogy 


This outstanding text offers the technical student of mathematics, engineering 
or physics a background of applied calculus essential to the understanding and 
appreciation of new developments in his field. The principal aim of the author 
is to offer necessary facts and methods in an integrated manner. This helps the 
student discover facts through his own reasoning with a minimum of unimportant dis- 
tractions. Questions of mathematical rigor in which the technical student has only 
academic concern are not unduly stressed. In those cases where a rigorous proof 
is omitted, the result is precisely stated and limitations which are practically sig- 


nificant are emphasized. 


Published 1949 594 pages 5V/2" x 84" 


CALCULUS, Second Edition 
By Lyman M. Kells, U. $. Naval Academy 


The purpose of this text is to present a deep understanding of the basic principles 
of calculus, without emphasizing extreme rigor of proof. Important features of the 
revision include: new chapter on vectors; improved exercises; early introduction 
of integration (stock on the First Edition of this book is being maintained for 


those professors who prefer to introduce integration later in the course}. 


Published 1949 508 pages 6” x 9” 


MATHEMATICS IN HUMAN AFFAIRS 


By Franklin Wesley Kokomoor, University of Florida 


Beginning with the simplest concepts and ending with the calculus, Professor Koko- 
moor has written an absorbing introduction to mathematics. This text is designed 
to serve college students who expect to take only the minimum mathematical re- 
quirements as well as those who wish to equip themselves for further study of mathe- 
matics and science. Throughout, the author treats mathematics as a living, social 
science. Keeping technical mathematics to the minimum, this text gives in an in- 
tegrated manner the choicest parts of arithmetic, algebra, geometry, trigonometry, 


analytics, mathematics of finance, statistics, and the calculus. 


Published 1942 754 pages 6” x9" 


Send for your copies today! 


PRENTICE-HALL, INC., Newortuny. 


Forthcomin ge math texts 


Plane and 
Spherical Trigonometry By MOSES RICHARDSON 


Full, clear exposition is provided throughout this new text. Chapter I contains a 
brief but lucid review of elementary algebra techniques, theorems concerning 
plane triangles, the functional concept and notational devices. The student is 
introduced to logical reasoning as sound preparation for more advanced mathe- 
matics. To be published in February. 


Primer of 
College Mathematics By JOHN F. RANDOLPH 


An outstanding new text in the field, the Randolph book provides an excellent 
unification of college algebra, trigonometry and analytic geometry, with an in- 
troduction to calculus. Definitions, new terms and concepts ate presented with 
clarity and precision, A fresh approach gives distinction to the whole work. To 
be published in April. 


Arithmetic 
for Colleges By HAROLD D. LARSEN 


Designed for prospective elementary school teachers, this text offers a careful 
study of theory and practice of arithmetic from a mature point of view. A 
thorough, clear treatment of approximate numbers and computation is especially 
notable. Numerous short methods are described, and methods of checking are 
emphasized. To be published in March. 


Elements of 
Analytic Geometry, 3rd Edn. By CLYDE E. LOVE 


This established text by a well-known author in the field now appears in a 
revised and enlarged edition. Containing abundant material for a full year course, 
it is also readily adaptable to the semester course. Two new chapters deal with 
the elementary transcendental functions. To be published in March. 


THE MACMILLAN COMPANY 
60 Fifth Avenue, New York 11 


LOOK FOR THIS NEW TEXT IN MARCH! 
By HARRY A. BENDER 


C 0 L L E G E Associate Professor of Mathematics, Rhode 


Island State College 
ALG FE B R A A new, refreshing approach to the teaching of freshman 
algebra is supplied in this text. 


The clear, conversational style makes this text a pleasure 

to read, and supplies a self-directive guide to the student. 

Complete directives are given for each operation, and the 

text stresses manipulation to provide the necessary mechan- 

ics, It is also rich in interpretation and general problems 
\ that develop powers of analysis. 


e The new features of this text include: 
@ A new method for finding the value of determinants. 
@ Complete treatment of mathematical induction. 


@ A new method for solving a system of two general quad- 
ratic equations in two unknowns. 


@ Many verbal problems give the data in letters so that 
formulas are derived for similar problems. 


Reserve your examination copy now 
PITMAN owas st, new York 19, Nv. 


BRINK’S geometries = 


Revised edition 


Analytic Geometry— 


An unusually thorough and flexible course is provided in this book, as well as an 
adequate introduction to solid analytic geometry. $2.90 


Kssentials of Analytic Geometry- 


Especially effective for an introductory college course in geometry, this book is a 
simpler and somewhat less detailed book than Analytic Geometry. $2.60 


The objective of both of these standard textbooks is the development of 

- a sound mathematical background. Emphasis is on logic and method, 
rather than on the ability to manipulate formulas. Many illustrative ex- 
amples supplement the instructions. 


Oras. CE EEE 
NIVERSARY 
wn, APPLETON - CENTURY - CROFTS 
~Seccceat” 


35 West 32nd Street New York 1, New York 
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OBJECTIVES IN THE TEACHING OF COLLEGE MATHEMATICS* 
F,. S. NOWLAN, University of Illinois 


1. Introduction. Any constructive study of objectives in the teaching of 
mathematics must presuppose an agreement as to what is meant by mathe- 
matics. In this paper, we concern ourselves with mathematics in the sense of 
mathematical thinking and not as an inclusive term applying to the vast body 
of mathematical truths; also we are not thinking primarily of the mastery of 
rules and devices for the manipulation of numbers and algebraic expressions. 
What, then, is mathematics in this sense and what is its value? 

It is a truism to state that mathematical thinking is deductive reasoning, 
but we can profitably examine this statement. Deductive reasoning is based 
upon assumptions, and these apply to what, for lack of a better word, we will 
designate elements. The elements may, in part, be accepted without definition, 
for example, our concept of point in geometry. Any mathematical development 
begins by assuming that the elements under consideration satisfy certain condi- 
tions, that is, are subject to certain rules of behavior. Mathematics consists in 
the logical deduction of the necessary consequences of the initial assumptions. 

It may happen that the assumptions clash, or lead to conclusions which 
contradict established or accepted theory. One may then modify the assump- 
tions, or start with a new set, or, in the latter contingency, one may be radical 
and hold to the initial assumptions and ignore the accepted theory. This radical 
action has occurred frequently in the development of science and has made 
scientific progress possible. 

The procedure that we have outlined is basic in mathematical thinking, and, 
although not always followed, is useful in every field of human endeavor. 

Unfortunately, mathematics, in this sense, will fail to bring about a Utopia. 
The initial assumptions may include the doctrine that the greatest good results 
from self-advancement, or that one’s chief mission in life is the dissemination of 
certain creeds or ideologies, or the retention of certain creeds or ideologies, and 
that the end justifies the means. The individual may then reason logically and 
honestly, that is, in agreement with his assumptions, but the result may be a 
Hitler, or worse, whose success or failure, proves or disproves (according to ac- 
cepted standards of proof) his theories. 

All this goes to show that mathematical thinking, in itself, is no cure-all for 
human ills, but it is essential if these ills are to be alleviated. To repeat, mathe- 
matical thinking merely means the study of the necessary consequences of initial 
assumptions which motivate courses of action. As such it applies even to the 
social and economic sciences. It is non-moral in character and has no concern 
with variable standards of rightness or wrongness in behavior. 


* Presented to the Illinois Section of the Association at Chicago, Illinois, May 14, 1948. Also 
presented at the meeting of the National Council, Columbus, Ohio, December 29, 1948. 
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2. Objectives in teaching mathematics. By now you are wondering what 
this has to do with objectives in the teaching of college mathematics. Let me 
explain, and in doing so you will understand that I am merely presenting my 
personal views and reactions to conditions which are fairly common in our col- 
leges and universities. Also, I would emphasize at this point that I do not under- 
estimate the value of practical applications in the teaching of mathematics, nor 
the necessity for the mastery of mechanical skills in numerical and algebraic 
operations. I assume that these are taken care of, as a matter of course, in our 
instruction. 

There are two main aims in the teaching of college mathematics, whether to 
liberal arts students or to students of engineering. These, in order of importance, 
are: (1) Training in precise thinking and a grasp of basic principles. (2) The ac- 
quisition of information and a mastery of certain technical skills. 

It appears, however, that, in general, a disproportionate stress has been 
placed upon the second objective to the almost total neglect of the first. The 
excuse has been that the time at the instructor’s disposal is limited and that 
present day students are poorly prepared and intellectually immature. 

In answer to these objections, we point out that mechanical work that is 
not based upon an understanding of principles has little value, practical or 
otherwise, and that a student can progress rapidly, and without mental strain, 
only when he works understandingly. 

It is true that in every student body there are those who are incapable of 
logical thinking but we should hardly permit them to determine our standards. 
Also, there are those who are so gifted intellectually that they will progress 
under any system and in spite of handicaps of instruction and textbooks. It 
happens, however, that the majority of students are in a middle class; they 
need guidance and can profit from guidance. They are capable of logical think- 
ing but, in many cases, have never undergone that experience. These students 
constitute the main reason for instructors in our colleges. 

One of the first duties of the instructor should be to purge the student’s 
mind of the belief that mathematics is a purely mechanical art and that it con- 
sists in the formal application of rules that must be memorized. This concept 
of mathematics, which is fairly common among both students and instructors, 
stultifies the intellect and the imagination. 

To digress, I recall the case of an ex-marine, in a navy V-12 course, a young 
man of more than average perseverance and intelligence. This student was 
asked to show that three points A, B, and C were collinear. He found that 
the lengths of AB, BC, and AC were V13, 0/13, and +/52, respectively, and 
remarked, “We must prove 1/52 = 2/13.” Then follows the deduction: 


but 
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10 = 2X5, 
therefore 


/52 = 24/13. 


In doing this, the young man showed imagination and some power of analy- 
sis and, in the best tradition of his service, he attained his objective, but he had 
never learned to associate mathematics and thinking. 


3. Some suggestions. How then can we remedy matters? Let me presume to 
suggest a means. Because I believe that it is only by virtue of an intelligent 
understanding and grasp of principles that a student can obtain lasting profit 
from his mathematical studies, and also make progress and acquire speed in his 
later work, and because I believe that algebra is the study that can best give the 
student the requisite viewpoint and training, I suggest that more time be 
devoted to that subject. Not only are we obliged to give the student a new point 
of view but, frequently, we must eradicate the result of earlier training. This 
takes time and cannot be accomplished overnight; certainly we can not build 
a lasting structure upon a superficial foundation. I therefore suggest that the 
instruction in algebra courses, for the first few weeks, be deliberate, and that 
the stress, in the first few lessons, be upon the nature of deductive reasoning. 

In this connection, the instructor might find profit in reading a work such 
as the recently published book by B. W. Jones, entitled Elementary Concepts of 
Mathematics. Although serving as an introduction to abstract thinking, the dis- 
cussion and examples which appear in this book are such as to arouse the inter- 
est of the student and stimulate his imagination. Unfortunately, on the other 
hand, we find influential writers on the teaching of mathematics who seem 
obsessed with the notion that student interest and mental stimulus can be ob- 
tained only by a study of problems which deal with dollars and cents or which 
concern some form of physical activity. A learning process that is so motivated 
can scarcely broaden the student’s intellectual outlook, and would tend to ac- 
centuate his adherence to preconceived notions and personal prejudices. It 
would be of doubtful cultural value. 

The instructor might next take up with his class the growth of the number 
system and indicate the part that postulates play in its development. The treat- 
ment would be abstract since it deals with numbers which are abstractions, but 
it could be presented so as to capture the students’ interest. One of the diffi- 
culties at this stage of the work is the necessity of convincing the student that 
rules of operation must be reexamined with every extension of the number sys- 
tem. This can be done, and the student’s interest captured, by an illustration 
somewhat similar to the following: Consider three colored beads, red, white, 
and blue, upon a wire in the order 


7 w b 
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An interchange of the beads to produce a new order, say, 


w b r 


is called a substitution and may be designated by the symbol 


(" w ‘) 
Ss, = ; 
wo fr 


which indicates the replacement of r by w, w by b, and Bb by r. In case we are 
dissatisfied with the new color scheme, we may continue with another substitu- 
tion, say: 


to produce the order 


w r b 


We then observe that the single substitution, 


(" " 
wor ob) 


is the resultant, or equivalent, of the two substitutions s; and se, in the indicated 
order. For lack of a better name, we call the resultant substitution the product 
of s; and se, in that order, and we agree to represent it by the notation 5152. We 
also call the process of forming the product multiplication. In doing all this 
we have used the words product and multiplication in a new sense; that is, we 
have extended the meaning of these words. It is then fairly obvious that rules 
for multiplication which were established in our earlier work, say for positive 
numbers, will not carry over automatically to the multiplication of substitu- 
tions. In fact, upon trial, we obtain for the substitution s_ followed by s:, the 


product 
(’ w ‘) 
oan = r b w/) 


Thus it follows for substitutions that 
$182 S$oS1, 
whereas, in our earlier work with positive numbers, 
S189 = SoS1. 


An illustration of this sort should prepare for a discussion of the problems 
that attend any extension of the number system. It should also suggest that if, 
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by definition, we introduce a new type of number, we should never assume that 
rules, which were not included in our definitions, apply merely because they 
were established for more elementary types of numbers. We must inquire into 
the rules of operation every time we extend the number system. 

All this means that we propose beginning the study of college algebra with 
an attempt to indoctrinate the student in the rudiments of abstract thinking. 
This has the advantage that the student becomes conscious of the postulational 
character of mathematics and learns at an early stage to refer back to his as- 
sumptions before arriving at conclusions. In other words, he gets training in ar- 
riving at conclusions which are not based on prejudice, or preconceived notions, 
or on the word of some authority. He must think for himself, and work from 
first principles. 

At a later time, the introduction of complex numbers into the number sys- 
tem furnishes another excellent opportunity for training in deductive reasoning. 

We have now completed the introductory stage in the study of college alge- 
bra. From here on, our remarks apply equally well to any course in college 
mathematics and merely suggest how the instructor may attain the objective 
that the student shall understand his mathematics and shall be capable of inde- 
pendent thinking. Of course, as mentioned at the outset, we assume throughout 
that the student shall receive the usual instruction and drill in manipulative 
processes, except that this shall not dominate the picture. With all this in mind, 
it is most important that the student shall be required to express himself pre- 
cisely, and without ambiguity, in speech, in symbolism, and in writing, espe- 
cially in the latter since while writing he has more opportunity for deliberation. 
Information which one cannot impart to another has little intrinsic value. Fur- 
thermore, a person’s inability to express his ideas clearly is indicative of confusion 
in thinking, and the converse is equally true. 

The student must be aware of the exact meaning of the notation which he 
employs, and this, of course, involves an awareness of any restriction upon the 
interpretation of notation. I have in mind, for instance, the symbol -/a, in which 
a is positive, which by universal agreement represents the positive square root of 
a. How many students realize that this agreement will compel him to write 


when x represents the abscissa of a point in the second quadrant? In any case, 
an example of this sort will prove useful. Also, in this connection, the student 
should be able to locate the fallacy in the statement 


l= VYl=Vta = — 1. 


The same necessity for proper interpretation arises in the evaluation of the 
length of arc in the case of the astroid 


e218 4. 2/8 — g2/3, 
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The usual formula gives the integral 


ais 
—— dx. 


The student should be able to explain why 


a qils 
f —- dx 
—@ x3 
gives zero and not the length of the portion of the astroid above the x-axis. The 
difficulty is not in the improper integral but in failing to observe that —a¥/3/x1/8 
is the positive square root for (x, y) a point in the second quadrant. 

Since writing the above, I have seen a reference to trigonometric identities 
in a recent number of a leading mathematical journal. The statement was made: 
“As a matter of fact, both members of the identity will tolerate any fundamental 
process, except, and here the caution must be flashed, the extraction of roots. 
For example, 


sin? (—x#) = 1 — cos? 4, for any %. 
Extracting roots 
sin (—x) = /1 — cos? x, 
—sin x = /1 — cos? x.” 


The author seems to labor under the confusion that we have just pointed out. 
He should have written 


+sin x = /1 — cos? x, 


with the proviso that the sign plus or minus must be chosen so as to make the 
expression on the left side positive. For example, if 


x = 240°, 
he would have the true relation 
sin (— 240°) = — sin 240° = +/1 — cos? 240°. 


Another example in interpretation, one which involves a restriction in a 
differentiation, is the substitution 


x= asiné 


in the integral 


f Ja? — x? dx. 


a 
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Why must the limits in the resulting integral read from —7/2 to 7/2, rather than 
from 37/2 to 7/2? Attention to such details can mean the difference between the 
student working mechanically or intelligently. 

The word “equals” is one of the important technical terms in elementary 
mathematics. The student must employ this word in its proper sense and also be 
aware of the fact that an equality sign is not a punctuation mark. The instruc- 
tor should not accept the statement: “The equation equals,” or, “The formula 
equals.” Quite regardless of the numerical result that he obtains, a student 
should not receive a passing grade on the solution of a problem that concerns 
the speeds of two airplanes if he starts out: “Let x equal the first airplane.” 

I have seen these statements in recent student work, and also the following 
which illustrate additional misuse of the equality sign: 


(1) 2x —3y=7 
= 2x —3y—7 = 0. 
(2) %/2-+- y/3 = 1 
= 3x-+ 2y = 6. 


(3) In finding the seventh term in the expansion of (3x —2y)?*: 
(3% — 2y)!° = 7th term = etc. 
(4) In finding the foci of the ellipse 
16x? + 25y? = 400: 
F = ae = Va? — Bb? = 25 — 16 = 3 = F,(3,0) and F,(—3, 0). 


(5) Also, 
27.8 X .0364 log 27.8 + log .0364 
4560S” log 456. 
1.4440 + 8.5611 —10 10.0051 — 10 
~ 9.659010 9.6590 — 10 


.3461 = 2.218 (the correct answer to the problem). 


I suggest that to help the student appreciate the fault in work such as the 
last, the instructor might assign a simple problem of the type: Determine a 
number x which is less by 3 than the product of 6 and 7. He could then submit 
to the class, for their approval or disapproval, the solution. 


*=6+77+3= 42+ 3 = 39. 


If they disapprove, he could exhibit the logarithmic computation and make 
comparisons. If this makes no impression, the instructor may conclude that the 
student is not a prospective mathematical genius. 

One final example: The student of college algebra is likely to believe that 
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polynomial equations in x and y can be combined freely by addition, subtrac- 
tion, and by the substitution of the one into the other and that, provided there 
have been no numerical errors, the values that are obtained for x and y con- 
stitute solutions. The student might, with profit, consider this procedure as ap- 
plied to the equations 


(a) (a? + y? + x)? = O(a? + yy?) and (6) x? + y? = 1. 
The substitution of (b) into (a) gives 
(«+ 1)? = 9, e+1l= +3, x = 2, —4, 

If he substitutes 2 for x in (a), he gets the equation 

(y? + 6)? = Oy? + 4), 
or, 

y?(y? + 3) = 0, 
which has the real solution 
y = 0. 


The student would likely conclude that (2, 0) is a common solution of the 
given equations and so a common point of their graphs. It happens, however, 
that the graphs have no point in common and the equations no common solu- 
tion. 

It is desirable that the student should realize that the propriety of combin- 
ing the equations as we have done is based on an assumption that there is a 
common pair of values for x and y which satisfy the two equations and that, as 
a consequence of such an assumption, even when the numerical work is known 
to be correct, the values that have been obtained for x and y must be checked in 
both equations. 

The student should learn to employ words in their correct sense and so as to 
convey his meaning without ambiguity, and he must realize that symbolism 
constitutes a shorthand notation and must be employed correctly if it is to con- 
vey information. He should be expected, in his various written tests, to give pre- 
cise definitions of terms that are employed in his studies and in doing this and in 
proving principles he should be encouraged to employ, so far as possible, his 
own phrasing rather than that of the instructor, or the text, verbatim. It would 
be interesting, and perhaps surprising, to learn the small percentage of those 
in classes in college mathematics who have any clear conception of the meaning 
of the terms which they employ in their daily work, words and phrases such as 
rational number, polynomial in x, polynomial in x of the mth degree, sum of an 
infinite series, convergent series, etc. Of course, in fairness, we should not place 
the entire blame for the student’s inability to express himself upon his early 
training in mathematics. His instruction, or lack of instruction, in English 
must, in part, be held responsible. 
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We find that in many cases the student is adverse to reading his textbooks 
and is inclined to depend too much upon the instructor. It would help matters 
if he were not only required to read the text but were held responsible for inter- 
preting assignments from it to the class. 

From all that has been said, one might infer, and correctly so, that the 
speaker has little sympathy with many of the so-called objective tests and 
multiple choice questions in examinations. These appear, to him, to defeat the 
very aim of education, since they require little more of the student than the 
ability to mark the spot with an x, and surely there is more to a measure of 
educational attainment than the winning of credits, especially when we simplify 
the process to this extent. 

I realize that these remarks are out of step with some present-day educa- 
tional theory. However, when, in educational journals, I find the emphasis on 
mathematical textbooks (and I quote) “being easy,” “meaningful to the stu- 
dent,” “not a fusion of abstract mathematics,” and find references to “hatred 
towards mathematics” engendered by its difficulty, and this in the very ele- 
mentary books, then I admit that I am not greatly concerned if I seem out of 
step with certain theorists. It happens that we are not traveling in the same 
direction. Also, unlike these people, I am not prepared to grant that American 
youth is less intelligent than the youth of other countries. It seems desirable to 
me that a textbook should be sufficiently difficult to require some mental effort 
on the part of the student. Otherwise, it can scarcely serve as a means of mental 
stimulus and intellectual development. Furthermore, I feel that we should not 
be disturbed by adverse criticisms of mathematics which may come from the 
man on the street, or from non-mathematicians. Their views on mathematics 
should carry the same weight as their views on relativity or on the technique of 
atomic research. In general, the so-called popular treatments of mathematics 
and science are a doubtful blessing and are likely to give rise to misleading con- 
cepts. 


4. Summary. In summary: We have indicated that mathematics should be 
taught with the emphasis upon the thinking process. However, we have warned 
that this statement must not be interpreted as discounting the value of applied 
mathematics. Applied mathematicians must think. The statement merely im- 
plies that there are social values in the study of mathematics, and that these 
are as important as its applications in industry and in science. 

We have shown that proper conclusions are inevitable in a process of reason- 
ing and are a necessary consequence of the initial assumptions, but we have 
given no recipe for the selection of these assumptions. It is unfortunate, but true, 
that the initial assumptions may generate intolerance and bigotry, and the 
danger to our social and economic life is the fact that indoctrination into these 
premises takes place at an intellectually immature age. In this way they become 
a part of one’s being, and constitute preconceived notions, or prejudices, which 
limit tolerance. They are accepted as realities and are not looked upon as as- 
sumptions. 
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A social value of the postulational approach to the study of mathematics is 
that it presupposes an examination and study of the premises. The student 
comes to realize that in a given study there are alternative sets of premises, all 
equally possible and proper. Thus, for example, in building an algebra (in the 
sense of linear algebras) he may start with any one of various sets of postulates, 
all equally possible and proper, yet one generates an algebra which is rich, and 
another barren, in its possibilities. The abstract treatment of algebra assures 
that the student will develop the habit of considering and questioning sets of 
postulates and this without bias in favor of one set or another. It is then inevita- 
ble that he shall acquire habits of reflection and judgment, and that these will 
affect his reactions to the problems of everyday life. They will make him more 
tolerant of opinions with which he disagrees. 

We are living in a remarkable but dangerous age, one in which new and 
powerful forces, physical and spiritual, have been let loose. The individual is 
faced with a greater challenge, and a greater opportunity, than perhaps at any 
other time in world history. The forces, some good and some evil, must be met 
with understanding. This calls for independent thinking, sound judgment, and 
intelligent leadership. It follows that teachers of college mathematics hold a key 
position. It is their obligation to train our future leaders in habits of sound 
thinking, in clearness of vision and expression, and in tolerance, which is a by- 
product of mathematical thinking. However, to do this, teachers must shift the 
emphasis from the mechanics of mathematics to its understanding. In doing all 
this, teachers of mathematics can play a part in moulding world destiny. 


ON SUMS INVOLVING BINOMIAL COEFFICIENTS 
DAVID DICKINSON, University of Michigan* 


1. Preliminary concepts. Let n, a, b, and c be integers. Let the binomial 
coefficients be defined as 


n n! 
_ J-———_ for 225020; 


otherwise. 
We will evaluate the finite sum 
n-+- ak 
(1) >] a 
k b + ck 
where a summation over & will always signify a summation over all integral k. 


This paper was completed while the author was under contract to the Office of Naval Re- 
search. 
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By the determinant of (1), we shall mean nc—ab. 

Let the Pascal triangle be mapped onto the Cartesian plane by identification 
of the binomial coefficient (7) with the point (x, y). All of the summands of 
(1) will lie on a line, 


(2) ya te “OO , 
a a 


provided a is not zero. The case a=0 will be considered separately. 


the sum (1) may also be written 


“) 2 ee 


The line passing through the summands of (3) has the slope (a —c)/a. Of the two 
slopes, c/a and (a—c)/a, one is greater than unity and the other is negative. 
(Otherwise, the sum would be infinite.) Therefore, the finite sum may be written 
in the form (1) with positive slope c/a. 

Changing the signs of both a and c in (1) is equivalent to a substitution of 
—k for k. But since the summation is over all k, positive and negative, such a 
substitution does not change the value of the sum. Hence we may assume that 
in (1), c>a>0. 


2. The case (a, c)=1. The restriction on (1) that (a, c) =1 implies that all 
the integral points of (2) correspond to summands of (1), and hence that such a 
sum is uniquely specified by the equation of its corresponding line. 

Consider the set of sums that can be written in the form (1) with the samea 
and c. Their corresponding lines, from (2), are parallel. Since a and ¢ are rela- 
tively prime, the determinants of these sums form precisely the set of all inte- 
gers. From (2), the y-intercept of a line is the quotient of the determinant of 
the corresponding sum and —a. Hence these parallels are equally spaced. 

Let S,, denote the sum on the line whose determinant is m. Consider the 
sequence, 


(4) -+ + Soy, So, Si °¢ Smt? 
We have Smn=0 for m<0 since such lines, having slopes greater than one and 


positive y-intercepts, do not meet the non-zero portion of the Pascal triangle. 
It follows from the fundamental identity of the Pascal triangle, namely, 


5) 3 ae eye oy). 


% \o+ ck ~ % \Oo—-—1-+ ck k b + ck 
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that the sequence (4) has the recurrence relation 


(6) Sm = Sm—c-+a + Sim—cy (m 7 0). 
Let a, (r=0, 1, > - -., (c—1)) be the roots of 
(7) 1 = greta te yore 


the characteristic equation of (6), or of the polynomial equation with the same 
roots, 


(8) xe — 4*—1 = 0. 
Then 
c—1 
(9) Sm = ») do, , 
r=0 
where the d, (r=0, 1, -- - , (€—1)) are arbitrary constants, satisfies (6), as can 


be verified by direct substitution in (6) and comparison with (7). In order that 
(9) should give the terms of (4), the d, must satisfy the following set of equations: 


So=1l=dy + dy + ses + dei 
S.1=0= doa ++ dion ss + de10e-1 
S.2 = 0 = day + dio, -ree + de10e1 


—(c—1) —(c—1) —(c—1) 


S—(e-1) =0= Aono + da a + Ae -1e--1 
The Vandermonde determinant, 
a |= (a -a;), 4 7=0,1,---,-1), 
i>j 


is not zero since, as will be shown later, (8) has no multiple roots. The de- 
terminant formed by replacing the column of lag” | involving a, by the S_,’s 
reduces immediately to a product involving another Vandermonde determinant: 


(—1)'00 +++ api: ++ Or [I (a — a; ), 
i>j 
i,j=0,1,---,@7@—1),@74+1),---,(e-—1). 
By Cramer’s rule, we have 
d. = (—1)'a0 ss Opn Opp ses On-1 _ a, 
(=1) TT (ar? — 057) II (a — a) 
where j=0, 1,---,(r—1), (r+1),---,(c—1). But the denominator of the 


last expression is the derivative of the left member of (8) evaluated at x=«a,. 
Hence 
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and, therefore, 


cal m 


Sn = — 


r=0 Cc — aap 


3. The general case. In order to sum (1) when a and ¢ are not relatively 
prime, we must first generalize the above result in a slightly different direction. 
Consider the sum 


n-+- ak , 
(10) Smt) = >} n ") prtek, 


where m=nc—ab, | z| <1, and a and c have the same restrictions as before. 
After multiplying each element (j) of the Pascal triangle by #, we have the 
relation, derived from (5), 


> (; + ”) otek = >> (; —i+ ’) pritek 4 > (" —i+ *") jotek 
% \O-+ ck t \0o—-—1-+ ck ke b + ck 
which may be written 
(11) Smt) = tSm—ctalt) + Sm—e(t), (m ¥ 0). 
We must show that the characteristic equation of (11), 
1 = taneta be ge 
or the equivalent equation, 
(12) “° — ix? —-1=0, 


has no multiple roots. Taking the derivative of the left member of (12), remov- 
ing the roots x =0 (since they obviously are not roots of (12)), and eliminating 
x between the result and (12), we obtain 


at \ el (e—@) at \al(e-a) 
C C 
“ve a 
(- 7 ad~—-C 


But this conflicts with our original assumption that c>a>0. Hence (12) and 
(8) have no multiple roots. 


or 
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The sum (10) is then given by 


m™ 
c—1 Ol, 


Salt) = 3 —“—, 
r=0 C — atat-~° 
where the a, (r=0, 1, - +--+, (c—1)) are the roots of (12). 
Consider the expression 
1 4 
_ >: e(2riks)|d 
d s=] 


where d is an integer greater than one. If & has d as a factor, the sum is one; 
otherwise the sum is zero. Hence 


1 n-+ak\ 2 n -+- adk 
__. | p(Qriks)/d — . 
TONG fox) = ef = Ee aa) 


But the left member of (13) also reduces to 


d 
(14) i > Jette > (* + ”) caeocorereiad 
d 


s=1 k b -+- ck 


(13) 


Hence, 


n-+ adk 1 #4 
15 = — bss (Ww), — g(2ri)/de 
(15) a ae 7 Uo Snle), =e 


We can now also consider the case where a is zero, that is, 


(16) > ( " ), 


x \O-+ dk 


Suppose d=1, then (16) is merely 2”. Assume d>1. Then, setting c=1 and 
k’=b-+k, we have, from (14) and (15), 


>( id ) — i D fects x ({,) earowerah 
x \0-+ dk d s=1 k= \ R’ 


or, the known result, 


n 1 4 
17 = — —bs(4 s\n = g(2ri)/d 
(17) ye (, 4 a 7 du ws8(1 + ws) W = € 


s=1 


It is interesting to note that since the sums 
n+k 
ECT a) 
form the Fibonacci series, all of our series of sums may be considered as gen- 
eralizations of the Fibonacci series. 


AN EXTENSION OF FERMAT’S THEOREM 
A. A. TRYPANIS, Athens, Greece 


In Fermat’s Theorem it is stated that if p is a positive, rational, odd prime 
integer and if a is a rational integer such that 


a # 0 (mod ), 
then 
(1) aP-! — 1 = 0 (mod P). 
From this theorem, it follows immediately that 
aP(p-l) — { = 0 (mod #%), 
aP*(e-l) — 1 = 0 (mod f’), 
aP(>-l) — 1 = 0 (mod f%), 
(2) a?" (>-1) — 1 = 0 (mod £*), 


where ” may possess any positive, rational, integral value. 
Let this sequence of congruences be considered in an opposite sense to that 
in which it has been written above; that is, let us write 


aP”*(p-1) — 1 = 0 (mod 9”), 
a?” *m-1) — 1 = 0 (mod p*"), 
a?" (1) — 1 = 0 (mod p*®), 
aP*(p-l) — 1 = 0 (mod $%), 
aP(p-l) — 1 = 0 (mod ?), 
a?-1 — 1 = 0 (mod #). 


It will be shown that within the domain of algebraic integers this “downward 
sequence” can be extended as follows: 


a(>-1)/p — 1 = 0 (mod p1/P), 
g?-)in? __ 1 =O (mod pur’), 
a(P-Dip*> — 1 = 0 (mod p¥/?"), 
(3) q(p-1) ip" — 1 = Q (mod p!/?"), 
Let K(Z) be the cyclotomic field generated by a p*t'th root of unity 
(4) Z= eririp™™. 
87 
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then if E is the algebraic number defined by 

(5) p = E(L — Z)"o- 

it may be shown that £ is a unit. For on setting up the irreducible equation 
satisfied by 1—Z it is found that N(1—Z) =, while 

(6) (1 —Z)P"@-) = pE 


where E is an integer of K(Z). Hence, taking norms in K(Z), p?”@-» 
= pr"(P-) N(E), and N(£)=1. Therefore Z, and likewise its reciprocal EZ, is a 
unit. 


Let 
x=06 


be one of the roots of the irreducible equation 


(7) xP" — a= 0; 
then the p” conjugate roots of (7) are 
(8) 0; = ZrHN9, j= 1,2,3,---, o% 
Thus 
(9) xP" — a ~The — 6;). 
j=l 


From the binomial expansion 


(97-1 — 4)P™ = gP™(P-l) — (“) Q(e™—-1D) (p—1) (*) Q@(p"™—-2)(p—-1) — ... 


_ ( e ) ors + ( e ) orn 1, 
pn — 2 pr — 1 
it follows that 


(10) (9?-1 — 1)" = 0 (mod 9), 


because 
p" p" p* p” 
= = — = 0 d 
(‘) (’) (5) (1) (mod 2) 
and 
ge"(p-1) — 1 = g?-! — 1 = 0 (mod 9). 
Let 


(11) (97-1 — 1)?" = B(L — Z)P"@-0), 
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and let x =H be one of the ” roots of the equation x”” =B. 
From (11) it is evident that a suitable value of H will satisfy the equation 


(12) gp-1— f= H(i — Z)P-1, 
Thus 
a | j=p” 
(13) a1—1=]|] (6; —1)= | I i, (1 — Z)P@-) 
j=1 j=1 
and, from (6), 
__ [t=2" 
(14) aP1—1= E| Il a; p. 
j=1 
From (6), it follows that a suitable value 
Ez = VE 


satisfies the equation | 
(1 = Z)Pt = Egptle", 


where the value of HZ, depends on the value assigned to p!/? . 
From (12), it follows that 


(15) q(P-l)p™”" —~1 =O (mod [1 — Z|?-4); 
hence 
(16) q{p-1) 1p” — = @] (mod pile”), 


As an example, let p=3 and a=2. According to (16), for n»=1, it should be 
that 


(4/2)? — 1 = 0 (mod 3). 
This is so, because 
(W/2)? — 1 = [W(W/2 — 1)?] x V3 


if real roots are employed. 


A SYMMETRICAL NOTATION FOR NUMBERS 
C. E. SHANNON, Bell Telephone Laboratories 


The possibility of representing real numbers in various scales of notation is 
well known. Thus, in the scaler an arbitrary positive number b may be expanded 
in the form, 

N 

b= >> ar’, Osa, 57-1, 

and represented in the “decimal” notation as a@ya@y_1-- + @-@10_2°°:- 
Negative numbers are represented by prefixing a minus sign to the representa- 
tion of the corresponding positive numbers. Although it seems unlikely that the 
scale ten will ever be changed for ordinary work, the use of other scales and sys- 
tems of notation is still of practical as well as mathematical interest. In some 
types of computing machines, for example, scales other than ten lend themselves 
more readily to mechanization. 

A slight modification of the ordinary expansion gives a representation for 
numbers with certain computational advantages. Assuming 7 to be odd, it is 
seen easily that any positive or negative number 0 can be represented as 


N 
ry—l1 r—1 
00 


2 2 


and we may denote 0 as usual by the sequence of its digits 
b= ay-°* doG-1°°* 


Both positive and negative numbers are thus represented by a standard notation 
without a prefixed sign, the sign being implied by the digits themselves; the 
number is positive or negative according as the first (nonvanishing) digit is 
greater or less than zero. Every real number has a unique representation apart 
from those whose expansion ends in an infinite sequence of the digits (r—1)/2 
or —(r—1)/2, each of which has two representations. If this notation were to 
be used, a simple notation should be invented for the negative digits which sug- 
gested their close relation to the corresponding positive digits. For typographical 
simplicity we shall here denote the negative digits by placing primes on the 
corresponding positive digits. The notation for the first nine positive and nega- 
tive integers with r=3, 5, 7, 9 is as follows: 


r —9 —8 —7 —6 —5 —4 —3 —2 —1 
3 00 | 101 | 1711" | 110 | 411 11’ 1/0 11 1! 
5 2/1 22 1/2" 1/1’ 1/0 11 1/2 2’ 1’ 
7 1'2! 11! 1/0 11 1/2 1'3 3! 2’ 1’ 
9 1/0 11 1/2 1'3 1'4 4! 3’ 2! 1’ 
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r 0 i 2 3 4. 5 6 7 8 9 

3 0 i 11’ 10 11 11/1’ | 11/0 11’1 101’ 100 
5 0 i 2 12’ 11’ 10 11 12 22’ 21’ 
7 0 1 2 3 13’ 12’ 11’ 10 11 12 
9 0 i 2 3 4 14’ 13’ 12’ 11’ 10 


In general the negative of any number is found by placing a prime on each un- 
primed digit and taking it off each primed digit. Arithmetic operations with this 
system are considerably simplified. In the first place the symmetries introduced 
by this notation make the addition and multiplication tables much easier to 
learn. For the scale r=9 these tables are, respectively, as follows: 


+ 4! 3’ 2’ 1’ 0 1 2 3 4 
4! 11 1’2 1’3 1’4 4! 3’ 2’ 1’ 0 
3’ 1’2 1’3 1’4 4! 3’ 2’ 1’ 0 1 
2’ 1’3 1'4 4! 3’ 2’ 1’ 0 1 2 
1’ 1’4 4! 3’ 2’ 1’ 0 1 2 3 
0 4! 3’ 2’ 1’ 0 1 2 3 4 
1 3’ 2’ 1’ 0 1 2 3 4 14’ 
2 2’ 1’ 0 1 2 3 4 14’ 13’ 
3 1’ 0 1 2 3 4 14’ 13’ 12’ 
4 0 1 2 3 4 14’ 13’ 12’ 11’ 
4! 3’ 2’ 1’ 0 1 2 3 4 
4! 22’ 13 11’ 4 0 4! 1'1 1/3’ 2/2 
3’ 13 10 13’ 3 0 3’ 1’3 1’0 1’3/ 
2’ 11’ 13’ 4. 2 0 2’ 4’ 1’3 1'1 
1’ 4 3 2 1 0 1’ 2’ 3’ 4’ 
0 0 0 0 0 0 0 0 0 0 
1 4! 3’ 2’ 1’ 0 1 2 3 4 
2 1’1 1’3 4’ 2’ 0 2 4 13’ 11’ 
3 13’ 1’0 1’3 3’ 0 3 13’ 10 13 
4 2/2 1’3’ 11 4! 0 4 11’ 13 22’ 


The labor in learning the tables would appear to be reduced by a factor of 
at least two from the corresponding r=9 case in ordinary notation. There is 
no need to learn a “subtraction table”; to subtract, one primes all digits of the 
subtrahend and adds. The sign of the difference automatically comes out cor- 
rect, and the clumsy device of “borrowing” is unnecessary. More generally, to 
add a set of numbers, some positive and some negative, all are placed in a 
column without regard to sign and added, e.g. (r =9): 
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(1’) (1) carried numbers. 
1 3’ 1’ 2 
2’ 3 1 4 
4’ 1’ 2 3 
3 2’ 3/ 4 
3 0 0 1’ 
1’ 2’ 1 3/ 
1’ 4 1 0 


This process may be contrasted with the usual method where the positive and 
negative numbers must be added separately, the smaller sum subtracted from 
the larger and the difference given the sign of the larger, that is, three addition 
or subtraction processes and a sign rule, while with the symmetrical system one 
standard addition process covers all cases. Furthermore, in such a sum cancella- 
tion is very common and reduces considerably the size of numbers to be carried 
in memory in adding a column; this follows from the fact that any digit cancels 
its negative and these may be struck out from a column without affecting the 
sum. If all digits are equally likely and independent, the sum in a column will 
have a mean value zero, standard deviation ~/p(r2—1)/12 where » is the num- 
ber of numbers being added, while in the usual notation the mean value is p(r/2) 
with the same standard deviation. 

Multiplication and division may be carried out also by the usual processes, 
and here again signs take care of themselves, although in these cases, of course, 
the advantage of this is not so great. 

We may note also that in the usual system of notation, when we wish to 
“round off” a number by replacing all digits after a certain point by zeros, 
the digits after this point must be inspected to see whether they are greater or 
less than 5 in the first place following the point. In the former case the preceding 
digit is increased by one. With the symmetrical system one always obtains the 
closest approximation merely by replacing the following digits by zeros. Num- 
bers such as 1.444 ...- =2.4/4’4’.-.-with two representations are exactly 
half way between the two nearest rounded off approximations, and in this case 
we obtain the upper or lower approximation depending on which representation 
is rounded off. If we were using this notation, department stores would find it 
much more difficult to camouflage the price of goods with $.98 labels. 

We have assumed until now that the scale 7 is odd. If 7 is even, say 10, a 
slightly unbalanced system of digits can be used; for example, 4’, 3’, 2’, 1’, 
0, 1, 2, 3, 4, 5. The dissymmetry introduced unfortunately loses several of the 
advantages described above, e.g., the ease of negation and hence of subtraction, 
and also the round off property. 

A more interesting possibility is that of retaining symmetry by choosing for 
“digits” numbers halfway between the integers. In the case r=10 the possible 
digits would be 
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fy 7 FF 3 1 1 3 5 F 9 
bn, = Imo ooo eo eee eee” 


2 2 2 2 2 2 2 2 2 2 


and any number 0 can be expressed as 
N 
b= >> ar”. 
—o 


In this system the properties of positive-negative symmetry, automatic handling 
of signs, and simple round off are retained. One curious and disadvantageous 
feature is that the integers can only be represented as infinite decimals, and this 
is possible in an infinite number of different ways. For example. 


1 9’ 9! 1 9’ 9’ 9! 1’ 9 9 9 


Symmetrical notation offers attractive possibilities for general purpose com- 
puting machines of the electronic or relay types. In these machines it is possible 
to perform the calculations in any desired scale and only translate to the scale 
ten at input and output. The use of a symmetrical notation simplifies many of 
the circuits required to take care of signs in addition and subtraction, and to 
properly round off numbers. 


MATHEMATICAL NOTES 
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A NOTE ON AN INEQUALITY FOR INTEGRALS 
A. E. Taytor, University of California, Los Angeles 


This note is concerned with the question as to when the inequality 


f fou < f | f(x) | dx 


becomes an equality. We shall consider continuous functions of the real variable 
x; the function values may be real or complex, or more generally, may lie in a 
Banach space B. In the latter event the absolute value signs are to be read as 
norms in the Banach space. It is immaterial whether the interval of integration 
is finite or infinite, provided the integrals in question exist. 

For real continuous functions the equality in (1) holds if and only if f(x) is 


(1) 
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either always nonnegative or always nonpositive on the interval (a, 0). This 
familiar theorem may easily be reduced to the theorem that the integral of a 
continuous nonnegative function is zero only if the integrand is identically zero. 

For complex continuous functions the equality in (1) holds if and only if the 
function values f(x) all lie on a fixed ray emanating from the origin in the com- 
plex plane. An equivalent statement of the condition is that all the function 
values must be nonnegative multiples of a fixed nonzero complex number. This 
theorem seems intuitively evident when we think of the integrals as sums; it is 
not as familiar as the corresponding theorem for real functions, however, and the 
proof is not as simple. We shall give a proof whose form is at once applicable to 
the case in which the function values lie in a Banach space. The theorem stated 
at the beginning of the present paragraph is a special case of Theorem 2. For an 
instance where it is essential to know that the inequality (1) is strict, see Landau 


[1]. 


THEOREM 1. Let B be a Banach space, and let f(x) be continuous ai all fintiie 
points of the interval aSx Sb, with values in B. In case the interval is infinite we 
assume that the integral on the right in (2) exists. Then the equality 


f fou = fi Waeoles 


holds if and only wf for every finite set of distinct points on (a, b) we have 


> He) |] = D lleoo 


(2) 


(3) 


Proof: The sufficiency of condition (3) is easily demonstrated, and we omit 
the argument. In case the interval (a, 0) is infinite we first prove that (3) implies 
(2) for each finite subinterval of (a, 0). 

In proving the necessity of (3) we first observe that if (2) holds, then 


J seas] = f leeollas 


where £ is any subset of (a, 0) for which the integrals have a meaning. For, de- 
noting the complement of £ in (a, 6) by CE, we have 


| f s2=|| 5 | feel + flew 
fi Wales = J lldlae +f Iflas 


Thus (2) implies that 
filidlies =| f sas 


(4) 


< 
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Since the reverse inequality also holds, (4) is true. 

It suffices to prove (3) for points x1, - - + , ¥, interior to (a, 6), since f is con- 
tinuous. Suppose then that we are given such points, and let y;=f(x;). If e>0, 
let E; be the interval |x—«x;| <6, where 6 is a positive number chosen in such a 
way that the sets #,,---, EH, lie in (a, 0) and do not overlap, while 
Il f(x) —f(x:)||<e in EZ; Let E=H,+ --- +E. Then 


fse= Xf Ue) - yer + Df ye, 


i - 


Jills = 0 fi ne) — 9+ vas 


<S 2néde + 26 


| 


INV 


Df oll Lee) — yaaa 


INV 


28> || yl] — Inde. 


i=1 


From (4) and the foregoing considerations we conclude that 


D yl - 


i=1 


2 lly4l] S 2ne + 
It follows that 


e 
’ 


2, Ilys] S 2, yi 


the reverse inequality holds as well, and therefore (3) is true. 


THEOREM 2. Let the hypotheses on f(x) be as in Theorem 1, and suppose 
that the surface of the unit sphere in B 1s strictly convex (1.e. that given a chord joining 
two points of the surface, all interior points of the chord are inside the sphere). 
Then (2) holds tf and only af all the values of the function f(x) are nonnegative 
multiples of a fixed nonzero vector in B. 


Proof: The sufficiency proof is so simple that we omit it. 

Suppose that (2) holds; then (3) holds also, by Theorem 1. If f(«) is identi- 
cally zero there is nothing to prove. Hence suppose yo=f(xo0) #0 for some xo. 
Let y=f(x). We have to express y as a nonnegative multiple of yo. Dismissing 
the trivial case y=0, let us write 


Yo y 
uo = 7? “4z=- 
| 70 


| »| 
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Then yo+y=||¥ol|zo-+|!y||a, and by (3) 


_ llyo+ oll _ | Il yoll240 + || 
Ilvol] + ||| Ilyol] + Il 


But then w,u, and 


|| y0l| 20 + || y|| 2 
y= Lolo -r Us 
| vol] + |] | 


are all points on the surface of the unit sphere in B. However, if the points zo, 
u are distinct, v is an interior point of the chord joining them. By the strict con- 
vexity of the surface of the unit sphere in B we conclude that uw» and uw coincide. 
In other words, 

_ Il 


y= Yo. 
ILy0l| 


This completes the proof of the theorem. 

The conclusion of Theorem 2 may be false if the surface of the unit sphere in 
B is not strictly convex. An example is afforded by taking B as the vector space 
of the complex numbers, with the norm defined by 


IE + é|| = max {| |, || }. 


Suppose f(x) =&(«)-+7n(x), where &(x) 20 and | n(x) | <£(x). Then it is easily 
seen that (2) holds; but the function values f(x) need not be confined to a single 
ray through the origin. 


Reference 


1. E. Landau, Darstellung und Begriindung einiger neuerer Ergebnisse der Funktionen- 
theorie, Second Edition, Chelsea Publishing Co. New York, 1946, pp. 96-97. 


A DIFFERENTIATION FORMULA 


J. L. GAMMEL, Cornell University 


1. Introduction. The question of changing the order of two infinite processes 
has in many cases been both interesting and fruitful. In tensor analysis, the 
form of important developments occasionally turns on the pattern of a com- 
mutation formula. In combinatorial analysis, commutation formulas have been 
used to discover relations among binomial coefficients. 

This paper presents a generalization of a relationship which might be de- 
scribed as a commutation formula for the partial derivative of a total derivative 
of a point function. As an example of its application, the generalized relation- 
ship is used to prove a sum rule for binomial coefficients. Specifically, the theo- 
rem to be generalized is the following. 
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If F(x!, -+-+,«%) is either a scalar or a vector point function of class M, 
then along a parameterized arc C: x*=x*(t) of class M and for OS PSM, 
F(?) =dP F/dt? is of functional order P, 


FO) = FO)(gl,. +. eM, Ol...) e@N wg... | PN), 
where x4 = d4x¢/di4. The following theorem,! in which 


(P) (P),, (Ada 
Fy(4ya = OF /Ox  , 


P\ P! 
() ~ AMP — A)! 


(P—A) (P—A) 
=d 


Pa 


and 
(aF/ax')/di* ”, 


is fundamental for the transformation theory associated with the extended co- 
ordinate transformation. 


THEOREM: Jf F(x},-- +, «%) ts either a scalar or a vector point function of 
class M, then along a parameterized arc C: x*=<x*(t) of class M and for 0S (P, A) 


<M 
(P) P\ _(P-A) 
Fitba = (| JF ° 


Here, as in what follows, it is understood that 


U)=° 


when A>P or 0>A, and that other “out of range” symbols are also zero. The 
purpose of the present note is to generalize this theorem to the case in which F 
is of functional order J. 


2. The Formula. We shall establish the following result. 


THEOREM: If F(x}, ---, 4%, +++, 401, +--+, «%%) as either a scalar or a 
vector point function of class M, then along a parameterized arc C: x*=x%(t) of 
class M+-J and for OS PSM, O0SASM+4+J 


J P e 

(P) (P+i—A) 

Five = 2( ace . 
ix0 A — 4 


Proof: For any J, the case P=0, A arbitrary, and the cases A2P+J, P 
arbitrary, are obvious. To complete the proof, it is sufficient to show that if the 
theorem is true for J, P, A then it is true for J, P-+1, A. The proof follows. 


1H. V. Craig, Vector and Tensor Anatysis, p. 215, McGraw-Hill; 1943. 
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Differentiate F® with respect to ¢ by the chain rule: 


pet Bry (P) “. 
= 2 Fy (By 0% 


and differentiate this with respect to x“: 


(P+1) (B+1)b Fe 
Byaya = SROs (A)aX + SF +(B)b 
B=0 B=0 


ox (Btl)b 
0x (Ade 
Now, because of the independence of the various quantities “4, the deriva- 


tive 0x(8+)b/Qx(4)e which appears at the last of the foregoing equation may be 
replaced by the product of Kronecker deltas 64*182, and thus we may write 


(P+1) (P) ,, (P) 
Pyaya = (Fy (aya)? + Fy (4-1) 


If the formula is true for /, P, A then 


J P _ P _ 
(P+1) (P+i—A+1) (P+i—A+1) 
Py aya = aI(, Fie +(, j i) Fibs it 
t=0 — a a 
P P P+1 
( ) + ( } ) ~ ( ), 
A-—1 A-—-i-—l A-—1 


(P+1) JT (P+ _ epee 
Fyiaya = Dy PF ciya ; 


ixo\A— 1 


and since 
we have 


This is what was to have been shown. 
As an example of the way in which the formula may be applied to discover 
relations among binomial coefficients, it will be shown that 


= (nd) Gai) 


where C is the smaller of B and P-+&. 
Proof: Now 


(P+) 


Frys = [FO 1 


3 (B) be 
An immediate application of the generalized relationship gives 
PtT/ Vf , 
(P) 7 (M) (P) 1(M+i-B) 
[Fo lao = X(, ) [F; cio] 


i=0 — 4 


and applying it again to the quantity in the brackets we obtain 
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PtI / Vf J P , 
(P+M) M+i—B+P+k—i) 
Pepys = X(, ) > ( ress ane 


i=0 —4/ 420 \t — R 
But applying the generalized relationship directly to the left-hand side we get 


J /{(P+M _ 
(P+M) P4+-M+k—B) 
Fas = >( B .) (hy ° 


k=0 


A comparison of the two results shows that 


Xs JC . . 7 Cs 1): 


But because of the second binomial coefficient on the left-hand side, 7 must be 
greater than k and less than P-+-k, which is less than P-++-J. Thus the lower limit 
for z can be replaced by e& and the upper limit by P-++&. Because of the first bi- 
nomial coefficient on the left-hand side, the upper limit for 7 can be put equal 
to B if B is less than P++-k. This completes the proof. 


A PROOF OF INDEPENDENCE 


Hao Wana, Cambridge, Massachusetts 


Hilbert and Bernays give on p. 66 of their Grundlagen der Mathematik, vol. I 
(Berlin, 1934), a system of axioms for the propositional calculus. The system 
may be described as follows: 


(1) Any statement of one of the following form is a theorem: 
I.1.4—-(B—-A). 1.2. (A—(A-B))- (AB). 1.3. (AB) ((B-C) (A> 0)). 
IT.1. A&B-A. 11.2. AXB-B. II.3. (A-B)—-((A-C) (A> B&C)). 
II.1. A>AVB. III.2. BoAVB. TIL3. (AC) ((BC) (A VB0)). 
IV.1. (A~B)-(A-B). IV.2. (A~B)-(B-A).  IV.3. (A-B)-((BA) 
—(A~B)). 
V.1. (A-B)—(B-A). V.2. A>A. V3. AA. 
(2) If A and A—B are theorems, then B is a theorem. 


They prove the independence of each of I.{—V.3 from the rest of the sys- 
tem on pp. 72-79, zbid., and prove the independence of all of these except I.1 
and I.3 with tables involving two or three truth values. The proofs of I.1 and 
I.3 make use of tables involving four truth values. 

Now I propose to contribute an alternative proof for the independence of 
I.1 by a table which involves only three truth values. The table I use is such that 
when A and A—>B both take the value 1, then B also takes the value 1. It is as 
follows. 
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Ds 
by 
po 
Ds 
< 
by 
Ds 
& 
Ds 
S 
S. 
L 
by 


WWW N DN DH eH 
WN RW DO FR wD be 
rm rm rR hO DD DOW G&G 
QD DD ee ee be 
WWWW DN DO W dD 
Mm OW WW & GW GW 
me Re rE OD FR be OD OD 


According to the table, all the axioms [.2—V.3 always take the value 1, while 
I.1, (A—(B—A)), takes the value 3 when A and B take the values 2 and 1 re- 
spectively. 

It can be shown that no proof of independence involving only three truth 
values, whether with one or two designated truth values, can be constructed for 
I.3, and from this it follows that no proof can be constructed involving only two 
truth values. The proof consists essentially in constructing all possible truth ta- 
bles for “—>”, and observing that any truth table which preserves designated 
values in accordance with (2), and always assigns designated values to I.1 and 
I.2, also always assigns designated values to I.3. The number of tables which 
need be checked can be materially reduced by proper use of J.1 and I[.2. 


HYPERBOLIC FUNCTION SERIES ARISING FROM A SIMPLE POTENTIAL PROBLEM 
J. G. Miuuar, Calgary Branch, University of Alberta 


1. Introduction. If Laplace’s equation in two dimensions, 
0*p d*h 


0, 
Ox? = ay? 


is solved by separating the variables, we obtain solutions of the type ¢= 
cos kx cosh ky, @=sinh kx cos ky, and soon. If the function, harmonic ina square 
region and constant on the boundaries, is expanded by means of these solutions, 
the identity (4) of this note is suggested, from which can be deduced many sim- 
ple and interesting series involving the hyperbolic functions, which are not 
readily obtained by other methods. 


2. The fundamental identity. Consider the function ¢;, harmonic inside the 
square x= +4, y= +3, with the boundary values 


g5=0 on x= 


bolt bolt 


g=1 on y=u 


? 


the values at the vertices being indeterminate. If such a function exists and can 
be expressed in terms of products of circular and hyperbolic functions, then 
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(1) $1 = >, Gy cos (2n + 1)rx cosh (2n + 1)ry. 


n=0 


Sine and hyperbolic sine functions are ruled out by the fact that ¢; must bean 
even function of x and y, while its vanishing at x= + fixes the factors involving 
x as cos (2n-+1)ax. Taking into account the second boundary condition, we 
must have, for | x| <3, 


= Tv 
1 = >) a, cos (2n + 1)arx cosh (2n + 1) _ 


n=0 
Using the well-known Fourier expansion for the “square-wave” function, 


A © (—1)" cos (2n + 1)rx 

(2) {= — (— 0" cos (2m + Uae |x| <4, 
WT n=0 2n + 1 

we must have, in (1), 


(3) a, = 4 ie" 


(2n + 1) cosh (2n + 1) s 


With this value of a, in (1), we have a formal solution of our boundary-value 
problem. 
We now consider the symmetrical problem with the boundary conditions 
dg =O on y= + 


gde=1 on x«=H+ 


No) SO) [on 
= 


~~ 


with a similar solution 


do = > a, cosh (2m + 1)arx cos (2n + 1)ry, 
n=0 
where the value of a, as given in (3) is unchanged. 

Since the problem is linear, the two solutions may be superposed, giving the 
solution of the potential problem in which ¢ = 1 on the sides of the square, except 
perhaps at the vertices. Since the unique solution of the case where ¢=1 every- 
where on the boundary is ¢=1, we are led to suspect strongly that ¢1-+¢@: is 
identically unity inside the square; that is, that 

4< (—1)” 
—— [cos (2n + 1)rx cosh (2n + 1)ry 


(2n + 1) cosh (2” + 1) 
-- cosh (2n -+ 1)ax cos (2n + 1)ry]| = 1; 


and this can in fact be shown to hold for all points of the square except the ver- 
tices. 
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3. Proof. The result (4) may be proved by the method above, but it would 
be necessary to invoke rather strong theorems of potential theory, and prob- 
ably the simplest method is to use instead of (4) the series obtained by integrat- 
ing it twice with respect to each variable, when difficulties due to lack of uniform 
convergence disappear. We shall need some further Fourier series. Series (2) is 
uniformly convergent in any range inside —4<x<34 excluding an arbitrarily 
small region about the end-points, and hence it can be integrated termwise in 
—isxSi. Integrating (2) twice, first from 0 to x and then from —# to x, we 
obtain 


a | 4 2 (—1)" cos (2 + 1)rx 


(5) ir anna? > 


2 8 ws 1=0 (2n + 1)? 
Repeating the double integration, we have 


6) a4 4 5 4 2 (—1)" cos (2n + 1)rx 
mM 16 384 & (2n + 1)5 


Both series converge uniformly for —$Sx 3S}. 

Returning now to the conjectured identity (4), we integrate it twice with 
respect to each variable, the integration constants being supplied with the help 
of identities (5) and (6). The resulting equation is 


4 © —1)” . 
~—> ee Ol [cosh (2n + 1)rx cos (2n + 1)ry 


(7) ~  (2n + 1)® cosh (2 + 1) > 
-+ cos (2n -+ 1)rx cosh (2n + 1)ry| 
_> — mG — 6x7 y? 4. t+—). 
24. 4 


This result can be readily proved, since the series on the left-hand side, together 
with its second derivatives, is uniformly convergent in the square, and satisfies 
Laplace’s equation, as does the polynomial on the right-hand side. From (6), 
both sides have the same values on the boundaries x= +4, y= +4. But for a 
closed region, the harmonic function with given boundary-values is unique, and 
thus (7) is an identity throughout the square. Equation (4) may now be proved 
by differentiating (7) twice with respect to each variable. All the series con- 
cerned are uniformly convergent in any closed region inside the square, and 
hence (4) is veritied for all interior points of the square. From (2) it holds also 
on the boundaries, except at the vertices, where it is false. 


4. Derived series. Identity (4) may be made the starting point for obtaining 
a large number of series involving cosh (2x-+1)a/2. Putting x =y=0, for exam- 
ple, we get 


1950] MATHEMATICAL NOTES 103 


Other results are obtained by differentiating or integrating (4). Differentiating 
once with respect to x, and putting y=0, rx=z, we have 


sin Z sin 3g sin 5g 
T 30 Sr 
cosh — cosh — cosh — 
2 2 2 
sinh g - sinh 3g sinh 52 
T T T , 
cosh — cosh — cosh — 
2 2 2 


for | 2| <(mr/2). Differentiating (4) twice with respect to each variable, obtaining 
as usual a series unformly convergent in any region inside the square, and put- 
ting x =y=0, we get 


13 3° 5° 


T 37 Sr 
cosh — cosh — cosh — 
2 2 2 


Integrating (4) once with respect to each variable, and putting x=y=4, we 
have 
1? tanh 4 tanh oe tanh + 
— = tanh —-+ — tanh— -+ — tanh—+--- 
32 2 = «33 2 58 2 
The method here adopted may be extended to three or more dimensions. In 
three dimensions we arrive at such series as 


” oe (—1)™t 
43 22 


(2m + 1)(2n + 1) cosh - /|(am + 1)? + (in + 1] 


These series can, of course, be obtained by other methods such as a contour 
integration or the transformation of the complete elliptic integral [1], but that 
given seems the simplest. 

The fact that rectangular boundary problems could yield such identities 
was apparently first noted by Thomson (Lord Kelvin) and Tait [2] who saw that 
the expression they obtained for the torsional rigidity of a rectangular bar was 
unsymmetrical in the directions of the sides of the rectangle, and produced a 
non-trivial identity by equating the original expression to that obtained by sym- 
metrical interchange. 
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ON THE SYSTEM OF NATURAL NUMBERS 
M. O. GONZALEZ, University of Havana and J. D. MANCILL, University of Alabama 


1. Introduction. It seems highly desirable to be able to develop a simple and 
logical basis for the system of natural numbers, abstracted from one’s own expe- 
riences, that would be suitable for presentation to students in College Algebra. 
This would have the effect of placing early emphasis on the logical structure of 
elementary algebra, similar to that in demonstrative geometry in secondary 
schools. 

In this paper we shall establish explicitly and concisely the undefined ele- 
ments, the defined elements, and the postulates which serve as a logical basis 
for the arithmetic of natural numbers. These fundamental concepts lead easily 
and naturally to the concept of natural number and the principle of mathe- 
matical induction, as well as the other well known properties of the system of 
natural numbers. 


2. Undefined elements. We shall take the following concepts as undefined 
elements: unity, set, belonging to a set, correspondence, and order. The investiga- 
tion of the origin of these concepts is a physiological and philosophical problem 
but not a mathematical one. 

The notions of unity and plurality or set are acquired early in life, when one 
of the principal faculties of our mind, ability to discriminate, comes into action. 
We then begin to perceive distinctly the objects of the external world and we be- 
gin also to have some knowledge of our own individuality, thus originating those 
primary concepts of unity and plurality. 

The entities or objects belonging to a set are called elements of the set. We 
shall denote the elements of the set by capital letters and the set itself by bold- 
face capital letters. We shall express the fact that the set M has the elements 
A, B, C, D, - ++, or that these elements belong to M by writing 


M = A, B,C, D,::-. 
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For convenience, we shall introduce the concept of null-set (empty set), 
which has no elements. Since a set is here regarded as a collection or aggregate 
of things called elements, the null-set is, in general, excluded from consideration. 
Non-empty sets may be called proper sets. We shall consider only proper sets 
unless otherwise stated. 

When we associate, by means of some well defined rule, each element of a set 
with one and only one element of another set, we say that a one to one corre- 
spondence has been established between the sets. 

By order we mean, roughly speaking, some distribution of things in time, 
space, or according to a certain rule or criterion, and an ordered set according to 
one rule may not be ordered according to some other rule. We shall adopt the 
terms preceding and succeeding for describing rules of order. That is, for an or- 
dered set these terms have precise meanings. Conversely, a set may be regarded 
as ordered when precise meaning has been attached to these terms, that is, when 
some criterion is stated to decide for two elements of the set which is the preced- 
ing one. 


3. Assumptions. The descriptions of the elements unity, set, belonging to a 
set, correspondence, and order discussed in the preceding section are not to be 
considered as definitions of these concepts, but as descriptions of their general 
characteristics. In this section we shall state four postulates which these unde- 
fined elements are to satisfy. We shall see that these four assumptions are suf- 
ficient as fundamental postulates of the Arithmetic. 

POSTULATE 1. Given a set X there exists another set Y having no elements in com- 
mon with X. 

This postulate establishes the existence of elements which do not belong to 
any set, transcending our faculty to find in nature or create in the imagination. 
It serves as the antecedent of Postulate 2 and jointly with it the base of the oper- 
ation called addition of numbers to be defined later. 

POSTULATE 2. Given a set X, it 1s possible to form another set either by removing 
an element from X or by adjoining another element to those of X. 

POSTULATE 3. Given the sets X and Y, tt 1s possible to choose an element in each 
as corresponding elements. 

This postulate is known as the principle of free choice or axiom of Zermelo. 

PosTULATE 4. For any elements A, B, and C of an ordered set we have 
(1) A does not precede A, 

(2) If A precedes B, then B does not precede A, 
(3) If A precedes B and B precedes C, then A precedes C. 

These conditions characterize what is more specifically known as linear or- 
der. 


4. Fundamental definitions. We are now ready to define certain concepts 
explicitly. 

DEFINITION 1. A set ts said to be determined or defined when there exists some 
rule to decide whether a given object belongs or does not belong to the set. 
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DEFINITION 2. The sets M and N are said to be equal whenever every element 
of M belongs to N and conversely. 
The equality of the sets M and N is denoted by the symbolism 


M = N. 


DEFINITION 3. The set H is said to be a proper subset of the set K af the elements 
of H. belong to K but there are elements in K which do not belong to Hi. 
We shall indicate that Hl is a subset of K by the notation 


H<K or K>H. 


DEFINITION 4. If in an ordered set there exists an element preceding all the re- 
maining elements, this element 1s called the first element of the set. If there exists an 
element which does not precede any element 1t 1s called the last element of the set. 

DEFINITION 5. Elements A and B of an ordered set are said to be consecutive 
when there does not exist an element C such that A precedes C and C precedes B. In 
this case the element A is said also to be the immediate predecessor of B. 

Sets in mathematics may be finite, as the set composed of the sides of a poly- 
gon, or infinite, as the set of points in a circle. The usual procedure in the past 
has been to define infinite sets first and then define a finite set as one which is 
not infinite. It seems far more natural and, therefore, desirable to define finite 
sets first. That it is possible to define finite sets in terms of the notion of order is 
shown by the next definition. 

DEFINITION 6. A set M ts said to be finite if tt can be ordered in such a way as to 
make every subset of M have a first and a last element. 

The following properties are immediate consequences of this definition: 

(1) All finite sets have a first and a last element. 

' (2) All subsets of a finite set are finite. 

(3) Lhe elements of a finite set are consecutive. 

It is always assumed that the same ordering is retained in the subsets of an 
ordered set. 

DEFINITION 7. A set that is not finite 1s said to be infintie. 

DEFINITION 8. A simply infintie set S 1s an infinite set such that 

(1) Every subset of S has a first element, 

(2) Every element of S except the first has an immediate predecessor. 

It follows from the first condition in this definition that every element of S 
has an immediate successor. The elements of a simply infinite set are, therefore, 
consecutive. The simply infinite sets differ from the finite sets in the fact that 
they do not have a last element. 

As an example, let us consider the set of points A, A’, A”, A’”’,---, B, 
where A’ is the mid-point of the segment AB; A” is the mid-point of A’B; A’”’ 
is the mid-point of A’’B; and so forth. 

This set may be ordered by letting the word precede mean to the left of, and 
then the first element is A and the last element is B. The set is infinite, although 
it has a first and a last element. This shows why we stated the condition for a 
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finite set in terms of its subsets, requiring for each one the property of having 
a first and a last element. The converse of this is not true, that is, if the set hasa 
first and a last element it does not follow that all subsets have a first and a last 
element. Thus, in the above example, the subset A, A’, A”, - - - does not have 
a last element. 

The total set in the above example is not simply infinite, since the second con- 
dition of Definition 8 is not satisfied because the element B does not have an im- 
mediate predecessor. The set obtained by removing the element B is simply in- 
finite, since it has the properties required in Definition 8. 


DEFINITION 9. Two sets are said to be equivalent when there exists a one to one 
correspondence between their elements. 


It follows easily that the relation of equivalence is reflexive, symmetric, and 
transitive. 
We shall indicate that two sets X and Y are equivalent by the notation 


X° °Y, 


DEFINITION 10. When two sets are equivalent we say they have the same number 
of elements. 


Thus the concepi of number results from considering equivalent sets when ab- 
straction is made of all other characteristics of their elements such as kind, color, 
size, etc. A similar mental process leads to the formation of all our general or 
abstract concepts. Thus, for example, by looking at different flowers and neglect- 
ing the particular characteristics of each one, but retaining their essential com- 
mon properties (those concerning the stamen and pistil), we arrive at the gen- 
eral concept of flower. 

In analogous fashion the number concept is an abstraction elaborated spon- 
taneously in our mind for the purpose of representing equivalent sets. 

Definitions of this type are called definitions by abstraction. It is the most suit- 
able manner of definition for those concepts which are formed by considering in 
some sense the equality or equivalence of objects. Two objects are said to be 
equal or equivalent when they have in common a certain specified property, be- 
ing capable of mutual substitution with respect to this property. From each kind 
of equivalence a new concept is created. 


5. Principle of Complete Induction. Jf the first element of a finite or simply 
infinite set X has a certain property, and tf from the assumption that some element 
has the property it follows that the next elemeni also has that property, then all the 
elements of the set X have said property. 

Suppose on the contrary that some elements of X do not have said property 
and let Z denote the set of such elements. The set Z, being a subset of X, has a 
first element K. That is, K is the first element not having the said property. Let 
J denote the immediate predecessor of K. Since J has the said property, it follows 
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that K has the property, which contradicts the definition of K. Therefore, the 
principle is proved. 


THEOREM. A finite set can be made empty by removing tts elemenis one at a time. 
Let the given finite set be 
X=A,B,C,--:, H,I,--:,L. 
The theorem is true for the set 
X’=A 


since the single element A can be removed by Postulate 2. If the theorem is true 
for the set 


it is true for the set 
X’’’ = A, B,C,---, H,I 


by removing the element I and thus obtaining the set X” having the property. 
By the principle of induction the property is certain for the entire set. 


6. Properties of Equivalent Sets. We shall now state certain useful properties 
of equivalent sets. 

(1) If the sets X and Y¥ are equivalent, then the sets resulting from removing an 
element from each set are equivalent; and the sets resulting from adjoining an ele- 
ment to each set are equivalent. 

(2) Finite sets X and Y are either equivalent or one of them 1s equivalent to a 
part of the other. 

This follows easily from the theorem on the exhaustion of finite sets. 


(3) THEOREM OF DriRICHLET. No finite set 1s equivalent to a part of itself. 


An indirect proof can be easily made, based on the theorem on exhaustion of 
finite sets. 

This property is not true of infinite sets. In fact, Dedekind and others have 
used this property to distinguish finite and infinite sets. That is, they defined an 
infinite set as one equivalent to a part of itself and then defined finite set as one 
that is not infinite. The approach used here, that of defining finite sets first, 
seems far more natural and it constitutes a direct approach to the most impor- 
tant fundamental concepts of arithmetic. 

(4) If the finite sets X and Y are equivalent by a certain mode of correspondence, 
then they are equivalent under any mode of correspondence. 

Let us suppose that 


(1) X+-¥, 


If the correspondence is established in some other manner and the results are not 
equivalent, then we have by Property 2 
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(2) X’e *Y or Xe’ 


where X’ is a part of X and Y’ a part of Y. But it follows from (1) and (2), and 
the transitive property of equivalence that 


X’e*X or Y'er¥ 
which contradicts the Theorem of Dirichlet. 


Coro.uaRY. If the finite sets X and Y are not equivalent under a certain mode 
of correspondence, then they remain non-equivalent under any mode of correspond- 
ence. 


(5) Every set equivalent to a finite set is also finite. 

A finite set has the property, by definition, that every subset has a first and 
a last element. It is obvious that any set equivalent to a finite set would have the 
same property in view of the correspondence between the sets. 

(6) All orderings of a fintte set are equivalent. 

For, any finite set is equivalent to itself and, therefore, equivalent to any or- 
dering of it by Property 4. 


CoROLuaRY. If a set is infinite with a certain ordering, then it remains infinite 
under any ordering. 


7. Fundamental Succession. The above properties of equivalent sets, which 
are intuitively known and applied by everyone, lead to the construction of a 
sequence of sets such that no two of them are equivalent and such that one of 
them is equivalent to an arbitrary given finite set. For, let A be an object; by 
adjoining an object B, we obtain a set A, B. By adjoining another object C, we 
obtain a set A, B, C. Proceeding always in the same manner (Postulate 2) we 
form the so-called fundamental sequence of sets: 


A; A,B; A,B,C; A,B,C,D;-:-. 


In this sequence each set is a subset of the succeeding sets, whence no two 
of them are equivalent. Also, it is easily seen that any finite set W is equivalent 
to one of these sets in the fundamental sequence. For if W is equivalent to 
the sets X and Y of the fundamental sequence, then X and Y are equivalent 
which we have seen is not true. 

Since every finite set is equivalent to one and only one set of the fundamental 
sequence, the human mind has created number symbols to represent the sets 
which are equivalent to each one in the sequence. These number symbols have 
names. Thus, the number corresponding to the sets equivalent to (A) is denoted 
by the symbol 1 and is called one; the number corresponding to the sets which 
are equivalent to (A, B) is denoted by 2 and is called two; the number correspond- 
ing to the sets which are equivalent to (A, B, C) is denoted by the symbol 3 and 
is called three; and so forth. 

The concept of these particular numbers develops little by little in the 
child’s mind and the general concept of number is formed with them, that is, 
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the concept of the numbers as the common entity to any equivalent sets (Def. 
10). This general concept of number may be thought of as a genus for which the 
particular numbers 1, 2, 3,--- are the species. 

Since the fundamental sequence constitutes an infinite set of sets (simply 
infinite) it is impracticable to have distinct and unrelated symbols for each 
number. This difficulty has been overcome by establishing a set of rules by means 
of which all numbers can be represented with a finite number of symbols. This 
set of rules is called a system of numeration. The system in use, the so-called 
decimal system, makes use of the symbols 1, 2, 3, 4, 5, 6, 7, 8, 9, together with the 
symbol 0 (zero) which is taken to represent the null or empty set. 

The set of numbers 


1,2, 3,--+,9, 10, 11,--+, 101, 102, 103,--- 


which represents the fundamental sequence of sets in the manner described 
above is called the sequence of natural numbers. 


8. Cardinal Numbers. Take a set of objects of any kind, for example 
X=M, N,P,S, T. 


If we suppose for a moment that this set contains only the element M, it is equiv- 
alent to (A) and is represented by the number 1, which we shall indicate by writ- 
ing My. Similarly, we write My, Ne if the set contains only the elements M and N. 
Continuing this way, we write 


Mi, Na, P3, D4, Ts 


to indicate that the set X, considered as having all its elements, is equivalent to 
(A, B, C, D, E) of the fundamental sequence and represented by the number 5. 
It is seen that the number of a set is assigned to the last element and for that 
reason is called cardinal (principal) number of the set. In practice, this method of 
designating the elements in an ordering of a set is called counting the elements 
of the set. The number corresponding to the last element is the cardinal number 
of the set. 

Observing that if we count the elements in distinct orderings we obtain the 
same cardinal number, because we have already seen that all orderings of a finite 
set are equivalent, we have 

The cardinal number of a set ts independent of the ordering of the set. 

This is called, according to Schréder, the principle of the invariance of the 
number. 

The sets of the fundamental succession are considered ordered in the follow- 
ing way: A set precedes another if it is a part of the other, as for example, the set 
(A, B, C) precedes the set (A, B, C, D, E). The set of natural numbers becomes 
ordered by correspondence with the fundamental succession, that is, for ex- 
ample, 3 precedes 5. Finally, the sets in nature may be distinctly ordered by cor- 
respondence, by means of the process called enumeration, considering that an 
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object precedes another when its attached number precedes that of the other. 
Numbers used for this purpose are called ordinal numbers. 


9. Equality and Inequality of Natural Numbers. Let M and N denote any 
two finite sets with cardinal numbers m and nv respectively. It follows from 
Property 2 of Section 6 that one and only one of the following cases can arise: 

(a) MeN, in which case m and n represent the same number and this is 
denoted by the symbolism m=n; 

(b) M-++N’, where N’ is a part of N, in which case m is said to be less than n 
and this is denoted by the symbolism m <n; 

(c) M’++*N, where M’ is a part of M, in which case m is said to be greater 
than nv and this is denoted by the symbolism m> xn. 

It is easily shown that the relation of equality of numbers is reflexive, sym- 
metric, and transitive and that the inequality relations > and < are not reflexive 
nor symmetric but are transitive. 


10. Sum of Natural Numbers. We shall first consider the sum of finite sets. 


EXISTENCE THEOREM. Given the finite sets A,B,C, ---,N whitch have no ele- 
ments in common, then there exists a set S formed exclusively of the elements of the 
sets. The set S ts called the sum of the sets A,B,C, ---,N. 


This follows from the principle of exhaustion of finite sets and Postulate 2. 


THEOREM. The sum of a finite number of finite sets 1s a fintie set. 


For, the two conditions of Definition 6 are satisfied: 

(1) The sum may be ordered. It will suffice to order the set of sets and the ele- 
ments of each set. This is possible since all sets involved are finite. Once this has 
been done, for any two elements P and Q we have the following: If they are in 
different sets, we shall consider P as preceding Q when P belongs to a set which 
precedes the set to which Q belongs; if they belong to the same set, we keep for 
them the same order as they have in the set. 

(2) Every subset of the total set has a first and a last element. For, among the 
sets there will be a first one and a last one containing elements of the chosen 
subset. These elements will form within each set partial subsets with a first and 
a last element. 

The following laws of sums of finite sets are easily proved: 

(1) Unitrorm: The sum of equivalent seis results in equivalent sets. 

(2) COMMUTATIVE: The sum set S of the sets A,B,C, - - + , N ts independent of 
the order in which they are added. 

(3) ASSOCIATIVE: The same sum set S 1s obtained by adding any two of the sets 
A,B,C, ---,N and to that result the remaining sets. 

(4) Monotonic: If A>B, then (A, C) > (B, C) for every finite set C. 

To define the sum of natural numbers, suppose that the finite sets 
A, B, C, - --, N have the cardinal numbers a, 6, c, - + - , m, respectively. Then 
the sum set S is finite and its cardinal number s is defined to be the sum of the 
numbers a, 0, c, + +--+, , and is written 
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s=atbo+tet-:--+42. 


The operation of addition satisfies the following laws which are entirely 
analogous to the above laws for sum of sets. 

(1) Unirorm: [fa=a’,b=b',---,n=n', thenatb+---+n=a'+dh’+... 
+n’, 

(2) COMMUTATIVE: a+b=b--a. 

(3) ASSOCIATIVE: a+b-+c¢=(a+b)+c=a+(b+c). 

(4) Monotonic: If a>), then a+c>b-+c for every number c. 

These laws follow from the corresponding laws for sums of sets. 

A number which if added to any number x results in the same number x is 
called the unzt of addition. It is easily seen that the unit of addition is zero, that is, 


at+tO=a. 
Furthermore, from the monotonic law, if c>0, then 
a+c> a. 


11. Multiplication of Natural Numbers. We call the product of a number 
a and a number b (6>1) the sum of 6 summands each equal to a, and is written 
ab or aXob. 

The operation of multiplication obeys the following laws: 

(1) Unrirorm: If a=a’ and b=)’, then ab=a'd’. 

(2) DISTRIBUTIVE: (a+6-+c)n =an-+bn-+en. 

(3) COMMUTATIVE: ab = ba. 

(4) ASSOCIATIVE: abc = (ab)c=a/(bc). 

(5) Monotonic: If a>), then ac>be, for c>0. 

The products 1 Xb and 0X6 are expressed by 


1xb=i+i1+---+1= 48, 
0xXb=04+0+---+0=0, 


according to the above definition. This definition has no meaning, however, in 
the case of the expressions b X1 and b X0. With the object of preserving the com- 
mutative law for multiplication of any two numbers without exception, we shall 
agree to attribute to the expressions bX1 and )X0O the same values as to 1b 
and 0X8, respectively. That is, we agree upon the following relations: 


bX1=1xXd=4, bXx0=0Xbd=0, 


and in particular 1X1=1, 1X0=0, and 0X0=0. It is easily verified that the 
above five laws of multiplication are valid under these interpretations. 

The operations of subtraction and division can now be defined and the arith- 
metic of natural numbers further developed. This development will not be car- 
ried further here since our primary object has been to develop a simple and logi- 
cal basis for the arithmetic of natural numbers, suitable for presentation to stu- 
dents in what might be called College Arithmetic. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED BY Howarp EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 901. Proposed by Leo Moser, University of Manitoba 
A company offers its 350 employees a bonus of $10.00 to each male and $8.25 
to each female. All the females accept, but a certain percentage of the males re- 


fuse to accept. Knowing what this percentage is, one can deduce the total 
amount paid out. What is the total amount paid to the women? 


E 902. Proposed by R. V. Andree’s class in Solid Analytics, University of Okla- 
homa 


A similar argument to that used in E 832 [1949, 407] may be used to “prove” 
the following theorem: “If a sphere has a center with at least one irrational co- 
ordinate, then there are at most three points on the sphere with rational coordi- 
nates.” Give a counter example to show that this theorem is not true and discuss 
the point at which the “proof” breaks down. 


E 903. Proposed by F. A. E. Param, Carnegie Institute of Technology 

Show that every even integer greater than 46 can be expressed as the sum of 
two abundant numbers. (See E 848, [1949, 478].) 

E 904. Proposed by C. S. Ogilvy, Columbia University 

Find the equation of the locus of centers of curvature of y=x" at the point 
(1, 1) as ~ varies continuously from — © to +o. 

E 905. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let A; and A», By and Be, C; and C, be the points of intersection with the 
sides BC, CA, AB of a triangle ABC of the polars of a point P with respect to the 
escribed circles (1;) and (I,), (J.) and (1,), (24) and (J). For what position of P 
will the points A; and A», B, and Be, C; and C2 be, simultaneously, symmetric 
with respect to the midpoints of BC, CA, AB? 

SOLUTIONS 
A Hyperboloid of One Sheet 
E 868 [1949, 338]. Proposed by P. D. Thomas, Washington, D. C. 


Let P and Q be, respectively, the feet of the common perpendicular to two 
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fixed skew lines p and gq. A variable line r meets p in R and g in S. Find the locus 
of r if the volume of the tetrahedron PQRS is constant. Also find the locus of the 
centroid of PQRS. 


Solution by N. D. Lane, Acadia University, Nova Scotia. Let P be the origin, 
p the x-axis, PQ the z-axis, Q the point (0, 0, k), g the line y= mx, 2=k, R the 
point (a, 0, 0), and S the point (0, mb, k). Then equations for 7 are 
(a — a)/(b — a) = y/mb = 2/k, 
from which 


a= k(y — mx)/m(z — k) and b= yk/zm. 
Now the constant volume, V, of the tetrahedron PQRS is 


a O 0 1 

= + (1/6) pm = + abmk/6, 
0 O k 1 
0 0 O 1 


whence 
ab = + 6V/mk = k*y(y — mx)/m2(z — k), 
and the equation satisfied by any point on 7 1s 
key? F 6Vmz? — kimxy + 6mVke = 0, 


which represents a hyperboloid of one sheet. 
For the centroid (%, 9, 2) we have 


= (a + B)/4, y = mb/4, z= 2k/A, 
whence 
a=4%—b = 4% — 45/m, b = 45 /m, 
and the relation ab= +6V/mk becomes 
Sky? — 8kmeyV 2: 3mV = 0. 
Thus the locus of the centroid is the above hyperbola in the plane z=k/2. 
Also solved by J. E. Darraugh, Roger Lessard, and the proposer. 
A Polynomial the Square of Another Polynomial 
E 869 [1949, 338]. Proposed by P. T. Bateman, Institute for Advanced Study 


If a polynomial f(x) with integral coefficients has the property that f(z) is a 
perfect square for all integers ~, then f(x) is the square of another polynomial 
with integral coefficients. 


Solution by W. H. J. Fuchs, Cornell University. The given problem is the 
special case g(x) =x? of the following more general 
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THEOREM: If f(x) and g(x) are polynomials and if for every integer p> po 
there 1s an integer g=2(p)>0 such that f(b) =2g(q), then f(x) =g(h(x)), where h 
is a polynomial. If f and g have integral coefficients and g has leading coefficient 
1, then h also has tntegral coefficients. 


Proof: We note that g(y) =f(x) defines y as an algebraic function of x. If g 
is of degree n, f of degree m, then for large x 


(1) y = emle 1 yar, 


k=0 


If x is a positive integer, then, for a suitable determination of the mth root 
of x, y is also a positive integer. This determination is the same for all large x, 
since y=/¥ ,x("— 9/"(1-+-0(1)), where g is the least integer with y,%0. There is 
no loss of generality in assuming that x1/" has to be chosen positive. 


Let x=v"p, (v=1, 2,--+-,h). By (1) 
h-1 
(2) Y= OB) = De yeprPly mk + O(pm—M!») 
k=0 
as po. Regard (2) as a system of equations for the unknowns y,p("—!", 
(k=0,1, +++, h-—1). The determinant of this system is 
1 1 rn | 
2m Qm-ti wc 2m—h+1 
A= 0. 
hm hm} cee m-h+i 


Solving (2), 
(3) Ay, p("—»/" = integer + O(p(™-!»), (k=0,1,---,A— 1). 


If h>k>m this is impossible unless y,=0. Hence (1) contains no negative 
powers of x!" and so the O-term in (2), and therefore in (3), does not occur if 
h=m-+1. Then (3) shows that yp!" is rational for every large p. This is 
possible only if y,=0 for all km (mod u). Hence (1) reduces toa polynomial 
h(x) in x. By (3) h(x) has rational coefficients. 

To prove the last part of the theorem observe that if N>1 is the least com- 
mon denominator of the coefficients of h(x), then N? is the least common de- 
nominator of the coefficients of h?(x), by a well known theorem. Hence g(h(x)) 
cannot have integral coefficients, since N"—1!g(h(x)) does not have integral 
coefficients (z =degree of g). 

Also solved by L. M. Kelly. 

Alex Rosenberg said that the problem, with a corresponding generalization 
to higher powers, seems first to have been proposed by Ch. Brisse as problem 
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No. 37 on p. 10 of vol. 1 of the Intermédiaire des Mathématiciens (1894). Two 
correct solutions were published in the same journal by I. Ivanoff (p. 74, vol. 1, 
1894) and J. Franel (p. 94, vol. 2, 1895). The problem was then again proposed 
by R. Jentzsch in the Archiv der Mathematik und Phystk (ser. 3, vol. 19, p. 361, 
1912), and a third distinct solution was published in the same journal by 
W. Grosch (ser. 3, vol. 21, p. 368, 1913). The first two solutions are elementary 
in character, whereas the third solution is somewhat more sophisticated. 

Also see problem 114, p. 135 of Pélya and Szegé, Aufgaben und Lehrsdize 
aus der Analysts, II. 

Forty-five Degree Parallelograms 


E 870 [1949, 338]. Proposed by Joseph Rosenbaum, Hartford, Conn. 


Characterize quadrilaterals A,B,CiD, such that if As, Be, Ce, De are the 
circumcenters of AiBiC, By,C\Dy,, CiD1A,, D,A,B, then Ai, By, Ci, dD, are the 
circumcenters of A2B2Ce, BeC2De, C2oD2A2, DeoA2Bo. 


Solution by S. T. Thompson, Tacoma, Washington. By hypothesis 
(1) A1A>_ = AC = CiC2 = CrA1 = A1Be = AoB, = CiD2 = CDi, 
(2) ByBo = BoD, = DD. = Dob, = BC». = BC, = DyAe = DA. 


From the first three equalities of (1) and the first three of (2) it follows that 
A,;A2CiC, and B,B2,D,D2 are rhombi. From the last three equalities of (1) and 
the last three of (2) it follows that the two rhombi are squares with a common 
center. This, in turn, guarantees that A,B,C,D, is a parallelogram. Moreover, 
since 4241;=A2Bi=A2Ci, we have that angle A:B,C; equals 45° or 135°. Thus 
A,BiCiD, is a 45° parallelogram. One can also easily show, conversely, that a 45° 
parallelogram satisfies the required conditions. 

If the words “taken in some order” should be tacked onto the statement of 
the problem, then we would have, in addition to 45° parallelograms, all ortho- 
centric quadruples. 

Also solved by R. G. Buschman, L. M. Kelly, and C. S. Ogilvy. The proposer 
stated that the corresponding problem for five points in space seems to be rot 
easy. 


Values of a Parameter in a Trigonometric Identity 


E 871 [1949, 403]. Proposed by W. R. Ransom, Tufts College 
Is there any value of k other than k =1 for which 2 tan x cot kx =1? 


Solution by N. D. Lane, St. Andrew's College, Ontario. If k=0 the left side is 
indeterminate. Consider y,=k tan x and ye=tan kx. If y1=ye in any interval 
aSx3b for which 4, is finite, then dy,/dx =dy./dx in that interval. That is, 
k sec*x =k sec*kx, and we must have k= +1. Clearly each of these values is ac- 
ceptable. 

Also solved by P. M. Anselone, W. D. Berg, A. B. Boggs, N. G. Gunderson, 
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Vern Hoggatt, M. S. Klamkin, Roger Lessard, C. S. Ogilvy, L. B. Rall, A. P. 
Rhodes, L. A. Ringenberg, and J. W. Sawyer. 


The Enthusiastic Problemist 
E 872 [1949, 403]. Proposed by Leo Moser, University of Manitoba 


An enthusiastic problemist proposes at least one problem every day. In 
order not to overwork problem editors, however, he does not propose more than 
730 problems a year. Given any positive integer x, show that he proposes ex- 
actly ” problems in some set of consecutive whole days. (Dedicated to Victor 
Thébault.) 


Solution by the Proposer. Let S; denote the number of problems proposed in 
the first ¢ days, starting today, say. Consider the set of integers {Ss}, 
4=1, 2,---, N, where N=2921n. Notice that 2921n days<8n years, taking 
leap years into account. Consider also the set of integers { n+Si}, a=1,2,---, 
N. In the two sets together we have 2N =5842n integers, the largest of which is 
n+Sy Sn+8n(730) =5841n. Hence there is at least one integer common to both 
sets, say S;=S,-+n, and exactly 2 problems will be proposed on the days num- 
bered k+1, kR+2,---, 7. 


A Generalized Scalar Product 
E 873 [1949, 404]. Proposed by I. M. Hostetter, Oregon State College 


Let a vector be interpreted as a directed linesegment and let A * B be a sym- 
bolic product of two arbitrary vectors A and B such that (1) A * B isa scalar, 
(2) A*B=B#A, (3) A *(B+C)=A *B+A*C. Is there an interpretation of 
A * B other than the familiar inner, or scalar, product: |.A | | BI cos 6, where | A | ; 
| B| are the (positive) lengths of A and B, and @ is the angle between A and B? 


Solutton by C. M. Ablow, Brown University. Under the very weak assumption 
that f(x) is bounded in the neighborhood of some point, one may prove the 

Lemma: If, for all x and y, f(x+y) =f(x)+f(y), then f(x) =kx, where k is a 
constant. 

Returning to the problem, let the components in rectangular coordinates of 
vector A be indicated by (a1, a2, a3). Consider vectors A, B, C with but one non- 
zero component each, a:, b;, c;, (note that B and C have the same component 
appearing), and denote these vectors by (a:), (b;), (cj) respectively. Then (3) 
becomes 


(a;) * (b; + c;) = (as) * (b;) + (@,) « (;). 


Thinking of a; as fixed and 0; and c; arbitrary this last is of the form of the lemma. 
Hence (a;) * (b;) =kb;, where k& is a number independent of 0;. However, (2) 
shows that we must have (a;) * (0;) =k;,;a,b;, where k;; is now a constant, being 
independent of both variables, for which k:;=k;;. Now 


(as) * (b1, be, bs) = (as)* (bi) + (ai) * (2) + (as) « (0s) 
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= ky0;b1 + Rizdide + Rizaids, 


and applying this last to (a1, de, @3) * (01, be, b3) wesee finally that our most general 
result is 


with k;;=k,;; constants. 
Also solved by Vern Hoggatt and M. S. Klamkin who gave the rather trivial 
interpretations A *B=—A-B and A * B=kA-B respectively. 


Editorial Note. The proposer is primarily interested in a geometrical or physi- 
cal interpretation. Can a nice geometrical meaning be assigned to the above 
general symmetric bilinear form? 


The Life-Buoy 
E 875 [1949, 404]. Proposed by Victor Thébault, Tennie, Sarthe, France 


A life-buoy is formed by two right circular cones joined by their common 
base. (1) Show that the centroid of the solid coincides with the centroid of the 
vertices of the quadrangle obtained by cutting the surface of the buoy by an 
axial plane. (2) Determine the ratio of the altitudes of the two cones in order that 
the buoy may be in equilibrium when it rests, on a horizontal plane, on one of 
the two surfaces, or indifferently on one or the other of the two surfaces, of the 
two cones. 


Solution by Vern Hogegatt, Oregon State College. Take the x-axis coincident 
with the axis of the buoy, the origin at the center of the common base of the 
cones. Let the altitudes of the cones be fi and he, (h22= hu), and the radius of the 
common base be r. Since the centroid of a right circular cone lies on the axis of 
the cone at one fourth of the altitude from the base plane we have, where < is 
the x-coérdinate of the centroid of the buoy, 


(1/3)ar*he(he/4 — £) = (1/3)ar7hi(hi/4 + &), 


or = (h2—h;)/4. This is also the x-coérdinate of the centroid of the vertices of 
the quadrangle. The buoy will rest indifferently on either conical surface if and 
only if the perpendicular dropped from the centroid of the buoy upon an 
element of the smaller cone will hit that element. This happens if and only if 
&/rsr/h, or if and only if 


he < (4r + Iy)/In. 


If he exceeds this value the buoy will always come to rest on the surface of the 
larger cone. 
Also solved by D. H. Browne, N. D. Lane, W. O. Pennell, and the proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Aavanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4380. Proposed by P. A. Piza, San Juan, Puerto Rico 
For arbitrary positive integers n and let 
Si(n, kt) = 1* + 2*+.-- + nh, 
and put 
Sp+i(m, k) = Sp(1, k) + Sp(2, k) +--+ + Sp(n, F) 


with p=1, 2,---. Thus S,(, k) is the pth iterated sum, the sum of the sum 
of ... the sum of the first ” perfect kth powers. 

Show that S,(, k) is a polynomial in 2 of degree p+ and determine the 
form of the polynomial for k =3, 4, 5. If possible, determine the form for general 
k. (The case k=2 is the subject of problem 22, Mathematics Magazine, vol. 
XXII, no. 1, p. 51.) 


4381. Proposed by R. J. Walker, Cornell University 


The inverse square law has the property that the attraction, at an external 
point, due to a sphere of uniform density is the same as if the sphere were con- 
centrated at its center. Are there any other laws of attraction which have this 
property ? 


4382. Proposed by E. P. Starke, Ruigers University 
Let fi(x) be Riemann integrable in the interval 0Sx SM and let 


fasslt) = f " fale) der, na, Qo 
Show that 
¢(x) = Da fa) 


is defined and continuous in the interval except perhaps at discontinuities of 
fi(x), and find a simple expression for (x). 
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4383. Proposed by Roberti Steinberg, University of California, Los Angeles 


Let ~ symbols be ordered in two different ways, and let a;; denote the num- 
ber of symbols common to the first 7 in the first ordering and the first j in the 
second ordering. Prove that the determinant |a;,| is 1 if the transition from the 
first ordering to the second is effected by an even permutation and —1 if it is 
effected by an odd permutation. 


4384. Proposed by H. F. Sandham, Trinity College, Ireland 


In the following modification of the harmonic series there is a change of sign 
after the reciprocal of each square. Prove that 


net Vn sinh r+/n 
SOLUTIONS 
Twelve Point Spheres 


4265 [1947, 479]. Proposed by Victor Thébault, Tennie, Sarthe, France 


If two tetrahedra are homothetic with respect to their common centroid, 
the twelve point sphere of one of these tetrahedra is tangent to the twelve point 
spheres of the four tetrahedra which the planes of its faces cut off from the tri- 
hedral angles of the other tetrahedron. 

Solution by the Proposer.* Let T=ABCD and T’'=A'B'C'D’ be the two given 
tetrahedra, homothetic with respect to their common centroid G. Since the tri- 
hedral angles (A) and (A’) are homothetic with respect to G, the line GAA’ con- 
tains the centroids G, and G,’ of the homologous faces BCD and B’C'D’. Also 
the centroid of the triangle BiC,D,; cut from the plane BCD by the trihedral an- 
gle (A’) coincides with G,. Hence the triangles BCD and B,C,D, and the tetra- 
hedra T’ and A’B,C,D, are homothetic with respect to G, (provided that the 
homothetic ratio for center G is not —4). The twelve point spheres of T and 
A’BiC,D, are also homothetic with respect to G,. The twelve point sphere of T 
passes through G,, hence the twelve point sphere of A’BiC,D, is tangent to that 
of T at Gy. 

Note. The second twelve point spheres of two orthocentric tetrahedra ho- 
mothetic with respect to their common orthocenter have an analogous property. 


Nine-point Circle and Artzt Parabolas 
4294 [1948, 254]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The lines joining the orthocenter of a triangle to the points of intersection 
of the medians with the nine-point circle (other than the midpoints of the sides), 


* Translated by W. E. Byrne, Virginia Military Institute. 
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pass through the vertices of parabolas tangent to two sides of the triangle and 
having the third side for chord of contact. 


Solution by L. M. Kelly, Michigan Siate College. We use the following nota- 
tion: A; are the vertices of the triangle, M/; are the midpoints of the sides, A; 
the feet of the altitudes, H the orthocenter, P; the specified intersections of the 
medians with the nine-point circle. Let the equation of the parabola be y=kx?. 
Using familiar properties of the parabola we know that (a) the median A3M; is 
parallel to the axis of the parabola, (b) the line MM, is tangent to the pa- 
rabola, and (c) the orthocenter of the triangle A3M,M., circumscribed to the 
parabola, is on the directrix. Since the triangle A314,M,2 is homothetic to tri- 
angle A,A2A3 in the ratio 1/2, the orthocenter K3 of A314,Mz is at the midpoint 
of the segment A3H. This point is also on the nine-point circle, as are P3, Ms, 
and H3. Thus K3P3M3H3 is a cyclic quadrilateral and K3P3; is therefore per- 
pendicular to the axis, that is, P3K3 is the directrix. The coérdinates of Ps are 
thus easily seen to be (x1-+2)/2, —1/4k. 

The codrdinates of the orthocenter are now computed in a straightforward 
fashion and are seen to be (x1-+%2)(2R2xix2-+1), —(2R2%xyx2+1)/2k. Thus the 
slopes of the lines P30 and HO are both equal to —1/2k(x1-+42), so that Ps, O, 
and # are collinear as required. 

Also solved by J. A. Bullard, Joseph Langr, and the Proposer. 


Editorial Note. Bullard points out how easily the present proposition follows 
from his Note, Further properties of parabolas inscribed in a triangle (1937, 368). 
The Proposer gives the following further references to the properties of these 
parabolas, treated for the first time by Artzt, Programme scolaire du gymnase de 
Recklinghausen (1884): E. Lemoine, P. Barbarin, Mathesis, 1884, pp. 12, 142; 
H. Brocard and G. de Longchamps, Journal de Mathématiques Spéciales, 1885, 
pp. 109, 123; A. Bullard, Ta1s Monturiy [1935, 606] and [1937, 368]; V. 
Thébault, Archives du Grand-Duché (Luxembourg) 1948. See also problem 
4019 [1943, 517]. 


Automorphism 
4295 [1948, 320]. Proposed by Irving Kaplansky, University of Chicago 


Show that any group with more than two elements admits an automorphism 
other than the identity. 


Solution by R. C. Buck, Brown University. If the group is not Abelian, any 
element a not in the center gives a non trivial inner automorphism x-—a™~'xa. 
If the group is Abelian, and the square of some element is not the identity, then 
x—x—! is such an automorphism. If the square of every element is the identity, 
and the group has more than two elements, then it is the direct sum of cyclic 
groups of order 2; the mapping induced by interchanging the generators of two 
of these furnishes the desired automorphism. 

Also solved by Roy Dubisch, J. W. Gaddum, Leo Moser, D. J. Newman, C. 
R. Phelps, Alex Rosenberg, J. A. Zilber, and the Proposer. 
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Continued Fractions 
4296 [1948, 320]. Proposed by H. S. Wall, University of Texas 


It is known that when the continued fraction 


c= p— ! 


p —- ——— 
poe 


converges, then its value is the numerically larger root of the equation x?— px 
-+q=0. On the other hand, Newton’s formula for computing the roots by succes- 
sive approximation is 
2 2 
XK — PE + Xk 
fa = ty ~ k=0,1,2,--- 


Show that if xo is an approximant of the continued fraction, then x1, x2, %3, - - ° 
are approximants of the continued fraction. 


I. Solution by J. S. Frame, Michigan State College. The successive con- 
vergents P,/Q, to the continued fraction 


by 
bs 
a3 + ° 


x= 4, + 


a2 + 


are most easily displayed by the use of matrices. We may prove by induction 


that 
("" ne) (" *) (7 *) Qn, bn 
= eo ee ( ), nN > 0, 
Qn  OnQn-1 1 O/\1 O 1 0 
if we define Po=1, Qo=0, so that Pi/Q1:=a1. 
In the present example where a;=p, b; = —gq, we have 


("" a) _ (; 7») _ (; *) ( a) 
Qn —qOn~1 1 0 1 O/\Qn-1 —qQn-2/ 
Hence, Pra=pPni—qQn—-1, On =Pr—~a and 


(,, >, 10.) 7 (; ) 


Squaring this we have 
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(" —qQen ) _ ("" —qQn ) 
Qon Pon — bQen On P, — POn 
and expanding, we find 
Pin Pa Qn 
Qon On(2Pn ~ PQn) 

Hence if we set x,=P,/Q, in Newton’s Method, we find x441=P2n/Qon. Thus 
each successive application of Newton’s method is equivalent to doubling the 
length of the continued fraction. 

If, however, we obtain x;4; from x, by the Variation of Newton’s Method 
described in this Montury [51 (1944), 36-38; 52 (1945), 212-214; 55 (1948), 


90-94] then we find x441=Psn/Qsn, so that each application of this method is 
equivalent to tripling the length of the continued fraction. 


II. Solution by Aaron Herschfeld, Washington, D. C. Explicit formulas for 
Un=P,/Qn are given in various books (e.g. C. Smith, A Treatise on Algebra, 
1892, p. 474; Barnard and Child, Higher Algebra, 1936, p. 393) where it is shown 
that if a and 0 are the roots of the equation x?— px-+q=0, then 


= (antl — brtt) /(a” — b”) 


or =a(n-+1)/n, according as ab or a=b. Using the relations a+d= and 
ab =q it is easy to verify that 


2 
(tn — Q)/(2Un — p) = Usn. 
Hence if xo is an approximant, say u,, then +1 =Uon, X2=Usny °° 
Also solved by R. C. Buck, V. F. Ivanoff, Roger Lessard, W. T. Scott, and the 
Proposer. 
Symmetric Functions of 1, 2,---,n 


4297 [1948, 320]. Proposed by Paul Erdés, Syracuse University 


Put 6 = Sorire - + + rx, where the 7’s run through all integers S$, and the 
r’s are all different. 6 =n! It is well known that 6@.,40 (mod ¢”). Prove that 
if m is sufficiently large of 40 (mod $) for any k. (This is not always true: 
eg., n=3, R=1). 


Editorial Note. As noted by Leo Moser, the present problem is equivalent to 
Theorem 1 of the paper, Some Properties of Partial Sums of the Harmonic Series, 
by Erdés and Niven (Bulletin of the American Mathematical Society, v. 52, 
1946, pp. 248-251.) The editors regret the late date at which the present pro- 
posal was printed since its submission by the Proposer actually antedated the 
Bulletin article by several years. 

A detailed solution by Fritz Herzog gives essentially the same solution as 
that in the cited paper, except for the use of the prime number theorem in a 
somewhat different form. 


RECENT PUBLICATIONS 
EDITED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Analytic Geometry. By Robin Robinson. New York, McGraw-Hill Book Com- 
pany, Inc., 1949. 143 pages. $2.25. 


This book is one of many that has appeared of recent date to serve in the 
capacity of a concise text covering the field of analytic geometry. In each case 
the authors have decided for themselves as to just where the brevity is to be ef- 
fected in their texts. The author of this book sets forth three objectives, namely: 

1. To provide a background for the calculus; but, at the same time, stress the 
geometric properties of the loci discussed. 

2. To present each of the topics with a minimum amount of material so as 
not to steal the show from the teacher and thus permit him to develop 
the subject in his own way. 

3. To provide an ample supply of well chosen problems so that students of 
all calibers may be able to improve their backgrounds and efficiency with 
the subject. 

The reviewer is of the opinion that for the topics included in this Analytic 
Geomeiry the author has partially accomplished his aims, but has failed to do so 
completely because of the omission of certain vital topics essential for making 
analytic geometry the necessary background for the calculus which follows. Such 
topics as transcendental, exponential, higher plane algebraic and parametric 
equations are omitted from consideration in this text, and as a consequence it 
would fail in its most important aim of being a background for the calculus. 

There are other minor criticisms such as, for example, the confusing use of 
the term common chord interchangeably with that of radical axis; the omission 
of the normal form for the equation of a straight line; and, the omission of the 
study for the angular bisector locus between two lines. 

This text at best gives an above average treatment of analytic geometry up 
to and including the work on the conic section in the plane; and a standard in- 
troduction to space analytics up to and including quadric surfaces. The publish- 
ers should be commended for the excellent format of the book which has made 
whatever contents it does contain attractive in appearance. 

S. SELBY 


First Year College Mathematics with Applications. By P. H. Daus and W. M. 
Whyburn. New York. The Macmillan Company. 1949. 13-++-495 pages. 
$5.00. 


The authors say in the preface, “This book is written with the intention of 
providing a single text for the study of first year college mathematics, especially 
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in engineering and technical schools. Its purpose is to provide a strong and ample 
background for the study of the calculus, and to integrate the subjects of col- 
lege algebra, analytic geometry, and analytic trigonometry. At the same time 
the text illustrates all principles by applications taken from science and engi- 
neering, so that the course is completely independent of its future use.... 
Suggested lesson outlines for a ninety-hour course (three days a week for two 
semesters) and for a seventy-five-hour course are given.... ” 

Those who prefer to give relatively strong training in analytic geometry 
should welcome this book with enthusiasm. In sharp contrast with recent works 
which combine analytics with calculus and thereby effect a de-emphasis of the 
former subject, this text retains most of the traditional geometrical topics. 
Moreover, it provides a vigorous and well-motivated presentation which, in the 
opinion of the reviewer, is superior to that of many established books. The 
authors have compiled an extensive list of exercises many of which involve ap- 
plications to engineering and scientific problems. Numerous sections are de- 
voted to specific applications, for example—Electrical Resistance; Beam 
Equilibrium; Shear and Moment Diagrams; Electrical Networks; Suspension 
Bridges, Road Cross-sections; Bending Moments; Vibrating Spring; Vector 
Impedance; Voltage and Current; Series Circuits; Divided Circuits; Damped 
Harmonic Functions; Lissajous Figures. Of course these may be omitted with - 
out destroying continuity. By including a fair number of these sections, the in- 
structor can introduce his students to several topics normally met in more ad- 
vanced engineering work. In this way, the authors have furnished ample motiva- 
tion for study of nearly all material included. 

The student is assumed to be proficient in the purely manipulative aspects of 
algebra. Although the quadratic equation is discussed at some length, little is 
done with other topics (progressions, binomial theorem, logarithmic computa- 
tion, etc.) normally handled in lower courses. Topics of questionable direct value 
to engineering students, such as permutations and combinations, classical proba- 
bility, and mathematics of finance are omitted. Otherwise, most of the tradi- 
tional college algebra content is included, although some topics such as 
inequalities are treated only as tools in geometric investigations. In connection 
with irrational roots of equations, linear and parabolic interpolation and 
Horner’s Method are discussed. Solution of systems of linear equations is accom- 
plished by elimination with an account of the Doolittle Method included. This 
is in line with the opinion of many engineers and mathematicians that, in prac- 
tice, methods involving determinants are often not the most desirable. There are 
sections on hyperbolic, logarithmic and exponential functions and on solutions 
of transcendental equations. 

The reviewer is pleased with the care exercised by the authors in connection 
with curve tracing where the single-valuedness of the radical is emphasized. He 
is less pleased with the many-valued interpretation of the same symbol in con- 
nection with roots of complex numbers. However, the whole treatment of these 
topics is certainly not inferior to that of most texts at this level. 
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In analytics, the straight line and the parabola play leading roles. The 
various forms of the linear equation are derived in a straight-forward way based 
upon the concept of slope. In the normal form discussion, the angle between 
the horizontal axis and the normal is always taken in the first or second quad- 
rant. The positive side of the line is then the upper half-plane. 

The treatment of the problem of curve fitting is extensive and well-done. 
There are sections on the method of moments, the logarithmic papers, least 
squares, and parabola of regression. Parallel scales and N-charts are discussed. 
The reviewer did not notice the omission of any topic in plane analytics which is 
generally considered as appropriate for study by the prospective engineer. 

Two chapters are devoted to analytic trigonometry. These are rich in ap- 
plications and the last chapter contains a superior discussion of polar co- 
ordinates. Computational trigonometry is assumed to have been previously 
covered by the student. 

Each set of exercises begins with several labelled “oral.” These should be of 
considerable help to the instructor in directing classroom discussion along profit- 
able lines. The sections on special applications mentioned above will aid the 
inexperienced instructor as well as the student. The book seems to contain 
ample material and to be teachable subject to the assumption that the student 
is at least moderately well prepared. Persons in charge of freshman engineering 
courses certainly should give consideration to this text. 

E. M. BEESLEY 


Introduction to Complex Variable and Applications. By R. V. Churchill. New 
York, McGraw-Hill, 1948. 6+216 pages. $3.50. 


This is a text in functions of a complex variable that should prove very 
popular with students of mathematics, physics and engineering at the senior or 
first year graduate level. While it is not a treatise on the subject, this book does 
present logically the parts of complex variable theory necessary for the applica- 
tions made in the text. Other applications, especially of the theory of residues 
and in the evaluation of integrals, are to be found in the same author’s Modern 
Operational Mathematics in Engineering. These two, with an earlier text, Fourier 
Series and Boundary Value Problems, form a set, closely related in purpose, 
presenting three important classical methods for the solution of boundary value 
problems: the separation of variables, the operational method, and now con- 
formal mapping. 

In the first four chapters of this book, the author introduces complex num- 
bers and analytic functions, and makes a detailed study of the elementary func- 
tions. Then come chapters on integration, power series and residues. Following 
this are three chapters on conformal mapping and its applications, and the last 
two chapters are devoted to analytic continuation and Riemann surfaces. 

Emphasis is placed on teaching the subject rather than on its development, 
although there is no sacrifice of logic in the development. The author does not 
use a standardized procedure in introducing and proving theorems, but states 
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theorems sometimes before, sometimes after the proof has been made, intending 
thereby to improve the clarity or preserve the continuity of his development. 
This technique is one that is carried over from his earlier texts, and helps to 
keep the wording clear, concise and yet unstrained. 

Problems are usually chosen to illustrate points made in the text, with very 
few designed to extend the theory. In some cases this practice leads to many 
tedious drill problems, as in the exercises relating to the circular and hyperbolic 
functions, where proofs of numerous formulas are called for. Such specific 
problems, however, have more meaning for the student than those calling for an 
extension of work in the text. 

Direct applications of the theory are made in the chapters on conformal 
mapping and the Schwarz-Christoffel transformation, where problems in steady- 
state temperature, electric potential and incompressible fluid flow are solved. 
The solution of many of these problems is facilitated by an illustrated table of 
conformal transformations in the appendix. Some applications of the theory of 
residues to the evaluation of integrals are also given. More of these are to be 
found in Operational Mathematics. 

This book should be valuable as a text for a one semester course in complex 
variable, where emphasis on applications of conformal mapping and the theory 
of residues is desired. Answers to many, but not all, of the problems are given. 

Very few minor errors were encountered, all of a typographical nature. 

R. E. GASKELL 


NEW BOOKS RECEIVED 


Non-linear Problems in Mechanics of Continua. (Proceedings of Symposia in 
Applied Mathematics, vol. 1.) New York, American Mathematical Society, 
1949. 8-+219 pp. $5.25. 

Regular Polytopes. By H. S. M. Coxeter. New York, Pitman Publishing 
Corp., 1947. 19-+321 pp. 

Mathematics for Finance and Accounting. By Coleman and Rogers. Pitman 
Publishing Corporation. 1949. $4.00 

The Aims of Education and Other Essays. By A. N. Whitehead. New York, 
New American Library, 1949. 168 pp. $.35. 

Analytic Geometry. Third Edition. By W. A. Wilson and J. I. Tracey. New 
York, Heath, 1949. 10+318 pp. $2.75. 

Geomeirical Tools. Revised Edition. By R. C. Yates. St. Louis, Educational 
Publishers, 1949. 194 pp. 

University Mathematics. By J. Blakey. London, Blackie and Son, 1949. 8+ 
527 pp. 25 s. 


CLUBS AND ALLIED ACTIVITIES 


EpitEeD By L. F. OLLMANN, Hofstra College 


Send reports of allactivities, suchas club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 

CLUB REPORTS, 1948-49 


Pi Mu Epsilon, Lehigh University 


During the past academic year the Pennsylvania Gamma chapter of Pi Mu 
Epsilon at Lehigh University has enjoyed five meetings and an initiation 
banquet. 

Papers presented during the year were as follows: 

The Laplace transform, by Prof. R. Stoll 

The Laplace transform, a second paper, by J. Harry Dowling 

Some approximation methods, by Prof. C. Shook 

The deviation of the Lorentz equation, by Mr. Alperin 

Some boundary value problems. by Prof. Beer. 

At the initiation banquet Prof. A. Pitcher presented a very interesting talk 
on topology entitled, The ham sandwich problem. 

New officers were elected for the coming year as follows: Director, Prof. R. 
Stoll; President, Richard Orford; Vice-President, James Fulleylove; Secretary, 
Albert Christy; Treasurer, Charles Close. 


Kappa Mu Epsilon, Mount Mary College 


The Wisconsin Alpha chapter of Kappa Mu Epsilon held monthly meetings, 
at which the following papers were given by the members: 

Mathematics and Aristotle, by Norma Harding 

What about Copernicus?, by Betty Prossen and Rosemary White 

Descaries, by Dorothy Vande Walle 

Galileo, by Kathleen Hanley 

Napier, by Mary Suehr 

Trigonometry, by Mary Hunt 

The Pythagorean theorem, by Wanda Kropp. 

Officers for 1948-49 were: President, Norma Harding; Vice-President, 
Bernadine Spitznogle; Secretary, Mary Alice Gauerke; Treasurer, Marilyn 
Briggemann; Corresponding Secretary, Sister Mary Felice. 

Dorothy Karner was elected President for the year 1949-50. 


Mathematics Colloquia, Purdue University 


The following lectures were presented to the members during the year: 

The modern concept of infinity and The topology of general function spaces, by 
Prof. C. Kuratowski 

Non-cut points, by Prof. K. Zarankiewicz 
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Grassmann algebras and determinants and Cohomology theory of abelian groups, 
by Prof. S. MacLane 

On the mean value of an analytic function, by Dr. H. Shniad 

Continuous spectra of quadratic forms and integral equations, by Prof. E. 
Hellinger 

The application of differential equations to the derivation of sampling distribu- 
tions, by Prof. O. Reiersol 

Coefficients of Schlicht functions, by Prof. A. Schaiffer 

Determinantal congruences in algebraic number fields, by Prof. R. Hull. 


Pi Mu Epsilon, Montana State University 


The following papers have been presented to the Montana Alpha chapter of 
Pi Mu Epsilon since its reorganization in February 1949. 

Careers in science, by Prof. G. Shallenberger 

Mathematics and chemistry, by Ted Burton 

New absorption bands of the hydrogen molecule, by Paul Pfleuger. 

Pi Mu Epsilon entrance prizes of twenty-five, fifteen, and ten dollars, given 
on the basis of an examination offered to freshmen from Montana High Schools, 
were awarded this year to Mr. Thronson, first prize; Mr. Wardahl, John 
Pecarich, and Keith Wilson, all tied for second prize. 

Officers for the coming year are: Director, John Peterson; Vice-Director, 
Donald Philips; Secretary, Donald Marshall; Treasurer, Prof. T. Ostrom. 


Kappa Mu Epsilon, Upsala College 


During the first semester, the members studied nomography. By direction of 
the sponsor they followed a basic text and collateral reading, and at three suc- 
cessive meetings the material was discussed by Frances Rischmuller, Martin 
Monroe and James Gill. 

During the second semester, the theme was famous problems in geometry and 
analysis. Each topic was prepared in the form of a seminar paper, and included 
the mathematical background and history of the problem, its ancient and 
more modern solutions, and its practical applications, both ancient and modern. 
The papers presented were: 

Symmetric functions, by Edward Pulchlopek 

The quadrature of the circle, by Robert Schenk 

The duplication of the cube, by John Armstrong 

The trisection of the general angle, by Robert Warnken 

Axioms and postulates, by Robert Wallace 

Hyperbolic functions, by Martin Netzler 

The cycloid, by Jerome Drexler. 

Other addresses heard were: 

Zeno of Elia, by Dr. C. Vedova, of Newark College of Engineering 

What's in a name? a talk on mathematical nomenclature, by Dr. C. Boyer, 
of Brooklyn College. 
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The officers for the year 1949-50 are: President, Victor Valentino; Vice- 
President, Hannah Magill; Secretary, Ethel Larson; Treasurer, Robert Rup- 
pert; Historian, Hannah Magill; Corresponding Secretary, Prof. Martin Nord- 
gaard. 


Mathematics Club, Haverford College 


The following papers were presented before the regular meetings of the 
Haverford Mathematics Club: 

Functional equations, Prof. D. L. Thomsen, Jr. 

The mathematics of music, by J. E. Brownlee 

Fibonacci and Farey series with applications, by R. T. Ives. 

Problems for which the Mathematics department offered prizes, were dis- 
cussed at each meeting. 

Prof. Kasimir Kuratowski, Visiting Lecturer of the American Mathematical 
Society from the University of Warsaw, Poland, was a guest of the college for a 
day. He talked informally with the students and delivered an address on 
Modern concepis of snfinity. 

Prof. C. O. Oakley served as Faculty Advisor of the club. 


Kappa Mu Epsilon, Mount St. Scholastica College 


Papers presented to the Kansas Gamma Chapter of Kappa Mu Epsilon for 
1948-49 were: 

Mathematics related to the modern world, by Gloria Jaskowiak 

Empirical and theoretical statistics, by Mary Alice Weir 

A survey of the history and development of non-euclidean geometries, by Sister 
Evangeline Anderson, O.S.B. 

Modern men of mathematics, by Jeri Sullivan, Mary J. Martin, Frances 
Donlon, and Sally Crisanti 

Modern women mathematicians, by Noreen Hurter, Gertrude Harrison, and 
Jeanne Culivan 

Nomography for science students, by Mary Alice Weir. 

The recipient of the Hypatiean Award, for her outstanding and original re- 
search on Nomography, was Mary Alice Weir. The award is made each year to 
the member making an outstanding contribution to the Chapter. 

The Chapter, together with the mathematics department, presented an 
assembly for the school body centering around the application of mathematics 
in the life of the student. It included A Mathematical Playlet, produced by the 
pledges showing the application of mathematics in the various fields of knowl- 
edge, a choral reading An Ode to the Queen of Sciences and a discussion on the 
popular history of mathematics. 

Newly elected officers are: President, Noreen Hurter; Vice-President, Mary 
Alice Weir; Secretary, Jeanne Culivan; Treasurer, Jeri Sullivan; Musician, 
Evelyn Wagner; Publicity Chairman, Patti Shideler. 


NEWS AND NOTICES 
EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


APPOINTMENTS AVAILABLE AT THE INSTITUTE FOR NUMERICAL ANALYSIS 


Appointments of the following two types are being offered to properly quali- 
fied graduate students in pure and applied mathematics at the Institute for 
Numerical Analysis of the National Bureau of Standards at the University of 
California, Los Angeles. 


(1) Summer Studentships 


The purpose of these appointments is to introduce promising graduate stu- 
dents in mathematics and related fields to the work of the Institute for Numer- 
ical Analysis through the medium of an intensive program of mathematical 
seminars and courses in the use of modern computing equipment, and through 
active participation in the work of the Institute. The program lasts for ten 
weeks during the summer, from the middle of June to the end of August. 
Stipends range from $500 to $700. 


(2) Thesis Fellowships 


The purpose of these appointments is to provide the Institute for Numerical 
Analysis with a limited number of talented doctoral candidates whose research 
program, in the opinion of the Director of Research of the Institute, is relevant 
to the work of the Institute. A candidate for such a fellowship must have com- 
pleted all residence and language requirements for the Ph.D. degree at an ac- 
credited university and must obtain the permission of the university to write 
the thesis in residence at the Institute. Preference is given to a candidate who 
has selected his thesis topic and has made some progress on the thesis prior to 
accepting the fellowship. Holders of these fellowships may absent themselves 
from the Institute for the purpose of taking necessary examinations, but travel 
money for such purposes will not be authorized. Additional course work may be 
taken at the University of California, Los Angeles, or elsewhere, but must be 
kept within a limit of six semester hours in each semester. The holder of a thesis 
fellowship will ordinarily not be permitted to accept additional employment for 
remuneration. If the thesis is published, it is expected that a credit line to the 
Institute and its financial sponsor, the Office of Naval Research, will be incorpo- 
rated into the article, presumably as a footnote. The stipend for a thesis fellow- 
ship is at present fixed at approximately $2,000 for an 11-month working year, 
provided that the candidate already possesses an M.A. degree or equivalent 
experience. A thesis fellowship appointment is normally for one year only, but 
if circumstances warrant, the appointment may be extended for a period not to 


131 


132 NEWS AND NOTICES [February, 


exceed one additional year. Such an extension must receive the prior approval 
of the Civil Service Commission. 

Five thesis fellowships are at present assigned by the Bureau to the Institute 
for Numerical Analysis. 

All applicants should clearly understand that the central function of the 
Institute is to perform mathematical research and exposition pertinent to the 
effective use of automatic digital computing machinery. As supplementary to 
this main function, the Institute supports certain research projects in pure and 
applied mathematics which, while they do not directly bear upon the develop- 
ment of numerical analysis, nevertheless require extensive computations of a 
type for which automatic machinery is suitable. In other words, the work of the 
Institute concerns the development and application of the art and science of 
computing, and no attempt is made to conduct a well-rounded, general program 
of mathematical research and instruction. 

In the case of Summer Studentships and the Thesis Fellowships, a prelim- 
inary application must be made to the Director of Research of the Institute 
for Numerical Analysis before the first of March preceding the summer or aca- 
demic year for which the fellowship is requested. This preliminary application is 
to consist of: (a) a letter from the applicant to the Director of Research indicat- 
ing his interests and experience; (b) a transcript of the applicant’s undergradu- 
ate and graduate collegiate record to date; and (c) two supporting letters ad- 
dressed to the Director of Research from scientists of established reputation who 
are familiar with the work of the applicant. 

Appointees will in general be selected on the basis of the preliminary applica- 
tions. The chosen candidates will be sent Civil Service Forms 57 to complete, 
and the formalities of appointment will thereafter be those of regular Civil 
Service recruitment. The awards of these fellowships will be made on or before 
April 1. 

Other appointments at the Institute are made through regular Civil Service 
channels. There will be available, from time to time, positions on the staff suit- 
able for younger mathematicians and physicists who have already obtained 
their doctorates, or who are of comparable standing. 


CARE’S BOOK PROGRAM 


The Book Program of CARE has been developed to aid in the educational 
and cultural reconstruction of foreign countries. A professional committee, 
headed by Dr. Luther Evans, Librarian of Congress, has selected 1300 titles in 
various categories. CARE is equipped to handle the purchasing and shipping of 
these books to institutions that need them. At present the list of countries to be 
served includes Austria, Belgium, Czechoslovakia, Finland, France, the Ameri- 
can and French Zones of Germany and Berlin, Greece, Italy, Japan, the 
Netherlands, Norway, and the United Kingdom. 

Contributions may be sent to: CARE, Book Program, 20 Broad St., New 
York 5, N. Y. (in Canada, Canadian CARE, Ottawa). Donors of $10 or more 
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may specify one or all of the following: country, type of institution or specific 
institution and categories of books. 


PERSONAL ITEMS 


Professor G. T. Whyburn of the University of Virginia has received an 
honorary degree of Doctor of Science from Washington and Lee University. 

Brooklyn College reports that Assistant Professor Harriet Griffin has been 
promoted to an associate professorship and that Dr. M. E. Levenson, formerly 
of Cooper Union, has been appointed to an instructorship. 

Columbia University announces: Professor Claude Chevally of Princeton 
University has been appointed to a professorship; Professor Edward Kasner has 
retired with the title of Adrain Professor Emeritus. 

At Montana State College: Mr. Adrien Hess has been promoted to an as- 
sistant professorship; Mr. Robert Glauz, Mr. William Swartz, Mr. J. E. White- 
sitt have been appointed to instructorships. 

New York University reports: Instructors J. van Heijenoort and John 
Schoonmaker have been promoted to assistant professorships; Dr. G. E. 
Noether has been appointed to an instructorship; Professor H. R. Cooley has 
been on sabbatical leave for the first semester 1949-50. 

Ohio State University announces the following promotions and appoint- 
ments: Associate Professor R. G. Helsel has been named Acting Chairman of 
the Department of Mathematics; Dr. O. W. Rechard and Dr. R. L. Swain have 
been promoted to assistant professorships; Dr. E. D. Cashwell of the University 
of Wisconsin has been appointed to an instructorship. 

Ohio University reports the appointments of Mr. John Ridout of the Uni- 
versity of Missouri to an acting assistant professorship and Mr. John Hokanson, 
formerly graduate student at the University of Michigan, to an acting in- 
structorship. 

Oregon State College announces the following promotions: Associate Pro- 
fessors C. L. Clark and A. T. Lonseth to professorships and Assistant Professors 
J. C. R. Li and A. R. Poole to associate professorships. 

The Stout Institute reports the promotion of Assistant Professor F. E. 
Tustison to a professorship and the appointment of Mr. Mathew Renneson to 
an instructorship. 

State College of Washington announces: Professor E. C. Colpitts has re- 
tired; Dr. J. L. Brenner has been appointed to an assistant professorship; Dr. 
Pp. A. Clement has been appointed to an instructorship. 

At the University of Chicago a Conference on Topology will be held during 
the Spring of 1950; more details will be announced later. The following appoint- 
ments and promotions have been made: Assistant Professor P. R. Halmos has 
been promoted to an associate professorship; Mr. A. F. Strehler, formerly as- 
sistant.at the University of Wisconsin, has been appointed to an instructorship. 
Professor M. H. Stone, chairman of the Department of Mathematics lectured 
in Tokyo, Osaka, Kyoto and Nagoya, Japan, during September, 1949 as well as 
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at the University of Indonesia and in Singapore; Professor Stone is now in India 
and is giving a course of lectures at the Tata Institute of Fundamental Research 
in Bombay where he will spend several months. Professor A. A. Albert will be 
Acting Chairman during the Autumn and Spring Quarters of 1949-50 and Pro- 
fessor Saunders MacLane during the Winter Quarter, 1950. 

The University of Maine reports the appointments of Instructors Nelma K. 
Ebbeson and R. N. Mathias. 

The University of Michigan makes the following announcements: Assistant 
Professors E. H. Rothe and Hans Samelson have been promoted to associate 
professorships; Instructor Leonard Tornheim has been promoted to an assistant 
professorship; Professor Fritz Herzog of Michigan State College has been ap- 
pointed Visiting Associate Professor; Dr. D. A. Darling of Rutgers University, 
Dr. W. J. LeVeque of Harvard University, Mr. A. J. Lohwater, Dr. [manuel 
Marx, Dr. C. J. Titus of Syracuse, and Dr. J. L. Ullman have been appointed to 
instructorships; Professor R. L. Wilder is on sabbatical leave for 1949-50 and 
is located at California Institute of Technology; Professor R. V. Churchill was 
on leave for the first semester, 1949-50; Professor S. B. Myers is on leave for 
the second semester 1949-50; Dr. E. E. Moise and Dr. M. A. Woodbury are on 
leave for the academic year. 

At the University of Nebraska: Professor M. G. Gaba has retired with the 
title of Professor Emeritus; Mr. C. C. Buck, University of Michigan, has been 
appointed to an instructorship. 

The University of North Carolina announces the promotion of Lecturer I. R. 
Hershner, Jr., to an assistant professorship and the appointment of Mr. W. R. 
Mann to an instructorship. 

The University of Notre Dame reports: Assistant Professors Ky Fan and 
J. P. LaSalle have been promoted to associate professorships; Reverend F. L. 
Brown and Reverend H. F. DeBaggis have been promoted to assistant professor- 
ships; Mr. J. W. Riner and Mr. James C. Smith, Jr., have been appointed to 
instructorships; Reverend H. F. DeBaggis is on leave of absence for the aca- 
demic year 1949-50 and is located at Princeton University. 

At the University of Tennessee the following have been appointed to in- 
structorships: Mr. E. L. Eagle, University of Arkansas, Mr. A. A. Ritchie of 
Central State College and Dr. Annette Sinclair of the University of [linois. 

Professor C. B. Allendoerfer of Haverford College has been appointed Visit- 
ing Professor of Mathematics at the Massachusetts Institute of Technology for 
the second semester, 1949-50. 

Mr. D. L. Barrick of the University of Colorado has been promoted to an 
assistant professorship. 

Assistant Professor R. V. Blair of Vanderbilt University has received a 
promotion to an associate professorship. 

Dr. C. E. Bures has been appointed Assistant Professor of Philosophy and 
Psychology at the California Institute of Technology. 

Professor H. C. Christofferson, who has been serving in the educational di- 
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vision of Military Government, Wiesbaden, Germany, has returned to his posi- 
tion as acting director of teacher training and professor of mathematics at Miami 
University. 

Mrs. Joan R. Clark has accepted a position as research assistant with the 
Institute for Cancer Research, Philadelphia. 

Associate Professor W. A. Gager of the University of Florida has been 
promoted to a professorship. 

Associate Professor H. A. Giddings, University of New Hampshire, has been 
appointed to a professorship in the College of Engineering, New York Uni- 
versity. 

Assistant Professor E. L. Godfrey of Defiance College has been promoted to 
an associate professorship. 

Assistant Professor F. M. Goen of Mississippi State College has been pro- 
moted to an associate professorship. 

Dr. D. B. Goodner of the University of Illinois has been appointed to an 
assistant professorship at Florida State University. 

Dr. Verena Haefeli has been appointed to an instructorship at Goucher 
College. 

Assistant Professor A. E. Hallerberg of Illinois College has been promoted to 
an associate professorship. 

Professor W. K. Hayman, University College of the Southwest of England, 
Exeter, has been appointed Lecturer in Mathematics for 1949-50 at Brown 
University. 

Associate Professor W. P. Heinzman of New Mexico College of Agricultural 
and Mechanic Arts has been promoted to a professorship. 

Mr. A. J. Hoffman has been appointed to an instructorship at Barnard Col- 
lege, Columbia University. 

Professor Eberhard Hopf has been appointed to a professorship at New York 
University. 

Instructor R. J. Howerton is now Acting Head of the Department of Mathe- 
matics of Regis College. 

Mr. T. C. Hutchison has accepted a position as electrical engineer with Hal- 
ler, Raymond & Brown, Inc., State College, Pennsylvania. 

Associate Professor H. H. Irwin of State College of Washington has been 
promoted to a professorship. 

Professor R. D. James of the University of British Columbia has been pro- 
moted to the position of Head of the Department of Mathematics. 

Assistant Professor Free Jamison has been promoted to an associate profes- 
sorship at San Jose State College. 

Mr. H. J. Jones has been appointed to an instructorship at El Camino Col- 
lege, California. 

Dr. J. J. Kinsella, formerly at Ohio State University, has been appointed 
Chairman of the Department of Mathematics Education, School of Education, 
New York University. 
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Mr. L. M. Klauber is now Chairman of the Board, San Diego Gas and Elec- 
tric Company. 

Mr. S. L. Levy has been appointed Research Assistant at Brown Universty. 

Professor Z. L. Loflin, previously Acting Head of the Department of Mathe- 
matics of Southwestern Louisiana Institute, has been appointed Head of the 
Department. 

Dr. M. M. Lotkin is now Chief, Machines Section of Ballistics Research 
Laboratory, Aberdeen Proving Ground. 

Dr. C. W. Mathews of Washington University has been promoted to an as- 
sistant professorship. 

Miss Lida B. May has been promoted to an assistant professorship at Texas 
Technological College. 

Associate Professor M. G. McCuan has been promoted to the position of 
Chairman, Department of Mathematics and Engineering, Amarillo College. 

Reverend J. L. McKenney has been promoted to the position of Head of the 
Department of Mathematics of Providence College. 

Mr. M. M. McLynn, previously a student at George Washington University, 
has accepted a position as mathematician with Engineering Research Associ- 
ates, Arlington, Virginia. 

Mr. S. S. McNeary has been promoted to an associate professorship at Drexel 
Institute of Technology. 

Professor W. M. Miller, formerly head of the Department of Mathematics of 
Robert College, Istanbul, Turkey, has been appointed to a professorship at 
Southwestern Louisiana Institute. 

Mr. W. H. Mills has been appointed to an instructorship at Yale University. 

Associate Professor W. L. Moore of the University of Louisville has been 
promoted to a professorship. 

Assistant Professor R. H. Moorman, Tennessee Polytechnic Institute, has 
been promoted to an associate professorship. 

Associate Professor H. T. Muhly of the United States Naval Academy has 
been appointed to an associate professorship at the State University of Iowa. 

Reverend J. P. Murray has been promoted to an assistant professorship at 
Fairfield University. 

Mr. D. J. Myatt of Clarkson College of Technology has been appointed to 
an instructorship at Antioch College. 

Mr. F. P. Nash is now Head of the Department of Mathematics of Groton 
School. 

Assistant Professor C. G. Peckham oi the University of Dayton has been 
promoted to an associate professorship. 

Mr. R. P. Peterson, Jr., of the University of California at Los Angeles has a 
position as mathematician at the Institute for Numerical Analysis of the Na- 
tional Bureau of Standards, Los Angeles. 

Mr. O. L. Phillips, who has been serving as Acting Head of the Department 
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of Mathematics of Mississippi Southern College, has been promoted to the posi- 
tion of Head of the Department. 

Dr. W. L. Pickard, formerly chairman of the Department of Mathematics, 
University of Illinois, Galesburg Division, has been appointed to the position of 
Professor of Mathematics at the State University of New York at New Paltz. 

Mr. Frank Pomila has been appointed to an instructorship at St. John’s 
University. 

Associate Professor R. M. Rankin has been promoted to the position of 
Professor of Mathematics and Chairman of the Department of Mathematics at 
Missouri School of Mines. 

Mr. Russell Remage has returned to the University of Delaware as In- 
structor of Mathematics after a year at the University of Pennsylvania. 

Assistant Professor H. L. Rice, University of Omaha, has been promoted to 
an associate professorship. 

Assistant Professor R. A. Rosenbaum of Reed College has been promoted to 
a professorship. 

Professor W. E. Roth, formerly at Sampson College, has been appointed to a 
professorship at the University of Tulsa. 

Mr. R. S. Seamons has been appointed to an instructorship at Yakima Val- 
ley Junior College, Washington. 

Assistant Professor C. L. Seebeck, Jr., of the University of Alabama has 
been promoted to an associate professorship. 

Mr. R. D. Sheffield has been appointed to an instructorship at the Univer- 
sity of Mississippi. 

Assistant Professor Jack Silber, Roosevelt College, has been promoted to an 
associate professorship. 

Mr. David Singer has accepted an appointment as structural engineer with 
M. H. Treadwell Company, New York City. 

Sister Jeanette Obrist has been promoted to an associate professorship at 
Mount St. Scholastica College. 

Sister M. Thomas 4 Kempis, previously head of the Department of Mathe- 
matics of the College of St. Teresa, has been appointed Principal of St. Mary 
High School, Sleepy Eye, Minnesota. 

Sister Marie Gertrude is now Chairman of the Department of Mathematics, 
Seton Hill College. 

Mr. Rubin Smulin is an instructor at Frame Refrigeration-Electrical In- 
stitute, Miami, Florida. 

Mr. B. R. Snyder of the University of New Hampshire has been appointed to 
an instructorship at Johns Hopkins University. 

Professor T. H. Southard of Wayne University has been promoted to an 
associate professorship. 

Dr. Vivian E. Spencer is now Chief, Minerals Section, Bureau of the Census, 
Washington, D. C. 
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Instructor F. M. Stein of Iowa Wesleyan College has been promoted to an 
associate professorship. 

Mr. C. S. Stuckey has accepted a position with Standard Register Company, 
New York. : 

Mrs. Falka G. Sturges is teaching at Hassler High School, Redwood City, 
California. 

Instructor E. A. Sturley of Allegheny College has been promoted to an 
assistant professorship. 

Miss M. Frances Suter of Roanoke College has been promoted to an as- 
sistant professorship. 

Mr. A. F. Svoboda has been promoted to an assistant professorship at De- 
Paul University. 

Dr. Olga Taussky has accepted a position as mathematician with the Na- 
tional Bureau of Standards. 

Instructor Takashi Terami has been promoted to an assistant professorship 
at the College of St. Thomas. 

Mrs. Marian W. Thornton has been appointed to an assistant professorship 
at the University of Minnesota. 

Mr. J. C. Tinner of Florida Agricultural and Mechanical College has been 
promoted to an associate professorship. 

Associate Professor W. R. Transue of Kenyon College has been promoted to 
a professorship. 
Mr. C. W. Trigg of Los Angeles City College has accepted the editorship of 
the Problems and Questions Department of the Mathematics Magazine. 

Dr. G. W. Tyler is now Consultant in Mathematics and Statistics, Naval 
Electronics Laboratory, San Diego, California. 

Mr. J. T. Vallandingham has been promoted to the position of Head of the 
Department of Mathematics of Cumberland College. 

Mr. G. H. Van Arkel has been promoted to the position of Head of the De- 
partment of Science and Mathematics, Everett Junior College, Washington. 

Dr. D. D. Wall has been appointed to an instructorship at Santa Barbara 
College, University of California. 

Instructor William Wallace of Northeastern University has been promoted 
to an assistant professorship. 

Associate Professor Emily H. Watkins of the Woman’s College of the Uni- 
versity of North Carolina has been promoted to a professorship. 

Dr. Margaret F. Willerding has been promoted to an assistant professorship 
at Harris Teachers College. 

Dr. G. H. Wilson of Drexel Institute has been promoted to an assistant pro- 
fessorship in the Department of Physics. 


Assistant Professor Emeritus H. L. Beard of Oregon State College died on 


May 19, 1949. 
Professor Emeritus Talmon Bell of Sterling College died on October 20, 1949. 


He was a charter member of the Association. 
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Mr. W. J. Bower of Upsala College died November 14, 1949. 
Mr. Herman Karnow, teacher at Brooklyn Technical High School, died 


December 31, 1948. 


Professor Emeritus A. C. Lunn of the University of Chicago died on Novem- 
ber 19, 1949. He was a charter member of the Association. 

Dr. Lao G. Simons, professor emeritus of Hunter College of the City of New 
York and a charter member of the Association, died November 25, 1949. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
79 persons have been elected to membership by the Board of Governors on 


applications duly certified: 


C. E. Amos, Ph.D.(Ohio State) Asso. Profes- 
sor, University of Toledo, Ohio. 

M. Q. Barton, Student, Central College, 
Fayette, Mo. 

V. W. Beck, M.S.(Minnesota) Elect. Engr., 
American Television & Radio, St. Paul, 
Minn. 

H. A. BERNHARD, B.S.E.E.(Newark) Grad. 
Student, Columbia University, New York, 
N. Y. 

W.S. BIcKNELL, M.S.(Michigan) Instructor, 
Iowa State College, Ames, Iowa. 

R. N. Brapt, M.S.(Colorado State) Asst. 
Instructor, University of Kansas, Law- 
rence, Kans. 

G. M. Brown, D.Sc.(Michigan) Asso. Pro- 
fessor University of Georgia, Atlanta, Ga. 

R. C. CAMPBELL, B.A.(Dartmouth) Grad. 
Asst., University of Colorado, Boulder, 
Colo. 

Ion Carstoiu, Ph.D.(Paris) Asst. Professor, 
Johns Hopkins University, Baltimore, Md. 

C. C. Cnouteau, A.B.(Kansas) Teacher, 
Bowring High School, Okla. 

D. E. Corrry, Ed.B.(Illinois State Normal) 
Grad. Student, Montana State University, 
Missoula, Mont. 

E. J. Cocan, M.A.(Wisconsin) Instructor, 
Pennsylvania State College Center, Potts- 
ville, Pa. 


H. K. Crowper, M.S.(Case) Instructor, 
Case Institute of Technology, Cleveland 2, 
Ohio. 

D. L. Daty, M.A.(Michigan) Instructor, 
University of Kentucky, Lexington, Ky. 

H. E. Dickey, M.S.(Iowa State) Asst. Pro- 
fessor, Iowa State College, Ames, Iowa. 

M. H. Drrert, M.S.(Indiana) Professor, 
Westmar College, LeMars, Iowa. 

WILLIAM Douctas, Courtenay, B.C., Canada. 

W. E. Dwyer, JR., Student, Catholic Uni- 
versity of America, Washington, D. C. 

D. F. Eviezer, B.A.(Lehigh) Grad. Asst., 
Lehigh University, Bethlehem, Pa. 

E. R. Epperson,  B.S.Ed.(Miami Univ.) 
Grad. Asst., Miami University, Oxford, 
Ohio. 

A. G. FapDELL, B.A.(Buffalo) Teaching Fel- 
low, University of Buffalo, N. Y. 

W. J. Feeney, S.J., M.A.(Boston College) 
Grad. Student, Catholic University of 
America, Washington, D. C. 

J. F. Fotey, B.Sc.(Chicago) Asst. Physicist, 
Gas and Electric Co., Baltimore, Md. 

R. A. Forsetu, B.A. (S.T.C., Moorhead, Minn.) 
Instructor, State Teachers College, May- 
ville, N. D. 

E. J. Germino, M.A.(Columbia) IJnstructor, 
St. John’s University, Brooklyn, N. Y. 
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D. B. Goopner, Ph.D.(T[llinois) Asst. Pro- 
fessor, Florida State University, Talla- 
hassee, Fla. 

DONALD GREENSPAN, M.S.(Wisconsin) In- 
structor, University of Maryland, College 
Park, Md. 

H. C. Grirrita#, A.B.(Missouri) Asst. In- 
structor, University of Missouri, Columbia, 
Mo. 

B. H. Gunpiacn, Ph.D.(Hamburg) Asst. 
Professor, University of Arkansas, Fayette- 
ville, Ark. 

Epwin Hewitt, Ph.D.(Harvard) Asst. Pro- 
fessor, University of Washington, Seattle, 
Wash. 

I. I. HrrscHMAN, Jr., Ph.D.(Harvard) Asst. 
Professor, Washington University, St. 
Louis, Mo. 

A. J. Horrman, A.B.(Columbia College) In- 
structor, Barnard College, Columbia Uni- 
versity, New York, N. Y. 

C. W. Hurr, M.S.(South Carolina) In- 
structor, University of South Carolina, 
Columbia, S.C. 

A. R. Hype, M.A.(Trinity) Instructor, Trin- 
ity College, Hartford, Conn. 

W. G. Jonnson, M.A.(Michigan) Asst. Pro- 
fessor, Phillips University, Enid, Oxla. 

F. B. Jones, Ph.D.(Texas) Asso. Professor, 
University of Texas, Austin, Tex. 

R. S. Kinespury, M.S.(Wisconsin) Staff 
Member, Operations Evaluation Group, 
Navy Department, Washington, D. C. 

J. J. KInsELia, Ed.D.(Columbia) Asso. Pro- 
fessor, New York University, Washing- 
ton Square, New York, N. Y. 

A. T. Kovitz, B.S.E.E.(Purdue) Instructor, 
Polytechnic Institute of Brooklyn, N. Y. 

OLIVE LEsxkow, M.A.(Minnesota) Teacher, 
Tolleston School, Gary, Ind. 

T. M. LittLe, Ph.D.(Maryland) Asst. Pro- 
fessor of Biology, University of Nevada, 
Reno, Nev. 

J. D. Matueson, B.S.(U. S. Military Acad.) 
Lt. Col., U. S. Army, Alexandria, Va. 

R. L. May, B.S.(Webb Inst.) Technical 
Asst., Socony-Vacuum Oil Co., New York, 
N. Y. 

M. J. F. McKeon, M.A.(New York S.C.T., 
Albany) Instructor, Rensselaer Polytech- 
nic Institute, Troy, N. Y. 

J. R. McPuHerson, Student, University of 
North Dakota, Grand Forks, N. D. 
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Kovina MILOSsEvicH, Student, University of 
Skoplje, Yugoslavia. 

Marit A. Moore, D.Ed.(Colorado) Pro- 
fessor, Harris Teachers College, St. Louis, 
Mo. 

GERTRUDE C. NAUMAN, Student, Bryn Mawr 
College, Pa. 

J. D. Nerr, B.A.(Coe) Grad. Asst., Kansas 
State College, Manhattan, Kans. 

AGNES E. NIBARGER, M.S.(Wichita)  In- 
structor, University of Wichita, Kans. 

O. M. Nixopym, Ph.D.(Warsaw) Professor, 
Kenyon College, Gambier, Ohio. 

V. D. Nyuorr, B.S.(Kansas State) Grad. 
Asst., Kansas State College, Manhattan, 
Kans. 

D, G. O’Connor, B.E.E.(Manhattan) Jr. 
Engr., Sylvania Electric, Bayside, L. I., 
N. Y. 

LEoLA P, ODLAND, Student, University of 
Oregon, Eugene, Ore. 

ALICE OSTERBERG, A.M.(Columbia) Instruc- 
tor, Brooklyn College, N. Y. 

P. B. Patterson, M.A.E.(Florida) Instruc- 
tor, University of Florida, Gainesville, 
Fla. 

G. W. Payne, Student, St. Mary’s University 
of San Antonio, Texas. 

W. L. Pickarp, Ph.D.(Peabody) Professor, 
State University of New York, State 
Teachers College, Paltz, N. Y. 

F. R. Pomitita, M.S.(Fordham) Instructor, 
St. John’s University, Brooklyn, N. Y. 

H. L. Ponp, M.S.(George Washington) 
Physicist, David Taylor Model Basin, 
Washington, D. C. 

H. L. Ranpoutpeu, B.A.(Casifornia) Grad. 
Asst., University of California, Los 
Angeles, Calif. 

D. P. RIcHARDSON, Ph.D.(Chicago) Profes- 
sor, University of Arkansas, Fayetteville, 
Ark. 

JacosB Samo.torr, B.A.(Toronto) Instructor, 
Lehigh University, Bethlehem, Pa. 

W. C. SANGREN, Ph.D.(Michigan) Asst. Pro- 
fessor, Miami University, Oxford, Ohio. 

HENRY SCHUTZBERGER, M.S.(Illinois) Re- 
search Mathematician, Sandia Labora- 
tory, Albuquerque, N. M. 

N. T. SEELY, Jr., M.A.(Pennsylvania) In- 
structor, Arkansas A. M. & N. College, 
Pine Bluff, Ark. 
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W. D. Sersyn, Student, University of Chi- Matitpa B. THompson, M.A. (Columbia) 


cago, Ill. Asso. Professor, North Dakota Agricul- 
EDWARD SILVERMAN, Ph.D. (California) Asst. tural College, Fargo, N. D. 
Professor, Kenyon College, Gambier, Ohio. W. R. Transus, Ph.D.(Lehigh) Professor, 
S. C. Stmonson, M.A.(Minnesota) Instructor, Kenyon College, Gambier, Ohio. 
University of North Dakota, Grand Forks, Jane A. UHRHAN, M.S.(Indiana) Instructor, 
N. D. Butler University, Indianapolis, Ind. 
James C. Situ, Jr., M.S.(St. Louis) In- DuNstTan VELEsz, M.S.(DePaul) Instructor, 
structor, University of Notre Dame, Ind. Quincy College, Ill 
J. K. STERRETT, M.A.(Kansas) Asso. Profes- K. W. Weston, Student, University of Wis- 
sor, Marshall College, Huntington, W. Va. consin, Waukesha, Wis. 
Mary R. STEUDLE, M.A.(Canisius) Teacher, R. A. ZeGERS, M.S.(Fordham) Chairman, 
Kensington High School, Buffalo, N. Y. Department of Mathematics, St. Peter’s 
E. A. StuRLEY, M.A.(Yale) Asst. Professor, College, Jersey City, N. J. 


Allegheny College, Meadville, Pa. 
THE NINTH AND TENTH CARUS MONOGRAPHS 


Two more Carus Mathematical Monographs will be available in the spring 
of 1950. They are Monograph 9: The Theory of Algebraic Numbers by Harry 
Pollard and Monograph 10: The Arithmetic Theory of Quadratic Forms by B. 
W. Jones. 

Every member of the Association is entitled to one copy of each Carus 
Monograph at $1.75. Orders (preferably accompanied by remittance) for Mono- 
graphs 9, 10 or others should be sent to: Mathematical Association of America, 
University of Buffalo, Buffalo 14, New York. 

Additional copies of Monographs 9 and 10 for members and copies for non- 
members may be purchased at $3.00 from John Wiley and Sons, 440 Fourth 
Avenue, New York 16, N. Y. In the case of Monographs 1 to 8, orders should 
continue to be sent to the Open Court Publishing Company, LaSalle, III. 


GEOGRAPHICAL BOUNDARIES OF THE SECTIONS OF THE ASSOCIATION 


At the Columbus meeting, the Board of Governors voted that Sectional 
Governors shall hereafter be elected by a mail vote to be conducted by the 
Secretary-Treasurer of the Association. The Committee on Section Meetings 
was authorized to determine the geographical boundaries of each Section and to 
allocate members to Sections for voting purposes. 

Accordingly the Committee on Section Meetings (H. M. Gehman, Fred 
Robertson and W. V. Parker, chairman) has assigned to each Section the areas 
listed below. The officers of each Section have been’consulted and have agreed 
to their assignment. Individual members who wish exceptions made may appeal 
to the Committee through the Secretary-Treasurer of the Association. 

It is understood that the membership of each Section consists of all members 
of the Association who express a desire to be enrolled as members of the Section. 
Hence, a member may regularly attend meetings of more than one Section. But 
for purposes of eligibility to hold office and to vote for officers of a Section, the 
membership of each Section of the Association shall be defined as consisting of 
all members of the Association living in the geographical areas indicated below. 
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Sections 

ALLEGHENY MouNTAIN 

ILLINOIS 

INDIANA 

Iowa 

KANSAS 

KENTUCKY 

LovuISIANA- MISSISSIPPI 

MARYLAND- DISTRICT OF 
CoLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 


MICHIGAN 

MINNESOTA 

MISSOURI 

NEBRASKA 

NORTHERN CALIFORNIA 


OHIO 
OKLAHOMA 
Paciric NORTHWEST 


PHILADELPHIA 


Rocky MountAIN 
SOUTHEASTERN 


SOUTHERN CALIFORNIA 


SOUTHWESTERN 

TEXAS 

Upper NEw YorK STATE 
WISCONSIN 

NEW ENGLAND REGION 
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Territory Included in the Section 

Pennsylvania (west of longitude 77°30’W), West Virginia 
Illinois 

Indiana 

Iowa 

Kansas 

Kentucky 

Louisiana, Mississippi 

District of Columbia, Maryland, Virginia 


New Jersey (north of latitude 40°30’ N), New York (south of latitude 
42° N) 

Michigan 

Minnesota, North Dakota; Manitoba, Saskatchewan 

Missouri 

Nebraska, South Dakota 

California (except for the 14 counties included under Southern Cali- 
fornia), Hawaii, Nevada 

Ohio 

Arkansas, Oklahoma 

Alaska, Idaho, Montana, Oregon, Washington; Alberta, British 
Columbia 

Delaware, New Jersey (south of latitude 40°30’ N), Pennsylvania 
(east of longitude 77°30’ W) 

Colorado, Utah, Wyoming 

Alabama, Canal Zone, Florida, Georgia, North Carolina, Puerto 
Rico, South Carolina, Tennessee 

California (the counties of San Luis Obispo, Kings, Tulare, Inyo, 
and Mono and the counties to the south of these) 

Arizona, New Mexico, El] Paso County in Texas 

Texas (except El Paso County) 

New York (north of latitude 42° N); Ontario, Quebec 

Wisconsin 

Connecticut, Maine, Massachusetts, New Hampshire, Rhode 
Island, Vermont; New Brunswick, Newfoundland, Nova Scotia, 
Prince Edward Island 


THE MAY MEETING OF THE WISCONSIN SECTION 


The seventeenth annual spring meeting of the Wisconsin Section of the 


Mathematical Association of America was held at Lawrence College, Appleton, 
Wisconsin on Saturday, May 14, 1949. Professor A. C. Berry, Chairman of the 
Section presided at the morning and afternoon sessions. 

About sixty-five persons were present, including the following thirty-three 
members of the Association: K. J. Arnold, R. H. Bardell, Leon Battig, L. J. 
Berner, A. C. Berry, W. W. Bigelow, R. H. Bing, H. J. Cohen, B. H. Colvin, 
Rev. L. A. V. DeCleene, H. P. Evans, Fannie Hopkins, C. C. Hsiung, R. C. 
Huffer, J. F. Kenney, R. E. Langer, C. C. MacDuffee, Morris Marden, Sister 
Mary Felice, J. R. Mayor, P. E. Meadows, Karl Menger, O. E. Overn, G. A. 
Parkinson, H. P. Pettit, Elizabeth Sokolnikoff, R. D. Specht, J. C. Stewart, 
J. V. Talacko, J. J. Van de Castle, J. I. Vass, R. D. Wagner, Louise A. Wolf. 
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At the business meeting held after the afternoon program, the following 
officers were elected for the coming year: Chairman, J. R. Mayor, University of 
Wisconsin; Secretary, Louise A. Wolf, University of Wisconsin in Milwaukee; 
Program Committee, E. G. Harrell, Platteville State Teachers College, J. C. 
Stewart, Lawrence College, R. D. Wagner, Marinette Extension Division of the 
University of Wisconsin. It was agreed to have the May 1950 meeting at Mar- 
quette University in Milwaukee. 

The following papers were presented: 

1. The projective space, by Professor Karl Menger, Illinois Institute of Tech- 
nology. 

2. An equilateral distance, by Professor R. H. Bing, University of Wisconsin. 


This paper will be published in a later issue of the MONTHLY. 


3. Some applications of Newton's formula in finite differences, by Professor 
H. P. Pettit, Marquette University. 

It has frequently been observed that Newton’s formula is valid for interpolation when all 
differences beyond the &th vanish. Here it was shown that where the differences do not vanish but 
follow certain definite laws, Newton’s formula still provides valid and useful results. This was 
done by applying the forms of the binomial expansion, notably forms such as >> nC,a*, > inCia', 
etc., both in the case of the differences A*wg, and further differences found by treating these as a 
sequence to be analyzed just as the set U,,. Applications were given to distribution of various types. 


4. Report on the investigation of the A.A.A.S. committee on the status of the 
sciences and mathematics, by Professor R. C. Huffer, Beloit College. 
5. A freshman course for general students, by Sister Mary Petronia, Mount 
Mary College, introduced by Sister Mary Felice, Mount Mary College. 
LoulIsE A. WOLF, Secretary 


THE MAY MEETING OF THE ILLINOIS SECTION 


The twenty-eighth annual meeting of the Illinois Section of the Mathemati- 
cal Association of America was held at Bradley University, Peoria, Illinois, on 
Friday afternoon and Saturday forenoon, May 13-14, 1949. Professor S. F. 
Bibb, Chairman of the Section, presided at all meetings. 

There were fifty-six in attendance including the following forty-four mem- 
bers of the Association: H. G. Ayre, R. A. Baumgartner, H. R. Beveridge, S. F. 
Bibb, A. H. Black, B. K. Brown, F. R. Brown, S. S. Cairns, Joseph Clare, 
E. G. H. Comfort, J. J. Corliss, Paul Cramer, Marjorie L. Croft, I. K. Feinstein, 
L. R. Ford, A. E. Gault, G. D. Gore, A. E. Hallerberg, E. W. Hellmich, Rose L. 
Hornacek, E. C. Kiefer, W. A. Lafferty, C. T. McCormick, W. C. McDaniel, 
A. W. McGaughey, E. B. Miller, C. N. Mills, G. E. Moore, M. G. Moore, Elsie 
C. Muller, Grace M. Nolan, F. S. Nowlan, Margaret Owchar, Roberta E. Pres- 
nell, Haim Reingold, T. E. Rine, E. W. Schreiber, H. W. Schwartz, M. Anice 
Seybold, H. A. Simmons, D. S. Snader, R. C. Stephens, A. T. Street, and Alice 
Wright. 

At the business meeting Saturday forenoon the following officers were 
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elected for the coming year: M. G. Moore, Bradley University, Chairman; 
W. C. McDaniel, Southern Illinois University, Vice-Chairman; and E. C. Kiefer, 
Millikin University, Secretary. The 1950 meetings are to be held at Southern 
Illinois University, Carbondale, Illinois, on Friday afternoon and Saturday 
forenoon May 12-13. 

Professor L. R. Ford made a progress report regarding encouragement of 
mathematics among high school students in the Chicago area. He reported sev- 
eral meetings of the committee, of which he is chairman. They plan a series of 
contests and finally a careful examination to determine the outstanding mathe- 
matical minds. Lack of adequate funds hinders the promotion of the plan, but 
sources of aid seem to bein sight. Several of the Chicago Universities and Col- 
leges stand ready to offer scholarships to the winners. A resolution was passed, 
and a copy sent to Bradley University, thanking the university for the coopera- 
tion and hospitality extended to the Section. 

A committee composed of L. R. Ford (Chairman), M. Anice Seybold, and 
C. T. McCormack was appointed to formulate plans to organize the IIlinois 
Section under a constitution and by-laws. This committee is to report at next 
year’s meeting in Carbondale. 

The following program was given: 

1. So you are going to select a text-book in college algebra, by Dr. J. J. Corliss, 
University of Illinois, Navy Pier Branch. 

2. The theorem of Coriolis, by Dr. G. D. Gore, Roosevelt College of Chicago. 

3. The new interpretation of the “belonging to exponents,” by Dr. H. A. Sim- 
mons, Northwestern University. 

4. The story of the Illinois Section, by Dr. C. N. Mills, Illinois State Normal 
University. 

5. The Gibbs phenomenon in Fourier series, by Dr. E. G. H. Comfort, [linois 
Institute of Technology. 

6. The training of mathematical teachers, by Dr. H. G. Ayre, Western Illinois 
State College. 

7. The teaching of the calculus from the teachers college point of view, by Dr. 
E. W. Hellmich, Northern Illinois Teachers College. 

E. C. KIEFER, Secretary 


MAY MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the University of Vir- 
ginia, Charlottesville, Virginia on Saturday, May 14, 1949. Mr. Michael Gold- 
berg, Chairman of the Section, presided. 

There were seventy-seven persons attending the meeting, including the fol- 
lowing fifty-four members of the Association: M. W. Aylor, N. H. Ball, R. R. 
Bernard, Ruth E. Biggers, W. E. Bleick, J. W. Blincoe, T. A. Botts, R. S. 
Burington, H. H. Campaigne, Randolph Church, H. F. DeFrancesco, C. H. 
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Denbow, F. T. Dresser, D. M. Dribin, B. C. Getchell, Michael Goldberg, H. W. 
Gould, E. S. Grable, E. C. Gras, D. W. Hall, J. R. Hammond, T. W. Hatcher, 
B. C. Horne, Jr., J. E. Ikenberry, S. B. Jackson, Walter Jennings, W. H. John- 
son, R. H. Kasriel, Sidney Kaplan, L. M. Kells, V. L. Klee, Jr., R. C. Lamb, 
B. Z. Linfield, B. J. Lockhart, M. H. Martin, Carol V. McCamman, L. M. Mc- 
Fadden, E. J. McShane, Florence M. Mears, Joseph Milkman, W. H. Norris, 
J. W. Popow, W. G. Rouleau, Shirley A. Rubenstein, E. D. Schell, W. F. 
Shenton, E. R. Sleight, H. E. Spencer, Mildred E. Taylor, J. A. Tierney, C. C. 
Torrance, I. F. Wagner, C. H. Wheeler, III, G. T. Whyburn. 

The following papers were presented: 

1. Application of matrix algebra to the solution of normal equations, by Mr. 
J. L. Stearn, U. S. Coast and Geodetic Survey, introduced by the Secretary. 

A non-Cayleyian matrix algebra was defined. A proof was then given of the Doolittle tech- 
nique for solving normal equations when the coefficient matrix is positive definite. The usefulness 


of this matrix algebra for determining the inverse of a high order symmetrical matrix was indi- 
cated. 


2. Steady rotational plane flow of a gas, by Professor M. H. Martin, Univer- 
sity of Maryland. 


By taking the stream lines and isobars for curvilinear coordinate lines, the problem of deter- 
mining the steady, rotational plane flow of a gas is reduced to the integration of a quasi-linear 
partial differential equation in which the pressure p and the stream function y are the independent 
variables, and the unknown function is 6=0(p, w), the direction of flow. This partial differential 
equation involves the speed g=q(p, y), and plays a dual role in the theory depending on whether 
g or 6 is taken as a known function of p, y. In the latter case the partial differential equation be- 
comes a linear partial differential equation of the third order for the unknown g. Flows for which 
the isobars are isoclines, 0=0(p), are excluded from the general theory and are treated separately. 
As an example of the inverse approach in which 6 is preassigned, a detailed investigation is carried 
out for the special case @=6(y) in which the stream lines are straight lines. 


3. Some remarks concerning the symbolics in vector analysis, by Dr. M. M. 
Munk, Naval Ordnance Laboratory, introduced by Mr. M. A. Hyman. 


The controversy about signs in vector analysis was discussed, and a few reasons for using 
Hamilton’s sign rule were presented. Clarity and versatility may be improved by the use of 
Jaumann’s symbol for dyadic multiplication, and by Jaumann’s rule for the expansion of vector 
differentiation, and also by the use of a symbol for the space integral which is the inverse of the 
differentiation “nabla.” 


4. Visual education—the slide rule, by Professor W. F. Shenton, American 
University. 


A lantern slide with various motions was demonstrated. By means of it settings of a slide rule 
were projected on a screen in size large enough to make explanation of the operation of a rule of 
the Mannheim or duplex type possible to a large number of students at one time. 


5. A theorem on local convexity, by Mr. V. L. Klee, Jr., University of Virginia. 


A subset X of a linear space is called “locally convex” if each of its points has a neighborhood 
whose intersection with X is convex. In 1928 it was proved independently by H. Tiete and S. 


146 CALENDAR OF FUTURE MEETINGS [February, 


Matsumura that a closed, connected, locally convex subset of euclidean m space must actually be 
convex. In 1942 this result was extended to normed linear spaces by I. J. Schoenberg and M. 
Nakamura (independently). Mr. Klee presented a new proof of this theorem, simpler than its 
predecessors and valid in an arbitrary topological linear space (in the sense of Hille). 


6. The Russian peasants’ method of multiplication, by Mr. Sidney Kaplan, 
Naval Ordnance Laboratory. 


. The Russian peasants’ method of multiplication was presented and compared with the Egyp- 
tian method. 


7. Non-digital computing devices in the teaching of mathematics, by Professor 
Randolph Church of the U. S. Naval Postgraduate School. 


A few devices for adding, multiplying, integrating, producing special functions and combina- 
tions of these for solving systems of linear equations and algebraic equations, for obtaining Fourier 
coefficients and for other special purposes, were very briefly described. These were selected to 
support the thesis that the mathematical explanation of such devices can provide illuminating and 
valuable illustrative material at various levels in the teaching of mathematics. Several of the 
instruments described were exhibited, including a Mader-Ott harmonic analyzer and an instrument 


for evaluating Stieltjes integrals designed by E. J. Nystrom. 


FLORENCE M. MEars, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30—September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Southern IIlinois University, Carbon- 
dale, May 12-13, 1950. 

INDIANA, Wabash College, 
April 29, 1950. 

Iowa, State University of Iowa, Iowa City, 
April 21-22, 1950. 

Kansas, State Teachers College, Pittsburg, 
April 22, 1950. 

KENTUCKY, University of Kentucky, Lexington, 
April 29, 1950. 

LovuISIANA-MISsIssIPpPI, Centenary College, 
Shreveport, Louisiana, February24—25,1950. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
University of Richmond, Virginia, May, 
1950. 

METROPOLITAN NEw YorK, City College, April 
1, 1950. 

MIcHIGAN, University of Michigan, March 25, 
1950. 

Minnesota, Macalester College, St. Paul, May 
6, 1950. 


Crawfordsville, 


MissourI, Washington University, St. Louis, 
March 24-25, 1950. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, May 6, 1950. 

NORTHERN CALIFORNIA 

Ouio, Denison University, Granvitle, April 22, 
1950. 

OKLAHOMA 


-PaciFIC NORTHWEST, University of Washing- 


ton, Seattle, June, 1950. 

PHILADELPHIA 

Rocky Mounraln, University of Denver, April, 
1950. 

SOUTHEASTERN, University of Florida, Gaines- 
ville, April 7-8, 1950. 

SOUTHERN CALIFORNIA, Immaculate Heart 
College, Hollywood, March 11, 1950. 

SOUTHWESTERN, Spring, 1950. 

Texas, Abilene, April 14-15, 1950. 

Upper NEw York STATE, Syracuse University, 
April 22, 1950. 

WISCONSIN, Marquette University, Milwaukee, 
May 13, 1950. 


ANALYTIC GEOMETRY 


By Lyman M. Kells and Herman C. Stotz, United States Naval 
Academy 


This new text offers academic students, engineers, and science majors a logical, 
thorough background of basic principles and definitions underlying analytic geometry. 
The understanding of fundamentals through their application in the solving of 


ordinary problems is the keynote of the authors’ presentation. 


Features of the presentation: vectors are introduced in the first chapter; each subject 
receives proper emphasis; the presentation is simple and logical. (Over 1350 carefully 


graded problems are included.) 


Published 1949 288 pages 6" x 9" 


ADVANCED CALCULUS 
By David V. Widder, Harvard University 


In using this book, the student is expected to have considerable skill in the manipula- 
tions of elementary calculus, but not in the theoretical side of the subject. Hence, the 
book emphasizes first the type of manipulative problem the student has been ac- 


customed to and gradually changes to more theoretic problems. 


Two subjects omitted from the traditional course in advanced calculus—the Laplace 
Transform and the Stieltjes Integral—are here included. Another feature is the 


unusually clear discussion of Line Integrals and Green’s Theorem. 


Published 1947 432 pages 6" x 9” 


COLLEGE ALGEBRA 


By Moses Richardson, Brooklyn College 


In this popular text, mathematical soundness without excessive rigor is achieved by 
avoiding proofs which would be too rigorous for beginning students. Also, simplified 
proofs (often inaccurate) are avoided. Instead, informal discussion, which is not 
called “‘proof,”” is used to make results plausible The book is suitable for either a 
ene- or two-semester course. Flexible organization of material allows freedom in 
adapting the text to course needs, and sections which may be omitted without 


disturbing the continuity have been starred_ 


Published 1947 472 pages 6" x 9” 


Send for your copies today! 


PRENTICE-HALL, INC., Ntw'vorx‘1.n7 


Harper & Brothers Publishers 
take pleasure in announcing 
HARPER’S MATHEMATICS SERIES 
under the Editorship of 


CHARLES A. HUTCHINSON 
Professor of Mathematics 


and Head of the Department of Applied Mathe- 
matics in the College of Engineering, University Just 


of Colorado. Published 


The first volume in HARPER’S MATHEMATICS SERIES 


Elements of 


CALCULUS 


By THURMAN S. PETERSON 
Associate Professor of Mathematics 
University of Oregon 


Most college mathematics teachers are acquainted with Pro- 
fessor Peterson’s highly successful texts: Intermediate Algebra 
for College Students and College Algebra. 


His new Elements of Calculus has the same general character- 
istics that made the earlier volumes outstanding: clearness and 
simplicity of style; logical, coherent organization; wealth of 
illustrative examples (over 400) ; abundance of well-selected 
pre-tested problems (approximately 3000); effective use of 
special notes which clarify and simplify the discussion. 


In addition, Elements of Calculus has its own special features: 


1. A useful introductory chapter containing all important 
reference formulas of more elementary mathematics, com- 
mon mathematical symbols, etc. 


2. Essentials of both differential and integral calculus pre- 
sented briefly first, then treated in detail. 


3. Unusual clarity and precision in use of multiple-value func- 
tions and evaluation of integrals by substitutions. 


4, Unusually complete numerical tables. 


$3.50 


HARPER & BROTHERS, 49 East 33rd Street, New York 16 


FOR SECOND SEMESTER 


Tuo NEW Booka 


PLANE TRIGONOMETRY lil) 


By H. M. DapouRIAN, Professor of Mathematics 
and Chairman of the Department of Mathematics, 
Trinity College. 


@ A brief text for college courses in trigonometry. 

@ The science of trigonometry is stressed rather than a 
mere compilation of trigonometric formulas. 

@ Emphasis is on understanding concepts and procedures 
rather than learning by rote. 

@ Motivation of the student is obtained by emphasizing 
the reasons for a newly introduced concept. 

@ Variations and ranges of trigonometric functions are 
fully explained .and illustrated, with special attention to 
those cases in which the values of the functions increase or 
decrease indefinitely. 

@ Functions are applied to simple problems of surveying, 
navigation, vectors, and the equilibrium of a particle. 

@ Formulas are proved and illustrative examples are solved 


in accordance with a general method which eliminates Published 
lengthy verbal explanations and makes possible short an- December 1949 
alysis, clear and visually comprehensible. 208 pages 6" x 9” 
@ Superfluous formulas are eliminated and others are re- Illustrated 


placed by simple rules of procedure, thereby avoiding the $3.00 
great multiplicity of formulas which is the worst feature ; 
of trigonometry texts. 


MODERN COLLEGE GEOMETRY 


By Davip R. Davis, PH.D., Professor of Mathe- 
matics, State Teachers College, Montclair, New 
Jersey, 


@ A new text in advanced college geometry for courses in 
liberal arts colleges and teachers colleges. 

@ Develops within the student a sound knowledge of 
geometry and geometrical analysis to assure confidence in 
his ability to teach geometry intelligently in the secondary 
schools. 

@ Modern concepts based upon recent developments aris- 
ing from current interest in pure geometry are discussed 
in detail. 

@ Historical notes have been freely introduced to make the 
text interesting and inspiring to the student. 

@ The outgrowth of many years of teaching experience, 
this text has been thoroughly tested in the classroom. 


@ An unusually large selection of graded problems follows Published 


each section of the text. September 1949 
@ Generous use of line drawings to illustrate fundamental 248 pages, Illustrated 
concepts. $4.50 


ADDISON-WESLEY PRESS, INC., Cambridge 42, Mass. 


integrals and indeterminate forms 


attractive format. $4.50 


35 West 32nd Street 


APPLETON-CENTURY-CROFTS, INC. 


New York 1, New York “See ull 


What teachers like about 


CALCULUS 


by Lloyd L. Smail, Lehigh University 
The features of this book which most appeal to teachers are 
The gradual development and transition from Algebra and Analytic Geometry 


The early introduction of integration . . . The application of integration to 
geometrical and physical problems 


The handling of the existence of the definite integral .. . The treatment of improper 


The use of the Dx notation for the derivative 


The exceptionally helpful diagrams and figures . .. The variety and abundance 
of problems . . . Its completeness and clarity . . . The excellent typography and 
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125th 
ANNIVERSARY 


MATHEMATICS 


ITS MAGIC AND MASTERY 


By Aaron Bakst?, Ph.D. | 


‘Ideal for Reference, Review or Relaxation 


Here at last is a new and interesting way 
for you to master mathematics by under- 
standing its many valuable uses—in busi- 
ness and industry, in science and warfare, 
and as a source of profit and enjoyment 
in everyday life. Mr. Bakst tells you in 
simple words—entirely free from formal 
symbolism—how to employ mathematics 
in engineering, mechanics, aviation, 
science, accounting, games of chance, 
magic—in every type of activity. He 
gives you step-by-step exposition of 
sample problems in each field, then sup- 
plies hundreds of problems for you to 
solve yourself, with their answers and 
methods at the back of the book. In this 


effective way, you gain working knowl- 
edge of arithmetic, algebra, geometry, 
trigonometry—a fully integrated mathe- 
matical training—easily and informally. 


MAIL THIS COUPON 


D. Van Nostrand Company, Inc. MM-250 


250 Fourth Avenue, New York 3, N.Y. 


| 
I | 
I I 
I | 
| 
Please send me a copy of Aaron Bakst’s giant 790- | 
1 page book, of MATHEMATICS, ITS MAGIC 1 
1 AND MASTERY. Within 10 days I will either 1 
1 return the book without obligation or send you 1 
1 $3.95 in payment, plus a few cents postage. I 
I | 
| 
| 
| 
| 
| 
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A Superior Method of Presenting Trigonometry 


PLANE 
TRIGONOMETRY 


JOHN J. CORLISS 
WINIFRED V. BERGLUND 


Chicago Undergraduate Division, University of Illinois 


Proceeds in logical rather than conventional order 


Basic ideas, including the general angle, are covered in the 


first four chapters before right triangles are introduced. 


Stresses reasoning rather than memory 


The reasons for each step of a proof or of a derivation are 
presented clearly, simply, and rigorously. 


Prepares for analytic geometry 
The introduction of radian measure in Chapter I and of rec- 
tangular and polar coordinates in Chapter II are only two 
illustrations of the care with which this text is written to 


prepare the student for analytic geometry. 


Has outstanding teachability 


A “laboratory-tested Trigonometry,” the book has had the 
advantage of trial use in the authors’ classes. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


BY WILLIAM L. HART 


Intermediate Algebra 
tor Colleges 


Designed for college students who did not study a second course in algebra 
in high school . . . includes appropriate refresher work in arithmetic . . . 
emphasizes the development of skill in computation .. written in a style 
suitable to the maturity of college students . . . features abundant problem 


material. 323 text pages. $2.75. 


BY WILSON AND TRACEY 
Analytic Geometry, Third Edition 


For greater usability—a completely new format; pages are larger and 
more open... . all diagrams have been redrawn and many have been en- 
larged . . . headings are large and clear .. problems have been revised as 
much as is possible in keeping with the work to be covered . . . minor cor- 


rections throughout. 328 pages. $2.75. 


D. C. HEATH AND COMPANY 


285 Columbus Avenue 


Boston 16, Massachusetts 


SM ew McGRAW-HILL Zooks 


INTRODUCTION TO THE THEORY OF STATISTICS 
By ALEXANDER M, Moon, Rand Corporation, Santa Monica, Calif. In press 


Here is a text for standard courses in statistical theory with a calculus prerequisite. 
The author first develops the necessary concepts and models of sampling theory. Then 
he proceeds with distribution theory and sampling theory. This leads to a thorough 
exploration of the two major problems of scientific inference: the estimation of 
quantities and the testing of hypotheses. 


ELEMENTS OF ALGEBRA 
By Lyman C, Peck, Ohio University. In press 


An elementary text for college students who have taken little or no algebra in high 
school. Although the subject matter is standard in content, the method of presenta- 
tion is different : the various topics are discussed from the point of view of the relation 
to the fundamental laws of the number system. The treatment is therefore mature 
avoiding oversimplification. 


PLANE TRIGONOMETRY. New Alternate Edition 
By E. R. Heineman, Texas Technological College. In press 


Here is the new alternate edition of a successful text, containing 1420 problems, 
nearly all of which are different from the 1247 appearing in the previous edition. 
The regular edition will be available concurrently and both editions may be obtained 
with and without tables. The present tables will still be available bound separately. 


PLANE AND SPHERICAL TRIGONOMETRY. New Fifth Edition 
By C, I. Patmer; C. W. LeicH; and Sporrorp H. Kimpatt, University of 
Maine. With tables, 403 pages, $3.25. Without tables, 266 pages, $2.50. 


This 1s the revision of a widely-used text. The careful organization and grading of 
material, the emphasis on essentials and the large number of problems are character- 
istics of the book that have appealed to many teachers. As before, there are editions 
with and without tables. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42no STREET, NEW YORK 18, N. Y. 


Recent and forthcoming math texts 


Plane and 
Spherical Trigonometry By MOSES RICHARDSON 


Full, clear exposition is provided throughout this new text. Chapter I contains a 
brief but lucid review of elementary algebra techniques, theorems concerning 
plane triangles, the functional concept and notational devices. The student is 
introduced to logical reasoning as sound preparation for more advanced mathe- 
matics. Published January 24. 


Primer of 
College Mathematics By JOHN F. RANDOLPH 


An outstanding new text in the field, the Randolph book provides an excellent 
unification of college algebra, trigonometry and analytic geometry, with an in- 
troduction to calculus. Definitions, new terms and concepts are presented with 
clarity and precision, A fresh approach gives distinction to the whole work. To 
be published in April. 


Arithmetic 
for Colleges By HAROLD D. LARSEN 


Designed for prospective elementary school teachers, this text offers a careful 
study of theory and practice of arithmetic from a mature point of view. A 
thorough, clear treatment of approximate numbers and computation is especially 
notable. Numerous short methods are described, and methods of checking are 
emphasized. To be published in March. 


Elements of 
Analytic Geometry, 3rd Edn. —_By cLyDE BE. LOVE 


This established text by a well-known author in the field now appears in a 
revised and enlarged edition. Containing abundant material for a full year course, 
it is also readily adaptable to the semester course. Two new chapters deal with 
the elementary transcendental functions. To be published in March. 
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THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 


The next International Congress of Mathematicians will be held in Cam- 
bridge, Massachusetts, from August 30 to September 6, 1950, under the auspices 
of the American Mathematical Society. The Society planned originally to act as 
host for a Congress in 1940. Plans for the 1940 Congress were practically com- 
pleted when the outbreak of World War II made it necessary for the Society 
to postpone the Congress to a more favorable date. 

The 1950 Congress will be the third International Congress of Mathema- 
ticians to be held on the continent of North America. The first was held at 
Northwestern University in. 1893 and the second at the University of Toronto 
in 1924. International Congresses were held at intervals of approximately four 
years, except when war intervened, until 1936. There has been no international 
gathering of mathematicians since that time, and it is the sincere hope of the 
Organizing Committee that the gathering in 1950 will be a truly international 
one, that American mathematicians will attend in large numbers, and that all 
other countries will be well represented. Mathematicians of all national and geo- 
graphical groups are invited. 

Place of Meeting. Harvard University will be the principal host institution for 
the Congress. A number of other institutions in metropolitan Boston will join in 
the entertainment of visitors to the Congress by arranging special features on 
their campuses. Mathematicians so desiring will be housed at a modest charge 
in the Harvard University dormitories and meals will be served in the Univer- 
sity dining rooms. There will be accommodations-for members of families, spe- 
cial provision being made for the care of children. Those who prefer to live in 
hotels can be comfortably provided for in Cambridge or Boston. 

Organization. The Organizing Committee has invited more than a score of 
outstanding mathematicians to deliver stated addresses. There will be Confer- 
ences in four different fields; these are described more fully below. There will be 
seven Sections for the presentation of short contributed papers, and by invita- 
tion of the Section Chairmen there will be a small number of half-hour addresses 
as part of the Section programs. 

In recent years mathematicians have been much impressed by the success of 
the conference method for presenting research in fields in which vigorous ad- 
vances have just been made or are in progress. There will accordingly be a co- 
ordinated program of formal lectures and informal open discussion, and the 
stated addresses will be integrated as far as possible with the work of the Con- 
ferences. The following list of topics gives an indication of the nature of each of 
the Conferences: 

ALGEBRA (Chairman, A. A. Albert): 1, Groups and universal algebra; 2, 
Structure theory of rings and algebras; 3, Arithmetic algebra; 4, Algebraic 
geometry. 

ANALYsIs (Chairman, Marston Morse): 1, Algebraic tendencies in analysis; 
2, Analysis and geometry in the large; 3, Extremal methods and geometric theory 
of functions of a complex variable. 
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APPLIED MATHEMATICS (Chairman, John von Neumann): 1, Partial dif- 
ferential equations; 2, Statistical mechanics; 3, Random processes in physics and 
communication. 

Toro.tocy, (Chairman, Hassler Whitney): 1, Homology and homotopy 
theory; 2, Fibre bundles and obstructions; 3, Differentiable manifolds; 4, Topo- 
logical groups. 

The Sections for the presentation of short contributed papers will be as fol- 
lows: I, Algebra and Theory of Numbers; II, Analysis; III, Geometry and 
Topology; IV, Probability and Statistics, Actuarial Science, Economics; V, 
Mathematical Physics and Applied Mathematics; VI, Logic and Philosophy; 
VII, History and Education. Each member of the Congress may present only 
one contributed paper and the time allotted for each paper will be ten minutes. 
Abstracts for such papers should not exceed 400 words in length and must be 
submitted on blanks which may be secured from Professor J. R. Kline, the 
Secretary of the Congress, whose address is: University of Pennsylvania, Phila- 
delphia 4, Pa. Abstracts must be in the hands of the Organizing Committee not 
later than May 15, 1950. The Organizing Committee has decided that con- 
tributed papers must be presented in person. The official languages of the Con- 
gress are English, French, German, Italian, and Russian. 

Entertainment. There will be many interesting entertainment features, in- 
cluding a reception, a symphony concert, and a banquet. There will probably be 
a number of excursions. 

Membership in the Congress. Membership in the Congress will be open to all 
qualified persons, whether they are able to-be present in person or not. For 
regular members of the Congress the fee is $15.00; these persons will receive the 
Proceedings of the Congress. Members of families, accompanying Congress 
members and not participating in the scientific meetings, may become associate 
members, for whom the fee is $7.50; they will not present papers or receive the 
Proceedings, but will be entitled to many of the other privileges of membership. 
Only members and associate members of the Congress will have the privilege of 
residing in the Harvard dormitories. 

Financial Support. Besides the support from Harvard University, generous 
subventions have been subscribed for the Congress by Bell Telephone Labora- 
tories, Carnegie Corporation, General Electric Company, Institute for Ad- 
vanced Study, Massachusetts Institute of Technology, National Research 
Council, Rockefeller Foundation, Standard Oil Development Company, and 
several private donors. 


COMMITTEES: 


Organizing Committee: Garrett Birkhoff (Chairman), W. T. Martin (Vice 
Chairman), A. A. Albert, J. L. Doob, G. C. Evans, T. H. Hildebrandt, Einar 
Hille, J. R. Kline, Solomon Lefschetz, Saunders MacLane, Marston Morse, 
John von Neumann, Oswald Veblen, J. L. Walsh, Hassler Whitney, D. V. 
Widder, R. L. Wilder. 
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Financial Committee: John von Neumann (Chairman), W. L. G. Williams 
(Vice Chairman), J. L. Coolidge, B. P. Gill, M. H. Ingraham, A. E. Meder, Jr. 

Editorial Committee: L. M. Graves (Chairman), Einar Hille, P. A. Smith, 
Oscar Zariski. 


Secretariat: J. R. Kline (Secretary), R. P. Boas (Associate Secretary). 


Subcommittees of the Organizing Committee: 


Budget Committee: W. T. Martin (Chairman), J. R. Kline, A. E. Meder, Jr., 
G. B. Price, Oswald Veblen, Oscar Zariski. 

Cooperation Committee: Samuel Eilenberg (Chairman), E. F. Beckenbach, 
Hassler Whitney, S. S. Wilks, J. W. T. Youngs. 

Entertainment Committee: L. H. Loomis (Chairman), C. R. Adams, Mrs. L. 
V. Ahlfors, Mrs. G. D. Birkhoff, J. A. Clarkson, Mrs. W. C. Graustein, F. B. 
Hildebrand, J. R. Kline, E. R. Lorch, Mrs. W. T. Martin, E. B. Mode, G. A. 
O’Donnell, Mrs. H. B. Phillips, Helen G. Russell, J. H. Van Vleck, Mrs. J. L. 
Walsh, Mrs. D. V. Widder, Mrs. Nobert Wiener. 

Program Committee: E. G. Begle (Chairman), A. A. Albert, Garrett Birk- 
hoff, R. P. Boas, Richard Courant, J. L. Doob, Samuel Eilenberg, G. C. Evans, 
J. R. Kline, L. H. Loomis, Marston Morse, John von Neumann, C. V. Newsom, 
H. A. Rademacher, Alfred Tarski, Hassler Whitney. 

Publicity Committee: R. P. Boas and G. W. Mackey (Co-chairmen), A. A. 
Bennett, J. A. Clarkson, C. O. Oakley, R. M. Thrall. 

Committee on Transportation Grants: Garrett Birkhoff (Chairman), Samuel 
Eilenberg, J. R. Kline, W. T. Martin, J. L. Walsh. 

Committee on Conference in Algebra: A. A. Albert (Chairman), Richard 
Brauer, Nathan Jacobson, Saunders MacLane, Oscar Zariski. 

Committee on Conference in Analysts: Marston Morse (Chairman), L. V. 
Ahlfors, Salomon Bochner, G. C. Evans, Einar Hille. 

Committee on Conference in Applied Mathematics: John von Neumann 
(Chairman), Walter Bartky, R. V. Churchill, Richard Courant, G. C. Evans, 
William Prager, Mina Rees. 

Committee on Conference in Topology: Hassler Whitney (Chairman), Deane 
Montgomery, N. E. Steenrod. 

Chairmen of Sections: 

SecTION I Algebra and Theory of Numbers: H. A. Rademacher 

SECTION II Analysis: G. C. Evans 

SEcTioN III Geometry and Topology: Samuel Eilenberg 

SEcTION IV Probability and Statistics, Actuarial Science, Economics: J. L. 

Doob 
- SEcTION V Mathematical Physics and Applied Mathematics: Richard 
Courant 
SEcTION VI Logic and Philosophy: Alfred Tarski 
SecTion VII History and Education: C. V. Newsom 
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The Mathematical Association of America will not hold its usual summer 
meeting in 1950, for it is believed that many members of the Association will 
desire to participate in the activities of the Congress. The ready opportunity of 
meeting a large number of distinguished foreign mathematicians and of hearing 
discussions on virtually every aspect of modern mathematics represents a cli- 
matic event in the history of American mathematics. 


ON PAIRS OF TRIANGLES 
R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. In this Montruty [1] we have considered, particularly in 
connection with the orthopole, pairs of triangles inscribed in a circle. We also 
mentioned [2] that a theorem given by Murnaghan [3], Godeau [4], and 
Ramler [5] had been published before in a more general form by Kantor [6], 
and we further generalized this last theorem [2]. We will now consider ortho- 
poles related to any pair of triangles placed in the same plane. 


2. Angle associated with a pair of triangles. Let 4,;4.A3 and B:B.B3 be two 
triangles and denote by O, and O;, R, and R, the centers and the radii of their 
circumcircles. . 

Using complex coérdinates, the base or unit circle being the circle 414243, 
let 4, 42, ¢3 be the turns corresponding to Aj, A2, A3. Denote by 


Sy = by + be + fs, So = bots + tgty + ite, 53 = Uylels 


the symmetric functions of the #;. 
If c is the codrdinate of Op, the coérdinate of B; is c+Xr:, \ being real and 
T1, T2, T; being turns. We call 


or= 1b 72-73 92 = Tats tst1 “bf 7172, «= 3 = TiT2Ts 


the symmetric functions of the 7;. 
The conjugate to 7 being denoted by #, the Simson line of the point ¢ on the 
base circle as to A142A3 has for its equation 


t+ sit? — sot — $3 
(1) LX — $3% = rr 


and that of the Simson line of the point c+Ar as to B,B.Bs; is 


Ars + (2¢ + Ao1)r? — (203 + Ao2)7r — As 


2 TH — 63h = 
@) ° 2r 
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It follows that the points ¢ and c+Ar whose Simson lines are parallel to the 
diameter of the base circle passing through the unit point are s3 and c+)os; if 
6 is such that 


73 
(Abd =—=——) 


53 


6 is the angle between the circumradii of A142A3 and B,B.Bs; passing through the 
two points, respectively, under consideration. 

Hence we derive easily from (1) and (2) the following theorem: 

The points A and B of the circumceircles of the triangles A1yA.A;3 and B,BBs, 
whose respective Simson lines as to those triangles are parallel to any given direction, 
are such that the circumradit, corresponding to those points, form a constant angle. 

This angle plays an interesting part in the properties of a pair of triangles, 
and will be called the angle associated with A:A2A;3 and ByB2Bs3. 


3. Segment associated with a pair of triangles. If from any point as origin 
we draw two segments equal and parallel to O,A and O,B, the segment joining 
the extremities of these segments will be called the segment associated with 
A,A:A3 and B,B2B3; it will be denoted by / and 


r=(E-9 (2-9) 
O3 53 
or, in terms of R,, Ry and 8, 
| I = R. + R; — 2R,R, cos 6. 
4, Orthopolar ellipse of a pair of triangles. The equation to B.B; being 
x ++ rer3t = 6 + TaTs€ + A(T2 + 73), 


the codrdinate of the orthopole of B.Bs; as to A142Az is 
S53 : 03 

[sit e+ dor + (= —a) + =) 

O3 71 


2 
It follows that the orthopoles of the sides of B,B2B3 as to A,A2A3 are on an 


ellipse # having for center the point 
Si te + Aoi 
2 


S3 | 1/2 o3 1/2 
cma (eJ"E)" 
03 53 


and for axes 


152 ON PAIRS OF TRIANGLES [March, 


these axes being parallel to 
x 

(3) ee — i — EY 
x 


Similarly the orthopole of A2A3 as to B,B2B3 is 


03 53 
bet an +(x = 1)4 - €— 


53 by 
2 


and it is easily found that orthopoles of the sides of 414243 as to B,B2B3 are 
also on the ellipse E. 

Hence we have the following theorem: | 

If A,;A2A3 and Bi BoB; are two triangles whose circumcenters are at a distance d 
and tf 1 1s their associated segment, the orthopoles of the sides of each of the triangles 
as to the other triangle are on an ellipse having for center the midpoint of the segment 
joining the orthocenters of the triangles and having for axes d+. 

To find a construction for the direction of the axes, we consider, for a 
moment, that the unit-point is on O.0s, so that €=c, and from (3) we then derive 
the following construction: 

If Ao and Bo are the points on the circumeircles of A,A2A3 and ByB2B3 such 
that their respective Simson lines as to those triangles are parallel to OaOo, and 4f 
O.Bé is equal and parallel to O.Bo, then the axes of E are parallel to the bisectors of 
the angle (OaOv, AoBe ). 


5. Kantor’s theorem. When 0,=0O,; and Raz=R,, we find that the six con- 
sidered orthopoles are on a circle having for radius R, cos 0/2; this is Kantor’s 
theorem [6]. 

But the ellipse EZ becomes a circle when the circumcircles of the given tri- 
angles are only concentric. 

When two triangles A,A:A3 and B,B2B3 are inscribed in two conceniric circles, 
the orthopoles of the sides of each of the irtangles as to the other are on a circle having 
for center the midpoint of the segment joining thetr orthocenters, and the square of 
the radtus of that circle ts 


Ra +- R; — 2R,R, cos 8, 
6 being the angle associated with the parr of triangles. 


6. Orthopolar ellipse of a point as to a triangle. When R,=0, we find that 
the orthopoles of any three lines passing through a point O, as to AiA2Az3 are 
on the ellipse having for center the midpoint of the segment joining O, to the 
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orthocenter of A,;42A43 and for axes R,+0,0,; these axes are parallel to the bi- 
sectors of the angles between O,0, and the circumdiameter of A142A3 passing 
through the point whose Simson line as to that triangle is parallel to O,Op. 

This is the well known locus [7], [8] of the orthopole, as to A14.A3, of a 
variable straight line passing through the fixed point Op. 


7. Collinear orthopoles. In the special case when d=], we have this theorem: 

When two triangles A,A2A3 and B,B.Bs3 are so placed that the distance of their 
circumcenters equals their associated segment, the orthopoles of the sides of each of 
the triangles as to the other triangle are six collinear points. 


8. Relation between triangle areas. This last theorem may also be derived 
as a special case from a property about triangle areas. 

Call A, and A, the areas of A,A2A3 and B,B.,B3; and A, and Ag the areas of 
the triangles formed by the orthopoles of the sides of B,B.B3 as to A142A3 and 
by those of the sides of Ai42A3 as to Bi B2B3. Then 


—_—— S3 03 C3 T3 
16-/—1A, =—_- (= - Ante, (= - Nebo, | 
O38 Ti S3 03 
1 __ 
= (d?— [)\7, —) | = — 4,/—1(d? — P)As. 
Ts 
Hence 
Aa (d? — 1?) 
Ay 4 RY, 


As we have a similar expression for Ag/A,, we obtain the following theorem: 

If Aq and Ay are the areas of two triangles A,A2A3 and B,B2Bs inscribed in 
circles having for radii Ra and Ry and tf A. and Ag are the areas of the triangles 
formed by the orthopoles of the sides of ByB2Bs3 as to AiA2As and by those of the 
sides of A1A2A3 as to ByB2Bs, then 


A,Ae Ry 
AAs 7 R 
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SIAN wYNe 


SOME APPLICATIONS OF MATRICES IN THE 
THEORY OF EQUATIONS* 


C. C. MAcDUFFEE, University of Wisconsin 


1. The companion matrix. It is a very easy matter to find a solution of any 
polynomial equation. Thus I can immediately write out a solution of the cubic 
equation 


x3 — Ox? + 244 — 20 = 0, 


namely, the matrix 


0 oO 20 
A=!1 0 —24]; 
0 1 9 


for it can very readily be shown that 
A* — 942+ 244 — 207 = 0. 


We call A the companion matrix of the equation. 

Of course such a solution is not of direct application in engineering practice, 
for it is the real or complex solutions that we ordinarily desire. The complex 
roots in the above case are all real, namely, 2, 2, 5. The question might naturally 
be asked if there is any relation between this matric solution and the complex 
solutions. 

The answer is in the affirmative, for the.companion matrix of every poly- 
nomial equation is similar to a triangular matrix having the complex roots in the 
principal diagonal. Thus for the example above 


2 1 0 10 5 7 
P1AP=|0 2 oO}, P=l-7 -6 —41. 
0 0 5 i 1 | 


The result is general. If the complex roots are distinct, the companion matrix is 
similar to a diagonal matrix whose elements are the complex roots. If there are 
multiple roots, these are linked with 1’s. Thus the coefficients of an equation and 
its complex roots are related by the matric equation 


PIAP=C 


where A involves the coefficients and C the roots. 

There is another well-known set of relations between the roots and the coeffi- 
clients which is embodied in the theory of symmetric functions. This powerful 
method is sometimes tedious in its applications. It seems worth while to inquire 
if the companion matrix can be applied in any situations as a substitute for the 
theory of symmetric functions. 


* Presented to the annual meeting of the Association in New York, December 30, 1949. 
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2. A theorem of Frobenius. A matrix 


lO O ] 
M = 
O Mz. 


where O denotes a rectangular block of 0’s is called the direct sum of My and M, 
and may be written 


M=M,+ M2. 


The companion matrix A of a polynomial f(x) is similar to a direct sum of 
matrices 


C=Ji,tJo4+---4S; 


where & is the number of distinct complex roots of f(x) =0, and each matrix 


r 1 0 O-:-- 

0 r 1 0 
J=|0 r i 

0 O fr 


has as many rows and columns as the multiplicity of the root r. 
Now if g(x) is any polynomial, 


P-1g(A)P = g(C) = g(Ji) + ge) +--+ + gn) 
where 
i 


51 g(r) cee 


1 
g(r) g(r) ze 


1 - 
0 Br) 8) Fe) os: 


0 0 g(r) g'(r) 
0 0 0 g(r) 


It is now obvious that if 1, r2, +++, 7% are the distinct roots of f(x) =0, 
then g(71), g(72), - ++, g(rx) are the characteristic roots of g(C), which are in 
turn the characteristic roots of g(A). If 7; is a root of f(x) =0 of multiplicity h, 
then g(r1) occurs at least 4 times among the roots of g(A). Of course, 71 and 72 
may be different and such that g(r1)=g(re), in which case g(71) is of higher 
multiplicity than h. 
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This well-known result, which is due to Frobenius, is a very practicable one 
for the performance of Tschirnhausen transformations. For instance, let it be 
required to find the equation F(x) =0 whose roots are the squares of the roots of 


f(s) = 2?+4+5=0. 


a-[) i] 


In this case g(x) =x? so that the roots of 
—-5—% 5 | 
—1 —-4—% 


The companion matrix is 


P(e) = |4*— at | =| = «+ 94+ 25 =0 
are the squares of the roots of f(x) =0. 
In general the equation whose. roots are the function g(x) of the roots of 
f(x) =0 is 
| (A) — «I | = 0 
where A is the companion matrix of f(x) =0. 


3. The resultant. Now let f(x) =0 and g(x) =0 be two polynomial equations, 
and let A be the companion matrix and 1, 72, - ++, %n. the complex roots of 
f(x) =0. By the Frobenius theorem, the characteristic roots of g(A) are g(n), 
g(re), °° +, g(tn). The product of these roots is the constant term of the char- 
acteristic equation of g(A); that is, 


(—1)"| g(A)| = g(ri)-g(r2)+ + ++ +g (rn). 


Thus g(A) is singular if and only if f(x) =0 and g(x) =0 have a root in common. 
In fact, (—1)"| g(A)| is the resultant of f(x) =0 and g(x) =0. This fact is well 
known. 

The concepts of determinant and matrix have remained sadly tangled up to 
recent years, and even yet there is much popular confusion. Some results which 
originally were stated in the language of determinants have proved to be but 
special cases of more complete theorems concerning matrices. The above result 
is a case in point, for we can prove the following useful theorem which somehow 
seems to have been overlooked. 


‘THEOREM 1. Let A be the companion matrix of the polynomial f(x). The nullity 
of the matrix g(A) ts equal to the number of complex roots which f(x)=0 and 
g(x) =0 have in common, « root being counted as many times as tis multiplicity. 


Let f(x) =0 have a root r of multiplicity 4, for instance. Then g(A) is similar 
to a direct sum of blocks, each corresponding to a different root. The block cor- 
responding to the root 7 will have the form 
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1 1 
g(r) g(r) —e'(r) = 


mr 
r 
2 31° ) 


1 
gJ) =| 0 gir) g(r) ze 


0 90 g(r) g'(r) 
0 0 0 g(r) 


If y is not a root of g(x) =0, then g(J) is of nullity 0. If 7 is a simple root, 
g(r) =0, g’(r) 40, and g(J) is of nullity 1. If 7 is a double root, g(r) =g’(r) =0, 
g’'(r) #0, and g(J) is of nullity 2, etc. Since the nullity of a direct sum is equal 
to the sum of the nullities of the component matrices, the theorem is now evi- 
dent. 

Thus, let 


f(x) = «3 + 3x? — 4, g(x) = x3 + 6x? +°12% + 8. 


We find 
0 0 4 12 12 12 
A=]1 0 ol, g(4)={12 12 12). 
0 1 —3 3 3 3 


Since g(A) is of nullity 2, f(x)=0 and g(x)=0 have two roots in common. 
Actually in this case it is a common double root. 


4, The equation of squared differences. There are many applications of the 
process described in the last paragraph, one of which is the calculation of the 
equation whose roots are the squared differences of the roots of the given 
equation. 

Consider the equation f(x) =0 with roots 71, 72, + °°,7, and consider an 
equation g(x) =0 to be found whose roots are the differences y,=r;—r;. There 
are 2? such differences, including ” zeros, the remaining n*—~x differences oc- 
curring in opposite pairs. Since y,-++7;=7; is a root of f(x) =0, it is true that 


f(x) = 0, fle+y) =0 


have a common root for every y satisfying g(y) =0. Thus g(y) is the eliminant 
of these equations. If A is the companion matrix of f(x) =0, then 


| {(4 + y)| = g(y) = y"F(y”). 
The roots of F(z) =0, then, are the square differences 
(7; — 7;)?, a>]; 


and the constant term of F(z) with proper sign is the discriminant of f(x) =0. 
Thus for 
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f(«*) = «3 — 7x + 6* 


0 O -6 y 0 —6 
A={1 0 7], AtgyF=]1 yy 71], 
0 1 0 0 1 y 
y® — Ty —18y —18y? 
(A+ yI) =! 3y? yi t+ i4y ty? — 18y ], 
3y 3y? ye + 14y 
| f(A + yI) | = y3(y® — 4294 + 441y? — 400), 


so that 
F(z) = 2% — 422? + 4412 — 400. 
The discriminant is 400. 


5. The discriminant. The above method is not the most direct way of finding 
the discriminant of an equation, however, since the latter is the eliminant of 


f(x) =0 and f’(x) =0. That is, 
A = (—1)"| #'(4)| 


where A is the companion matrix of f(x) =0. 
But an even more valuable theorem than this can be deduced: 


THEOREM 2. If A 1s the companion matrix of f(x), then the rank of f'(A) ts the 
number of distinct complex roots of the equation f(x) =0. 


Suppose that f(x) has & simple roots, #2, double roots, hs triple roots, etc. 
Then f(x) =0 and f’(x) =0 have in common he simple roots, ks double roots, etc., 
so that by Theorem 1 the nullity of f’(A) is 


y=he+2hz+ 3hg+---. 
But the order of A is 
n= hy + 2he+ 3h +4ha+--- 
so that the rank of f’(A) is 
r=n-veh+h+th+mt+:::, 


and ‘the number of distinct roots of f(x) =0. 
Let us consider the general cubic equation 


f(*) = 2+ 627+ cx +d=0. 
Then 


* Burnside and Panton, The theory of equations, Dublin University Press, 1912, v. 1, p. 83. 
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c —3d bd 
f'(A) =| 26 —2c be — 3d 
3 —b b%—2¢ 
whose determinant multiplied by (—1)? is 
b2c? — 4c3 — 468d — 27d? + 18bdcd, 


the discriminant. 
If we set 


f(a) = «3 — 37a? + 3724 — 7s = (x — 73, 
then 
3r? 378 3r4 
f'(A) =] —6r  —6r? —6r? 


which is of rank 1. 
For every f(x) of degree n, f’(A) #0 since f(x) is the minimum function of 
A. This does not constitute a proof of the fundamental theorem of algebra. 


6. An illustration. [ am tempted to make one further application of this 
method, even though the problem to which it is applied is rather trivial. Let 


f(a) = fil) - fal) 


where f(x) and f2(x) are relatively prime. Then the companion matrix A of f(x) 


is similar to 
on 
0 As 


where A, is the companion matrix of fi(x), and Az is the companion matrix of 
fo(x). Then 


f'(%) = fila) -fz (x) + f(x) - fi (x) 
and, since f1(A1) =fe(A2) =0, 
s . fo(A1)-fi (A1) 0 
(A) = f'(A41 + Ao) = . 
IMA) = B(As Aa) | 0 fi(A2) > fe! ay, 
Hence the discriminant of f(x) =0 is 
+ | f'(4)| =+ | fa(42)| «| fl4nd| - | A (40] - | 42) | 


which is + the square of the resultant of f:(x) and fe(x) multiplied by the 
product of their discriminants. 


160 APPLICATIONS OF MATRICES IN THEORY OF EQUATIONS [March, 


7. Symmetric functions. Since we have been able to use matric methods in 
place of symmetric function theory so effectively in special instance, it would be 
interesting to see if the general theory of symmetric functions can be so de- 
veloped. 

It is well known and easily proved that every polynomial which is sym- 
metric in the roots 71, 72, - °°, %n of an equation f(x) =0 is equal to a sum of 
symmetric polynomials of the type 


e1 ¢2 


Ck 
1172 °° °K, Qe 2ee2zes' 2 ey. 


This polynomial* is the coefficient of \.,Ae. * * * Ae, in the expansion of 


LT (1 +i tri be Ear) 


t=] 


where )\q, Ae, - + * , An are indeterminates. 
Let 
f(x) = «4 + avr) + bx”? +--+ = 0 
have the roots 1, 72, ° °°, %n, and let A be its companion matrix. Form the 
polynomial 


g(a) = 1+ Amt dew bee) bw 


Then | g(A)| is the constant term of the equation whose roots are the functions 
g(x) of the roots of f(x) =0, so that 


(—1)"| e(A)| = [1 + dare + wri Fee eri’). 
t=] 


Upon expanding both sides and equating coefficients of like powers of the \’s 
we obtain the symmetric functions of the roots of f(x) =0 expressed as poly- 
nomials in the coefficients of f(x). Thus we have a short proof of the Funda- 
mental Theorem on Symmetric Functions. Let the leading coefficient of f(x) be 1. 
Every polynomial in the roots of f(x) =0 with coefficients in any field which is 
symmetric in these roots is expressible as a polynomial in the coefficients of f(x) 
with coefficients in that field. 

Moreover, the method is practicable and can be used to compute one or all 
of the symmetric polynomials in 2 roots of degree Sk without recursive rela- 
tions. Thus, suppose that »=3 and that 


f(x) = «3 + bx? + cx +d. 
Let it be required to find > rir}. We have 


* M. Faber, Archiv der Mathematik und Physik, 16 (1910), 144. 
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0 0 — 
A=}|1 0 —c], g(x) = 1+ Ar e+Agx?-++A323, 
0 1 —b 
—A3sd+1 Asbd—Acd \3(cd — bd) +r2bd—Aid 


g(A)=| —Age+Ayr A3(be—d)—Agc+1  A3(c?—b2c-+-bd) +A2(be—d) —A1€ 
—)3b+rz2 A3(b?—c) —A2d-+ Ay A3(— d+ 2bc — b®) +r2(b?—c) —A1b +1 


Each element of g(A) is linear in 1, \y, Ae, Ae, so that this determinant can be 
written as a sum of 64 determinants each of which is equal to a monomial in the 
\’s. Thus to calculate > 133 we need the sum of those determinants which are 
multiples of A3A2, namely, 


—d —d 0 —d 0 bd 0 bd 0 
—c —c O};+|]—-ce 1 b —d|+)0 be -—d 0 
—b —b 1 —b 0 B—eE 1 b—c 1 
0 0 cd — bd 1 bd bd 
+/0 1 ce —Be+bd |+)0 b-—d be-d 
10 —d-+ 2bc — 8 0 BP—c BP—eE 
1 —d cd — bd 
+10 -c c—b%e+ bd | = 2b*d+ cd — bc’. 
0 —b —d-+ 2bc — B 


Similarly 


» rite =bc— bd — 2 


is the coefficient of A3s\; in the expansion of | g(A) |. All other symmetric poly- 
nomials may be calculated similarly. 


THE VECTOR POTENTIAL OF A SOLENOIDAL VECTOR 
LOUIS BRAND, University of Cincinnati 


If the vector f(r) is solenoidal in a region R (div f=0), f can be expressed as 
the rotation of a vector g, its vector potential; that is, 


f = rot g. 


The function g is arbitrary to an additive gradient of a scalar. The following 
method of finding g is independent of the coordinate system and involves only 
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simple integration. | 
The integral of f over a surface S bounded by a closed curve C, r=r(s), is 


(1) [ n-tas = [ a-r0t gdS =f reds 
8 8 c 


by Stokes’ Theorem. Let S, be the surface of a cone with vertex at the origin 
and having C as directrix and boundary; note the figure. The parametric equa- 


fo) 


tion of Si is r1=Ar(s), where s is the length of arc on C measured from some fixed 
point of the curve. Hence the vector element of area on Sy, is 


Or, Or, 
midS; = —— XK — dsd\ = 1(s) X r(s)Adsdy, 
Os On 


where T is a unit tangent vector along C. Hence the surface integral of f over S; is 


(2) f , ni -f(r,)dS; = g T- { J “t(s) x f(r)aan ds. 


The unit normals n and n, are both external to the region enclosed by S and Sy. 
Since div f=0, the sum of the surface integrals (1) and (2) is zero; hence for 
any closed curve C in R (compatible with the conditions of Stokes’ Theorem) 
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gr ie + fx x foryrar ds = 0, 


The vector in braces is therefore irrotational and may be expressed as the 
gradient of a scalar. We thus obtain the particular solution 


(3) ge) = -rx f - £0.)Aan 


provided rXf(Ar) #0 and the integral converges in case it is improper. When 
Af(Ar)—> «© as A—0 we assume that 


(4) lim \?f(r) = A, 1<p<2, 


A-0 


in order to ensure convergence. 

The formula (3) is due to H. Liebmann* and has remained unnoticed in the 
literature. Liebmann apparently regarded his derivation of (3) as heuristic in 
character, and proceeded to verify that rot g=f, using rectangular coordinates 
for the computation. Since his proof is rather long we give a brief vector- 
analytic verification. We assume that Vf(Ar) and df(Ar)/dd are continuous in the 
region R and the interval 0<AS1; then from (3) 


(5) rot g = f rot {f(Ar) X r})da. 


We now apply the formula 
rot (u X v) = v-Vu — u-Vvu + udivv —vdivu 
to the integrand; putting r;=Ar, 
rot {f(r1) Xr} = r-VE(r.) — £(r1)- Vr + f(r) div r — r div f(r), 


where the differential operations V, rot, div are all with respect to the vector r. 
Now if V; and div; refer to the vector ri, we have 


Vf(r1) = Vri-Vif(ti) = AL-Vif(ti) = AVif (11), 
div f(r1) = A div; f(r1) = 0; 
and since Vr=I, div r=3, 
rot {f(m) Xr} =Ar-Vif(r1) + 2f(11). 
Now 


¢ f(r,) an Vif(r1) Vif (11) 
— T = ——-—. T = ) an T ' 
dr 1 1 1 1 1 


* Leipziger Berichte, Bd. 60 (1908), pp. 176-189. 
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d rot {£(r1) ae, ) + 20 = © py i; 
rot j}f(r1) X rj = nr (1 ft) = > (t1) 5; 


and since this expression is the integrand in (5), 


A=1 
rot g = A*f£(r1) = f(r). 


h=0 
When the integral is improper the lower limit is still zero, for, from (4), 


lim A?f(r1) = lim Ad?-? = 0, 1<p<2. 
0 0 
Thus under the conditions stated, rot g(r) =f(r). 

When r'Xf(Ar) =0 or when the integral in (3) diverges Liebmann’s formula 
is inapplicable. We proceed to extend the method above and find g in these cases 
of failure. 

If rXf(Ar) ~0, but the integral in (3) is a divergent improper integral, we may 
replace it by 


(6) g(r) =r xX f “fAnAA, 


_provided that this integral converges. The convergence will be assured if we as- 
sume that 


(7) lim \?f(Ar) = A, p> 2. 
A700 


For the preceding argument then shows that when g is given by (6), 


A=00 
rotg = — A*f(Ar) = f(r) 
A=1 
since from (7) 
A 
(8) lim \*f(Ar) = lim = 0, p> 2 
A009 ee ae 


Formula (7) was obtained by integrating over the cone 
ri = Ar(s), 1SrA< o, 


extending from the curve C to infinity. The surface integral over the portion of 
an infinite sphere about O intercepted by the cone vanishes in view of (8). 
If f(r) is homogeneous of degree n, namely, 


(9) f(Ar) = Af(r), 
and nx¥—2, both (3) and (6) give 
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f(r) Xr 
(10) g(r) = ——— 
n-+2 
When n= —1, the integral in (3) is proper; when —2<n< —1, (4) is satisfied 
with p= —n; and when n< —2, (7) is satisfied with p= —n. Moreover we may 
verify directly that rot g=f if we make use of the extension of Euler’s formula 
(11) r-Vf(r) = nf(r) 


obtained by differentiating (9) with respect to \ and then putting \=1. In fact 
we have from (10) 


1 
rot g = r-Vi —f-Vr+fdivr; =f. 
B-a! +f divr} 
Neither (3) or (6) apply when n= —2. In this case we may use the formula 
(12) g=e x f f(r + Ae)dr 
0 


where e is a constant unit vector of arbitrary direction. Indeed equation (12) 
applies generally whenever the integral converges, for example, when 


(13) lim \?f(r ++ Ae) = A, p>. 


A— 0 


For if we put r1=r-+Ae and use the formula for rot (u Xv) cited above 


rotg = — ef Vf(ri)d\ = — ef Vif(ri)da, 
0 0 


since 
Vif(t1) = Vri- Vif(r1) = Vr: Vif(ri) = Vif(ri), 
div f(r1) = divi f(r1) = 0. 
Now 
! ey) = o£) = e-Vif(r1) 
an dn 
and hence 


Asc 
rotg = — f(r1) = f(r), 
== 


0 


for at the upper limit 


A 
(14) lim f(r,) = lim — = 0, p>1, 
A AP 


A> 
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from (13) 
The integral (10) is obtained by integrating over the cylinder 


Yr, = r(s) + Ae. OSA < ow, 
extending from the curve C to infinity. Its surface element is 
or, or, 
nidS; = —— X —dsdd\ = T X edsdy, 
Os On 


where n, is the external unit normal, and 


(15) J n,-f(r1)dS1 =f {fe x fie)ant ds. 


The cylinder is closed by the cap S (over which n is now the internal normal) 
and by a portion of an infinite sphere about O. The surface integral over the 
latter vanishes in view of (14). Hence the difference of the surface integrals in 
(1) and (15) vanishes, and we obtain the particular value of g in (12). 

By way of summary we state the 


THEOREM. If div f =0 the vector potential g of f 1s given by any one of the vector 
functions 


J ioe) a) 
—r x f f(Ar)Ady, r x f f(Ar)\d\, e x f f(r + dre) dd. 
0 1 0 


for which the integral converges. In particular uf £ 1s homogeneous of degree n=—2, 
f(r) Xr 
= _e , 
Example 1. The vector f=a (constant) is solenoidal. Since f(Ar) =f(r) we 
apply (10) with »=0: thus g=aXr/2. 


Example 2. The vector f =r/r? = — Vi is solenoidal and f(Ar) =\—*f(r). Hence 
formula (10) is inapplicable, but we may use (12) since 


If we write r-e=r7 cos 8@, 
(xr + Ae)-(r + Ae) = 7? + 2dr cos 6 + 


and hence 


00 an 
= €e T —_—_—_—— 
é * J (r? + 2dr cos 8 + A?)3/2 


Making the substitution 
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; A +r cos @ 
r sin @ 
we find that 
exXr °° dt exr exr 
-—— { ——_—_——- = ————— (1 — cos 6) = ——- . 
v* sin? OS ecto (1 + 27)3/? sr? sin? 6 v?(1 + cos @) 


If we choose e =k and write eXr=,r sin@c, where c is a unit vector, we have also 


g = (1 — cos @) 


—— = (1 — cos 0)V¢, 
rsin @ 
where 7, 6, @ are spherical coordinates. 
This leads to an expression for the solid angle {) subtended at O by a closed 
curve C; for if S is a surface spanned over C 


nr , 
Q -{ —— dS = @ T-gds - — cos 0)d¢. 
s 7 c c 


Query: We may take g=(C—cos 6)V¢, since g is arbitrary to an additive gradi- 
ent. lf we now compute the solid angle subtended by the circle 9=const. on a 
sphere, Qo =(C—cos 0)2¢; how can this be true for any value of the constant C? 
Discuss the formula Qo=¢(C—cos 9)d@ for a spherical curve that does not 
enclose either pole. 

Example 3. The vector f=r"e Xr is solenoidal as we see on writing it 


f = 


1 
eX Vret?, 
n+2 


Moreover, f(Ar) =A*t!£(r); hence if ~# —3 we may apply (10) and obtain 
r(exXr)xXr 


n+ 3 
When n= —3 this formula fails. We then use (12) to obtain 
dn e X (e Xr) 


=e xX ext) { ——- = 
( o [xr+rel® 72(1 + cos 8) 


on using the value of the integral obtained in Example 2. 


MATHEMATICAL NOTES 
EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent to E. F. Beckenbach, University of Cali- 
fornia, Los Angeles 24, Calif. 


ENVELOPES OF PLANE CURVES 


L. M. Court, Rutgers University 


As we know, the envelope of a one parameter family of plane curves touches 
each member at the point they have in common. The usual proof of this result 
is analytic, that is, by calculating the slopes of the two tangent lines (the writer 
has seen no other proof); but it is well to give a geometric proof if only for its 
perspicuity. 

As our definition of the envelope we take the usual one, namely that it is the 
locus of the points of intersection of “consecutive” members of the family. 

We let e denote the envelope of the family (f(x, y, C) =0}, We refer to the 
members f(x, y, ¢,) =O and f(x, y, c;)=0 as the curves ¢, and c;; symbols like 
these will sometimes represent values of the parameter but more often the 
curves associated with such values. We let P; denote the point in which c; and e 
meet, J, that in which c; and c, meet. I;, and I;; are, of course, the same point; 
and assuming the necessary continuity, we see that P; can be represented 
equally well by J,;. We shall be dealing with local properties and take ¢1, C2, C3, ¢;; 
c, so that they differ from each other by sufficiently little. It is necessary for us 
to make three basic assumptions about the family {f(x, y, c) =0}, all geometric 
and quite natural. First we assume that P 3 lies between P; and P3 on e if 
C1 <¢2<¢3; in other words that, locally at least, there is a direction of advance 
for the members of the family along the envelope. Second, that the point Ie, 
lies between fh, and Js, on cx if ¢1<¢2<c3; this is simply a way of saying that 
the approach of J;, along c;, to its limiting position I;,,=P; is to be continuous. 
Third, that only one branch of c; passes through P,;, that is, that P; is not a 
multiple point with respect to c;. This last excludes the nodal locus, ordinarily 
not a part of the envelope, which even analytically complicates the operation of 
finding the envelope. 

Only one branch of c; passes through P;, and so we can designate one end 
(symbolized by c;+) of the curve as the + or forward end with respect to P;, 
the other (symbolized by c;—) as the — or rearward end. We achieve a certain 
uniformity by taking this forward end in the general direction of advance 
along e for every local curve c;. 

We now let c, approach ce and get a limiting form of the relationship con- 
veyed by the second assumption, namely that I= Pe lies between Iz and Le; 
on C2 if ¢,<<¢2<c3. That is, fe, and 23 lie on opposite ends of the curve cz emanat- 
ing from P». That is, if ce— (alternatively co+) meets c1, then co.-+ (alternatively 
C2—) meets cz. But c, is a general member of the family and its behavior vis-a- 
vis curves with larger and smaller parameter values must characterize all local 
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members. So it is ¢,-+ (alternatively c,—) that meets ce. or, taking into account 
the ends as well as the curve, it is c;-+ (alternately c,—) that meets c.— (alterna- 
tively co-+). In short, ci and cz meet locally in unlike ends. 

Taking the direction of advance along e to the right in the figure, we assume 
that it is the rear (—) end of c, that meets the forward (++) end of c;—this is no 
real restriction—and represent the two curves as in the diagram. We draw the 
lines Pi Pe, Pile, and eP. and consider the triangle Pili2P.. 


As the curve cz moves toward coincidence with a, 2g approaches P; on the 
—— 
one hand and P» on the other (definition of envelope), the directed lines Pile 


and TPs move into the positions of the forward tangents to these curves at the 
same point Jj, the angle a between the two directed lines approaches zero, 8 
the supplement of a approaches 7, and the angles ¥ and 6 individually approach 
zero. Simultaneously, P2 approaches P; along e and P,P: swings into the position 
of the tangent to e at Pi, while Pilz becomes the tangent to ¢ at P;, so that 
¢, and e touch each other at P,. 

The fact that ci and ce meet in unlike ends is essential to the proof. Other- 


wise, Pili, and TPs would in the limit be oppositely directed rays of the same 
line (the tangent to c, at 2), aw would approach 7 instead of zero, B would 
approach zero, y+6 would approach z, so that y would be indeterminate and 
our proof would fail. 

This fact actually characterizes the envelope. That is, if we take any other 
curve g passing through P; and making a nonzero angle with e, defining the rear 
and forward directions of the local members of the family with respect to g, 
then ¢, and cz will meet in like ends. We can see this by appealing to a diagram 
or, more abstractly, by remembering that otherwise, using the very same reason- 
ing that’ was used for e, we could prove that g and c; touch each other. 


ON THE ORTHOCENTROIDAL CIRCLE 
LucIEN DroussEnNtT, Clermont-Ferrand, France 


Let H, G, O be the orthocenter, centroid, and circumcenter of triangle ABC. 
Let the feet of the altitudes be denoted by Ax, By, Cr, and the midpoints of the 
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sides by Am, Bm, Cm. . 

If Gz, Gp, G, are the centroids of triangles HBC, HCA, HAB, then triangle 
G.aGsG, is homothetic to triangle AmBmCm under the homothety (H, 2/3). The 
lines GG,z, GGs, GG, are thus parallel, respectively, to OAm, OBm, OCm, and: 


1. Point G is the orthocenter of triangle G,G»G,. 


It follows that GG,=(2/3)0Am=(1/3)AH. Therefore, if N is the intersec- 
tion of AG, and GH, GN=(1/3)NH, and we have: 


2. The lines AG.z, BGp, CG, are concurrent at N, the center of the nine point 
circle of triangle ABC. 


Also, since NG, = —(1/3)NA: 


3. Triangle GaGsG,. 1s homothetic to triangle ABC under the homothety 
(NV, —1/3). 


The vertices A, B, C are the orthocenters of triangles HBC, HCA, HAB, 
and the orthocentroidal circles [1] of these triangles are the circles on AG, 
BG», CG, as diameters. The centers O,, O:, O, of these circles are such that: 


4. Triangle 0,0,0, 1s homothetic to triangle ABC under ihe homothety (N, 1/3), 
and the two triangles GaGoG., O.0,O, are symmetric with respect to N. 


As a consequence of this last theorem we have that the circumcenter O, of 
triangles G.G,G, is the symmetric of G with respect to N, and is thus the mid- 
point of GH. This gives us the two following results: 


5. The circumcenter of triangle GaGeG, is the center of the orthocentroidal circle 
of triangle ABC and 1s also the orthocenter of triangle O,O,O0.. 


6. The centroid of triangle ABC ts the circumcenter of triangle O.0;0.. 


The circumcircle (O) and the orthocentroidal circle (GH) of triangle ABC 
have the orthic axis of the triangle for radical axis [2]. Also, the circle (HBC) 
and the orthocentroidal circle (G,A4) have the orthic axis of triangle HBC as 
radical axis. But the orthic axes of ABC and HBC pass through the intersection 
A’ of BC and B,C,. Now the circumcircles of ABC and HBC are symmetric 
with respect to BC, and therefore have BC as their radical axis. The point A’, 
then, is the common radical center of the four circles (O), (HBC), (GH), (G,A). 
But the radical axis of circles (GH) and (G,A) is perpendicular to the center line 
O,Q., and thus parallel to BC. Therefore: 


7. The sides BC, CA, AB of triangle ABC are the radical axes of the ortho- 
centroidal circle of ABC and the orthocentroidal circles of triangles HBC, HCA, 
HAB. 


The radical axis of the orthocentroidal circles (G,B), (G.-C) is perpendicular 
to O,0., and therefore parallel to the altitude AH. Now, by the preceding 
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theorem, vertex A is the radical center of circles (GH), (GsB), (G.C). Therefore 
AB is the radical axis of the circles (G,B) and (G,C). Hence: 


8. The altitudes of triangle ABC are the radical axes of the orthocentroidal 
circles, taken in patrs, of triangles HBC, HCA, HAB. 


As a final consequence we then have: 


9. The orthocenter H of triangle ABC ts the radical center of the orthocentroidal 
circles of triangles HBC, HCA, HAB. 


In closing we might add that some of the preceding results, which we had 
communicated to Victor Thébault, have been extended by him to the geometry 
of the tetrahedron [3]. 


Notes and References 


1. The orthocentroidal circle of a triangle is the circle having the join of the orthocenter and 
centroid of the triangle as diameter. It was so named by Robert Tucker. 

2. J. Griffiths, Nouvelles Annales de Mathématiques, 1864, p. 345, and 1865, p. 322. Also 
this MONTHLY [1947, 538] and [1948, 421]. 

3. V. Thébault has called the sphere having for diameter the join of the Monge point and the 
centroid of a tetrahedron, the orthocentroidal sphere of the tetrahedron. See Notes mathématiques 
(42), Mathesis, t. 55, 1945-6, p. 264. Properties of this sphere may be found in V. Thébault, 
Nouvelles sphéres associées au tétraédre, Comptes Rendus des Séances de !’Académie des Science, 
t. 224, pp. 1614-1616 and V. Thébault, On the Monge point of the tetrahedron, this MONTHLY 
[1949, 4-13]. In particular, see sec. 6, part (b), of this last paper. In his paper, Sur le cercle et la 
sphére de Hagge, Bulletin de la Société Royale des Science de Liége, 1946, pp. 44-52, Thébault has 
designated as the Hagge sphere of a point P, with respect to a tetrahedron JT = ABCD, the circum- 
sphere of thé tetrahedron A,BsC:D2, where A2, Bz, C2, De are the transforms of the points Ai, Bi, 
C,, D, in which the cevians through P cut the circumsphere of T under the homotheties (Ga, —1/2), 
(Gs,—1/2), (Gc, —1/2), (Gp, —1/2), where Ga, Gs, Ge, Gp are the centroids of the faces BCD, 
CDA, DAB, ABC of T. When P coincides with the centroid G of T, the Hagge sphere becomes the 
orthocentroidal sphere of T. 


A NOTE ON ORTHOPOLAR TRIANGLES* 


Victor THEBAULT, Tennie, Sarthe, France 


Let ABC be a triangle inscribed in a circle (O) of center O and radius R. 
If the perpendicular to BC drawn through an arbitrary point A’ on the circle 
(O) cuts the circle again in P and, if one draws an arbitrary chord B’C” per- 
pendicular to AP, then the Simson line of A’, with respect to triangle ABC, is 
parallel to AP and triangles ABC, A’B’C’ are orthopolar [1]. The Simson 
lines of A, B, C for triangle A’B’C’ and A’, B’, C’ for triangle ABC are con- 
current at the midpoint Q of the segment HH’ joining the orthocenters of the 
two triangles, and 2 coincides with the orthopole of any side of one triangle with 
respect to the other [2]. 


* Translated from the French by Howard Eves. 
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THEOREM I. The two bisectors of an angle of either of the triangles ABC, 
A’'B'C’ determine on any bisector of the other triangle a segment whose midpoint is 
on circle (O). 


Because triangles ABC and A’B’C’ play a symmetric role and because, keep- 
ing the vertex letters of one triangle fixed, we may permute the vertex letters of 
the other, it suffices to show that the two bisectors of angle A determine on the 
bisectors of angle A’ segments whose midpoints are on circle (O). To this end 
let O be the point on (O) diametrically opposite to P. Then AQ and A’Q are 
respectively parallel to B’C’ and BC, and the bisectors of angles A and A’ of 
triangle AA’OQ are bisectors of the same angles in the triangles ABC and A’B’C’. 
But the two bisectors of any angle of a triangle determine on any other bisector 
of the triangle a segment whose midpoint is on the circumcircle of the triangle. 
This proves our theorem. 


THEOREM II. The centers I, Ia, Ib, Ie and I’, Id, Iv , I¢ of the tritangent circles 
of triangles ABC and A'B'C’' are eight points on a common rectangular hyperbola 


(ZH). : 


In the pencil of rectangular hyperbolas passing through J, Ia, Js, J, ,the conics 
consisting of the pairs of bisectors of the angles A, B, C of ABC determine, by 
Theorem I, on the bisector A’Aj of angle A’ of A’B’C’, (Az on circle (O)), a 
symmetric involution with double point A7/. The points I’ and Ij correspond in 
this involution. The rectangular hyperbola (#1) which passes through the five 
points I, Ix, Jy, I., I’ then passes through J7,, and similarly through [/, I). 


THEOREM III. If we designate by @ and $’ the foci of the two conics respectively 
inscribed in triangles ABC and A'B’'C’ and which have an arbitrary common 
focus F, the line which joins the foct d1 and $j of the conics inscribed in ABC and 
A'B'C' and which have a common focus M, arbitrarily situated on ob’, passes 
through the point F. 


The point ¢ and @¢’ are conjugate points of F with respect to (H) [3]. On 
the other hand, the foci ¢; and ¢/ are on the polar of M with respect to (HH). The 
points ¢; and ¢/j are then collinear with F. 


THEOREM IV. Jf (Ci) and (C1) are the conics inscribed in triangles ABC and 
A'B'C’ and having Q for a common focus, then (1) the conics have equal non-focal 
axes, (2) the other foct , and GY of the conics are symmetric with respect to the 
circumcenter O [4], (3) the distances of the centers K1 and Ki of the conics from 
thé centers N and N' of the nine point circles of the two triangles are equal. 


If da, dp, d, and dd, di , d/ are the distances of the orthopole Q from BC, CA, 
AB and B'C’, C'A', A’B’, then [5] 


dard, = da dy de 


and, consequently [6], 
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6? = 2Rdadyd./w = 2Rdd di di /w = B", 


where 6 and @’ are the non-focal semi-axes of (C;) and (C7 ) and w is the power of 
Q with respect to (O). On the other hand, if w; and w/ are the powers of 
and Q/ for circle (O), then [7] 


ww, = 48°R? = 487R* = wa], 


whence w= and consequently OQ; =OQ/. That &, O, Q/ are collinear fol- 
lows from Theorem III by taking 6=H, $¢/=H’, F=O and @=h, of =, 
M=. The fact that KiN=Kj{N’ now follows by elementary geometry, for 
KiKi and NN’ bisect each other. 


THEOREM V. In a triangle ABC with orthocenter H and circumcenter O, the 
isogonal conjugates F, ,F2 of the center of the Taylor circle [8] in the medial and 
orthic triangles are symmetric with respect to the nine point center, and HF 1s 
equal and parallel to F,O. 


For the medial and orthic triangles are orthopolar triangles inscribed in the 
nine point circle, and the center F of the Taylor circle of ABC is the midpoint 
of the segment joining the orthocenters of the medial and orthic triangles [9]. 

Part (2) of Theorem IV is a particular case of the following theorem, due to 
Blanchard (Le Havre), which is scheduled to appear in Mathests. Guillotin (Le 
Mans) has given a synthetic demonstration which served as the stimulus for the 
present note. 


THEOREM VI. Being given two orthopolar triangles ABC and A'B'C’ inscribed 
in a circle, if one designates by o and o’ the foci of the two conics respectively in- 
scribed in these triangles and which have a common arbitrary focus F, the line joining 
the foct d, and oi of conics respectively inscribed in ABC and A'B'C' and which 
have for common focus the point dividing the segment oo’ in the ratio k, passes 
through F and, moreover, the point F divides the segment didi in the ratio k. 
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MAXIMA AND MINIMA OF AREAS 
Furio ALBERTI, University of Illinois, Chicago Division 


In the accompanying figure we have given the function y=y(x), a point 
P: (x, y) on the curve, the tangent line to the curve at P cutting the X¥ and Y 
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axes at A and B respectively, and OM=x and ON=y. Let Ai(x) and Ao(x) 
represent the areas of triangles OAB and OMN respectively. We now define: 
a) a “synonymous” point P at x =x, denotes a point such that Ae(x1) and A(x) 


are either both at their maximum®* values or both at their minimum values; 
b) an “antonymous” point P at x=x, denotes a point such that either A2(x1) 
is maximum and A,(x;) is a minimum or Ae(x1) is minimum and Ai(41) is maxi- 
mum. We shall prove the following theorems which hold for P anywhere in the 
plane except on the axes; the latter cases lead to difficulties and trivial cases 
requiring special studies. 


THEOREM 1. Jf the solution «=x, of Ad (x) =0 ts such that Ag’ (x%1)¥*0 and 
y!'' (x1) extsts, then 

(a) y(x1)y'' (x1) >0 implies that P at x=x1 1s a synonymous potnt; 

(b) y(x1)9'' (x1) <0 implies that P at x =x, 1s an antonymous potnt; 

(c) y’'(x1) =0 implies that Ay(x1) 1s netther maximum nor minimum, provided 
yy’! (x1) 0. 


THEOREM 2. If the solution «=x, of Ad (x1) =0 is such that Af’(m)=---: 
= AP (1) =0, A2 (51) 0, y2(x1) and y24)(x1) exist (h>1), then P at 
x =X 1S a Synonymous potnt. 


Proofs: By means of intercepts of AB, we find that 
(1) 2A, = — (xy! — y)?/y’. 


* Maxima and minima values for f(x) are here used in the sense that atx=m, f’(m)= +--+: = 
fat®-D (41) =0 and f) (x1) 0. 
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Obviously, 

(2) 2A =Exy, 

(3) 2Ag =rauy’ + y. 
Eliminating y and y’ from (1), (2), and (3), we find 

(4) A; = 44o + w7Ad*/(Ag — wAd). 


Differentiating, we find that Aj (x1) =0 when Ad (x) =0 provided Ag’ (x;) exists, 
which is easily justified by the existence of y’’(x1) and Ad?’ =xy’’+2y’. Differ- 
entiating again, we find 


(5) Ai'(%) = 4Ag (x) + > ; ~ ) Da(x?Ag?)D2(A, — xAd)—, (e1 + e2 = 2), 
or 
(6) Af (a1) = 44g (a1) + Qai{Ad (a) }'/42(m), 


in which y’’(x1) and y’’’(x1) exist by hypothesis 
Eliminating x, and Ae(x1) by means of (3) and (2) and replacing one Ad’ (x) 
on the right by 4(x1y’’(x1) +2y’(«1)), in (6), we obtain 


(6') Al’ =2Ag' yy" /y” at a= oxy 

. .. 

(7) Ai'Ag’ = 2(Ae!/y')?yy" at w= M1. 
Therefore 


sign (Aj’ Ag’) = sign (yy) at «= x. 


This proves parts (a) and (5) of Theorem 1. In case y’’(x1) =0, we differentiate 
(1) directly and find that 


(8) QA1" = Ay(y — ay)/y at w= m1. 


Now if y(x1) —x1y’(%1) =0, we have, with Ag (x1) =0, the contradiction that 
y(x1) =0. Hence Af” (x1) #0 unless y’’’(x1) =0, which proves part (c) of Theorem 
1. 


We next turn to the case Ad’ (m1) = - +» =A2*-9 (a) =0 and AX” (x1) 0. 
This also gives us a critical value for A2(x1). We employ 
{nn 
(9) D®Ai(%1) = 4D*A2(%1) + >( \Di(atas\D (dyads )“Y(n= 3, - 0+, 2h). 
s=0 \ 2 


By induction, we find that D*-*(A,—xAj)—‘is a polynomial expression divided 
by a power of (A2—xAz). Also, Di(x?A3’) is zero at x =%;. Hence 


176 MATHEMATICAL NOTES : [March, 


(10) Ay” (x1) = 442” (a1), 
provided A?” (x:) and A$"*(x,) exist. But repeated differentiations of (3) 
equated to zero and the use of the existence of y?” (x1) and y+» (x) justify this 
provision. Hence (10) implies Theorem 2. 

It is interesting to note that, at these critical values, the generating lines AB 
and MN are parallel. | 


A SPECIAL TETRAHEDRON 
N. A. Court, University of Oklahoma 


The following sections represent a continuation of the paper under the same title that appeared 
in this MONTHLY, volume 56, May, 1949, page 312. 


7. The place of the Monge point on the edge of a tetrahedron (cc). The 
Monge point of any tetrahedron (T)=DABC is the center of the equilateral 
hyperboloid (H) determined by the altitudes of (T), and (T) is inscribed in 
(7).* Now in the case of a doubly special tetrahedron (ac) (§4) the Monge 
point M lies on an edge, say BC, of (T); the points B, C of (A) are therefore 
symmetrical with respect to the center M of (H); that is, M coincides with the 
mid-point A’ of the edge BC. Thus: Jf the Monge point of a tetrahedron (T) lies 
on an edge of (I), then the Monge point coincides with the mid-point of that edge. 


8. The circumcenter of a doubly special tetrahedron (ac). (a) The centroid 
G of any tetrahedron bisects the segment MO*determined by the Monge point 
M and the circumcenter O; and G also bisects the segment determined by the 
mid-points of any pair of opposite edges. In the case of a tetrahedron (oc) the 
point M coincides with the mid-point A’ of the edge BC (§7); therefore the 
point O coincides with the mid-point A’’ of the opposite edge DA. Thus: If 
an edge of a tetrahedron (T) passes through the Monge point of (T), the opposite 
edge passes through the circumcenter of (T). 

(b) Conversely, if an edge of a tetrahedron (T) passes through the circumcenter 
of (T), then the mid-point of the opposite edges is the Monge point of (T). 

The proof is the same as of the direct proposition, the réles of the points MV, 
O being interchanged. 

(c) Thus to construct a tetrahedron (gc) it is necessary and sufficient to take 
for two of the vertices D, A two diametrically opposite points on a sphere (0), 
and for the other two vertices B, C any two other points of (O), and the line BC 
does not have to be perpendicular to DA, as stated in §5. It was erroneous to 
assume that the Simson lines of the points D;, A, for the triangles ABC, DBC, 
respectively, and the line BC, have a determinate point in common; these three 
lines coincide. 


* H. Schroeter, Flaechen zweiter Ordnung, pp. 203 ff., 1880, George Salmon, Analytic ge- 
ometry of three dimensions, vol. I, p. 140, fifth edition, 1912. 
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(d) The propositions (a) and (b) above may be considered as properties of an 
equilateral hyperboloid, and as such may be considered as generalizations of the 
properties of four concyclic points of an equilateral hyperbola.* 


NOTE ON THE LAURENT SERIES 
JosErH LEHNER, University of Pennsylvania 


1. Introduction. Let f(x) be a uniform analytic function of x, and let it be 
represented in the region | «| <1 by the convergent power series, 


(1) f(a) =D agar. 


n=a0 


Suppose x = 1 is an isolated singular point of f. There is then a Laurent series for 


fle): 
(2) f(a) = Dat — a)-!-+ Sw(t — 2)" 


I=0 l=1 
The Taylor coefficients {an} completely determine the function f, and therefore 
determine the Laurent coefficients {ar}, { Bi}. If the Taylor coefficients are 
given, how can one actually calculate the Laurent coefficients? Solution of this 
problem would enable one to compute the values of f(x) outside of its original 
region of definition by utilizing the Laurent series. 
This problem will be solved in the simplest. case in which x=1 is the only 
singularity of f(x). Since f is thereby assumed to be regular at infinity, the {Bi} 
necessarily vanish, and we have 


(3) f(*) = » aii — x«)-4, x 1. 


2. Calculation. The obvious procedure is to expand (1—x)~! in powers of x, 
and rearrange (3) as a power series in x, which can then be compared coefficient- 
wise with (1), since both expansions represent f(x) in | «| <1. Thus, 


~ l 
Dat ~ a= a+ Da EC ‘) 2 


l=] m=0 m 


l 
wt Da DOT ") a |x| <4, 


l=1 


on the assumption that the interchange of summation orders is legitimate. 
Then, by comparison with (1), 


[vo] 
do = Ao + >: a, 
1 


* John Casey, Analytic geometry, p. 291, Nos. 6 and 7, sec ed., 1893; Mathesis, 1928, p. 136. 
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ofl — 1 
m= 2 ( TH ) ex, n 21. 


l=1 nN 


(4) 


In order to obtain {az}, we should have to solve this system of linear equations 
in infinitely many variables. 

However, this difficulty can easily be avoided. The function f(x) is an entire 
function of (1—x)-! but may be considered an entire function of x(1—x)7 
=(1—x)1—1. Therefore, we have an expansion, valid for x1, 


(5) f(*) = eo + > eyx'(1 — x)~'; 


l=1 


and for Ea <1, we expand the denominators, 


© fam atEawd (ON Jer natteball). 


m=0 n=1 I=1 ~ 1 


Since the sum in (5) is a power series in #=x(1—x)— which converges for all 
finite values of uw, we have lim | e1| Wl—=(, or | e2| <e! for J>J)(¢€). With this esti- 
mate it is easy to justify the inversion of summation orders in (6). 

Comparing the last series in (6) with (1), we find 


Qo = Co, 
n n—i1 
(7) a = Def ), ned. 
i=1 


This is a linear system which obviously determines {en} uniquely, since the equa- 
tions form a triangular set. 

Now we wish to find the relation between the {e,} and the {an}. In the se- 
ries in (5) write 


x¢=(1i+t+e«e-1)'= >(.)@- 1); 


j=0 


then 


f(a) tot Dowd (” )(-p1a = yee 


m=1 j=0 


ot Dealt ame SD ("Va ane 


j=1 m= 7 


c+ alt 2) + Dd = a s (- me") en 


m=I+1 


I 


+E (- ment Dad (A ym(” ) em 


m= 
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The last series is in the form (3); hence 


ao 


€0 + > (—1) “ems 
(9) = 


o7 | 


> ("em } = 1. 


m=t 


The last step is to express the {e,} in terms of the {a,} by means of (7). 
This is easily done if we make use of the “orthogonality” property 


m n—-1\/m-— 1 
(10) > (-1)" ("" i) ') = dip 


In order to prove (10) we note that 
CoM) CC) 
1—1)/\n-1/) \l—-1/]\m = a)’ 


so that the sum in (10) equals 


( JEC pen" _;): 


In the above sum we set p=n—J20; p then runs from 0 to m—1. Hence, 


Eee (TT NYT) = comes) Zeo(">). 


The sum in the right member of the last equation vanishes unless m—/=0, in 
which case the right member becomes equal to 1. This proves (10). 
Now multiply both members of the second equation of (7) by (—1)"*™(*=T) 


and sum on ”,n=1,2,---,m. Interchanging the order of summation and using 
(10) we get 
m m— 1 
(11) m= De (-te(" Yay, met, 
n=1 nw— 1 


and we already had e9=@o from the first equation of (7). Using these results in 
(9) we obtain the final formula: 


ay = a + SY (- »-(” ~ | 


m=1 n=1 


a -x(")EC pei(" You 


The author wishes to thank the referee, who showed that a» could be ex- 
pressed in the above form. 


(12) 


IV 
—y 


CLASSROOM NOTES 


EpITED BY C. B. ALLENDOERFER, Haverford College and Massachusetts 
Institute of Technology 


All material for this department should be sent to C. B. Allendoerfer, Department of 
Mathematics, Massachusetts Institute of Technology, Cambridge 39, Mass. 


PARTIAL FRACTIONS WITH REPEATED LINEAR OR QUADRATIC FACTORS 


M. R. SPIEGEL, Rensselaer Polytechnic Institute 


The great tedium involved in separating into partial fractions a rational 
algebraic function in which the denominator has repeated linear or quadratic 
factors has long been recognized. It is the purpose of this article to indicate a 
method which the author has found convenient in working with Laplace trans- 
forms where such separation into partial fractions is important from the prac- 
tical viewpoint. 

The best way to present the ideas involved in this labor saving device is by 
means of an example. We pose the problem: 

Separate 


34% +1 
(x — 2)(x? + % + 1)3 


into partial fractions. 
Normally one would write 


3x+1 A Betc Dit 


ee 
(© —2)\(#?+a+1)? 4-2 (2+44+1)% (2? + 4+ 1)? 
Fe+G 
e+tati 
Since A can be calculated immediately (by the usual method of multiplying 
through in this identity by (<—2) and then letting x2) we have 6 coefficients 
to compute, 7.e., we have to solve 6 equations in 6 unknowns. Anyone who has 


used this method must realize how much labor is involved. 
Suppose, however, we consider 


34% + 1 _ A Beu+tc 
(x—2)\(+a+0) 4-2 #+uta 


where a is a parameter and A, B, and C are of course functions of a. 


Then 


(1) 
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Multiplying (1) through by x and letting x—> we observe that 

—7 
a+ 6 


O=-A+B or B= 


Finally letting x =0 in (1) we find 


or 
1 1 7a 1 1 /fa+ 42 — 42 
co Sait). dei etes 
2 2\a+6 2 2 a+ 6 
1 7 21 21 
= — —+ — — ——— —_— —-_—_ .. 
2 2 a-+6 a+ 6 


We now practically have the problem solved. 
Differentiating (1) twice with respect to a we get 


2(3% + 1) _ A” Bx +c” 2(B’*x + C’) 
G@—d(e@+epa® 2-2 @heta (Leta? (2) 
2(Bx + C) 
(a + 2 + a)? 


where the primes denote differentiations with respect to a. In view of the fact 
that 


—7 7 21 
“Cte Gree TOF 

Ld 14 " —14 v — 42 
"Gt tO TO 


Putting @=1 and using the values thus obtained in (2) we have the result de- 
sired. 

Further extensions of this and applications to linear repeated factors are 
obvious. 


MORE STRESS ON GENERAL FORMULATIONS IN CALCULUS PROBLEMS 
LuisE LANGE, Woodrow Wilson Junior College, Chicago 


In many calculus texts problems are formulated too one-sidedly in terms of 
particular, numerical data rather than in general terms. While pedagogically it 
may be wise to begin a new type of problem with some numerical examples, it is 
only the general formulation, and the interpretation of the answer in general 
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terms, which can give insight into the functional relation between the given 
and the derived data. 

We illustrate our point by some examples from the traditional “minimum 
fence” and “related time rate” problems. They could readily be multiplied. 

1. Numerical Formulation. A rectangular lot of given area is to be fenced in 
on four sides. For what dimensions of the lot will the length of the fence be a 
minimum? Answer: a square. Same question, but the lot is to be fenced in on 
only three sides. Answer: (with one side x and two sides y) x:y=2:1. Same 
question, but the lot is to be divided internally by three fences. Answer: (with 
inside fences parallel to x) x:y=2:5. Same question, but the material of one 
fence costs twice as much as that of the three others. Answer: (with higher-cost 
material in x direction) x:y=3:2. 

General formulation. The lot is to be fenced in by n fences (inside or outside) 
in one direction, and m in the other. The minimum fence is that for which 
xiy=min, or nx=my; which means, if just as much fence runs in the one 
direction as in the other. If instead of length it is cost which is to be minimized 
the condition is the same: the cost is minimum if all fences in one direction cost 
as much as those in the other——In fact, all these several questions are one: the 
minimum of the function F=cax+(c.4/x), which lies at c1.—¢,(A/x?)=0 or 
61% =¢,(A/x). The graphical presentation of this function throws additional 
light on the question. F is the sum of the ordinates of the straight line y= cx, 
which represent the length or cost of the fences in one direction, and of the 
hyperbola y=c@A/x representing the length or cost of the fences in the other 
direction. The minimum of the function F lies‘at the intersection of the straight 
line with the hyperbola. 

Posed in general formulation the problem of the minimum surface of a 
closed or open cylindrical can of given volume receives a similarly comprehensive 
answer. If there are 1 bases (e.g. inside partitions as well as bottom and top) 
the minimum condition is found to be k=uzr, which, substituted into the 
formula for the lateral surface is seen to mean that the minimum surface is that 
for which the lateral surface is twice as great as that of all bases. 

2. Numerical formulation. A street light hangs 18 ft. above the the street. A 
man 6 ft. tall walks along the street at a rate 3 ft/sec. At what rate is his shadow 
lengthening? Answer 1.5 ft/sec. 

General formulation. The light hangs H ft. high. An object / ft high moves 
along the street at rate v ft/sec. At what rate is its shadow lengthening? Answer: 


1 
—_- 9 = ——— 2. 
H—-h H/h—1 


Interpretation: (a) The rate of the shadow’s lengthening is proportional to the 
rate at which the object moves. (b) The factor of proportionality depends only 
on the ratio H/h. If h gets small in comparison to H the factor approaches 
zero (e.g. a mouse, Or even more so an ant, running along the street push their 
practically constant shadows ahead of them). As H/hk approaches 1 the shadow 


ds/di = 
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lengthens ever more rapidly (e.g. a truck 174 ft. high under a light 18 ft. high 
has its shadow lengthening 35 times as fast it drives). (c) The relative rate of 
the shadow’s lengthening, on the other hand, 


ds 

dt v 
= —_, 
5 x 


does not depend on H and h, but is, for a given v, inversely proportional to the 
distance x from the light. (A mouse and an elephant walking side by side at the 
rate 2.5 ft/sec. have their respective shadows lengthening at the same rate 10 
percent per second when 25 ft. away from the light, and only 1 percent per 
second when 250 ft. away from the light.) 

We still wish to add that positively harmful, in our opinion, are the numer- 
ical specifications not only for arbitrary constants but for variables of which the 
required datum is a function, merely for the purpose of “coming out” with a 
numerical answer. Example: from a bridge 30 ft. high a boat is towed in by a 
rope which is pulled in at a rate 4 ft/sec. At what rate is the boat moving 
when 40 ft. away from the bridge? The last specification is pedagogically very bad, 
because it confuses in the student’s mind the basic question as to what is 
constant and what variable in the problem. 


EQUIVALENT PROPERTIES OF A RING 
R. A. BEAUMONT, University of Washington 


The well-known theorem* which states that if R is a commutative ring which 
contains no proper divisors of zero, then every polynomial with coefficients in 
R has at most ” zeros in R, is usually accompanied by examples to show that 
neither hypothesis can be omitted. The fact that the converse holds, although 
the proof is almost trivial, is not given. It may be of some interest to record the 
following equivalent properties of a ring. 


THEOREM. In any ring R, the following properties are equivalent. 

(1) Rts commutative and contains no proper divisors of zero. 

(2) Every polynomial of degree n with coefficients in R has at most n zeros in R. 
(3) Every linear polynomial with coefficients in R has at most one zero in R. 
(4) If a, b, c are in R, bX¥0, then ba=cb implies a=c. 


Proof. (1) implies (2) is the theorem mentioned above and (2) implies (3). 
Let a, b, c be elements of R such that 0 and ba=cb. Then the linear equation 
bx —ba=0 has a as a right zero and c:as a left zero and a=c by (3). Thus (3) 
implies (4). If (4) is satisfied, assume that ba =0 where 00. Then ba =0=00 
implies a=0 so that R has no proper divisors of zero. Further b(ab) = (ba)b im- 
plies ab = ba for all a in R and 60 in R. Since the latter equation is satisfied for 
b=0, R is commutative. Hence (4) implies (1). 


* See for example, B. L. van der Waerden, Modern Algebra, Vol. 1, Ungar (1949), page 65. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp EveEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 906. Proposed by Vern Hoggati, Oregon State College 


Let S be a bounded infinite point set. Show that there exists a polygonal 


path of arbitrarily small length passing through an infinite number of points 
of S. | 


E 907. Proposed by C. D. Olds, San Jose State College 


A derangement of 2 ordered letters is a permutation of the a letters which 
leaves no letter fixed. Find formulas which will give the number of odd and the 
number of even derangements of ” ordered letters. 


E 908. Proposed by R. J. Koch, Tulane University 


Show that r=1/2 is the only rational value of r for which the geometric series 
Lar”, a0, has the property that there exists a term equal to the sum of all 
the terms from some point on, and that when r=1/2 this property holds for 
every term. 


E 909. Proposed by W. E. Buker, Perry High School, Pittsburgh, Pa. 


Find positive integers satisfying 
N=p +h=(p+1) +h =(p+2) + be 
E 910. Proposed by R. M. Gordon, Carnegie Institute of Technology 
If k>0, fi(x) are independent, f;,™(x) exist and are well behaved, find 


fi(%) fo(x) sos fal x) 
fi(% + h) fo(u + h) -+ + f,(x + hh) 


h-0 


lim h-* | f,(x + 2h) falx + 2h) ws fala + 2h) 


file+(n— Dh] filet (n— Dal --- fale + (wn — 1h] 
SOLUTIONS 
A Three Man Dice Game 
E 850 [1949, 31]. Proposed by L. C. Hsu, National Tsing-Hua University, 
Peiping, China 


184 
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Three persons, A, B, and C, in rotation throw a pair of dice. If the points 
6, 7, 8 are consecutively gotten by A, B, C, then A is declared winner; if the 
points 7, 8, 6 are consecutively gotten by B, C, A, then B is declared winner; 
if the points 8, 6, 7 are consecutively gotten by C, A, B, then C is declared 
winner. Find their chances of winning. 


Solution by the Proposer. Let us call the three consecutive throws numbered 
3n—2, 3n—1, 3n the mth cycle with respect to A, those numbered 3n—1, 3n, 
3n+1 the uth cycle with respect to B, and those numbered 3x, 3u-+1, 3n-+2 
the nth cycle with respect to C. Define Pa(n), Ps(n), Pc(m) as the probabilities 
that A, B, C win exactly in their respective mth cycles. Denote by Pa, Ps, Pe 
the total probabilities of A, B, C winning. It is clear that for m¥n, Pa(m) and 
P,(n) are disjoint. Moreover, the events whose probabilities are given by 
P4(n), Pa(m), Pc(k) are also incompatible. Therefore 


Pa= Palm), Pa=S>Pa(n), Po = d Poln), 


where 
P4(1) = (5/36)(6/36)(5/36), 
Px(1) = (31/36) (6/36) (5/36)?, 
Po(1) = (30/36) (5/36)7(6/36). 


Now it is easy to obtain the following equations, for 22: 


n—-2 n—-2 n—2 


(1) Pa(n) = {1- 2 Pa(k)— 2 Px(k)— >» Pott) (31/36) (5/36) (6/36) (5/36), 
(2) Pan) = {14 Y Pa)— DO Pal)- Eo Petr) (31/36) (6/36)(5/36)(5/36), 


(3) Po(n) = {14 > Pa(k)— > P2(k)— > Pett) (30/36) (5/36) (5/36) (6/36). 
From (1) and (2) we then have 
> Pa(n) — 3 P2(n) = (4650/364) Yo Pa(n — 1), 
and from (2) and (3) 
30D Palm _ 313 Po(n) = (139500/36*) > Po(n — 1). 

n= n=2 n= 
Using the fact that P4+Ps:+Pc=1, we finally get, by solving approximately, 

Pa = 0.33818, Pz = 0.33680, Po = 0.32502. 
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Other solutions were given by Louis Berkofsky, R. E. Edwards, H. E. H. 
Greenleaf, J. M. Kingston, Sam Kravitz, Roger Lessard, Bart Park, and L. A. 
Ringenberg. 


Infinite Radicals 
E 874 [1949, 404]. Proposed by C. S. Ogilvy, Trinity College 


If yp x2, yo (xt y1)"2, + +, Yn = (XEIYm—1)/2, prove that limmso¥m is inte- 
gral if and only if x is of the form n(n—1), n=2, 3, - - - , in which case the limit 
is 2. 


Solution by C. W. Trigg, Los Angeles City College. The given sequence is mon- 
otone increasing and convergent for x>0. (See, for example, Aaron Herschfeld, 
On Infinite Radicals, this MONTHLY, pp. 419-29, 1935.) In general, the sequence 
y= XP yo (xfbyi)MP, + + > 5 Vm =(X+IYm—-1)/? is convergent for p=2, since it 
is convergent for p=2. Denote limn..¥m by 7, whereupon we have 7?—7n—x=0, 
which has exactly one positive root for x«>0. For integer values of the limit 7, 
x=n?—y. For p=2, x=n(n—1); and for p=3, x=(n—1) n(n +1). 

Also solved by W. D. Berg, D. H. Browne, M.S. Klamkin, Martin Milgram, 
L. A. Ringenberg, Azriel Rosenfeld, and the proposer. 

See E 474 [1942, 197]. 


Property of an Arithmetic Progression 
E 876 [1949, 473]. Proposed by H. L. Lee, University of Tennessee 
The product of four consecutive terms of an arithmetic progression of 


integers plus the fourth power of the common difference is a perfect square but 
in no case a perfect fourth power. 


Solution by R. V. Andree, University of Oklahoma. Let a be the first term of 
the four, and d the common difference. Then 


a(a + d)(a + 2d)(a + 3d) + d* = (a? + 3ad + d?)?, 


a perfect square. However, that it is never a perfect fourth power is false. A 
counter example is obtained with a=3, d=7. Other counter examples may be 
constructed by taking 


a= y* — v?, d = 2uv + 3v?, 
in which case 
a(a + d)(a + 2d)(a + 3d) + d* = (uv? + 3uv + v?)* 


Also solved by Max Beberman, Daniel Block, Leslie Booth, D. H. Browne, 
Aaron Buchman, W. E. Buker, J. H. Butchart, E. H. Clarke, E. J. Cogan, 
W. J. Feeney, W. Fulks, Vern Hoggatt, R. T. Hood, P. W. M. John, Harris 
Jones, M. S. Klamkin, Frank Kocher, Sam Kravitz, Sidney Kravitz, F. T. 
Leahy, Jr., Emma Lehmer, D. W. Matlack, F. L. Miksa, E. P. Miles, Jr., T. F. 
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Mulcrone, C. S. Ogilvy, S. T. Parker, J. W. Ponds, P. W. A. Raine, L. B. Rall, 
K. S. Rao, R. J. Reid, L. A. Ringenberg, Azriel Rosenfeld, C. M. Sandwick, 
R. W. Shoemaker, R. V. Simpson, Guy Stevenson, B. M. Stewart, C. W. Trigg, 
Robert Ullman, G. W. Walker, Lila Walker, Hazel Wilson, and the proposer. 

Eleven of these solutions failed to note that the second part of the problem 
as quoted is incorrect. The failure was due to assuming that a form which is 
not formally a square is never a square in integers. The solution by G. W. Walker 
constituted a remarkably complete discussion of the problem. 

A. Desboves, Nouv. Ann. Math. (2), 18, 1879, 269 and (3) 5, 1886, 226-33, 
showed that x?+dxy+ by? =z? has for complete solution 


a= (g?— bp?), yt (dp? +209), 2 = + (2 + bp? + dpg). 


This yields, essentially, the general solution given above by Andree. See Dick- 
son, History of the Theory of Numbers, v. III, pp. 404-407. 


Property of Concurrent Cevians . 
E 879 [1949, 474]. Proposed by Joseph Langr, Prague, Czechoslovakia 


Let Si, Se, Ss be the midpoints of three concurrent cevians of triangle ABC. 
Let SaS3, S351, SiS2, meet the sides BC, CA, AB in A1, Bi, Ci; As, Bo, C2; Az, Bz, Cs 
respectively. Show that (1) As, As; Bs, Bi; Ci, C2 are isotomic points on the seg- 
ments BC, CA, AB, (2) A1, Be, C3 are collinear, (3) As, A3, Bs, Bi, Ci, Co lie on a 
conic. 


Solution by J. H. Buichart, Arizona State College at Flagstaff. Triangles ABC 
and S1S2S3 are perspective. Hence A1, Be, C3 are collinear. The triangle formed 
by joining the midpoints A’, B’, C’ of the sides of triangle ABC is circum- 
scribed about triangle S,S2S; and is inscribed and perspective with triangle 
ABC. Hence triangles A’B’C’, S,S.S; are perspective. Then the pencil 
Si(S253, A’B’) is harmonic and A’ is the midpoint of A2A3. The conics through 
the fixed points B1, Bs, C2, Ci establish an involution on the line BC, which, for 
the degenerate cases, pairs B with C and A, with its isotomic conjugate. Hence 
A», As are determined by the same conic. 

Also solved by L. M. Kelly, Roscoe ‘Woods, and the proposer. 


Editorial Note. The perspectivity of triangles A’B’C’ and S,S2S3; can be 
established by Ceva’s theorem, for 


(B'S1C'S- A'S3)/(SiC'-S2A'-S;B’) = (BL-CM-AN)/(LC-MA-NB) = 1, 


where L, M, N are the feet, on the sides BC, CA, AB, of the given concurrent 
cevians. Also, part (3) follows from part (1) by Carnot’s theorem. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and with margins at least one inch wide. Problems containing results be- 
lieved to be new or extensions of old results are especially sought. Proposers of problems should 
also enclose any solutions or information that will assist the editor. In general, problems in 
well known text books or results found in readily accessible sources should not be proposed 
for this department. 


PROBLEMS FOR SOLUTION 
4385. Proposed by P. Ungar, University College, London, England 


The three-digit sections of the sequence 1110001011 represent all three-digit 
numbers in the binary system exactly once each. For a given positive integer 
an analogous sequence is obtained in the following manner: write down n 1’s to 
begin with, and in each subsequent place write 0 unless the n-digit section thus 
completed occurs previously, in which case put 1. Show that the resulting 
sequence of 2”-+-n—1 digits has the same property as the case n =3 cited at the 
outset. 


4386. Proposed by Victor Thébault, Tennie, Sarthe, France 


In any triangle the Monge circle (orthoptic locus) of the inscribed conic 
concentric with the circumcircle is orthogonal to the polar circle. 


4387. Proposed by Paul Bateman, Instituié for Advanced Study 


If «,(~) denotes the sum of the rth powers of the divisors of the positive 
integer , prove that 


a,(n)o,(m) = » d‘o,(nm/d?), 


d| (n,m) 
where d runs through all the common divisors of m and m. 


4388. Proposed by Paul Erdés, Syracuse University and W. H. J. Fuchs, 
Cornell University 


Let 

i) = IL@ — 2), nese 
i=l 
Consider the set | f(2)| <1. Prove that it consists of at most 2—1 components. 
4389. Proposed by F. J. Dyson, Institute for Advanced Study 

Given NV numbers a, satisfying the N equations 
N , 4 | 
» ¢ = ) n=1,2,---, Ne 
m=1 M+n n+l 
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prove that 
N’ Om 1 


= {— —_—. 
wearer (2N + 1)? 


This problem arose in an investigation of the diffraction of light (H. Levine and 
J. Schwinger, Physical Review, 74, 970 (1948)). 


SOLUTIONS 
A Property of the Orthocentric Tetrahedron . 


4266 [1947, 479]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given a tetrahedron ABCD and a sphere (S). If the polar planes of the 
vertices A, B, C, D with respect to (S) and the corresponding planes tangent to 
the circumsphere at A, B, C, D cut each other, respectively, on the faces BCD, 
CDA, DAB, ABC, the tetrahedron is orthocentric. Establish a converse theorem. 


Solution by the Proposer.* In the coaxal pencil of sphetes determined by the 
circumsphere (O) of the tetrahedron ABCD and the given sphere (S), let (2) be 
the sphere which separates A and B harmonically. The polar plane of the vertex 
A with respect to (2) contains the line A, of the plane BCD in which the polar 
planes of A with respect to (O) and (S) intersect (since the polar planes of a 
point with respect to the spheres of a coaxal pencil form a coaxal pencil). Like- 
wise the polar plane of A with respect to (2) contains the point B, and so it coin- 
cides with BCD. Hence (2) separates A and C, and A and D, harmonically. 
The same reasoning holds for the other vertices B, C, D. Therefore (2) is the 
conjugate sphere of the tetrahedron ABCD and the given tetrahedron is ortho- 
centric. 

Conversely, in every orthocentric tetrahedron the property of (S) holds for - 
every sphere of the coaxal pencil determined by the circumsphere and the 
conjugate sphere. | 


Difference of Consecutive Cubes 


4299 [1948, 321]. Proposed by R. C. Lyness, Crakemarsh, Uttoxeter, Stafford- 
shire, England 


If the difference between two consecutive cubes is a square, then it is the 
square of the sum of two successive squares. 


Solution by Ernest Trost, Technikum Winterthur, Switzerland. We have to 
solve the Diophantine equation 


(1) (xn-+ 1)? — x8 = 342+ 3441 = y* 
Multiplication by 4 gives 
3(24 + 1)? = (2y — 1I)Qy+4 1). 


* Translation by W. E. Byrne, Virginia Military Institute. 
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Since 2y—1 and 2y-+1 are relatively prime, we obtain the following two cases, 
where m and 7 are relatively prime odd integers: 
2y—-1= 3m’ 2y—1=m 
(a) (b) 
2y+tl=~n, 2y +1 = 3n’. 
The first case is impossible because we have n?—3m?=2, which contradicts the 
fact that 2 is a quadratic non-residue of 3. Putting m=2k-+1 in the second case 
we get 


2y = 4h? + 4k 42 = 2{(k+1)2+ F}, 


which proves the theorem. 

Also solved by Murray Barbour, W. H. Benson, D. A. Darling, Fritz Herzog, 
Alexander Kevitz, Roger Lessard, Leo Moser, C. S. Ogilvy, and the Proposer. 

Editorial Note. Several solvers obtained explicit forms for the letters in- 
volved. These may be indicated briefly as follows. 

Let r(=2++/3) and 1/r be the roots of R8-4R+1=0, and let integers a, 
and b, be given by 2a,=r%+r-*, 24/3), =1"—r-". Then a2—-30;=1, and it is 
well known that dn, bn, (n=0, 1, 2,---+) give the only integral solutions of 
a? —3b2=1. Thus the solutions of (1) are given by 


Xn = (dent1 — 1)/2, Yn = Gen4i/2, 


where alternate a’s and 0’s are taken in order to obtain integral values of Xn, Yn. 
Direct calculation will verify: 


2 2 “ 
Yn = Bn + (8n + 1) , Zn = (3b, + dn — 1)/2, 
where 2, is always integral. 
With initial values x) =0, yo=1, 20.=0, 11=7, y1=13, 21=2, it is easy to show 
that 
Vat+1 >= 144, — Xn-1 ++ 6, 
Yat = 14y,, — Ya-ly 
Snti = 42n — Sn—1 + 1. 
Many of these results have previously been noted, without proof, by V. 
Thébault [1949, 174]. 
Factors of x2"-++-y2" 


4302 [1948, 369]. Proposed by Joseph Rosenbaum, The Milford School, Con- 
necticut 


Prove that if x and y have no common factor then every odd factor of 
x2"1.y2" where n is a positive integer, is of the form 2*+!m-+1. 


Solution by J. B. Kelly, University of Wisconsin. Let p be an odd prime such 
that 
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x2" +. 2" == 0 (mod #). 
Since (%, vy) =1, we have x40, y#0 (mod p). Then 
(ay!) = — 1 (mod p), 


where y—! is the inverse of y in the multiplication group of residues modulo p. 
Therefore the congruence 


(1) u2” = — 1 (mod p) 


has a solution. According to Euler’s criterion, 
(2) (—1)-D/4 = 1 (mod ), 


where d=(p—1, 2%). It follows from (2) that (b—1)/d is even. Then from the 
definition of d it follows that p—1 is divisible by 2"+!, whence 


(3) p = 24m + 1. 


Finally, since every product of numbers of the form (3) is also of this form, the 
proposed theorem is proved. 

Also solved by Leo Moser, Robert Seamons, and the Proposer. The Proposer 
notes the corollary that there are infinitely many primes of the form 2'm-+1, 
because every prime factor of 


(n!)? + 1 
is of the form 2*'m-+1 and is greater than n. 


Coefficients of Bernoulli Polynomials of the Second Kind 
4303 [1948, 369]. Proposed by G. T. Williams, Cambridge, Massachusetts 
If 


1 
t= f(x 1) (@— w+ Nae, 
0 
and 
1 
b= f a(x-+1)---(a#+n-— I)dx, 
0 


show that (—1)"0,=¢,—7@n_1 and find @¢, in terms of @,. 
Solution by Ragnar Dybvik, Levanger, Norway. We have 


1 
bn — tba = f x(x-+1)---(«+n-— 1)dx 
0 


<n fo eet t+ (etm Dae 
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1 
-{ (x — 1)a(a+1)--+- («+n — 2)dx. 
0 
Setting x =1—1, we get 


on — NOn-1 = -{ (—t)(-t + 1) ves (—t +n— 1)dt 
(1) 


(fu 1)-+-(@—n+ 1)dt = (—1), 


- as required. Further 


and from (1) we have 


eee 


i! (4-1)! i! 
Summing for z=2, 3, ---+,n, we get 
On 1 m 4 
——— = >», (-1)i—» 
n! 1! j=2 
whence 
(2) on = nl/2 + nl >> (—1);/i!. 
t=2 


Also solved by Joshua Barlaz, J. H. Curtiss, M. S. Klamkin, Max LeLeiko, 
Roger Lessard, Jules Lieblein, Norman Miller, W. O. Pennell, Robert Seamons, 
Chih-Yi Wang, and the Proposer. 


Editorial Note. LeLeiko points out that 0, =b,n!, where b, is the general coef- 
ficient of the Bernoulli polynomial of the second kind. See Jordan, Calculus of 
Finite Differences, 1947, p. 249. Using a result from p. 266 we have 


n—1 0; 
—1)i—_—__ =0, 
2a ( (n — 2)4! 
where 0) = = 1, by definition. From this result and (1) we derive 
n—1 db: 
= 2!) ———______—__.. 
° 2 (n — i)(n—t4-+ 1)! 


Wang obtains the following form for dn, 
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d= lds (’ ~ ') 0/4}. 


ipo \t — 1 
Partitions 
4304 [1948, 369]. Proposed by H. D. Grossman, New York City 


From the vertices of a regular x-gon three are chosen to be the vertices of a 
triangle. Prove that the number of essentially different possible scalene triangles 
is the integer nearest to (n—3)?/12. Compare 3893 [1940, 664]. 


Solution by Norman Miller, Queen’s University, Kingston, Ontario. All the 
possible types of triangles are included among the N=(n—1)(n—2)/2 triangles 
with a common vertex A. Each of the S types of scalene triangles is counted 6 
times in the number N and each of the I types of isosceles, non-equilateral tri- 
angles is counted 3 times in N. An equilateral triangle occurs if and only if 
n=0 (mod 3). The values of I are readily found on consideration of the possible 
lengths of the equal sides. The cases are now as follows: 


1) n=+1 (mod 6). J=(n—1)/2 and 6S8+32=N. 
2) n=3 (mod 6). f=(n—1)/2—1 and 6S+37+1=WN. 
3) n=+2 (mod 6). [=(n—2)/2 and 6S+3l=N. 
4) n=0 (mod 6). J=(n—2)/2—1 and 6S+3/+1=WN. 


The equations in these four cases yield respectively the following values of S: 
(n—3)?/12—4, (n—3)?2/12, (n—3)?2/12—1/12, (n—3)?/12+4. This proves the 
theorem. . 

Note by the Proposer. There is an intimate connection between the present 
problem 4304, Anning’s problem 3893 [1940, 664], and problem 25 from Polya 
and Szegé, Aufgaben und Lehrsatze, I, pp. 4, 157. By reading lattice-point graphs 
of partitions both horizontally and vertically, we can establish the equality of 

(a) positive, unequal 

the number of partitions of m into three; (b) positive parts and the 
| (c) non-negative 
[ (a’) positive solutions | 
number of | (b’) solutions with x, y non-negative and z positive > of the Dio- 

(c’) non-negative solutions 
phantine equation x-+2y+3z=n. A partition of type (a) can be reduced to one 
of type (b) by subtracting 2 from the largest part and 1 from the next largest, 
thereby reducing n by 3. The new partition can be again reduced to one of type 
(c) by subtracting unity from each part, again reducing n by 3. These operations 
are reversible. 

The present problem is equivalent to one of partitions of type (a); 3893 is 
equivalent to one of partitions of type (b); Polya and Szegié’s problem, to one of 
partitions of type (c). Hence Polya and Szegé’s (n-+3)?/12 becomes in turn 
Anning’s n?/12 and the present (x—3)?/12. 

Also solved by Murray Barbour, John Kelly, Roger Lessard, Leo Moser, 
and W. E. Patten. 


RECENT PUBLICATIONS 


EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Fluid Dynamics. By V. L. Streeter, New York, McGraw-Hill 1948. 114263 
pages $5.00. 


This book is a significant contribution to graduate or senior courses in fluid 
mechanics. Not requiring the reader to possess a knowledge of mathematics be- 
yond the elementary differential and integral calculus, sufficient advanced 
mathematical theory is developed in an adequate manner before its use. Before 
developing details, the author outlines in general statements the theory to be 
discussed. Careful summaries are drawn which collect the basic assumptions 
used and the results obtained. 

Three-dimensional flow examples are preceded by the foundations of ideal 
fluid theory. Complex variables are used in the application of conformal map- 
ping to two-dimensional flow. Development of vortex theory is followed by 
examples. After deriving the Navier-Stokes equations, they are used in examples 
which include the laminar boundary layer problem. 

There is a representative collection of problems. In general the first exercises 
are routine manipulation. The later ones are.of a more difficult nature which 
when solved contribute significantly to the understanding of the theoretical 
discussions. 

The book is written carefully with an accurate and concise presentation of its 
material. 

E. A. TRABANT 


Integraltafel, Erster Teil: Unbestimmte Integrale. By W. Grobner and N. Hof- 
reiter. Vienna, Springer-Verlag, 1949. 8-+166 pages. $5.40. 


The authors have taken great pains to make this collection of nearly 1700 
indefinite integrals as accurate and complete as possible. The collection contains 
all the elementary integrals which are commonly found in mathematical hand- 
books as well as integrals of greater complexity, including elliptic and hyper- 
elliptic integrals and integrals of the elliptic functions of Weierstrass and Jacobi. 
In many cases (for example, {sin™ xdx) the authors not only give the customary 
reduction formulas but also express the integrals in their ultimate series form. 
The value of the book is enhanced by short summaries of all the methods which 
are applicable in special cases of frequent occurrence. The handwritten text 
reproduced on 84X12 pages is particularly attractive and legible. This book 


should prove of great value to mathematicians, physicists, and engineers. 
H. D. LARSEN 
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Computation Curves for Compressible Fluid Problems. By C. L. Dailey and F. 
C. Wood. New York, John Wiley and Sons, Inc., 1949. 10+32 pages+32 
charts. Not bound. $2.00. 


The title of this collection of 32 charts correctly characterizes the book and 
indicates its practical everyday usage by the engineer. In the introductory 32 
pages the authors set out to “explain every relation presented in this text in such 
a way that anyone using the curves will be able to understand their meaning 
and limitations without having to refer to any other source.” Since acquain- 
tance with detailed thermodynamic relations for a perfect gas and with the 
circulation theorem is assumed, this commendable effort succeeds only in part. 

The charts fall into three categories: I. So-called “Energy Relations” ap- 
plicable to approximately one-dimensional steady-flow problems with and with- 
out heat addition; II. So-called “Plane-Shock Relations” applicable locally 
across any shock wave; III. “Conical-Shock Relations” summarizing the results 
of numerical solutions for the steady flow field around an infinite cone placed 
axially in a supersonic stream. , 

The basic independent variable in all the charts is the Mach number, local 
or free-stream. This fact provides a unified treatment but limits somewhat the 
applicability of the curves since often enough pressure, velocity direction, 
velocity ratio to the critical speed of sound, M*, and velocity ratio to the maxi- 
mum possible speed, #, are more convenient as independent variables. It is to 
be hoped that the loose-leaf form of the book will allow additions of other help- 
ful charts found, say, in the publications of the National Advisory Committee 
for Aeronautics. ~ 

As a matter of fact, the theory of Part III uses # as a variable, and the ab- 
sence of an appropriate chart forces the reader repeatedly to raise quantities 
near unity to the power y/y—1=7/2. Also, Chart 4 in Part III is included so 
that w values on the surface of the cone could be expressed in terms of the Mach 
number on the cone surface. Actually, the relation represented by this chart is 
a completely general “point relation” valid anywhere and should be included 
with similar relations in Part I. 

In view of the wide range of topics covered, the brief introductory deriva- 
tions of the various relations understandably falter in places. The questionable 
derivation of the energy equation will not satisfy the careful student. The 
derivation of the Prandtl-Meyer relations is awkward and does not have the 
advantage of physical plausibility. All of the derivations assume steady flow 
while such a limitation is not necessary for most of the relations in Part II. 

In summary, this publication of charts so useful to the engineer working 
with compressible fluids should be welcome by the profession. 

M. V. MorKOVIN 


NEW BOOKS RECEIVED 


Figures of Fantasy. By A. N. Aheart, New York, Exposition, 1949. 54 pp. 
$2.00. 
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Konforme A bbildung. By A. Betz. Berlin, Springer, 1948. 8-+-539 pp. DM 36. 

Introduction to Mathematics. 2nd Edition. By H. R. Cooley, D. Gans, M. 
Kline, and H. E. Wahlert. Boston, Houghton Mifflin, 1949. 22-++-170 pp. $4.25. 

The Mathematics of Great Amateurs. By J. L. Coolidge. Oxford University 
Press, 1949. 8+211 pp. $6.00. 

Fundamental Algebra with Practical Applications. By R. L. Erickson. New 
York, McGraw-Hill, 1949. 12+317 pp. $2.80. 

Integralgleichungen, Einfughrung in Lehre und Gebrauch. By G. Hamel. 
Berlin, Springer-Verlag, 1949. 8+166 pp. DM 15.60. 

Analytic Geometry. By L. M. Kells and H. C. Stotz. New York, Prentice- 
Hall, 1949. 8+280 pp. $2.85. 

Einfihrung in die hthere Mathematik. By H. V. Mangoldt. Completely re- 
vised and enlarged by K. Knopp. 9th Edition. Stuttgart, Hirzel, 1948. 3 vols. 
Vol. 1, 16+585 pp. Vol. 2, 16-+634 pp. Vol. 3, 16+618 pp. DM 24.80 each. 

Practical Mathematics. By C. I. Palmer and S. F. Bibb. Part I, Arithmetic 
with Applications. 5th Edition. New York, McGraw-Hill, 1949. 12+179 pp. 
$1.80. 

Darsiellende Geometrie. (Teubners Mathematische Leitfiden, Volume 2). 
2d Edition. By H. von Sanden. Leipzig, Teubner, 1949. 107 pp. $1.65. 

Praktische Mathematik. (Teubners Mathematische Leitfiden, volume 44.). 
By H. von Sanden. Leipzig, Teubner, 1948. 99 pp. $1.00. 

Equazioni Differenziali nel Campo Reale, part 2, 2nd Edition. By G. Sansone. 
Bologna, Zanichelli, 1949. 16+475 pp. 4000 lire. 

Tables of the Bessel Functions of the First.Kind of Orders, Fifty-two through 
Sixty-three. (The Annals of the Computation Laboratory of Harvard University, 
vol. 11.) Cambridge, Harvard University Press, 1949. 12+544 pp. $8.00. 

Philosophy of Mathematics and Natural Science. By H. Weyl. Revised and 
augmented English edition based on a translation by Olaf Helmer. Princeton 
University Press, 1949. 10-+311 pp. $5.00. 

An Introduction to the Theory of Mechanics. By K. E. Bullen. Science Press, 
Sydney, Australia, 1949. xvi+368 pp. 

The Axonometric Method of Descriptive Geometry. By W. H. Roever. Litho- 
printed by Edwards Brothers, Inc., Ann Arbor, Michigan, 1949. For sale by 
Washington University Bookstore. 75 pp. $3.00. 

Fundamentals of Symbolic Logic. By A. Ambrose and M. Lazerowitz. New 
York, Rinehart Publishers, 1948. 10-+310 pp. $5.00. 

Tables of Elementary Functions, 2d Edition. By F. Emde. Leipzig, Teubner, 
1948. 12+181 pp. $3.50. 

Tables of Higher Functions, 4th Revised Edition. By Jahnke and Emde. 
Leipzig, Teubner, 1948. 12-+300 pp. $3.60. 

Mathematics Dictionary, Revised Edition. By G. and R. C. James. New York, 
Van Nostrand, 1949. 6+432 pp. $7.50. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1948-49 
Mathematics Club, Stanford University 


The Stanford Mathematics Club held seven meetings during the academic 
year 1948-49. The following papers were presented: 

The solution of Poncelet’s problem, by Prof. D. C. Olds 

Some fixed point theorems, by Dr. P. Garabedian 

Complex moments, by Joe Ullman 

Harmonic webs, by Hans Haegi 

The gamma function, by John Luke 

Space filling curves, by Kenneth Cooke 

Progression-free sequences, by Dr. D. C. Spencer 

Dr. G. Szego gave a talk on his trip to Europe. 

The annual picnic was held at Alum Rock Park. 

Officers for 1948-49 were: President, Sherman Lehman; Secretary, Robert 
Stalley; Treasurer, John Bennett. 


Undergraduate Mathematics Club, University of Rochester 


The end of the academic year, 1948-49, marks the first year of the newly 
organized Undergraduate Mathematics Club of the University of Rochester. 
The theme for the year was: that mathematics is not primarily a tool for other 
sciences but rather a distinct field of investigation. 

The papers heard by the members were: 

Diophantine equations, by Adnah Kostenbauder 

What ts a quaternion?, by Nathan Rickless 

Almost every number contains an eight, by Norma Schuller 

Mathematical fallacies, by Fred Straub 

Boolean algebra, by Morten Kenner 

Surface area of a cylinder, by Frank Hahn. 

Prizes for the best papers were awarded to Adnah Kostenbauder and Fred 
Straub. 

A great deal of interest was aroused by a game analogous to the popular 
radio game “Twenty Questions.” In the game as played by the Mathematics 
Club, the topic always affiliates itself with something of a mathematical nature, 
such as geometric figures, equations, sets, efc. There is no limit on the number 
of questions to be asked but the investigating group must arrive at the solution 
in less than three minutes. The only restriction placed upon the questions is 
that they must be so directed as to be answered by a yes or no or in some Cases 
by an indefinite answer of sometimes or possibly. 


197 


198 CLUBS AND ALLIED ACTIVITIES [March, 


The newly elected officers are: Chairman, Fred Straub; Vice-Chairman, Carl 
Whiteman; Secretary-Treasurer, Frank Hahn; Assistant Secretary-Treasurer, 
Mary Chapman; Advisors, Dr. Bernstein and Mr. Gunderson. 


Kappa Mu Epsilon, Chicago Teachers College 


The papers presented to the Illinois Gamma chapter of Kappa Mu Epsilon 
during 1948-49 were: 

The mystical significance of numbers, by Dorothy Dahlberg 

Ramifications in cryptography, by Ramona Goldblatt 

Pythagorean number oddities, by Kathryn Graham. 

Fifty-seven members attended the annual banquet at which entertainment 
was furnished by students. 

The officers for 1949-50 are: President, Marceline Kostris; Vice-President, 
Robert McNamara; Secretary, Lois DeGrange; Treasurer, Eleanor Outly; 
Sponsor, Dr. J. W. Sachs; Corresponding-Secretary, Dr. J. J. Urbancek. 


Mathematics Club, Montana State University 


The following papers were presented at meetings of the Montana State 
University Mathematics Club the past year: 

B1-products of mathematics, by Dr. A. S. Merrill 

The duo-decimal system, by William Shipman 

Trisectton of angles, by James Wright 

The philosophy of mathematics, by Dr. T. G. Ostrom 

How to make an atomic bomb, by Dr. C. R. Jeppesen 

How to extract cube roots, by Marybelle Fry 

Men of mathematics, by Laurence Zimmerman 

History of numbers, by Joseph Kratofil. 

Informal discussions and refreshments followed the addresses. 

A social meeting was held each quarter—a Christmas party in the Fall, 
Dr. and Mrs. Merrill entertained at a valentine party during the Winter, and 
the annual picnic with the Chemistry Club was held in the Spring. 

The Pi Mu Epsilon prizes were awarded at an early meeting. 

The officers for next year are: President, Marybelle Fry; Vice-President, 
Evan Rempel; Secretary-Treasurer, Joseph Kratofil. 


Mathematics Club, Immaculate Heart College 


The following papers were presented by student members of the club: 

slopology, by Marie Kreuper and Dolores Barenberg 

The transcendental and tmaginary, by Mary Parker 

Mathematics as related to other great fields of knowledge, by Mary Gleason 

History of linear and quadratic equations, 1550-60, by Mary Dominguez 

Historical problems in algebra, by Maureen Brennan, Patricia Hanson, Joan 
Rae, Glenna Christie, Colleene Harron and Virginia Pritchard 

History of the quartic equation and methods of solution, by Dolores Barenberg. 
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Following each paper a period was devoted to mathematical recreations after 
which refreshments were served. 

Officers for 1948-49 were: President, Doris Mills; Secretary-Treasurer, Marie 
Kreuper. 


Mathematics Club, Purdue University 


Monthly meetings were held throughout the year during which the follow- 
ing topics were discussed: 

The development of Hilbert spaces, by Roger Burt 

The soluiuon of a partial difference equation, by Eugene Usdin 

Probability in continuum, by Bertrom Kastant 

Probate analysis, by Robert Carson 

Summability of divergent sertes, by Robert Derflinger 

Symbolic logic, by Sakari Jutila 

The solution of the partial difference equation for Pascal’s triangle, by O. 
Moan 

M1story of the calculus, by Prof. A. Rosenthal. 


Mathematics Club, Bowdoin College 


The Bowdoin College Mathematics Club held nine regular meetings during 
the academic year 1948-49. During the year the following papers were prepared 
and discussed: 

Perspective triangles, by Dr. S. Hammond 

Finite numbers, by Reed Dawson 

New aspects of non-Euclidian geometry, by Cc. Carruthers 

Elementary discussion of harmonic functions, by W. Gager 

General inversion, by Demetriardies 

Dynamic symmeiry, by Thorndike 

Mathematics of code analysis, by Dr. R. Brumbaugh 

The development and significance of the Laplace transform, by D. Union. 

Refreshments were served at the last meeting of each semester. 

The officers of the club for the year were: President, Charles Carruthers 
(1st semester), William Gager (2nd semester); Secretary, Alfred Waxler; Treas- 
urer, Donald Union. 


Kappa Mu Epsilon, Albion College 


The Michigan Alpha chapter of Kappa Mu Epsilon, Albion College, held 
seven meetings during the school year 1948-49. The following papers were pre- 
sented: | 

Identification of contc sections by invariants, by Ralph Powers 

Algebra and the abacus, by Richard Vetter 

Contributions to mathematics by ancient Egyptians, by Richard Carver 

Fallactes in mathematics, by Wendell Martin 

Linkages, by Harold Wakelin 

LaGrange and Laplace, by Jean Hayward 
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Flatland, by Betty Marshall 

Proofs of the Pythagorean theorem, by Betty MclIllvenan 

Non-Euclidean geomeiry, by Barbara Barnes 

Women tn mathematics, by Charlotte Phelps. 

Officers elected for 1949-50 are: President, Raymond Gillespie; Vice-Presi- 


dent, Albert Foster; Secretary-Treasurer, Patricia Collins; Faculty Sponsor, 
Prof. H. Larsen. 


Mathematics Club, Case Institute of Technology 


The Mathematics Club of Case Institute of Technology enjoyed a year of 
varied meetings with rather more than usual emphasis on student participation. 
The following papers were presented: 

Plasticity, by Deonisie Trifan 

Matrix algebra, by Ernest Leach 

The Whitney ham sandwich problem, by Charles Saltzer 

Group theory, by Frank Palermo 

Exterior ballistics, by Richard Varga 

Projective geometry, by Arthur Shaw. 

Officers for the year 1948-49 were: President, Ernest Leach; Adviser, Prof. 
M. Morris. 


NEWS AND NOTICES 
EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
atems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


GUIDANCE PAMPHLET FOR MATHEMATICS STUDENTS 


A guidance pamphlet entitled Why Study Mathematics has been published 
recently by the Canadian Mathematical Congress. It has been prepared for the 
use of secondary school teachers and students and should be especially helpful 
to those who are concerned with vocational guidance. Copies may be obtained 
from the Canadian Mathematical Congress, Engineering Building, McGill 
University, Montreal, Canada. 


PI MU EPSILON JOURNAL 


The honorary mathematical fraternity, Pi Mu Epsilon, is now publishing a 
journal entitled Pz: Mu Epsilon Journal. The first number indicates that this 
journal will be of interest to undergraduate as well as graduate members of the 
-fraternity. Inquiries about the journal should be addressed to the Editor, Ruth 
W. Stokes, 15 Smith Hall, Syracuse University, Syracuse 10, New York. 
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STATISTICAL SUMMER SESSION IN BERKELEY, CALIFORNIA 


Following the established pattern, there will be held this year a Statistical 
Summer Session at the University of California, Berkeley. The faculty will in- 
clude W. G. Cochran of Johns Hopkins University, Benjamin Epstein of Wayne 
University, E. L. Lehmann of the University of California, Paul Lévy of the 
Ecole Polytechnique, Paris, France, and G. E. Noether of New York Uni- 
versity. 

Courses will be offered on both the graduate and the undergraduate levels. 
The graduate courses, all given during the First Summer Session, June 19 to 
July 29, are meant primarily for students who either have already obtained their 
Ph.D. degree or are working toward it. No specific prerequisites to graduate 
courses will be required. The graduate program includes (1) a course on design 
of experiments and a seminar on analysis of variance by W. G. Cochran, (2) a 
course on theory of estimation by E. L. Lehmann, and (3) a course and a 
seminar on random variables and random functions by Paul Lévy. 

Inquiries should be addressed to the Office of the Summer Sessions, 1A 
Administration Building, University of California, Berkeley 4, California. 


PERSONAL ITEMS 


Cambridge University has announced that the 1949 award of the Adams 
Prize is divided equally among four men: J. C. Burkill, Fellow and Lecturer of 
Peterhouse and Lecturer in Mathematics in the University of Cambridge; S. 
Chandrasekhar, Distinguished Service Professor of the University of Chicago 
and astrophysicist at the Yerkes Observatory; W. K. Hayman, Lecturer in 
Mathematics at University College of the Southwest of England, Exeter, and 
this year Lecturer in Mathematics at Brown University; and J. M. Whittaker, 
Professor of Mathematics at Liverpool University. 

Baylor University reports: Mr. Dale Maness has been appointed to an as- 
sistant professorship; Assistant Professor Eugene McLachlan has been 
granted a year’s leave of absence to continue graduate study at Rice Institute. 

Catholic University of America announces: Professor O. J. Ramler has been 
appointed Head of the Department of Mathematics; Mr. Edgar Barrett and 
Mrs. Paul Nesbeda have been appointed to instructorships. 

At Duke University the following appointments to instructorships have been 
made: Dr. Mary E. Estill of the University of Texas, Mr. L. M. Fulton Jr. and 
Dr. Walter Rudin, formerly graduate students at Duke University. 

Emory University makes the following announcements: Assistant Professor 
M. B.-Sledd has been promoted to an associate professorship; Mr. Earl Carroll, 
University of Illinois, and Mr. Donald Holmes, Purdue University, have been 
appointed to instructorships; Professor Douglas Rumble has retired with the 
title of Professor Emeritus. 

Florida State University reports the following: Mr. J. P. Gill formerly at 
the University of Texas has been appointed to an assistant professorship; Mr. 
R. W. Bagley and Mr. K. W. Martin have been appointed to instructorships. 
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At Johns Hopkins University: Dr. Ion Carstoiu of the University of Paris 
has been appointed to an assistant professorship; Mr. A. C. Smith, formerly of 
Stonehurst College, Lancashire, England, has been appointed to an instructor- 
ship. 

Kansas State College announces: Instructor Marilynn Spanglet has been 
promoted to an assistant professorship; Professor A. E. White is now teaching 
on a part-time basis. 

Lehigh University announces the following promotions and appointments: 
Assistant Professor F. S. Beale has been promoted to an associate professorship; 
Assistants B. C. Kenny and Michael Tikson have been promoted to instructor- 
ships; Assistant Professor Jacob Samoloff of the University of New Brunswick 
has been appointed to an instructorship. 

The National Bureau of Standards announces: Professor M. R. Hestenes of 
the University of California at Los Angeles is a visiting staff member at the 
Institute for the year 1949-1950; Mr. John Todd has been appointed chief of 
the Computation Laboratory of the Bureau in Washington; Mr. H. E. Salzer, 
formerly with the New York Unit of the Computation Laboratory, has joined 
the Washington staff. 

North Carolina State College announces the promotions of Assistant Pro- 
fessors C. L. Carroll, Jr. and P. E. Lewis to associate professorships. 

Purdue University reports: Associate Professor I. W. Burr has been pro- 
moted to a professorship; Dr. E. A. Trabant has been promoted to an assistant 
professorship; Professor R. J. Duffin, Carnegie Institute of Technology, served 
as visiting professor for the first semester of 1949-1950; Dr. Jacob Korevaar, 
Mathematical Center, Amsterdam, Holland, has been appointed Visiting Lec- 
turer for 1949-1950; Dr. Gordon Overholtzer of the University of Kansas and 
Dr. N. P. Yeardley of the University of Cincinnati have been appointed to 
assistant professorships; Dr. C. C. Goldman, University of Cincinnati, and Mr. 
Gustave Rabson of the University of Michigan have been appointed to in- 
structorships; Assistant Professor W. H. Hardman, Acting Professor C. H. 
Skinner and Instructor J. H. Shock have retired. 

Rutgers University announces the promotion of Assistant Instructor G. Y. 
Cherlin to an instructorship and the appointment of C. N. Campopiano, K. T. 
Lee and Herman Munick to teaching assistantships. 

Syracuse University makes the following announcements: Instructor Eck- 
ford Cohen has been appointed to an assistant professorship; Associate Professor 
Lipman Bers is on leave of absence and is at the Institute for Advanced Study. 

At the University of Arizona: Miss Elizabeth A. Button, assistant at the 
University of Wisconsin, Mr. C. B. Harper, teaching fellow at the University of 
Michigan, Mr. J. P. Middlekauff, graduate student of Stanford University, and 
Mr. E. D. Stalley, graduate assistant at Stanford University, have been ap- 
pointed to instructorships. 

The University of Houston reports the following promotions: Instructors 
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C. P. Benner and R. F. Ray to assistant professorships; Assistant Instructors 
Dean O. Gray and June P. Wood to instructorships. 

The University of Manitoba announces: Professor J. W. Lawson has been 
appointed Acting Dean of Arts and Sciences; Professor W. H. McEwen has been 
appointed Dean of the Faculty of Graduate Studies and Research; Mr. H. R. 
Coish of the National Research Council, Chalk River Development, has been 
appointed to an assistant professorship. 

At the University of New Hampshire: Mr. S. R. Peterson, Mr. F. J. Robin- 
son and Mr. C. W. Schenck have been appointed to instructorships. 

The University of Oklahoma makes the following announcements: Associate 
Professor Casper Goffman has been promoted to a professorship; Mr. P. W. M. 
John, Mr. D. A. Gorsline, Mr. Gene Levy of the College of the Ozarks and Mr. 
C. S. Williams have been appointed to instructorships; Mrs. Lyla Tisdale, 
formerly at Southern Methodist University, has been appointed Special In- 
structor. 

The University of Pennsylvania reports: Dr. Bernard Epstein has been 
promoted to an assistant professorship; Dr. M. I. Aissen, Stanford University, 
Dr. H. E. Campbell, University of Wisconsin, and Dr. Anne M. Whitney have 
been appointed to instructorships. 

The University of Rochester announces: Dr. Norman Gunderson has been 
promoted to an assistant professorship; Professor Waldimir Seidel has returned 
after a year’s leave of absence; Mr. Warren Stenberg of the University of Cali- 
fornia at Berkeley has been appointed to an instructorship; Mr. Lester Arnold, 
Mr. David Barton, Mr. A. E. Danese and Mr. John Mairhuber have been 
appointed to part-time instructorships; Dr. S. L. Crump who is associated with 
the Atomic Project at the University Hospital is teaching part-time. 

The University of Saskatchewan announces the appointments of Dr. Albert 
Edrei, formerly of Farouk 1st University, Alexandria, Egypt, and Mr. E. I. 
Gale of the University of New Brunswick as Special Lecturers. 

The University of Toronto reports the following: Assistant Professor W. J. 
R. Crosby of the University of Saskatchewan and Instructor D. A. S. Fraser of 
Princeton University have been appointed to assistant professorships; Mr. H. 
L. Seal, actuary, National Life Assurance Company, has been appointed Spe- 
cial Lecturer; Dr. R. G. Stanton, formerly lecturer at the University of Michi- 
gan, has been appointed Lecturer. 

The University of Utah announces: Dr. R. N. Thomas, formerly of Harvard 
University and the Institute for Advanced Study, has been appointed to an 
associate professorship in mathematical astronomy; Miss Rachel S. Hodges of 
the University of Wisconsin, Mr. R. E. Janssen of the University of Illinois 
and Mr. H. C. Mayer of the University of Minnesota have been appointed to 
instructorships; Associate Professor C. J. Thorne has returned after a year’s 
leave of absence; Professor C. R. Wylie Jr. has been elected Chairman of the 
Mathematics Division of the American Society for Engineering Education for 
the current year. 
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At the University of Western Ontario: Professor H. R. Kingston, head of the 
Department of Mathematics, has been promoted to the position of Dean of the 
College of Arts and Science; Associate Professor R. H. Cole has returned after a 
year’s leave of absence; Professor Arthur Woods has retired. 

The University of Wisconsin reports: Assistant Professor R. H. Bing, now at 
the University of Virginia, has been promoted to an associate professorship; 
Assistant Professor R. C. Buck of Brown University has been appointed to an 
associate professorship; Mr. R. G. D. Steel of Iowa State Teachers College has 
been appointed to an assistant professorship; Professor H. W. March has retired 
with the title of Professor Emeritus. 

Instructor Tyler Allhands of the State College of Washington has been ap- 
pointed to an assistant professorship at Pacific University. 

Instructor Helmut Aulbach of Syracuse University has been appointed to an 
assistant professorship at Triple Cities. 

Mr. Earle Canfield of Drake University has been promoted to an assistant 
professorship. . 

Mr. P. L. Chessin of Columbia University has been appointed to an instruc- 
torship at Cooper Union. 

Mr. D. M. Clarke has accepted an instructorship at Gonzaga University. 

Mr. F. B. Crippen of Rutgers University has been appointed to an instructor- 
ship at Fordham University. 

Mr. W. S. Doss has been appointed to an instructorship at Springfield 
College. 

Miss Katherine Garland of the University.of Denver has been promoted to 
an instructorship. 

Associate Professor R. E. Gilman of Brown University has been promoted to 
a professorship. 

Mr. W. A. Glenn, formerly graduate student at the University of New 
Brunswick, has been appointed Lecturer at Mount Allison University, New 
Brunswick, Canada. 

Dr. B. H. Gundlach, formerly at Ruston Academy, Havana, Cuba, has been 
appointed to an assistant professorship at the University of Arkansas. 

Mr. Raymond Gutzman of Fenn College has been appointed to an assistant 
professorship at the Colorado School of Mines. 

Dr. H. L. Harter of Purdue University has been appointed to an assistant 
professorship at Michigan State College. 

Dr. T. E. Hull has received an appointment as instructor at the University 
of British Columbia. 

Dr. C. C. Hurd, who has been a research head at Oak Ridge, Tennessee, has 
accepted an appointment as director of the Applied Science Department of 
International Business Machines Corporation. 

Professor J. L. Jones of the University of Toledo has retired. 

Associate Professor W. Kozekiewicz has been appointed to a professorship at 
the University of Montreal. 
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Associate Professor Eugene Leimanis of the University of Riga, Latvia, has 
accepted an appointment as assistant professor at the University of British 
Columbia. 

Professor W. R. Longley of Yale University has been appointed Visiting 
Professor of Mathematics at Haverford College for the second semester 1949- 
1950. 

Professor W. V. Parker of the University of Georgia has been appointed to 
the position of Head Professor of Mathematics at Alabama Polytechnic Insti- 
tute. 

Dr. T. D. Reynolds of Duke University is now Director of Instruction, 
Buncombe County, North Carolina, Schools. 

Professor C. K. Robbins of Purdue University has accepted the editorship of 
the Department of Mathematical Miscellany of the Mathematics Magazine. 

Professor W. W. Rogosinski of King’s College, University of Durham, Eng- 
land, is Visiting Professor of Mathematics at the Oklahoma Agricultural and 
Mechanical College for the second semester, 1949-1950. 

Assistant Professor Andrew Sobczyk of Boston University has been pro- 
moted to an associate professorship. 

Assistant Professor R. D. Specht of the University of Wisconsin is now with 
the Rand Corporation. 

Assistant Professor Irving Sussman of the University of California at Berke- 
ley has accepted a professorship at St. Mary’s College of California. 

Associate Professor Ethel Sutherland has been promoted to a professorship 
at Longwood College, formerly named State. Teachers College, Farmville, 
Virginia. 

Dr. Sylvan Wallach of Johns Hopkins University is now with the Westing- 
house Company in Pittsburgh. 

Professor Alexander Weinstein has accepted a joint appointment by the De- 
partment of Mathematics of the University of Maryland and the Institute for 
Fluid Dynamics and Applied Mathematics. 

Instructor G. C. Zader of the Citadel has been promoted to an assistant 
professorship. 


Professor F. F. Decker of Syracuse University died November 28, 1949. He 
was a charter member of the Association. 

Professor A. E. Mallory of Colorado State College of Education died June 
1949. 

Professor Emeritus Virgil Snyder of Cornell University died January 4, 1950. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reporis and Communicaitons 
THE THIRTY-THIRD ANNUAL MEETING OF THE ASSOCIATION 


The thirty-third annual meeting of the Mathematical Association of America 
was held at Columbia University, New York City, on Friday, December 30, 
1949, in conjunction with the annual meetings of the American Mathematical 
Society and the American Association for the Advancement of Science. A total 
of seven hundred and eighty persons were registered at Earl Hall, including the 
following four hundred and twelve members of the Association: 


C. R. Apams, Brown University 

R. P. AGNEw, Cornell University 

. V. ABLFORS, Harvard University 

. I, Aissen, University of Pennsylvania 

. A. ALBERT, University of Chicago 

. G, ALBERT, Brown University 

. B. ALLENDOERFER, Haverford College 

. D. ANDERSON, University of Pennsylvania 

. LucILE ANDERSON, Hunter College 

. G, ARCHIBALD, Queens College 

. J. ARNOLD, University of Wisconsin 

L. A. AROIAN, Hunter College 

Max ASTRACHAN, U.S.A.F. Institute of Tech- 
nology 

SiLvio Aurora, Columbia University 

FRANK Ayres, Dickinson College 

W. L. Ayres, Purdue University 

FraANcES E. BAKER, Vassar College 

JosHua BaARLAZ, Rutgers University 

P. T. BATEMAN, Institute for Advanced Study 

M. R. Bates, Union College 

HELEN P. BEarpD, Sophie Newcomb College 

RatpeH BEATLEY, Harvard University 

F, S. BEcKMAN, Pratt Institute 

F. P. Beer, Lehigh University 

E. G. BEGLe, Yale University 

A. A. BENNETT, Brown University 

MarTIN BERMAN, University of Cincinnati 

R. R. BERNARD, Yale University 

W. W. BESSELL, U.S. Military Academy 

BARBARA B. Betts, D. C. Heath & Company 

R. H. Binc, University of Virginia 

GARRETT BiRKHOFF, Harvard University 

ERWIN BISER, Rutgers University 

D. W. BiackeETrt, Princeton University 

ARCHIE BLAKE, Office of Army Surgeon General 

W. E. Bieicx, U.S.N. Postgraduate School 

H. F. BowHNENBLUsT, California Institute of 
Technology 

Grace L. Botton, Barnard College 

T. A. Botts, University of Virginia 


AAP RPOPP Sr: 


J. G. Bowxer, Middlebury College 

C. B. Boyer, Brooklyn College 

A. D. BRADLEY, Hunter College 

RICHARD BRAUER, University of Michigan 

N. A. BriGHAM, University of Maryland 

H. W. BriINKMANN, Swarthmore College 

PAUL Brock, Reeves Instrument Corporation 

A. B. Brown, Queens College 

R. H. Bruck, University of Wisconsin 

BRUNE, Rice Institute 

Bruns, Syracuse University 

Bumer, Clark University 

BUNYAN, Rutgers University 

BuRINGTON, Bureau of Ordnance 

Burton, Bryn Mawr College 

Busu, College of St. Thomas 

J. H. Busney, Hunter College 

Jewett Hucues BusHeEy, Hunter College 

S. S. Carrns, University of Illinois 

J. W. Carxtn, Los Alamos Scientific Laboratory 

ETHEL B. CALLAHAN, Hartwick College 

MILDRED E. CARLEN, Brown University 

L. Vircinta CarLTon, Northwestern State 
College 

J. O. CHELLEVOLD, Lehigh University 

SARVADAMAN CHOWLA, University of Kansas 

RANDOLPH CHURCH, U.S.N. Postgraduate 
School 

F, E. CLrark, Tulane University 

G. R. Clements, U.S. Naval Academy 

E. J. CoGan, Pennsylvania State College 

A. C. ConEen, University of Georgia 

H. J. Conen, Tulane University 

L. W. CoHEN, Queens College 

R. M. Coun, Rutgers University 

NANcY Cote, Syracuse University 

J. B. CoLeman, Columbia, S. C. 

H. R. Cootey, New York University 

T. F. Cope, Queens College 

A. H. CopeLann, University of Michigan 

Byron Cossy, State University of Iowa 


H. D. 
W. J. 
C. T. 
L. H. 
R. S. 
L. J. 
L. E, 
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R. R. Coveyou, Oak Ridge National Labora- 
tory 

W. H. H. Cow es, Pratt Institute 

V. F. CowLinG, University of Kentucky 

E. H. CrisLer, West Virginia University 

E. H. Cutter, Lehigh University 

J. M. Danskin, Office of the Chief of Naval 
Operations 

J. E. DarrauGna, Case Institute of Technology 

ConsTANCE H. Davis, South Orange, N. J. 

D. R. Davis, New Jersey State Teachers Col- 
lege 

A. H. DiamMonpn, Oklahoma A & M College 

Mary P. DotciAnlI, Vassar College 

H. L. Dorwart, Trinity College 

R. H. Downinec, U.S.A.F. Institute of Tech- 
nology 

ARNOLD DRESDEN, Swarthmore College 

NELSON DUNFORD, Yale University 

P. S. Dwyer, University of Michigan 

J. N. EastHam, Cooper Union 

W. F. EBERLEIN, University of Wisconsin 

SAMUEL EILENBERG, Columbia University 

CaroL_yn EISELE, Hunter College 

PAUL Erpés, University of Illinois 

R. W. Erickson, Mississippi State College for 
Women 

W.H. Facerstrom, City College of the City of 
New York 

F, D. FAULKNER, University of Michigan 

J. M. FELD, Queens College 

WILLIAM FELLER, Cornell University 

W. E. Fercuson, Connecticut College for 
Women 

F. A. FIcKEN, University of Tennessee 

N. J. Fring, University of Pennsylvania 

C. H. FiscHeER, University of Michigan 

EDWARD FLEISHER, Brooklyn College 

E. E. FLoyp, University of Virginia 

TOMLINSON Fort, University of Georgia 

R. M. Foster, Polytechnic Institute of Brook- 
lyn 

J. H. Fountain, University of Buffalo 

J. S. Frame, Michigan State College 

W. M. FRaAnkgK, Yeshiva University 

Orrin Frink, Pennsylvania State College 

H. M. GeuMan, University of Buffalo 

ABE GELBART, Syracuse University 

B. H. Gere, Hamilton College 

F. J. Gerst, Loyola University 

J. C. Gisson, Rensselaer Polytechnic Institute 

B. P. Git, City College of the City of New 
York 
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R. E. Gttman, Brown University 

J. W. Givens, University of Tennessee 
A. M. Gieason, Harvard University 

H. E. GouEEn, Syracuse University 
MICHAEL GOLDBERG, Bureau of Ordnance 
A. W. GoopMan, University of Kentucky 
D. B. GoopNER, Florida State University 
R. D. Gorpon, University of Buffalo 


W. O. Gorpon, Pennsylvania State College 

ARTHUR GRaD, Office of Naval Research 

H. S. Grant, Rutgers University 

J. B. GREELEY, Utica College 

HARRIET M. GRIFFIN, Brooklyn College 

GEORGE GrossMAN, Polytechnic Institute of 
Brooklyn 

C. C. Grove, City College of the City of New 
York 

H. T. Guarp, Colorado A & M College 

R. W. HAMMING, Bell Telephone Laboratories 

HELEN J. Hann, D’Youville College 

FRANK Harary, University of Michigan 

G. E. Hay, University of Michigan 

F. S. HAWTHORNE, Hofstra College 

KATHARINE E. Hazarp, New Jersey College for 
Women 

G. A. HEDLUND, Yale University 

C. E. HEILMAN, Elizabethtown College 

H. Hetns, Brown University 

C. HELE, Pratt Institute 

G. HELSEL, Ohio State University 

S. HENDLER, Rensselaer Polytechnic Insti- 

tute 

R. E. Henry, Newark College, Rutgers Uni- 
versity 

I. N. HERSTEIN, University of Kansas 

M. R. HEsTENES, University of California at 
Los Angeles 

T. H. HILDEBRANDT, University of Michigan 

J. C. HItFerty, St. Thomas More High School 

L. S. Hitt, Hunter College 

EINAR HILLE, Yale University 
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Sessions of the Association were held on Friday morning and afternoon in 


Room 301, Pupin Physics Laboratories of Columbia University. President R. 
E. Langer presided at the morning session and Professor R. M. Foster at the 
afternoon session. The Program Committee for the meeting consisted of R. M. 
Foster, chairman, Jewell H. Bushey, T. F. Cope, and Henry Scheffe. 


FIRST SESSION OF THE ASSOCIATION 


“Mathematical Biology,” by Professor Nicholas Rashevsky, University of 
Chicago. 

“Some remarks on Hartogs’ Theorem for Several Complex Variables,” by 
Professor W. T. Martin, Massachusetts Institute of Technology. 

“The Pupil’s Advocate,” by Professor Ralph Beatley, Harvard University. 


SECOND SESSION OF THE ASSOCIATION 


“Some Applications of Matrices in the Theory-of Equations,” by Professor 
C. C. MacDuffee, University of Wisconsin. 
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“Diffusion Processes and the Theory of Evolution,” by Professor William 
Feller, Cornell University. 

“The Education of a Scientific Generalist,” by Professor J. W. Tukey, 
Princeton University. 


MEETING OF THE BOARD OF GOVERNORS 


The Board met on Thursday afternoon in John Jay Hall of Columbia Uni- 
versity. Sixteen members of the Board were present. Among the more im- 
portant items of business transacted were the following: 

The Board voted to approve the appointment by President Langer of the 
following Nominating Committee for 1950: R. M. Foster, chairman, R. L. 
Jeffery, J. C. Oxtoby. 

A ballot by the Board resulted in the reelection of J. F. Randolph as a mem- 
ber of the Finance Committee for 1950-1953. 

It was voted to hold the 1950 Annual Meeting at the University of Florida, 
Gainesville, Florida, on Saturday, December 30, 1950 and to accept invitations 
for the 1951 Annual Meeting to be held at Brown University, Providence, Rhode 
Island and for the 1953 Summer Meeting to be held at Laval University, 
Quebec, Canada. This latter meeting is to be held in conjunction with the 
Canadian Mathematical Congress and the one hundredth anniversary celebra- 
tion of the charter of Laval University. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


President Langer presided at the annual business meeting which was held 
on Friday at 2:30 in Room 301 Pupin Physics Laboratories. 

The Secretary announced the results of the balloting for officers, in which 
917 votes were cast. L. M. Graves of the University of Chicago was elected 
First Vice-President for the two year term 1950-1951. M. R. Hestenes of the 
University of California at Los Angeles and Marie J. Weiss of Sophie Newcomb 
College were elected Governors for the three-year term 1950-1952. 

Upon motion duly seconded and carried unanimously, it was voted that the 
By-Laws of the Association be amended by adding the following sentence to 
Article VII, Dues, Section I: “The Board of Governors may authorize the ad- 
mission to membership of individuals and classes of applicants without payment 
of the initiation fee.” 

It was announced that the Board of Governors had authorized remission of 
the initiation fee for (1) members of the National Council of Teachers of 
Mathematics and (2) regularly enrolled undergraduate students in colleges and 
universities of the United States and Canada whose applications for membership 
are properly certified by the chairman of the appropriate department of mathe- 
matics. 


MEETINGS OF OTHER ORGANIZATIONS 


The sessions of the American Mathematical Society began on the morning of 
Tuesday, December 27 and continued through Thursday afternoon. The Josiah 
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Willard Gibbs Lecture was delivered by Professor Norbert Wiener of the Massa- 
chusetts Institute of Technology on “The Mathematics of Sensory Prosthesis.” 
Professor S. Chowla of the University of Kansas spoke on “The Riemann Zeta 
and Allied Functions,” and Professor L. V. Ahlfors of Harvard University spoke 
on “The Classification of Open Riemann Surfaces.” 

Section A of the American Association for the Advancement of Science met 
on Tuesday afternoon, at which time Professor G. T. Whyburn of the Univer- 
sity of Virginia delivered his retiring Vice-Presidential address: “The Open 
Mapping Medium in Topological Analysis.” 

During the week of December 26-31, the American Association for the Ad- 
vancement of Science and its affiliated societies met in New York City, as did 
the American Economic Association and its affiliated societies. Among the other 
societies holding meetings in New York City during the week were: The Ameri- 
can Statistical Association, The Econometric Society, The Institute of Mathe- 
matical Statistics, and The National Council of Teachers of Mathematics. 

On Tuesday afternoon the American Statistical Association met at the Bilt- 
more Hotel for a discussion of “The Pre-statistics Mathematics Course.” Speak- 
ers were Professors Mark Kac of Cornell University and W. G. Madow of the 
University of Illinois. 

Kappa Mu Epsilon, national honorary mathematics fraternity, held a 
luncheon meeting on Friday in Butler Hall. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements for the Meeting consisted of E. R. Lorch, 
chairman, Grace Bolton, T. F. Cope, H. M. Gehman, B. P. Gill, T. R. Holl- 
croft, S. B. Littauer, Walter Prenowitz. 

Hotel headquarters for the mathematical organizations was the Hotel 
Governor Clinton. Registration and recreation headquarters were situated in the 
lobby of Earl Hall on the Columbia University campus. 

A tea for members of the mathematical organizations and their guests was 
given by Columbia University on Tuesday afternoon from 4:00 to 6:00 in the 
Men’s Faculty Club. 

On Wednesday evening there was a Musicale in the Casa Italiana under the 
auspices of the Columbia University Music Department. Participants were E. 
S. Anderson, bass-baritone, and Harold Triggs, pianist. 

A tour of the Museum of Modern Art was arranged for the ladies on the after- 
noon of Thursday. 

A joint dinner for members of the mathematical organizations and their 
guests was held at 6:30 p.m. on Thursday in the Dining Room of John Jay Hall, 
Columbia University. Professor P. A. Smith acted as toastmaster. Vice-Presi- 
dent G. B. Pegram of Columbia University welcomed the guests on behalf of 
the University. Professor J. L. Walsh described the plans for the 1950 Interna- 
tional Congress of Mathematicians. Dr. H. M. MacNeille discussed the func- 
tions of his new office as Executive Director of the Society. Professor Jerzy 
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Neyman spoke on behalf of the Institute of Mathematical Statistics. On behalf 
of the Association, President R. E. Langer described some of the problems of 
collegiate mathematics, especially in connection with the training of teachers. 
Through a motion prepared by Professor M. R. Hestenes, which was en- 
thusiastically adopted by those present, the mathematical organizations ex- 
pressed their sincere appreciation to Columbia University and its staff and to 
all others who assisted in the arrangements for the meetings. Everyone agreed 
with the concluding sentence of the motion: “From every point of view the 
meetings have been a complete success.” 
H. M. Geuman, Secretary-Treasurer 


THE MAY MEETING OF THE KENTUCKY SECTION 


The Kentucky Section of the Mathematical Association of America held its 
annual meeting at Centre College, Danville, Kentucky, on Saturday, May 14, 
1949. The Chairman, Professor W. J. Robinson, Centre College, presided. 

Sixty-two persons attended the meeting, including ,the following twenty 
members of the Association: D. F. Atkins, M. C. Brown, H. H. Downing, Clar- 
ence Ford, Aughtum S. Howard, Sister Charles Mary, W. L. Moore, D. J. 
Myatt, R. S. Park, D. W. Pugsley, F. M. Pulliam, S. L. Riggs, G. G. Roberts, 
W. J. Robinson, Florence V. Rohde, W. C. Royster, Klaus Schocken, D. E. 
South, Guy Stevenson, Jean M. Wyre. 

The nominating committee presented the following slate of nominees: Chair- 
man, Dr. H. H. Downing, University of Kentucky; Secretary-Treasurer, Dr. 
Aughtum S. Howard, Kentucky Wesleyan College. These were duly elected. 

The following papers were presented at the meeting: 

1. From spherical trigonometry to plane trigonometry, by Professor H. H. 
Downing, University of Kentucky. 

Professor Downing showed how the formulas relating to a plane triangle could be derived from 
the formulas relating to a spherical triangle. The vertices of the spherical triangle were held fixed, 
and the center of the sphere was allowed to recede to infinity. The spherical triangle thus became 
in the limit a plane triangle, the sides (arcs) and the angles of the spherical triangle became the 


sides (straight line segments) and angles of the plane triangle. Use was made of simple theorems on 
limits including 


lm ——=1 and lim (Ra) =C 
R 0 


6-0 0, a 


where K=the radius of the sphere, a=a central angle, and C is the chord subtending the angle a. 


2. The fourth dimension and the Bible, by Professor Beulah Graham, Camp- 
bellsville College, introduced by the Secretary. 

This paper constituted a review of the book The Fourth Dimension and the Bible, by Anthony 
Granville. It dealt with the concepts of higher spaces and their remarkable agreement with Bible 
passages, and emphasized the possibility that the higher-dimensional spaces are the heavens to 


which we ascend after death. Instead of being restricted to three degrees of freedom, we would 
be able to move in many independent directions. 


3. On pseudo-doubly periodic functions, by Mr. D. F. Atkins, University of 
Kentucky. 
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The paper considers functions of a complex variable, f(z), which satisfy the equations 
(1) f@ + W;) = f(z) + h;(z), (i = 1, 2). 


Among others, the following theorems result: If fi(z) and fo(z) satisfy (1), then f(z) —fo(z) is an 
elliptic function. A necessary and sufficient condition for the existence of a solution is that 


Ay(z + %2) — In(@) = ha( +- we) — Ine). 


The equations (1) are transformed into ¢(2-+1)=¢(z), ¢(2-+w)=¢(2)+h(z), and a $(z) which 
satisfies these equations is written. It is also shown that if (z) is entire and /[ w(2)dz=0, the (2) 
is entire. 


4. The use of the analytical triangle in curve tracing, by Miss Virginia Baskett, 
University of Kentucky, introduced by the Secretary. 

The speaker discussed the use of the analytical triangle in sketching algebraic curves. Methods 
for finding the intercepts and asymptotes of the curve were illustrated, and the determination of 


approximations to the shape of the curve at the origin and at the points at infinity on the axes were 
discussed. 


5. Sequential analysis, by Professor Guy Stevenson, University of Louisville. 


This paper gave a brief account of the development of the sequential analysis method de- 
veloped by Wald, Wolfowitz, and others, together with a short account of its principles applied to 
sampling rechniques. 


6. What are colleges doing to meet the needs of freshmen in mathematics? by 
Sister M. Elizabeth Frisch, Villa Madonna College, introduced by the Secretary. 

What colleges can do to meet the needs of freshmen in mathematics is a vital question for 
every mathematician and teacher. Students entering college today do not have the background in 
mathematics that was required of them twenty years ago. Hence colleges have been required to 
change the standards and to supply two alternatives: first, use a double-track plan, College Algebra 
for those whose ability and future outlook already indicate that they should take it, and a five 
hour course in general mathematics for the rest; and a second alternative, eliminate the require- 
ments of mathematics for all freshmen. Entrance examinations and placement tests are of help in 
the proper grouping of students. 


7. Some uses of vectors in elementary courses in mathematics, by Professor 
W. J. Robinson, Centre College. 
This paper discussed the development of elementary courses in mathematics, and in particular, 


in analytic geometry, by the use of vectors. 
SALLIE E. PENCE, Secretary 


THE MAY MEETING OF THE NEBRASKA SECTION 


The twenty-fifth annual meeting of the Nebraska section of the Mathe- 
matical Association of America was held at the University of Nebraska in 
Lincoln, Nebraska, on Saturday, May 7, 1949. Two sessions were held, at which 
Professor H. L. Rice presided. 

Thirty-seven persons attended the meetings, including the following twenty 
members of the Association: M. A. Basoco, A. K. Bettinger, W. C. Brenke, C. C 
Camp, F. Marion Clarke, Helen E. Clarkson, H. M. Cox, J. M. Earl, M. G. 
Gaba, C. B. Gass, R. E. Heath, B. W. Jones, L. M. Larsen, W. G. Leavitt, E. 
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J. Lowry, Walter Lyche, Florence E. Poole, H. L. Rice, Lulu L. Runge, and 
C. J. Tegels. 

At the business meeting held after the morning session the following were 
elected as officers for the coming year: Chairman, C. B. Gass, Nebraska 
Wesleyan University; Vice-Chairman, H. L. Rice, University of Omaha; Secre- 
tary, Lulu L. Runge, University of Nebraska. The meetings for next year are to 
be held on May 6, 1950, at Nebraska Wesleyan University, Lincoln, Nebraska. 

Professor B. W. Jones of the University of Colorado was the guest speaker, 
and presented papers at both the morning and afternoon sessions. 

The following short papers were presented: 

1. On systems of linear differential equations, by W. G. Leavitt, University of 
Nebraska. - 

Any system of linear differential equations may be written in matric form. The author showed 
the utility of this form both for its conciseness and for the opportunity it affords of employing many 
theorems from the abstract theory of matrices. As an illustration, the matrix notation of a linear 


transformation was given. Certain results were stated, also, from the asymptotic theory of dif- 
ferential equations involving a parameter. 


2. Approximation of a discontinuous function, by Professor J. M. Earl, Uni- 
versity of Omaha. 


A general method of least mth power approximation by polynomials to a discontinuous func- 
tion was illustrated by showing that if the function f(x) has a finite discontinuity at x=0, then 
under proper restrictions on the continuity of f(x) elsewhere in the interval (—1, 1), the magnitude 
of the expression x2| f(x) —P,(x)| does not exceed 27 uniformly on (—1, 1). The polynomial! P,,(x) 
is determined so as to minimize the integral of the square of that expression from —1 to 1. The 
method applies to the least mth power problem when the function f(x) to be approximated has a 
finite number of discontinuities and the multiplier x* is replaced by a suitable restricted non- 
negative function. 


3. An application of continued fractions to solutions of equations, by Prof. B. 
W. Jones, University of Colorado. 


The applicable properties of simple and nearest integer continued fractions were developed. 
The technique of using such fractions for finding the solutions of equations was explained, and it 
was shown that use of the nearest integer continued fraction has some advantages over Horner’s 
method. 


4. Simplified procedure for astrofix by commutation, by Professor O. C. Col- 
lins, University of Nebraska, introduced by Prof. H. L. Rice. 


Further simplification was reported in the process of obtaining a determinate “fix” from the 
observed altitudes of two stars. The appropriate intersection of the two circles of equal altitudes 
was found by computation. The arrangement of the solution is of such simplicity that it will offer 
an effective alternative to the St. Hilaire intercept procedure as soon as adequate tables of pre- 
computed data are provided. The use of this method might be preferred in any situation where 
the navigator wished to avoid the plotting of intercepts and of lines of position together with the 
use of dead reckoning or of an assumed position. 


5. On a special class of topological operators of the form t(u-v), by Edwin 
Halfar, University of Nebraska. 


It was shown that certain operators of the form t(u:v), where ¢ is of the form dcd, can be ex- 
pressed as a sum dcdu-+-dcdv. 
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6. On automorphisms of extension fields, by F. Marion Clarke, University of 
Nebraska. 


The partitioning of a finite, separable, normal extension of a ground field which is induced by 
the group of relative automorphisms of the extension field over the ground field was demon- 
strated, first with respect to subfields lying between the ground field and the extension field and 
corresponding to the subgroups of the automorphism group; and second, with respect to mutually 
exclusive classes of conjugate elements corresponding to co-sets of these subgroups. The classical 
theory for polynomials in one variable defining the field extension was generalized to polynomials in 
n variables. 


7. Ona theorem of Liouville, By W. T. Lenser, University of Nebraska, intro- 
duced by Professor H. L. Rice. 


A theorem of Liouville concerning the integration in finite terms of an elementary function, 
with certain extensions and applications, was presented. 


8. Some applications of the finite Fourter transformation, by M. D. Lamoree, 
University of Nebraska, introduced by Prof. H. L. Rice. 


The speaker illustrated the use of the finite Fourier sine transformation by solving a boundary 
value problem involving one-dimensional flow of heat in a bar. 


9. Mathematical aesthetics, by F. Marion Clarke, University of Nebraska. 


The number ¢ is defined as the positive root of the equation x?=«-++1. Its role as an aesthetic 
measure alike for the art creator and the art critic is traced from the works of the Pythagoreans to 
those of a modern French school. 


10. Less about more or more about less, by Professor B. W. Jones, University 
of Colorado. 


The main ideas of this paper was that the primary aim of a teacher of mathematics should be 
to cultivate understanding and comprehension in his students. The urge should not be to cover a 
certain amount of material but to instill fundamental ideas. This tendency to teach less and less 
about more and more should be reversed. In mathematics and in life the emphasis seems to be on 
techniques—learning how to do things—rather than on appreciating the reasons for things and 
their meanings. The primary use of applications should be to cultivate this understanding. Let the 
student know fundamental principles, and he can make his own applications. In applying these 
ideas the teacher will notice that the student’s methods of expression must not be scorned, and 
that individual differences must be provided for; such a program requires a superior teacher who 
will develop means of testing for understanding. An experiment for testing the validity of these 
proposals was suggested. 


11. Analysis of variance, by Professor C. M. Harsh, Department of Psy- 
chology, University of Nebraska, introduced by Professor H. L. Rice. 


Preliminary investigations in the sciences often seek evidence as to which of several! possible 
factors is influencing measurements. If data is grouped according to suspected factors, it is easy to 
show by algebra that the total variance of scores can be analyzed into variance within group and 
variance between groups. From each component the variance of a parent population is estimated, 
and the diversity of these estimates is tested by Fisher’s F-ratio for samples from a norma! popula- 
tion. More complex designs permit similar tests of interaction between several factors. 


12. A norm for frequencies under the new grading system of the University of 
Nebraska, by Professor C. C. Camp. 
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A previous study of all-university grades for 1938-41 predicted the percentages, 2.6, 9.5, 
17.2., 20, 18.4, 13.6, 8.7, 5, 4.9 for the new grades 9, 8, 7, 6, 5, 4, 3, 2, 1 which now replace the 
old grade intervals of 95 or above, 90-94, 85-89, 80-84, 75-79, 70-74, 65-69, 60-64, and F (below 
passing). The group of 40342 grades for the first semester 1948-49 for courses giving from 1 to 5 
hours credit showed the actual percentage frequencies of 2.7, 10.5, 17.8, 22.9, 18.4, 12.8, 6.5, 4,4.4, 
respectively. This distribution was fitted by a Charlier type A and Pearson types I, III. The last 
gave calculated frequencies of 3.3, 9.5, 17.9 21.8, 19.1, 13.7, 7.9, 4, 2.8. If grades are weighted by 
hours credit the skewness changes from —.5 to —.7, and the actual frequency percentages become 
2.7, 10.4, 17.1, 22.2, 17.8, 13.1, 6.9, 4.6, 5.1, while the average grade changes from 5.45 to 5.38. 


Lutu L. RunGE, Secretary 


THE MAY MEETING OF THE MINNESOTA SECTION 


The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion of America was held at Gustavus Adolphus College in St. Peter, Minnesota, 
on Saturday, May 8, 1949. Sessions were held in the forenoon, at luncheon, and 
in the afternoon. Professors H. M. Anderson, J. M. H. Olmsted and W. R. 
McEwen (Chairman of the Section) presided at the respective sessions. 

Seventy-six persons attended the meeting, including the following fifty-two 
members of the Association: H. M. Anderson, F. J. Arena, H. H. Barnett, J. 
E. Bearman, S. Louise Beasley, Sister Ada Marie Boehm, K. H. Bracewell, 
W. H. Bussey, L. E. Bush, R. H. Cameron, E. J. Camp, C. S. Carlson, Eliza- 
beth Carlson, Helen Engebretson, I. C. Fischer, Gladys Gibbens, Sister Mary 
Seraphim Gibbons, C. H. Gingrich, K. L. Hankerson, W. L. Hart, Charles Hat- 
field, Jr., W. C. Kalinowski, G. K. Kalisch, P. G. Kirmser, Sister M. Thomas a 
Kempis Kloyd, W. S. Loud, H. B. MacDougal, “Kenneth May, H...C. Mayer, 
Jr., W. H. McBride, W. R. McEwen, A. G. Montgomery, W. D. Morgan, M. 
J. Norris, F. R. Ohnsorg, J. M. H. Olmsted, J. C. Peterson, G. C. Priester, 
Dorothy V. Schrader, Sister M. Leontius Schulte, L. W. Sheridan, F. C. Smith, 
A. H. Speltz, Esther R. Steinberg, A. G. Swanson, F. J. Taylor, Takashi Terami, 
Ella Thorp, H. L. Turrittin, O. E. Walder, K. W. Wegner, and Irene L. Wente. 

The nominating committee presented the following slate of nominees for the 
coming year: Chairman, Kenneth May, Carleton College; Secretary, L. E. Bush, 
College of St. Thomas; Executive Committee, W. R. McEwen, Duluth Branch, 
University of Minnesota; R. C. Staley, University of North Dakota; Sister 
Mary Seraphim Gibbons, College of St. Catherine. These were duly elected. 

At the business meeting the following resolutions were adopted: (1) That the 
Chairman of the Section appoint a committee to investigate the possibility of 
instituting and financing a high school mathematics contest under the sponsor- 
ship of ‘the Section; (2) That the Chairman appoint .a committee to cooperate 
with the Minnesota Council of Teachers of Mathematics, and if possible arrange 
for joint meetings of the Section with the Minnesota Council; (3) That the by- 
laws of the Section be amended so as to include North Dakota, Manitoba and 
Saskatchewan in the territory of the Section. 

By invitation of the Executive Committee, Professor S. E. Warschawski 
delivered an address at the morning session. The title of his address was Geo- 
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metrical Aspecis of Function Theory. Professor Warschawski discussed some of 
the classical problems of geometrical function theory, the Riemann mapping 
theorem, and the uniformization of algebraic functions. L. Bieberbach’s varia- 
tional method for determining the mapping function of a Jordan domain upon a 
circle by minimizing the area was outlined, and the convergence of the process 
was indicated. Simple examples illustrating the problem of uniformization of 
algebraic functions were given, and the use of conformal mapping in the solution 
of this problem was explained. 

The following eight short papers were presented: 

1. An engineering application of a Volterra integral equation, by Professor P. 
G. Kirmser, University of Minnesota. 


In certain experiments it is sometimes necessary to measure phenomena occurring at some 
distance from the observer. One method of doing this is to convert the measurement into an electric 
signal which is then conducted through a wire to an oscilloscope, where the input electric signal is 
reproduced with some distortion, the magnitude of distortion depending on the conditions under 
which the oscilloscope is used. Since the observer sees only the distorted response function, he is 
interested in determining what was actually measured. 

The input and response functions are related by a complicated linear differential equation 
with constant coefficients, the exact form of which it is impractical to obtain. However, if the re- 
sponse to a known input signal is known, the response to an arbitrary input signal can be calculated 
by superposition. The result is Duhamel’s integral. In this case, however, it is the response that is 
known, and Duhamel’s integral becomes a Volterra integral equation, which can be solved by a 
method of successive approximations. 


2. The probability that 2+2=4, by Professor W. S. Loud, University of 
Minnesota. 


xa 


This paper deals with rounding-off error in addition. The result of the addition of ~ numbers 
is to be rounded off to a given number of decimal places. We ask the probability that the correct 
result is obtained if the addends are rounded oft to that accuracy before addition. The addends 
are considered to have a uniform distribution. The result is independent of the particular accuracy 
used, so for purposes of analysis we may use nearest integer accuracy. As an example, for »=2, 
we would ask what is the probability that the sum of two numbers each between 1.5 and 2.5 
should be between 3.5 and 4.5; that is, what is the probability that 2+2=4. This is easily com- 
puted by geometric methods, and i is found to be 0.75. The result for 7 numbers is obtained by 
Fourier transforms, and is 21-1/5 (7! sin £)"*dt. 


3. Heari-shaped curves, by Professor W. H. Bussey, University of Minne- 
sota. 


In the March 21, 1949 issue of Life magazine there was an article about Dr. Jekuthiel Gins- 
berg and Scripta Mathematica. One of the illustrations of “beauty in mathematics” was a heart- 
shaped curve. It has been copied from Scripta Mathematica which has taken it from El-Milick’s 
Elements d’Aigebre Ornamentale. Life said that the equation of “the curve was y= +/x? ++/a?—x2. 
This was obviously a misprint. It was corrected in a later issue of the magazine. Mr. Bussey said 
that, before he read that correction or looked for the correct equation elsewhere, he made two 
guesses as to what the equation was intended to be. The first one, which turned out to be correct, 
was y=4/o2++/a?—x2, The graph of this equation looks just about like the ace of hearts of an 
ordinary deck of playing cards. The second guess, based partly on the assumption that the curve 
as it appeared in Life might not have been carefully drawn, was y=|x| ++/a?—x?, with the 
absolute value of x as an interpretation of the positive square root of x2. Mr. Bussey showed that 
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the graph of this equation is a heart-shaped curve; and he called it a “valentine heart” because it 
is decidedly more like the hearts on commercial valentine cards than is El!-Milick’s curve or the 
ordinary ace of hearts. Then he showed how it was related to certain ellipse, and said that the equa- 
tion and similar equations related to other ellipses might well be used as formulas for the making 
of valentine hearts of somewhat different shapes. 


4. Some early mathematical and astronomical tables, by Mr. W. D. Morgan, 
St. Paul, Minnesota. 


The purpose of this paper was to describe briefly some of the mathematical and astronomical 
tables of the medieval and renaissance periods. The discussion was accompanied by an exhibit of 
several of these tables, both in type and manuscript. A very interesting item which was shown 
was Ptolemy’s Table of Chords, published in the Leichtenstein edition of the Almagest, Venice, 1515. 
This is the earliest trigonometrical table to appear in print. There was also shown a printed edition 
of the Alphonsine Tables, Venice, 1483. This is the first of ten published editions of this work which 
appeared between the dates 1483 and 1649. A thirteenth century vellum manuscript of the Toledo 
Tables was also displayed. These tables antedated the Alphonsine Tables by about two centuries, 
but were never printed. 


5. The average sum of the digits of integers, by Professors L. E. Bush and M. 
J. Norris, College of St. Thomas. 


Let S(N, r) be the sum of the digits, for radix 7, of the non-negative integers less than NV. Let 
A(N, r) be S(N, r)/N. For fixed r, L. E. Bush has proved that A(N, r) is asymptotic 
to (r—1) log N/2 log r (this MontTHLY, vol. 47, 1940, pp. 154-156). In this paper it is proved that 
the graph of A(N, r) never goes above the chords for the curve y=(r—1) log N/2 log r which join 
the points whose abscissas are successive powers of r, and never goes below such chords by more 
than 7/8. Modifications of the proof yield sharper limits than r/8. For example, for r= 10 the maxi- 
mum dip below the chords was reduced to 0.8972. Again for r=10, by actually locating the value of 
N between successive powers of 10 at which the maximum dip is obtained, the size of the dip can be 
shown to be less than 100/117. No better bound is possible. 


6. Axtomatic definitions of determinants, by Professor G. K. Kalisch, Uni- 
versity of Minnesota. 


Various axiomatic definitions of determinants are discussed (cf. E. Artin, Galots Theory, 2nd 
ed., p. 11; C. C. MacDuffee, Vectors and Matrices, p. 50). In particular, the Weierstrass definition 
is proved to be equivalent to two coordinate free definitions in terms of linear transformations of a 
vector space V,(F) of » dimensions over a field F into itself. The first of the two definitions 
mentioned is D(AB)=D(A)D(B), D(al)=a"D(J) for a in F (this formulation is valid only for 
algebraically closed F; for general F the extensibility of D over V,(F) to D over Vn (F ) satisfies the 
equations above). The second definition is as follows: D(AB) =D(A)D(B); D(a) =a if n=1, for a 
in F; D(A) =D(B)D(C) if A is the direct sum B+C. In both formulations, “trivial” solutions (D= =0 
and D=1) are to be excluded. In conclusion it is shown that the existence of a determinant function 
over V,,(F) if F is a skew field implies the commutativity of F. 


7. Transformations in elementary analytic geometry, by Professor Kenneth 
May, Carleton College. 


The idea of a transformation of codrdinates or a change of variables is fundamental in analytic 
geometry, and indeed in all analysis, but in the elementary courses it appears rather late as a de- 
vice for graphing the general conic. Since the formulas for translation follow immediately from the 
definition of codrdinates, and those for rotation require nothing more than trigonometry, trans- 
formations could be introduced early in the course and used to simplify proofs and deepen the 
student’s appreciation of the subject. For example, it is easy to prove that by appropriate transla- 
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tion and rotation any linear equation in x and y can be reduced to either «=0 or y=0. Then its 
locus is a straight line, since it is congruent to an axis. This observation indicates that the usual 
proofs based on the constancy of the slope are redundant. Having proved by transformations that 
the locus of a linear equation is a straight line, it can easily be shown that any straight line has an 
equation of this form and that the slope of a straight line is a constant. Of course, the treatment by 
transformations brings out automatically the relations between the coefficients of the equation 
and the position of the line. 


8. A graphic approach to a problem in multiple regression, by Professor L. 
W. Sheridan, St. Thomas College. 


A variable X admitting to one of two alternatives, may be estimated graphically by plotting 
pairs of observed values of the independent variables, and indicating which of the two alternatives 
occurred. The data in each such scattergram may then be grouped into cells having any convenient 
number of observations, and probabilities computed for each cell. Based on the observed prob- 
abilities, contour lines then drawn give secondary variables, suchas Y¥1=f(Xi1, Xe), Yo=f(X3, Xa), 
etc. A single variable is obtained by plotting a pair of Y values in the same manner, and continuing 
the process. This single variable, when plotted against observed values of X, and represented by 
a smooth curve, may be used to estimate the value of X sought in the problem. An advantage of 


this method is that it gives a measure of the probability of occurrence of the event. 


L. E. Busu, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30-—September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 


ILLINOIS, Southern’ [Illinois | University, 
Carbondale, May 12-13, 1950. 
INDIANA, Wabash College, Crawfordsville, 


April 29, 1950. 

Iowa, State University of Iowa, Iowa City, 
April 21-22, 1950. 

Kansas, April 22, 1950. 

KENTUCKY, University of Kentucky, Lexing- 
ton, April 29, 1950. 

LovuISIANA- MISSISSIPPI 

MARYLAND-DistrRIcT ‘OF COLUMBIA-VIRGINIA, 
University of Richmond, May, 1950. 

METROPOLITAN NEW York, City College, 
April 1, 1950. 

MICHIGAN, University of Michigan, Ann Arbor, 
March 25, 1950. 

MINNESOTA, Macalester College, St. Paul, May 
6, 1950. 

Missour!I, Washington University, St. Louis, 
March 24-25, 1950. 


NEBRASKA, Nebraska Wesleyan University, 
Lincoln, May 6, 1950. 

NORTHERN CALIFORNIA 

Ou10, Denison University, Granville, April 22, 
1950. 

OKLAHOMA 

Paciric NORTHWEST, University of Washing- 
ton, Seattle, June, 1950. 

PHILADELPHIA 

Rocxy Movuntaln, University of Denver, 
April 28-29, 1950. 

SOUTHEASTERN, University of Florida, Gaines- 
ville, April 7-8, 1950. 

SOUTHERN CALIFORNIA, Immaculate Heart 
College, Hollywood, March 11, 1950. 

SOUTHWESTERN, Spring, 1950. 

Texas, Abilene, April 14-15, 1950. 

Upper NEw York STATE, Syracuse University, 
April 22, 1950. 

WIsconsIn, Marquette University, Milwaukee, 
May 13, 1950. 


Recent and forthcom ing math texts 


Plane and 


Spherical Trigonometry By MOSES RICHARDSON 


Full, clear exposition is provided throughout this new text. Some outstanding 
features are: lucid exposition of the trigonometric functions of acute angles as 
single-valued functions of the angles; advice on computational accuracy; careful 
treatment of the verification of identities; the chapter on Graphs of the Trigono- 
metric Functions, and Related Topics; and the compact yet complete treatment 
on the solid geometry background necessary for spherical trigonometry. Pb- 
lished in January. With tables—$3.75. Without tables—$3.40. 


Primer of 
College Mathematics By JOHN’ F. RANDOLPH 


This important new book provides a unification of college algebra, trigonometry, 
and analytic geometry with an introduction to calculus. An especially notable 
feature is a review of high school algebra as incidental to combinations, permuta- 
tions and probability. The text is adaptable to a wide variety of courses. To be 
published in April. 


Arithmetic 
for Colleges By HAROLD D. LARSEN 


Designed for prospective elementary school teachers, this text offers a careful 
study of theory and practice of arithmetic from a mature point of view. A 
thorough, clear treatment of approximate numbers and computation is especially 
notable. Numerous short methods are described, and methods of checking are 
emphasized. To be published in March. 


Elements of 
Analytic Geometry, 3rd Edn. _By cLYDE E. LOVE 


This established text by a well-known author in the field now appears in a 
revised and enlarged edition. Containing abundant material for a full year course, 
it is also readily adaptable to the semester course. Two new chapters deal with 
the elementary transcendental functions. To be published in March. 


THE MACMILLAN COMPANY 
60 Fifth Avenue, New York 11 


Just. Published ! 
COLLEGE 
ALGEBRA 


By HARRY A. BENDER 
Associate Professor 


Rhode Island State College 
452 pages, 6 x 9, $3.50 


This outstanding text is rich in interpretation and general problems to de- 
velop analytical skill, Clear, explicit instructions leave no uncertainty in stu- 
dents’ minds. It is easy to teach, since the student can be independent of close 
supervision and is less likely to draw false inferences. 


Manipulation is also emphasized to insure practical usefulness. An abundance 
of exercises cover the applications to engineering, science, and business, This 
is a flexible text since the first few chapters cover the ground that would otherwise 
require a course in intermediate algebra. It is based on class-tested material 
gathered over 28 years of teaching. : 


Published in. October... 


MATHEMATICS FOR FINANCE 
AND ACCOUNTING 


310 pages, 6x 9, $4.00 


By J. BRUCE COLEMAN, formerly of University of South Carolina, 
and WILLIAM O. ROGERS, Pennsylvania State College. 


This exceptional text correlates mathematics with accounting and business 
administration courses, It contains the latest mortality tables, review exercises, 
and problems. The response to this text has been unusually enthusiastic. 


“I was extremely well impressed with it. Indeed, I do not know of any other 
text I would regard as more satisfactory for a one-semester course in this subject. 
The usual topics are covered with some adequacy, the problems are well se- 
lected, the writing is clear, the illustrations are helpful, the tables are easy to 
read ...and the book is artistically and mechanically attractive. ...I am glad 
to recommend the Coleman-Rogers book. . , .”—Professor Charles H. Butler, 
Western Michigan College. “We... feel that it does the job better than the 
one we are now using which we considered the best on the market to date.” 
—Professor A. K. Bettinger, The Creighton University. 


You are invited to send for examination copies. 


PITMAN beer s5in'st, New York 19 


Spring Publication 


A Superior Method of Presenting Trigonometry 


PLANE 
TRIGONOMETRY 


John J. Corliss 
Winifred V. Berglund 


Chicago Undergraduate Division, University of Illinois 


Proceeds in logical rather than conventional order 


Basic ideas, including the general angle, are covered in the 
first four chapters before right triangles are introduced. 


Stresses reasoning rather than memory 


The reasons for each step of a proof or of a derivation are 
presented clearly, simply, and carefully. 


Prepares for analytic geometry and calculus 


The introduction of radian measure in Chapter I and of rec- 
tangular and polar coordinates in Chapter II are only two 
illustrations of the care with which this text is written to 
prepare the student for analytic geometry and calculus. 


Has outstanding teachability 


A “laboratory-tested trigonometry,” the book has had the 
advantage of trial use in two universities. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


RINK’S TRIGONOMETRIES 


PLANE TRIGONOMETRY, Revised Edition 


Again emphasizing topics of greatest use in later mathematics, science, 
engineering, etc., the revision includes a simplified approach to the ana- 
lytical aspects of trigonometry, new problems and exercises, and the addi- 
tion of an index. $2.50 


PLANE AND SPHERICAL TRIGONOMETRY 


Here, in one volume, is combined all the material in Brink’s Plane Trig- 
onometry, Revised Edition, and in his Spherical Trigonometry. This text 
offers clarity of style, early application of principles to problems, and 
flexibility of organization. $2.75 


SPHERICAL TRIGONOMETRY 


Supplemented by illustrative material, this text offers a systematic and 
clear treatment of right and oblique spherical triangles, with timely ap- 
plications to geography. $1.00 


APPLETON-CENTURY-CROFTS, INC. Ms 
35 West 32nd Street ANNIVERSARY 


New York I, New York a a 


New 


Urner - Orange: Elements of Mathematical Analysis 


A comprehensive survey of mathematical elements and tech- 
niques, with simpler elements of the calculus introduced early 
as a vitalizing agent for all the other material. A treatment 
that increases the immediate serviceability of mathematics 
for the student. 


Rosenbach - Whitman - Moskovitz: Essentials of Plane Trigonometry 
A modern, teachable text with an abundance of carefully 
graded problems to give the instructor a different selection 
for several years. For a brief (semester or quarter) course. 
Available with and without tables. Write for more infor- 
mation to 


Boston 17 Ginn and Company 


New York 11] Chicago 16 Atlanta 3 Dallas 1 Colubus 16 San Francisco 3 Toronto 5 


—= Jwo New Publications — 


An Important Contribution— 


THE ANATOMY OF MATHEMATICS 


By R. B. Kersuner, The Johns Hopkins University, and L. R. Wi.cox, Illinois Institute of 
Technology. 


or the first time, a study on a subject that is creating considerable interest among mathema- 
Piucians today. This book has been prepared to serve a two-fold purpose: (1) to fill a long: 
existing need for a treatise on the axiomatic method; (2) to be used as a reference source 
for workers in those sciences which are increasingly employing the results and techniques of 
abstract mathematics. It introduces the reader to the ideas and methods that pervade modern 
mathematical research, and aims to bridge the gap that presently obtains between classical and 


modern approaches. 420 pages. 4 SPRING PUBLICATION 


COLLEGE ALGEE 


By Earre B. Minter, Illinois College, and Ropert M. Turatt, University of Michigan. 


mathematics or of some science where a thorough knowledge of mathematics is indis- 
pensable. The method of exposition attempts to avoid the complexity of the too advanced 
text on the one hand, and the sterility of the over-simplified presentation on the other. Subject 
matter follows traditional lines except in a few places where modern trends in higher mathematics 
suggest additions which simultaneously increase utility and simplify theory. 493 pages, $3.75 


First year college text designed to prepare the student who proposes to make a career of 


ED 


Other Publications From Our List 
INTERMEDIATE ALGEBRA FOR COLLEGES 


By Earte B. Mutter, Illinois College. Written primarily for students who have had only one 
year of algebra in high school. 361 pages, $2.50 


INTRODUCTION TO ANALYTIC GEOMETRY 
AND THE CALCULUS 


By H. M. Dapvourian, Trinity College (Conn.). For use in a combined course of Analytic 
Geometry and the Calculus such as is offered for liberal arts students not majoring in mathe- 
matics. 246 pages, $3.25 


PREPARATORY BUSINESS MATHEMATICS 


By Lioyp L. Sma, Lehigh University. Gives preparation for subsequent courses in mathe- 
matics of finance, insurance and statistics, for college students in business administration. 


244 pages, $2.75 
ELEMENTARY STATISTICS 


By H. Levy and E, E. Prewet, both of the Imperial College of Science, London. Provides a 
thorough grounding in statistics. Treatment requires only a moderate knowledge of mathematics. 


, . 184 pages, $2.25 
LENGTH OF LIFE— 4 Study of the Life Table 
(NEWLY REVISED EDITION) by Louts I. Dustin, the late ALFreD J. LotKa, and Mortimer 
SPIEGELMAN, all of the Metropolitan Life Insurance Company. Traces and interprets the progress 
made in health and longevity from earliest times to the present day. 379 pages, $7.00 


THE RONALD PRESS COMPANY 
15 East 26th Street, New York 10, N.Y. 


by William L. Hart 


COLLEGE ALGEBRA, THIRD EDITION 
(1947) 


A comprehensive treatment of the usual content of college 
algebra, plus various supplementary topics, preceded by a com- 
plete collegiate presentation of intermediate algebra. Designed 
as a flexible text for use with classes of varying degrees of prep- 
aration, and easily adjusted to courses of different lengths. Con- 
tains a substantial amount of supplementary material of in- 
terest in experimental fields and statistics. 362 pages of text. 
$3.00 


ELEMENTS OF ANALYTIC GEOMETRY 


Designed to be brief to teach and brief to learn, this new Hart 
text offers a restricted core of content which is thorough and 
complete in explanations of theory, illustrative examples, and 
problem materials. For freshmen who have studied college 
algebra and trigonometry, this text provides the content in 
plane and solid analytic geometry which is essential as prepara- 
tion for calculus, and for the applications of analytic geometry 
itself in engineering, the physical sciences, and statistics. 229 
pages of text. $2.75 


D.C. HEATH AND COMPANY 


285 Columbus Avenue 
BOSTON 16, MASSACHUSETTS 


~—-Broad foundation for mathematics majors— 
—Useful applications for non-majors-—in C. V..Newsom’s 


AN INTRODUCTION TO COLLEGE 
MATHEMATICS 


All students need a thorough introduction to mathematics in their first course. They 
may then go on in mathematics, or in another field, adequately prepared. 


In Newsom's book, both text material and the more than 800 problems stress ap- 
plication, giving the student a true picture of mathematics in his education and 
daily life. 

Throughout the text, logical reasoning rather than formal drill is emphasized. All 
material is closely integrated, each section leading into the next. 

Published 1946 344 pages 6" x 


ANALYTIC GEOMETRY 


By David S. Nathan, College of the City of New York; and Olaf 
Helmer, Research Mathematician, Douglas Aircraft Co. 


Offering direct preparation for caleulus, this text stresses two themes: equations of 
loci and loci of equations. Every point in the work is clearly and thoroughly ex- 
plained, particular attention being given to those steps in solution which baffle 
most students, Emphasis is placed on the straight line, higher plane curves, and 
planes and lines in space. An important feature of the text is its helpful photographs 
of solid geometry models. 


Published 1947 402 pages 6" x 9" 


CALCULUS, Revised Edition 


By George E. F. Sherwood and Angus E. Taylor, University of 
California (Los Angeles) 


This comprehensive text is designed to do three things for the student: (1) give 
him a good understanding of the wide range of application of caleulus in science 
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THE ARCHITECTURE OF MATHEMATICS* 
NICHOLAS BOURBAKIf 


1. Mathematic or mathematics? To present a view of the entire field of 
mathematical science as it exists,—this is an enterprise which presents, at first 
sight, almost insurmountable difficulties, on account of the extent and the varied 
character of the subject. As is the case in all other sciences, the number of 
mathematicians and the number of works devoted to mathematics have greatly 
increased since the end of the 19th century. The memoirs in pure mathematics 
published in the world during a normal year cover several thousands of pages. 
Of course, not all of this material is of equal value; but, after full allowance has 
been made for the unavoidable tares, it remains true nevertheless that mathe- 
matical science is enriched each year by a mass of new results, that it spreads 
and branches out steadily into theories, which are subjected to modifications 
based on new foundations, compared and combined with one another. No 
mathematician, even were he to devote all his time to the task, would be able to 
follow all the details of this development. Many mathematicians take up 
quarters in a corner of the domain of mathematics, which they do not intend to 
leave; not only do they ignore almost completely what does not concern their 
special field, but they are unable to understand the language and the terminology 
used by colleagues who are working in a corner remote from their own. Even 
among those who have the widest training, there are none who do not feel lost 
in certain regions of the immense world of mathematics; those who, like Poin- 
caré or Hilbert, put the seal of their genius on almost every domain, constitute 
a very great exception even among the men of greatest accomplishment. 

It must therefore be out of the question to give to the uninitiated an exact 
picture of that which the mathematicians themselves can not conceive in its 
totality. Nevertheless it is legitimate to ask whether this exuberant prolifera- 
tion makes for the development of a strongly constructed organism, acquiring 
ever greater cohesion and unity with its new growths, or whether it is the ex- 
ternal manifestation of a tendency towards a progressive splintering, inherent 
in the very nature of mathematics, whether the domain of mathematics is not 
becoming a tower of Babel, in which autonomous disciplines are being more and 
more widely separated from one another, not only in their aims, but also in their 
methods and even in their language. In other words, do we have today a mathe- 
matic or do we have several mathematics? 

Although this question is perhaps of greater urgency now than ever before, 
it is by ne means a new one; it has been asked almost from the very beginning of 
mathematical science. Indeed, quite apart from applied mathematics, there has 


* Authorized translation by Arnold Dresden of a chapter in “Les grands courants de la pensée 
mathématique,” edited by F. Le Lionnais (Cahiers du Sud, 1948). 

t “Professor N. Bourbaki, formerly of the Royal Poldavian Academy, now residing in Nancy, 
France, is the author of a comprehensive treatise of modern mathematics, in course of publication 
under the title Eléments de Mathématique (Hermann et Cie, Paris 1939- ), of which ten volumes 
have appeared so far.” 


221 


222 THE ARCHITECTURE OF MATHEMATICS [April, 


always existed a dualism between the origins of geometry and of arithmetic 
(certainly in their elementary aspects), since the latter was at the start a science 
of discrete magnitude, while the former has always been a science of continuous 
extent; these two aspects have brought about two points of view which have 
been in opposition to each other since the discovery of irrationals. Indeed, it is 
exactly this discovery which defeated the first attempt to unify the science, v2z., 
the arithmetization of the Pythagoreans (“everything is number”). 

It would carry us too far if we were to attempt to follow the vicissitudes of 
the unitary conception of mathematics from the period of Pythagoras to the 
present time. Moreover this task would suit a philosopher better than a mathe- 
matician; for it ts a common characteristic of the various attempts to integrate 
the whole of mathematics into a coherent whole—whether we think of Plato, 
of Descartes or of Leibnitz, of arithmetization, or of the logistics of the 19th 
century—that they have all been made in connection with a philosophical 
system, more or less wide in scope; always starting from a priort views concern- 
ing the relations of mathematics with the twofold universe of the external 
world and the world of thought. We can do no better on this point than to refer 
the reader to the historical and critical study of L. Brunschvicg [1]. Our task 
is a more modest and a less extensive one; we shall not undertake to examine the 
relations of mathematics to reality or to the great categories of thought; we 
intend to remain within the field of mathematics and we shall look for an answer 
to the question which we have raised, by analyzing the procedures of mathe- 
matics themselves. 


2. Logical formalism and axiomatic method. After the more or less evident 
bankruptcy of the different systems, to which we have referred above, it looked, 
at the beginning of the present century as if the attempt had just about been 
abandoned to conceive of mathematics as a science characterized by a definitely 
specified purpose and method; instead there was a tendency to look upon mathe- 
matics as “a collection of disciplines based on particular, exactly specified con- 
cepts,” interrelated by “a thousand roads of communication,” allowing the 
methods of any one of these disciplines to fertilize one or more of the others 
[1, page 447]. Today, we believe however that the internal evolution of mathe- 
matical science has, in spite of appearance, brought about a closer unity among 
its different parts, so as to create something like a central nucleus that is more 
coherent than it has ever been. The essential aspect of this evolution has been 
the systematic study of the relations existing between different mathematical 
theories, and which has led to what is generally known as the “axiomatic 
method.” 

The words “formalism” and “formalistic method” are also often used; but it 
is important to be on one’s guard from the start against the confusion which 
may be caused by the use of these ill-defined words, and which is but too fre- 
quently made use of by the opponents of the axiomatic method. Everyone 
knows that superficially mathematics appears as this “long chain of reasons” of 


1950] THE ARCHITECTURE OF MATHEMATICS 223 


which Descartes spoke; every mathematical theory is a concatenation of 
propositions, each one derived from the preceding ones in conformity with the 
rules of a logical system, which is essentially the one codified, since the time of 
Aristotle, under the name of “formal logic,” conveniently adapted to the par- 
ticular aims of the mathematician. It is therefore a meaningless truism to say 
that this “deductive reasoning” is a unifying principle for mathematics. So 
superficial a remark can certainly not account for the evident complexity of 
different mathematical theories, not any more than one could, for example, 
unite physics and biology into a single science on the ground that both use the 
experimental method. The method of reasoning by means of chains of syllogisms 
is nothing but a transforming mechanism, applicable just as well to one set of 
premises as to another; it could not serve therefore to characterize these 
premises. In other words, it is the external form which the mathematician gives 
to his thought, the vehicle which makes it accessible to others,* in short, the 
language suited to mathematics; this is all, no further significance should be 
attached to it. To lay down the rules of this language, to set up its vocabulary 
and to clarify its syntax, all that is indeed extremely useful; indeed this consti- 
tutes one aspect of the axiomatic method, the one that can properly be called 
logical formalism (or “logistics” as it is sometimes called). But we emphasize 
that it is but one aspect of this method, indeed the least interesting one. 

What the axiomatic method sets as its essential aim, is exactly that which 
logical formalism by itself can not supply, namely the profound intelligibility of 
mathematics. Just as the experimental method starts from the a priori belief 
in the permanence of natural laws, so the axiomatic method has its cornerstone 
in the conviction that, not only is mathematics not a randomly developing con- 
catenation of syllogisms, but neither is it a collection of more or less “astute” 
tricks, arrived at by lucky combinations, in which purely technical cleverness 
wins the day. Where the superficial observer sees only two, or several, quite 
distinct theories, lending one another “unexpected support” [1, page 446] 
through the intervention of a mathematician of genius, the axiomatic method 
teaches us to look for the deep-lying reasons for such a discovery, to find the 
common ideas of these theories, buried under the accumulation of details prop- 
erly belonging to each of them, to bring these ideas forward and to put them in 
their proper light. 


3. The notion of structure. In what form can this be done? It is here that 
the axiomatic method comes closest to the experimental method. Like the latter 
drawing its strength from the source of Cartesianism, it will “divide the diffi- 
culties in order to overcome them better.” It will try, in the demonstrations of a 
theory, to separate out the principal mainsprings of its arguments; then, taking 
each of these separately and formulating it in abstract form, it will develop 


* Indeed every mathematician knows that a proof has not really been “understood” if one has 
done nothing more than verifying step by step the correctness of the deductions of which it is 
composed, and has not tried to gain a clear insight into the ideas which have led to the construc- 
tion of this particular chain of deductions in preference to every other one. 
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the consequences which follow from it alone. Returning after that to the theory 
under consideration, it will recombine the component elements, which had previ- 
ously been separated out, and it will inquire how these different components in- 
fluence one another. There is indeed nothing new in this classical going to-and- 
fro between analysis and synthesis; the originality of the method lies entirely in 
the way in which it is applied. 

In order to illustrate the procedure which we have just sketched, by an 
example, we shall take one of the oldest (and also one of the simplest) of axio- 
matic theories, viz. that of the “abstract groups.” Let us consider for example, 
the three following operations: 1. the addition of real numbers, their sum (posi- 
tive negative or zero) being defined in the usual manner; 2. the multiplication of 
integers “modulo a prime number p,” (where the elements under consideration 
are the whole numbers 1, 2,---, p—1) and the “product” of two of these 
numbers is, by agreement, defined as the remainder of the division of their usual 
product by p; 3. the. “composition” of displacements in three-dimensional 
Euclidean space, the “resultant” (or “product”) of two displacements S, T 
(taken in this order) being defined as the displacement obtained by carrying 
out first the displacement 7 and then the displacement S. In each of these three 
theories, one makes correspond, by means of a procedure defined for each theory, 
to two elements x, y (taken in that order) of the set under consideration (in the 
first case the set of real numbers, in the second the set of numbers 1, 2,---, 
p—1, in the third the set of all displacements) a well-determined third element; 
we shall agree to designate this third element in all three cases by xry (this will 
be the sum of x and y if x and y are real numbers, their product “modulo p” if 
they are integers Sp—1, their resultant if they are displacements). If we now 
examine the various properties of this “operation” in each of the three theories, 
we discover a remarkable parallelism; but, in each of the separate theories, the 
properties are interconnected, and an analysis of their logical connections leads 
us to select a small number of them which are independent (7.e., none of them is a 
logical consequence of all the others). For example,* one can take the three 
following, which we shall express by means of our symbolic notation, common 
to the three theories, but which it would be very easy to translate into the par- 
ticular language of each of them: 

(a) For all elements x, y, z, one has xr(yrz) = (xry)rz (“associativity” of the 
operation x7Ty); 

(b) There exists an element e, such that for every element x, one has erx 
=xrTe=x (for the addition of real numbers, it is the number 0; for multiplica- 
tian “modulo p,” it is the number 1; for the composition of displacements, it is 
the “identical” displacement, which leaves every point of space fixed); 

(c) Corresponding to every element x, there exists an element x’ such that 
atx’ =x'rx =e (for the addition of real numbers x’ is the number —x; for the 


* There is nothing absolute in this choice; several systems of axioms are known which are 
“equivalent” to the one which we are stating explicitly, the axioms of each of these systems being 
logical consequences of the axioms of any other one. 
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composition of displacements, x’ is the “inverse” displacement of x, 7.e. the dis- 
placement which replaces each point that had been displaced by « to its original 
position; for multiplication “modulo p,” the existence of x’ follows from a very 
simple arithmetic argument.* 

It follows then that the properties which can be expressed in the same way in 
the three theories, by means of the common notation, are consequences of the 
three preceding ones. Let us try to show, for example that from xry=vrz fol- 
lows y =z; one could do this in each of the theories by a reasoning peculiar to it. 
But, we can proceed as follows by a method that is applicable in all cases: 
from the relation xry =xrz we derive (x’ having the meaning which was defined 
above) x’r(xry) =x'r(xrz); thence by applying (a), (x’rx)ry = (x’rx)r2z; by means 
of (c), this relation takes the form ery=erz, and finally, by applying (b), y=z, 
which was to be proved. In this reasoning the nature of the elements x, y, 2 under 
consideration has been left completely out of account; we have not been con- 
cerned to know whether they are real numbers, or integers Sp—1, or displace- 
ments; the only premise that was of importance was that the operation xry on 
these elements has the properties (a), (b), and (c). Even if it were only to avoid 
irksome repetitions, it is readily seen that it would be convenient to develop 
once and for all the logical consequences of the three properties (a), (b), (c) 
only. For linguistic convenience, it is of course desirable to adopt a common 
terminology for the three sets. One says that a set in which an operation xry has 
been defined which has the three properties (a), (b), (c) is provided with a group 
structure (or, briefly, that it is a group); the properties (a), (b), (c) are called 
the axioms of** the group structures, and the development of their consequences 
constitutes setting up the axiomatic theory of groups. 

It can now be made clear what is to be understood, in general, by a mathe- 
matical structure. The common character of the different concepts designated 
by this generic name, is that they can be applied to sets of elements whose 
naturef has not been specified; to define a structure, one takes as given one or 


* We observe that the remainders left when the numbers x, x?,-+- , x", - +--+ are divided 
by p, can not all be distinct; by expressing the fact that two of these remainders are equal, one 
shows easily that a power x” of « exists which has a remainder equal to 1; if now x’ is the remainder 
of the division of x"—! by ~, we conclude that the product “modulo p” of x and x’ is equal to 1. 

** Tt goes without saying that there is no longer any connection between this interpretation 
of the word “axiom” and its traditional meaning of “evident truth.” 

+ We take here a naive point of view and do not deal with the thorny questions, half philo- 
sophical, half mathematical, raised by the problem of the “nature” of the mathematical “beings” 
or “objects.” Suffice it to say that the axiomatic studies of the nineteenth and twentieth centuries 
have gradually replaced the initial pluralism of the mental representation of these “beings”— 
thought of at first as ideal “abstractions” of sense experiences and retaining all their hetero- 
geneity—by an unitary concept, gradually reducing all the mathematical notions, first to the 
concept of the natural number and then, in a second stage, to the notion of set. This latter concept, 
considered for a long time as “primitive” and “undefinable,” has been the object of endless polemics, 
as a result of its extremely general character and on account of the very vague type of mental 
representation which it calls forth; the difficulties did not disappear until the notion of set itself 
disappeared (and with it all the metaphysical pseudo-problems concerning mathematical “beings” 
in the light of the recent work on logical formalism. From this new point of view, mathematical 
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several relations, into which these elements enter* (in the case of groups, this 
was the relation s=xry between three arbitrary elements); then one postulates 
that the given relation, or relations, satisfy certain conditions (which are ex- 
plicitly stated and which are the axioms of the structure under consideration.) } 
To set up the axiomatic theory of a given structure, amounts to the deduction 
of the logical consequences of the axioms of the structure, excluding every other 
hypothesis on the elements under consideration (in particular, every hypotheses 
as to their own nature). 


4. The great types of structures. The relations which form the starting 
point for the definition of a structure can be of very different characters. The 
one which occurs in the group structure is what one calls a “law of composi- 
tion,” z.e., a relation between three elements which determines the third uniquely 
as a function of the first two. When the relations which enter the definition of a 
structure are “laws of composition,” the corresponding structure is called an 
algebraic structure (for example, a field structure is defined by two laws of com- 
position, with suitable axioms: the addition and multiplication of real numbers 
define a field structure on the set of these numbers). 

Another important type is furnished by the structures defined by an order 
relation; this is a relation between two elements x, y which is expressed most 
frequently in the form “x is at most equal to y,” and which we shall represent in 
general by xRy. It is not at all supposed here that it determines one of the two 
elements x, y uniquely as a function of the other; the axioms to which it is sub- 
jected are the following: (a) for every x we have xRx; (b) from the relations xRy 
and yRx follows x=y; (c) the relations «Ry and yRz have as a consequence xRz. 
An obvious example of a set with a structure of this kind is the set of integers 
(or that of real numbers), when the symbol R is replaced by the symbol S. But 
it must be observed that we have not included among the axioms the following 
property, which seems to be inseparable from the popular notion of “order,” 
“for every pair of elements x and y, either xRy or yRx holds.” In other words, 
the case in which x and y are incomparable is not excluded. This may seem 
paradoxical at first sight, but it is easy to give examples of very important order 
structures, in which such a phenomenon appears. This is what happens when X 
and Y denote parts of the same set and the relation XRY is interpreted to mean 
“X is contained in Y”; again when x and y are positive integers and xRy means 


an nO 
structures become, properly speaking, the only “objects” of mathematics. The reader will find fuller 
developments of this point in articles by J. Dieudonné [2] and H. Cartan [3]. 

,* In effect, this definition of structures is not sufficiently general for the needs of mathe- 
matics: it is also necessary to consider the case in which the relations which define a structure hold 
not between elements of the set under consideration, but also between parts of this set and even, 
more generally, between elements of sets of still higher “degree” in the terminology of the “hier- 
archy of types.” For further details on this point, see [4]. 

+ Strictly speaking, one should, in the case of groups, count among the axioms, besides proper- 
ties (a), (b), (c) stated above, the fact that the relation z=xry determines one and only one z when 
“ and y are given; one usually considers this property as tacitly implied by the form in which the 
relation is written. 
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“x divides y”; also if f(x) and g(x) are real-valued functions defined on an in- 
terval aSx 3b, while f(x)Rg(x) is interpreted to mean “for every x, f(x) Sg(x).” 
These examples also give an indication of the great variety of domains in which 
order structures appear and thus point to the interest attached to their study. 

We want to say a few words about a third large type of structures, vzz. topo- 
logical structures (or topologies): they furnish an abstract mathematical formu- 
lation of the intuitive concepts of neighborhood, limit and continuity, to which 
we are led by our idea of space. The degree of abstraction required for the 
formulation of the axioms of such a structure is decidedly greater than it was in 
the preceding examples; the character of the present article makes it necessary 
to refer interested readers to special treatises. See, for example, [5]. 


5. The standardization of mathematical technique. We have probably said 
enough to enable the reader to form a fairly accurate idea of the axiomatic 
method. It should be clear from what precedes that its most striking feature is 
to effect a considerable economy of thought. The “structures” are tools for the 
mathematician; as soon as he has recognized among the elements, which he is 
studying, relations which satisfy the axioms of a known type, he has at his 
disposal immediately the entire arsenal of general theorems which belong to the 
structures of that type. Previously, on the other hand, he was obliged to forge 
for himself the means of attack on his problems; their power depended on his 
personal talents and they were often loaded down with restrictive hypotheses, 
resulting from the peculiarities of the problem that was being studied. One could 
say that the axiomatic method is nothing but thie “Taylor system” for mathe- 
matics. 

This is however, a very poor analogy; the mathematician does not work like 
a machine, nor as the workingman on a moving belt; we can not over-emphasize 
the fundamental role played in his research by a special intuition,* which is not 
the popular sense-intuition, but rather a kind of direct divination (ahead of 
all reasoning) of the normal behavior, which he seems to have the right to expect 
of mathematical beings, with whom a long acquaintance has made him as 
familiar as with the beings of the real world. Now, each structure carries with it 
its own language, freighted with special intuitive references derived from the 
theories from which the axiomatic analysis described above has derived the 
structure. And, for the research worker who suddenly discovers this structure in 
the phenomena which he is studying, it is like a sudden modulation which 
orients at one stroke in an unexpected direction the intuitive course of his 
thought,and which illumines with a new light the mathematical landscape in 
which he is moving about. Let us think—to take an old example—of the 
progress made at the beginning of the nineteenth century by the geometric 
representation of imaginaries. From our point of view, this amounted to dis- 
covering in the set of complex numbers a well-known topological structure, that 
of the Euclidean plane, with all the possibilities for applications which this in- 


* Like all intuitions, this one also is frequently wrong. 
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volved; in the hands of Gauss, Abel, Cauchy and Riemann, it gave new life to 
analysis in less than a century. Such examples have occurred repeatedly during 
the last fifty years; Hilbert space, and more generally, functional spaces, estab- 
lishing topological structures in sets whose elements are no longer points, but 
functions; the theory of the Hensel p-adic numbers, where, in a still more 
astounding way, topology invades a region which had been until then the 
domain par excellence of the discrete, of the discontinuous, viz. the set of whole 
numbers; Haar measure, which enlarged enormously the field of application of 
the concept of integral, and made possible a very profound analysis of the 
properties of continuous groups;—all of these are decisive instances of mathe- 
matical progress, of turning points at which a stroke of genius brought about a 
new orientation of a theory, by revealing the existence in it of a structure which 
did not a priori seem to play a part in it. 

What all this amounts to is that mathematics has less than ever been re- 
duced to a purely mechanical game of isolated formulas; more than ever does 
intuition dominate in the genesis of discoveries. But henceforth, it possesses the 
powerful tools furnished by the theory of the great types of structures; in a single 
view, it sweeps over immense domains, now unified by the axiomatic method, 
but which were formerly in a completely chaotic state. 


6. A general survey. Let us now try, guided by the axiomatic concept, to 
look over the whole of the mathematical universe. It is clear that we shall no 
longer recognize the traditional order of things, which, just like the first nomen- 
clatures of animal species, restricted itself to placing side by side the theories 
which showed greatest external similarity. In place of the sharply bounded com- 
partments of algebra, of analysis, of the theory of numbers, and of geometry, we 
shall see, for example, that the theory of prime numbers is a close neighbor of the 
theory of algebraic curves, or, that Euclidean geometry borders on the theory 
of integral equations. The organizing principle will be the concept of a hier- 
archy of structures, going from the simple to the complex, from the general to 
the particular. 

At the center of our universe are found the great types of structures, of 
which the principal ones were mentioned above; they might be called the 
mother-structures. A considerable diversity exists in each of these types; one 
has to distinguish between the most general structure of the type under con- 
sideration, with the smallest number of axioms, and those which are obtained by 
enriching the type with supplementary axioms, from each of which comes a 
harvest of new consequences. Thus, the theory of groups contains, beyond the 
general conclusions valid for all groups and depending only on the axioms 
enunciated above, a particular theory of finite groups (obtained by adding the 
axiom that the number of elements of the group is finite), a particular theory of 
abelian groups (in which xry=yrx for every x and y), as well as a theory of 
finite abelian groups (where these two axioms are supposed to hold simultane- 
ously). Similarly, in the theory of ordered sets, one notices in particular those sets 
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(as for example, the set-of integers, or of real numbers) in which any two ele- 
ments are comparable, and which are called totally ordered. Among the latter, 
further attention is given to the sets which are called well-ordered (in which, as 
in the set of integers greater than 0, every subset has a “least element”). There 
is an analogous gradation among topological structures. 

Beyond this first nucleus, appear the structures which might be called multi- 
ple structures. They involve two or more of the great mother-structures simul- 
taneously not in simple juxtaposition (which would not produce anything new), 
but combined organically by one or more axioms which set up a connection 
between them. Thus, one has topological algebra. This is a study of structures 
in which occur at the same time, one or more laws of composition and a topology, 
connected by the condition that the algebraic operations be (for the topology 
under consideration) continuous functions of the elements on which they 
operate. Not less important is algebraic topology, in whick certain sets of points 
in space, defined by topological properties (simplexes, cycles, etc.) are them- 
selves taken as elements on which laws of composition operate. The combination 
of order structures and algebraic structures is also fertile in results, leading, in 
one direction to the theory of divisibility and of ideals, and in another to integra- 
tion and to the “spectral theory” or operators, in which topology also joins in. 

Farther along we come finally to the theories properly called particular. In 
these the elements of the sets under consideration, which, in the general struc- 
tures have remained entirely indeterminate, obtain a more definitely character- 
ized individuality. At this point we merge with the theories of classical mathe- 
matics, the analysis of functions of a real or complex variable, differential geom- 
etry, algebraic geometry, theory of numbers. But they have no longer their 
former autonomy; they have become crossroads, where several more general 
mathematical structures meet and react upon one another. 

To maintain a correct perspective, we must at once add to this rapid sketch, 
the remark that it has to be looked upon as only a very rough approximation of 
the actual state of mathematics, as it exists; the sketch is schematic, and ideal- 
ized as well as frozen. 

Schematic—because in the actual procedures, things do not happen in as 
simple and as systematic a manner as has been described above. There occur, 
among other things, unexpected reverse movements, in which a specialized 
theory, such as the theory of real numbers, lends indispensable aid in the con- 
struction of a general theory like topology or integration. 

Idealized—because it is far from true that in all fields of mathematics, the 
role of each of the great structures is clearly recognized and marked off; in 
certain theories (for example in the theory of numbers), there remain numerous 
isolated results, which it has thus far not been possible to classify, nor to connect 
in a satisfactory way with known structures. 

Finally frozen,—for nothing is farther from the axiomatic method than a 
static conception of the science. We do not want to lead the reader to think 
that we claim to have traced out a definitive state of the science. The structures 
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are not immutable, neither in number nor in their essential contents. It is quite 
possible that the future development of mathematics may increase the number 
of fundamental structures, revealing the fruitfulness of new axioms, or of new 
combinations of axioms. We can look forward to important progress from the 
invention of structures, by considering the progress which has resulted from 
actually known structures. On the other hand, these are by no means finished 
edifices; it would indeed be very surprising if all the essence had already been 
extracted from their principles. Thus, with these indispensable qualifications, we 
can become better aware of the internal life of mathematics, of its unity as well 
as of its diversity. It is like a big city, whose outlying districts and suburbs en- 
croach incessantly, and in a somewhat chaotic manner, on the surrounding 
country, while the center is rebuilt from time to time, each time in accordance 
with a more clearly conceived plan and a more majestic order, tearing down the 
old sections with their labyrinths of alleys, and projecting towards the periphery 
new avenues, more direct, broader and more commodious. 


7. Return to the past and conclusion. The concept which we have tried to 
present in the above paragraphs, was not formed all at once; rather is it a stage 
in an evolution, which has been in progress for more than a half-century, and 
which has not escaped serious opposition, among philosophers as well as among 
mathematicians themselves. Many of the latter have been unwilling for a long 
time to see in axiomatics anything else than futile logical hairsplitting not 
capable of fructifying any theory whatever. This critical attitude can probably 
be accounted for by a purely historical accident. The first axiomatic treatments 
and those which caused the greatest stir (those of arithmetic by Dedekind and 
Peano, those of Euclidean geometry by Hilbert) dealt with univalent theories, 
t.e., theories which are entirely determined by their complete system of axioms; 
for this reason they could not be applied to any theory except the one from which 
they had been extracted (quite contrary to what we have seen, for instance, for 
the theory of groups). If the same had been true for all other structures, the 
reproach of sterility brought against the axiomatic method, would have been 
fully justified.* But the further development of the method has revealed its 
power; and the repugnance which it still meets here and there, can only be ex- 
plained by the natural difficulty of the mind to admit, in dealing with a con- 
crete problem, that a form of intuition, which is not suggested directly by the 
given elements (and which often can be arrived at only by a higher and fre- 
quently difficult stage of abstraction), can turn out to be equally fruitful. 

As concerns the objections of the philosophers, they are related to a domain, 
on which for reasons of inadequate competence we must guard ourselves from 


* There also occurred, especially at the beginning of axiomatics, a whole crop of monster- 
structures, entirely without applications; their sole merit was that of showing the exact bearing 
of each axiom, by observing what happened if one omitted or changed it. There was of course a 


temptation to conclude that these were the only results that could be expected from the axiomatic 
method. 
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entering; the great problem of the relations between the empirical world and 
the mathematical world.* That there is an intimate connection between experi- 
mental phenomena and mathematical structures, seems to be fully confirmed 
in the most unexpected manner by the recent discoveries of contemporary 
physics. But we are completely ignorant as to the underlying reasons for this 
fact (supposing that one could indeed attribute a meaning to these words) and 
we] shall perhaps always remain ignorant of them. There certainly is one 
observation which might lead the philosophers to greater circumspection on this 
point in the future: before the revolutionary developments of modern physics, a 
great deal of effort was spent on trying to derive mathematics from experi- 
mental truths, especially from immediate space intuitions. But, on the one hand, 
quantum physics has shown that this macroscopic intuition of reality covered 
microscopic phenomena of a totally different nature, connected with fields of 
mathematics which had certainly not been thought of for the purpose of appli- 
cations to experimental science. And, on the other hand, the axiomatic method 
has shown that the “truths” from which it was hoped to develop mathematics, 
were but special aspects of general concepts, whose significance was not limited 
to these domains. Hence it turned out, after all was said and done, that this 
intimate connection, of which we were asked to admire the harmonious inner 
necessity, was nothing more than a fortuitous contact of two disciplines whose 
real connections are much more deeply hidden than could have been supposed 
a priors. 

From the axiomatic point of view, mathematics appears thus as a storehouse 
of abstract forms—the mathematical structures; and it so happens—without 
our knowing why—that certain aspects of empirical reality fit themselves into 
these forms, as if through a kind of preadaptation. Of course, it can not be de- 
nied that most of these forms had originally a very definite intuitive content; 
but, it is exactly by deliberately throwing out this content, that it has been 
possible to give these forms all the power which they were capable of displaying 
and to prepare them for new interpretations and for the development of their 
full power. 

It is only in this sense of the word “form” that one can call the axiomatic 
method a “formalism.” The unity which it gives to mathematics is not the armor 
of formal logic, the unity of a lifeless skeleton; it is the nutritive fluid of an 
organism at the height of its development, the supple and fertile research instru- 
ment to which all the great mathematical thinkers since Gauss have contributed, 
all those who, in the words of Lejeune-Dirichlet, have always labored to “sub- 
stitute ideas for calculations.” 


* We do not consider here the objections which have arisen from the application of the rules 
of formal logic to the reasoning in axiomatic theories; these are connected with logical difficulties 
encountered in the theory of sets. Suffice it to point out that these difficulties can be overcome in a 
way which leaves neither the slightest qualms nor any doubt as to the correctness of the reasoning; 
{2] and [3] are valuable references for this point. 
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THE GEOMETRIES OF THE THERMAL AND GRAVITATIONAL FIELDS* 
H. P. ROBERTSON, California Institute of Technology 


1. Introduction. In physics, geometry is—or should be—what you measure 
it. Deviations from the geometry or kinematics you expect to find, on a przort 
or other grounds, may lead to the discovery or better understanding of some 
hitherto overlooked element in the realm under examination. To such deviations 
may be attributed the discovery by the ancients of the curvature of the earth’s 
surface, by Kepler of the laws of planetary motion, and by Einstein of the special 
and general theories of relativity. Perhaps the most spectacular in its impact on 
the modern mind, because we are still immersed in the intellectual milieu in 
which it arose, is Einstein’s geometrization of the universal force of gravitation. 
Here the recognition of the appropriateness of a certain Riemannian kinematics 
made possible the incorporation of gravitation into the geometrical structure of 
space-time, and by identification of inertial and gravitational mass made 
tautological the law which states their equivalence. 

To illustrate the relationship between geometry and physical law, I have 
elected here first to discuss in some detail the problem of the geometry exhibited 
by a “hot plate.” We shall find, as could be foreseen, that the geometry disclosed 
by measurement depends not on the state of the plate alone, but also on the 
method of measurement, e.g., whether by purely optical means or by the use of 
measuring rods which are brought into thermal equilibrium with the plate be- 
fore being read. The arbitrariness (within, however, fairly closely prescribed 
limits) of the geometry thus found will support us in the common-sense view 
that the plate is actually flat, and that the observed deviations are to be at- 
tributed to quite well understood forces (thermal stresses) which act differ- 


* Based on an address ‘Geometry and Physical Space’’ before the Southern California Sections 
of the Mathematical Association of America and the American Association of Physics Teachers, 
held at the University of Redlands, Redlands, California, on March 13, 1948. 
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entially on the various instruments which may be employed in the measurement. 

Leaving the rather prosaic domain of common sense, we next consider the 
extension of this problem to the 3-dimensional thermal field. Here it will be sug- 
gested that the physical laws of heat conduction may (at least approximately) 
be given a purely geometrical formulation. But again the strong dependence of 
the geometry thus disclosed on the particular method of measurement will 
prevent us from taking our proposed theory too seriously. 

Finally, we shall contrast the geometry of the thermal field with the geom- 
etry of the gravitational field in order to see why gravitational, as opposed to 
thermal, forces may satisfactorily be incorporated into the geometrical structure 
of space and time. This comparison will be carried out in terms of a sort of spe- 
cial relativity caricature of the general relativity theory of gravitation, which 
bears a striking formal relationship to the thermal geometry—and which, I 
hold, presents the elements of the Einstein theory necessary to our purposes 
without involving us in the mathematical intricacies of the full theory.* 


2. The hot plate. Let us suppose we have before us a flat sheet of metal, of 
uniform thickness ¢, and that we can by judicious use of heat sources, constant 
temperature baths and the like produce on the plate any temperature distribu- 
tion consistent with the laws of heat conduction. Let us further suppose the 
plate is so constrained that it cannot stretch or buckle, despite the thermal 
stresses induced in it by the treatment, so that it can be said to remain flat by 
ordinary laboratory criteria. 

Confining our attention to stationary states, and considering heat losses 
from the free faces of the plate as negligible, the temperature T(x, y) at any 
point P(x, y) of the plate is governed by the equation 

0? 0? 

(1.1) kV?T + %=0, where V? = —-+—, 

~ Ox? ay? 
k is the thermal conductivity of the plate material and p(x, y) is the source 
density of heat at P(x, y), 1.e., pidxdy is the rate at which heat is being supplied 
to the plate through an area dxdy about P. Heat flows past P in the direction of 
the negative gradient —VT of T, and the rate of flow across unit length normal 
to this direction is ¢ times the magnitude of the flux vector 


(1.11) f= — BVT. 


We propose now to consider the geometry of the plate as revealed by meas- 
urements made as follows: a short graduated metal rod, made of a material of 
thermal coefficient of expansion h, is placed upon the plate, and distances are 
measured after the rod has come into thermal equilibrium with the plate in the 
neighborhood of the point P(x, y) of interest. But then a linear element of 

* For a more searching account of the epistemological background of the present paper see 


the author’s chapter ‘'Geometry as a Branch of Physics” in the forthcoming volume, Albert Ein- 
stein: Philosopher-Scientist, of The Library of Living Philosophers. 
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“true” length ds going out from the point P(x, y) on the plate will be measured 
as having a length 


ds 
¢ = —————— ; 
1+ hT (x, y) 
in terms of Cartesian coordinates x, y the linear element 
dx? + dy? 
[1 + AT (x, y)}? 
Now this linear element (1.2) may (but need not) be considered as defining a 
2-dimensional curved surface, in terms of the “isothermal” coordinates x, y. The 


Gaussian or total curvature K of this hypothetical surface is readily computed 
to be* 


(1.3) K = h(1 + ADVE — RAVT)?, 


where VT is the ordinary gradient (OT /dx, OT /dy) of T, and (VT)? is the square 
of its magnitude in the Euclidean sense. On taking the physical laws expressed 
by equations (1.1), (1.11) into account, the Gaussian curvature of the hot 
plate, as implied by the prescribed measuring procedure, is 


(1.2) do? = 


(1.31 K= a hT ~) fs 
31) --2a+ane-(s)r 


From this it follows that in any region in which no heat is extracted from the 
plate (p20) the “curvature” of the plate is negative; if in particular p=0 


h 2 
(1.32) K=-— (=) 
k 
and the quantity 
(1.33) Re=|K[t=—_, 
h| f| 


which has the physical dimensions of a length and may conveniently be called 
the “radius of curvature” of the plate at P(x, y), is inversely proportional to the 
heat flux through P. The case in which p=0 and the curvature is constant over 
the whole plate leads to the hyperbolic geometry of the Poincaré half-plane; this 
case has been given a very elegant and detailed treatment in this MONTHLY by 
E. W. Barankin.** 

Returning to the general case, the lines which play the role of the straights 
of euclidean geometry are the geodesics, defined as the extremals y= F(x) of the 


* Cf, L. P. Eisenhart’s Introduction to Differential Geometry, p. 154 (Princeton 1940); quoted 
hereafter as IDG. 
** ‘‘Fleat Flow and Non-Euclidean Geometry,” this MONTHLY vol. 49, 1942, pp. 4-14. 
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variation principle 


1 f’2 1/2 
(1.4) sf dom te in = 
1+ hT(«, F) 


These geodesics are convex toward the side on which T increases, as can be seen 
intuitively from the fact that for sufficiently short geodesic arcs the integral in 
(1.4) above must be minimal, and since the measuring rod expands more on the 
side toward which T is increasing, the measured distance along an arc bowed 
slightly in this direction will be less than along the chord joining its endpoints. 
From the standpoint of the measured geometry the Euclidean straight 


“sin @ — y cos @ = const, 


of slope tan a is actually “curved”; its “geodesic curvature” is found to be* 
h 
Kg = HVT)» =—- zi 


where fn=f, cos a—f, sin @ is the heat flux across unit length of the straight. 
We have here a geometrical interpretation of the flux of heat in terms of the 
geodesic curvature of the Euclidean straights; the components —f,, fz of the 
flux, rotated through 7/2, are proportional to the geodesic curvature of the 
lines of parameter x, y, respectively, through the point P of interest. 

We have thus shown that the geometry of the heated plate is to some extent 
arbitrary, depending as it does on the coefficient-.of expansion h of the measur- 
ing instrument, and is, in particular, flat for an ideal rod for which h=0. The 
geometry found is in fact interpretable as that of a curved surface, of curvature 
defined by Equation (1.3). In order to gain some appreciation of the magni- 
tudes involved, consider the case of a steel plate (k=0.11 cal/cm sec deg C) 
measured with a steel rod (4=0.11107-4/deg C). At a point P at which the flux 
f is 1 cal/cm? sec the Gaussian curvature K of the plate is —10-8 cm~?, or its 
equivalent radius of curvature R=10! cm~320 ft; the maximum geodesic 
curvature of an Euclidean straight through P is then 10-4 cm™, or the radius of 
geodesic curvature of the straight is 104 cm. 


3. The thermal field in space. We turn next to the generalization of the 
above problem to 3-dimensional space, where our predilection for considering 
the measured space as imbedded in a higher-dimensional flat space will surely 
lose some of its appeal. Imagine, then, a material of heat conductivity e filling 
some pdrt of our flat physical space, which is described by cartesian coordinates 
(x;) =(x, y, 2). Suppose, by some stretch of the imagination, that it is possible 
to explore this thermal material with a short measuring rod, of thermal coefh- 
cient of expansion h. The temperature T(xyz) at any point P(«xyz) in the medium 
will again be governed by the fundamental equations (1.1), (1.11), where V is 


* IDG, p. 186. 
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now the 3-dimensional gradient operator (0/dx, 0/dy, 0/02) and p(xyz) is the 
source strength per unit volume at P. 

The measured geometry at the thermal field will then be defined by the linear 
element 


_ ax? + dy? + dz? 
[A + BT (xyz) ]? 


The geodesics 6/do =0 are now space-curves, with respect to which an euclidean 
straight has a point P of it a geodesic curvature 


(2.1) do? 


h 
(2.2) Kg = K(VT)n = GI 


where f, is the component of the flux at P normal to the given straight. 

The intrinsic geometry of such a 3-dimensional Riemannian space is no 
longer, as in the 2-dimensional case treated above, characterized by a single 
scalar curvature K. There is instead at each point Pa curvature K(P, a) asso- 
ciated with each direction a=(a;) through P, whose geometrical interpretation 
is as follows: Construct through P the 1-parameter family of geodesics orthog- 
onal to the given direction a, thus forming a 2-dimensional surface through P,; 
then K(P, a) is the Gaussian curvature of this surface at P. On taking the direc- 
tion coefficients a; as normalized in the euclidean sense > a{=1, the directional 
curvature of the space defined by the linear element (2.1) is* 


(2.3) K(P, a) = h(11 + &T)[V2T — >< Ti,a,0;| — (VT), 


where T;;=0°T/0x,0x;. The directional quality of this curvature is here due to 
its dependence on the second derivative 

aT 

ae DT sid; 
of the temperature along the normal a to the geodesic surface of which it is the 
Gaussian curvature. 

It will be most convenient for our purposes to introduce here an intrinsic 
“mean curvature” K(P) which is independent of direction, defined as the mean 
of the directional curvatures (2.3) associated with any triplet (a, b, c) of three 
mutually perpendicular directions. It follows that 


(2.31) K(P) =2h1 + 2TV°T — WVT)?2, 


as-may most readily be seen by computing the mean in that Cartesian system 
whose axes are in the directions defined by the triplet; K is accordingly a scalar, 
independent of the particular triplet chosen. 


* As may be computed as in L. P. Eisenhart’s Riemannian Geometry, p. 79 (Princeton 1926). 
These directional curvatures are expressible in terms of the components a; and the six linearly inde- 
pendent components of the Riemann-Christoffel tensor Rij, or the equivalent six components of 
the Ricci tensor Rire= Rigs: The intrinsic mean curvature K introduced below is equal to —1/6 
the scalar contraction R; of the Ricci tensor. 
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A geometrical interpretation of the physical laws (1.1), (1.11) of heat con- 
duction can now be obtained in terms of the mean curvature K, whose value is 
here found to be 


(2.32) K mae + hT) (+)r 
BR PTNG)T 
In source-free regions this reduces to 

_ h\? 
(2.33) KkK=- (=) f?; 


that is, the mean curvature at such a point P is, as in the 2-dimensional case 
(1.32), negative and proportional to the square of the heat flux f past P. And as 
in the previous case, the deviation from flatness in the measured geometry can, 
in principle, be determined by intrinsic measurements alone, without reference 
to any hypothetical imbedding space. Thus the surface Sand the volume V of a 
“sphere” of measured (geodesic) radius p, t.e., the locus of all points at a given 
geodesic distance p from P, differ from their flat values 47p?, 41rp*/3 by amounts 
which depend on the intrinsic curvature at points within the sphere. For a small 
sphere of radius p<1/| K|1/? these measures are given by expressions whose 
leading terms are | 


S = 4rp?(1 — Kp?/3 +--+), 
(2.4) { p*( p?/3 + ) 


V = 4np%(1 — Kp'/5+---), 


where K is the value of the mean curvature at the center P of the sphere; to the 
order here considered these expressions are identical with those for a sphere of 
geodesic radius p in a spherical or hyperbolic 3-space of constant curvature K. 

As an example of the type of geometry to which one is led, consider the case 
of a spherically symmetric thermal field generated by a point source of heat of 
strength P cal/sec at the origin y=0. The temperature resulting at a cartesian 
distance 7 from the point source is 


P 
(2.5) T =: 
and the mean curvature there is 
(2.51) K= a? where t= 


It may be noted that, because of the symmetry, any geodesic in this field is a 
“plane” curve, in the sense that it must lie completely in a cartesian plane, such 
as y=0, passing through the origin. But the curvature of this geodesic meridian 
surface, as implied by the measuring technique, is found to be a/r*, and the 
mean curvature K at P(r, 0, 0) is the mean of the curvature a/r? of two such 
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meridians y=0, s=0 and the curvature —2a/r'— 3a?/r‘ of the surface generated 
by all geodesics tangent at P to the cartesian plane x =const. 

A more interesting case, because it leads to the classical non-euclidean 
geometries, is that in which there is a spherical region of radius 7; at all points 
of which heat is supplied to the medium at the constant rate of p cal/cm! sec. 
The temperature at any point at cartesian distance 7 from the source is found, 
on integrating the heat conduction equation (1.1), to be 


2 
_?) Osrsn, 
6k 
(2.6) T= 
a"(Z- 7) 
——rn{——-—}], ri 7, 
3k 2 r 


where the constant of integration is so chosen that T=0 at the center. Note 
that the outside field is, as it should be, that for a point source of strength 
P=4rAp/3. 

Now within the sphere ry =7;, the mean curvature K and radius of curvature 
R have the constant values 


(2.61) = 3 R R= 


But also within the source the directiona' curvature K(P, a) defined by equa- 
tion (2.3) is constant and equal to K, and is accordingly independent of both 
position and orientation. The geometry revealed by measurement within the 
cartesian sphere r=7; is therefore one of the classical non-euclidean geom- 
etries, the hyperbolic geometry of Bolyai and Lobachewski if the central region 
is a source (b>0, whence K <0), and the spherical geometry of Riemann if it 
is a sink (b<0, whence K>0). 

This circumstance merits some further examination. In either case the meas- 
ured geometry is a true non-homaloidal congruence geometry; each configura- 
tion of point, incident direction and incident 2-spread of directions containing 
the given direction, is equivalent to every other such configuration, and may be 
transformed into it by a motion of the space. The case p>0 has been cited by 
Poincaré in illustration of the 3-dimensional hyperbolic geometry, for which it 
offers a finite euclidean model.* For let us suppose that the cartesian radius of 


the source region is 
6k\1/2 
n= (—) = 2R 
hp 


(which for unit source-strength p =1 in the example 4/k =10~* considered above, 
is around 245 cm), then at the boundary r=”, of the source the rule will have 
shrunk to zero length, admitting such an outrageous extrapolation of the linear 


* H, Poincaré, Science and Hypothesis, pp. 76-78 (Science Press 1929). 
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expansion law! The measured radius of the source will in consequence become 
infinite, as can be seen by considering the integral of de between r=0 and r=”. 
The cartesian sphere r $7, supplied with the metric 


det ax* + dy? + dz? 
oS? 
[1 — (r/rs)?*)? 


thus presents a finite model of the open hyperbolic geometry, in which by its 
own measuring standards and procedures the volume is infinite and in which 
every full geodesic is of infinite length. 

The case »<0, in which there is a spherical region of radius 71 within which 
heat is abstracted from the medium at the constant rate p cal/cm' sec, offers on 
the other hand a model of a finite space of constant positive curvature which is 
represented by the entire flat cartesian space. For here the measured radius of 


the sink is 
rl dr 11" 
pt -{ 8 oR tant, 
0 1+ 77/4R? 2R 


and this approaches the finite limit 7R as 7; ©. The measured length of the full 
Euclidean straight, and therefore of every other full geodesic of the space, is 
thus 27R. | 


4. Geometrization of the physical law. The results obtained in the above 
sections present a possible geometrical interpretation of the physical laws of 
heat conduction. Thus in a source-free region the mean curvature K at a point P 
is a measure of the heat flux past P, and the direction of flow is that of a cartesian 
straight whose geodesic curvature kg is zero, as follows from equations (2.33), 
(2.2). So far as the temperature is concerned, we may think of it as prescribed 
either by 

(a) the physical law (1.1), 


kVT + p = 0, 


with appropriate boundary conditions, or by 
(b) the requirement that the mean curvature [eq. (2.32) | 


Ka asar -(=)r 
= — 3, \e-\—) fh. 


This second viewpoint is, however, but a clumsy circumlocution of the first; it 
is a geometrical interpretation of the physical law, but in no way a modification 
of it. 

A far more complete and satisfactory geometrization of the physical law 
would be possible had it turned out that the mean curvature K(P) of the 
medium, under the adopted measuring prescription, were determined directly 
in terms of the given source distribution p(P), without involving explicitly either 
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T or its gradient, as is in fact the case for a uniform source distribution, equa- 
tion (2.61). And because it is by following this line of attack that the general 
theory of relativity can be evolved from the classical theory of gravitation, we 
shall consider the corresponding modification of the theory of heat conduction. 
It is to be expected that here, as well as there, the resulting geometrized theory 
will constitute a factual modification, rather than a mere geometrical inter- 
pretation, of the “classical” theory. 

We note that for sufficiently weak thermal fields, say in which the tempera- 
ture differences are such that hAT<1, the first term —2hp/3k in the mean 
curvature K, eq. (2.32), is predominant; the remaining two terms are, in regions 
in which heat is being supplied, of the relative order LAT. Under these conditions 
the mean curvature is given approximately by 


_ 2h 
(3.1) K=—-—?; 


we propose to effect the complete geometrization sought above by replacing the 
“classical” equation (1.1) by the equation (3.1), which requires that the mean 
curvature K of space at any point P be rigorously proportional to the strength 
pb of the source density at P. That this geometrization is a factual, and not 
merely a formal, modification of the equation of heat conduction is apparent on 
noting that the mean curvature K at a source-free point P vanishes, and is not, 
as in equation (2.33), a measure of the heat flux past P. 

It will now be found convenient to replace T by the dependent variable U 
defined by 


(3.2) i+ kT = U-, 
t.e., to take the linear element (2.1) of the space in the form 
(3.21) do? = U*(dx? + dy* + dz’). 
The mean curvature is then 
(3.22) =— - U-*v?U, 
and the proposed field equation (3.1) for heat conduction 
(3.23) UV7U = / p. 
2k 

The case of an isotropic point-source of heat will illustrate the kind of devia- 

tions from the “classical” theory, developed in Section 3 above, which are here 


to be expected. In this case p=0 except at the origin, and the general solution 
of equation (3.23) satisfying this condition 1s 
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B 
(3.3) U=A+—.- 
7 


The natural normalization U=1 at r= requires that A=1, and the ap- 
proximate correspondence with the classical theory in regions r>1 of weak fields 
that B= —hP/87k where P is the strength of the source. The linear element of 
the physical geometry is then 


4 
(3.31) do? = (1 - =) [dat + dy? + de], 
7 


where @ is again hP/4rk. 

We have here an amusing coincidence which is worthy of note: the spatial 
geometry defined by this do? is precisely that of the spatial section ¢=const. of a 
point-mass 


(3.32) m= — act/G 


in the general relativity theory of gravitation.* Here a sink of unit strength 
P=-—1 cal/sec corresponds, in the example h/k = 10-4 cm sec/cal contemplated 
above, to a mass m=10% gm, i.e., the thermal distortion caused by a sink of 
unit strength in steel is geometrically equivalent to the gravitational distortion 
caused by an asteroid some 100 miles in radius! Also, the singularity of do? at 
r=a/2 (~4X10-* cm for a unit source) is at least superficially analogous to the 
well-known “Schwarzschild singularity” of the gravitational field. 

Since the “classical” solution (2.6) inside a spherical region of constant source 
density p satisfies the new field equation (3.1), it may be taken over bodily into 
the proposed geometrized theory. An exterior solution of the form (3.31) may 
then be fitted on to represent the field outside the source; but now, because of 
the non-linearity of the new field equations, the total strength P of the equiva- 
lent point-source will no longer be equal to the spatial integral of the distributed 
strength p. 

Glancing back at the 2-dimensional thermal field discussed in Section 1 
above, we see from equation (1.31) that a corresponding geometrization could 
be obtained by replacing the physical law (1.1) by the requirement that the 
Gaussian curvature 


But then in source-free regions K =0, and hence the surface is there develop- 
able. On making the change of variable. 


(3.41) 1+ AT = e'¥ 
* Cf. A. S. Eddington’s The Mathematical Theory of Relativity, p. 93 (Cambridge 1923), 
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the linear element (1.2) becomes 


(3.42) do? = ¢-*U (dx? + dy?) 
and the fundamental field equation (3.4) 
(3.43) RV?U + e-?'Up = 0. 


In source-free regions, where V?U =0, it follows that the developable surface is 
obtained by a conformal transformation x, y—£, 4, and that the geodesics of the 
measured geometry are those curves which map into the straights of the &, 7 
plane; conformal mapping by elementary functions of a complex variable pro- 
duces here many curious and amusing examples of physical geometry. But we 
here confine ourselves to the remark that, as may be seen from equation (3.42), 
the measured geometry is equivalent to that which would result from the 
“classical” conduction theory on postulating that the expansion 6] of a rod of 
length J due to an increase 6T in temperature is given by 6]/]=h6T, instead of 
by 61/ly as in Sections 1-2 above. 

Returning to the 3-dimensional case, we see that we have succeeded in 
geometrizing the theory of heat conduction, in the sense that the content of the 
fundamental equation (1.1), somewhat modified, is contained in the purely 
geometrical assertion (3.1) that the mean curvature K of the thermal medium 
is proportional to the source-density ». But the geometry thus obtained is 
strongly dependent upon the measuring instrument, for the constant of propor- 
tionality has in it the ratio h/k of the coefficient of expansion h of the material 
of which the measuring rod is made, as well as the coefficient of heat conduc- 
tion k of the thermal medium; thus were we to employ a brass rod, instead of a 
steel one, we would find that the curvature is trebled. The proposed theory of 
heat conduction is in consequence a poor example of a geometrico-physical 
theory, for the geometry obtained lacks the desirable quality of universality. 
We are therefore better advised to consider the geometry of the thermal field 
as Euclidean, and to attribute measured deviations from flatness to thermal 
stresses, differing from material to material, set up in the measuring rods. 

This geometrical theory, in fine, would have far more appeal if the ratio 1/k 
were a universal constant, for then the geometry implied by equation (2.32)or 
its modification (3.1) would be independent of the choice of measuring rod. And 
the analogue of this is precisely what happens in the general theory of rela- 
tivity, to a caricature of which we now turn our attention. 


5. The gravitational field. To consider the geometry of the gravitational 
field, it is desirable to proceed immediately to a 4-dimensional formulation, for 
even though we propose to deal with static fields the most appropriate method 
of exploration will be dynamical—namely, by examining the motion of test 
particles set loose in the field. In order to avoid the full mathematical com- 
plexity of the general theory of relativity we here set up a theory of gravitation 
which can be incorporated into the special theory of relativity, and which bears 
a striking resemblance to the theory of heat conduction presented above. 
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The kinematical background of this theory is given by the Minkowski linear 
element 


1 
(4.1) ds? = dt* — > (dx? + dy? + dz), 
C 


and the field equation to be geometrized is taken to be the fairly immediate 
special relativistic generalization 


(4.11) CeV = — 4nGe%p 


of Poisson’s equation for the gravitational potential V due to a mass distribu- 
tion of density p; here [J is the 4-dimensional gradient operator whose square 


02 
cy? = —- — -v?, 
ot? 
A test particle of gravitational mass mg will be acted upon by a force de- 
termined by the contravariant vector 


1 oV OV oV aV 
(4.12) maf? = ma( ) 


rr a a a 1 
coat ox Oy 22 
but since its proper inertial mass my, is to be constant along the trajectory, only 


the component of this vector orthogonal to the world-line is effective. This 
leads to the unique equations of motion 


d*x' (* xy dx —) 
m = ma| fi — — . 
; ds? ° F ‘ ds ds 


It is now easy to show that the trajectories (4.13) are in fact the geodesics 
of the 4-dimensional space-time defined by the linear element 


2m 
(4.2) do? = exp ( =) ds?: 
myc? 


we have thereby accomplished a thorough geometrization of the dynamical 
trajectories. It would at first sight appear that this geometry depends upon the 
test particle as well as upon the field, for the ratio mg/my of its gravitational and 
inertial mass enters explicitly into the linear element. But this is only apparent, 
for it has been known empirically since Newton that these two masses are di- 
rectly, proportional; on measuring them in the same unit the ratio becomes 
unity, and the linear element (4.2) may henceforth be taken in the form 


(4.21) do? = eV leds? 


from which all trace of the exploring particle has been removed.* 


* The variation principle 5/do =0 defining the geodesics of (4.21) goes over, on allowing c> ©, 
into Hamilton's principle 6/(T — V)dt=0 of classical mechanics. 


244 GEOMETRIES OF THERMAL AND GRAVITATIONAL FIELDS [April, 


This form suggests, in analogy with the development in Sections 1-2 above, 
that we might base this linear elemént on the postulate that a measuring rod 
of length / suffers a fractional change of length 61/1 = —6V/c? on transportation 
to a position at which the potential energy V is increased by 6V; our time 
standards must be supposed to suffer the same relative change, in order that the 
velocity of light c be unaltered. For then the length / of the rod at a position 
of potential V would be 1=Iye-Y/’, where J is its length at infinity (V=0), and 
the measurement of ds with such a standard would yield the value do given by 
Equation (4.21). On introducing the new dependent variable U =e"! * suggested 
thereby, the linear element becomes 


1 
(4.22) - dot = U? | a — = (da? + dy? + ist | 


In order to carry through the geometrization of the theory, we next examine 
the geometrical consequences of the given field equation (4.11). Proceeding as in 
the previous sections, we find that the mean curvature K of the 4-dimensional 
space-time (4.21), defined in fairly straight-forward generalization of the con- 
siderations given above for a 3-dimensional space, is 


1 1 
(4.23) K = —— ewle Ey + can]. 
| 2c* c? 


On taking the field equation (4.11) and the definition of force (4.12) into account, 
(4.24) K = e-V/-[9nGp — 4f?]. 


We propose now to replace the above theory by a geometrical one in which 
the geometry of space-time is related directly to the material content. The 
choice of field equation which naturally suggests itself from the form of equa- 
tion (4.24) is 


(4.3) K = 2nGop; 


this equation differs from (4.11) only by terms of order 2V/c?, and leads in the 
dynamical applications to deviations of the order (v/c)? where v is the velocity 
of the test particle. We have then here a geometrical theory of gravitation which 
differs from the special relativistic theory set up above, and therefore from the 
classical Newtonian theory, only by terms of relative order (v/c)?. 

This theory is in principle very similar to the general relativity theory of 
gravitation, only far simpler, and, in the last analysis, far less satisfactory! 
Here we have a single scalar field equation (4.3) which expresses the mean 
curvature K of space-time directly in terms of the density of its material con- 
tent; in the general theory the tensor field equations have 10 components, which 
express certain partial curvatures (the 10 components R,; of the Ricci tensor) 
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in terms of the density, pressure and state of motion of the material content.” In 
the latter it is clear from the development that the density which enters directly 
into the geometry is the density of tnerttal mass; following this hint we postulate 
that it is this inertial density p which appears in equation (4.3). 

On taking the linear element in the form (4.22) we find 


(4.31) K = — 3U—5(]?U = 2nGp; 
this field equation reduces for the case of a static field to 
4G 
(4. 32) U*V?U = —— p. 
(2 


The solution of this equation for a point-mass m™ is 


(4.33) U = Wie a1“, 
r 

where u=Gm/c? is the length-equivalent of the mass m. Taking the motion of a 
test particle as along a geodesic of the space-time (4.22), we readily find that in 
the classical approximation (v/c)?’«1 the motion is Newtonian. It turns out 
that in the next approximation the perihelion of an elliptic orbit suffers a re- 
tardation, the magnitude of which is 1/6 that of the Schwarzschild advance, and 
that a ray of light is not bent on passing a massive body. As may be seen from 
the measuring procedure suggested above, light going from a position of lower 
to one of higher gravitational potential suffers the red-shift AN/A = GAv/c?, as in 
the Einstein theory. But such refinements are beyond our present interest, for 
our simple theory is on other, more weighty, counts quite inferior to the general 
theory of relativity. Tf 

What we have shown here is that the gravitational field, as opposed to the 
thermal, can be given a quite satisfactory geometrization. The reason for this 
is that in the gravitational case the geometry arrived at is universal in virtue of 
the equality of the inertial and gravitational masses of the test particle employed 
in its exploration, whereas in the thermal the geometry is dependent on the 
physical properties of the measuring instrument. With this we have completed 
our announced task—a study of the physical geometry of the gravitational and 
of the thermal fields, and of the reasons for the success of the former, as opposed 
to the latter, as a basis for a tenable physical theory. 


* In the general theory the ‘mean curvature” here employed (which is in fact —1/12 the 
contracted Ricci tensor R; is determined by an equation of exactly the same form as (4.3) but 
with a numerical coefficient —27/3 instead of +-27. 

+ Thus in the general theory the material-energetic conservation laws and the mechanical 
equations of motion are direct consequences of the field equations, whereas here they must be pos- 
tulated independently. 
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EXTENSION OF A TOPOLOGICAL PROOF OF THE 
FUNDAMENTAL THEOREM OF ALGEBRA 


Ivan NIVEN, University of Oregon 


1. Introduction. In the August-September (1949) issue of this MONTHLY, a 
topological proof of the fundamental theorem of algebra was given by B. H. 
Arnold [1]. We here extend this proof to the case of an equation in quaternions, 
a result established earlier by Eilenberg and Niven [2]. It is of interest to note 
that of all the proofs of the fundamental theorem of algebra, only those using 
topological notions appear to be extensible to the case of quaternions. The well- 
known analytic proof [3] employing the Liouville theorem on bounded analytic 
functions does not seem to carry over to the more general case of quaternions. 
The theory of functions over non-commutative algebras [4] is, of course, not as 
well developed as that over complex numbers. Similarly the proof (Gauss’ sec- 
ond) as given by MacDuffee [5] and van der Waerden [6] involves an algebraic 
technique which also does not appear to admit generalization. 


2. Result. Let f(z) be a polynomial of degree z of the type 
(1) f(z) = 2012002 + + + Zan + (2), 


where 2, d1, @2, - * + , @, are real quaternions with a;%0 for i= 1,2,--+°,mn,and 
where ¢(z) is a sum of a finite number of similar monomials each of degree <n. 
We prove that the equation f(z) =0 has at least one quarternion solution. The 
hypothesis that there is only one term of highest degree in f(z) is necessary, as 
can be seen from such an example as 27—1z—1=0. There is no loss of generality 
in assuming that the term of degree z in f(z) has left coefficient unity, as indi- 
cated in (1); in fact we can also assume that 


(2) | diag +++ aa| = 1. 


3. Proof. Any non-zero quaternion “4=1u,+4u2et-+usj-+uk can be written in 
the form 


(3) u =| u| (cos @+ esin 6), 
where |u| =V/ui-+-u3-+u3-+ ui, 


1 Vii + w+ v2 
sin 9 = ———_______ 


(4) cos 0 = ) 
| | | | 


) 


and €¢ is the unit vector, 


246 
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(5) _ Uot + Us7 -+ ugk 


If 4 is real, then € is arbitrary, say e=1, so that @ and € sin 6 are continuous func- 
tions of u, although ¢ itself is not a continuous function of w. 


Let there be r terms in $(z) in (1), say 6(2) =1(z) +¢@0(z) ++ - >» +¢,(z), and 
write | bm(1) | =b, for m=1, 2, 3,---+-,7. Thus 


(6) | bm(z) | S bn for | 2 | S 1. 
Then we define R and u by 


R=2+ >> dn, U = A120 > + * BAn. 


m= 1 

The mapping which we use is given by 
(7) g(z) = 2 — f(z)uRO-, for | 2 
(8) g(z) = 2 — f(z) [cos (| 2 | 6) + e sin (| 2 | 6) |-2R-, for 0 < | 2 
(9) g(0) = — f(0)R. 
Now @ and € are given by (3), (4), (5) so that u, 9 and € sin @ are continuous func- 
tions of 2, except at z=0. But g(z) is a continuous function for all values of g, 
for the following reasons. First, (7) and (8) are continuous in the range indi- 
cated. Second, (7) and (8) are identical for EB =1. Third, the limit of g(z) in 
(8) as 2-20 exists and the limit is indicated in (9). 

The proof that | g(z)| SR for |z| SR is now almost identical with Arnold’s. 
For | 2| <1 we have, by use of (2) and (6), 

le@)| Slel|+|f@|-R°'S14+(+ht+ht---+)RISR 


For 1s|2| <=R, we have 


2 (z)u-t | z bi t+ be+--> +6, 
—|,—~—— <|,--~—j/4 00327 UT" 
| g(z) | = |2 R Pee + 2 
R—2 
=sR-i+ sR. 


Thus the mapping s—(z) is a continuous transformation which carries the 4-di- 
mensional hypersphere | z| SR into itself. By Brouwer’s fixed point theorem [7] 
there ,exists a value 2) such that g(zo)=20, and by (7), (8), and (9) we have 
f(%0) =0. 
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SOLVABILITY OF QUARTICS BY MEANS OF SQUARE ROOTS 


SAMUEL Bororsky, Brooklyn College 


1. Introduction. A geometric configuration A is constructible with ruler and 
compasses from a geometric configuration B if and only if the numbers defining 
A are obtainable from the numbers defining B by rational operations and ex- 
tractions of real square roots.} 

If ai, a2, °- - , @m are given complex numbers, a number 0 is said to be ob- 
tainable from the a’s by rational operations and extractions of square roots (not 
necessarily real) if there exists a (finite) sequence 0, be, - + - , b, such that bs;=b 
and each 0; is either 

(a) one of the a’s, or 

(b) the sum, difference, product, or quotient of b; and b;, where j and k are 
less than z (j and & not necessarily distinct), or 

(c) a square root of some b;, where j <7. 

For brevity we shall then say that b isa multiple square root in the a’s. 

If b is a multiple square root in the a’s, there may be many sequences of the 
kind described. In any one sequence there may be some values of ¢ for which ); 
is of more than one of the three types (a), (b), (c); but there will be a certain 
number of 2’s, say p20, such that 0; is of type (c) and not of either of the types 
(a) or (6). If the smallest value of the ’s corresponding to the different se- 
quences is 7, we shall say that 0 is a multiple square root in the a’s of order n. 

If 1 =0, then 0 is said to be rational in the a’s. In this case } is obtainable by a 
finite number of rational operations performed upon the a’s and upon numbers 
obtainable from the a’s by additions, subtractions, multiplications, and divi- 
sions. 

It often happens that each of the numbers defining a geometric configura- 
tion A is a root of an algebraic equation whose coefficients are rational in the 
numbers defining configuration B. It is desirable, therefore, to have a criterion 
for determining when such an equation has roots which are multiple square 
roots in the numbers of B. 

For a linear or quadratic equation there is no problem. For a cubic equation 
we have the following result. 


THEOREM 1. If p, gq, 7 are rational tn ay, G2, - * + , Om, then the equaiton x°-+ px? 
+-qx-+-r=0 has a root which is a multiple square root in the a’s if and only if it has 
a root which ts rational in the a’s.? 


1. E. Dickson, First Course in the Theory of Equations, 1922, p. 30. 
2 The proof is exactly like the proof of the theorem in Dickson, pp. 32-34. 
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It follows immediately from this theorem (or by direct means) that, with the 
same hypothesis, if one root of the cubic is a multiple square root in the a’s, then 
all the roots are. 

It is easily shown by means of this theorem that the trisection of certain 
angles, the duplication of the cube, and some other geometric constructions, are 
not possible with ruler and compasses.® 

In this note we call attention to a simple criterion, similar to Theorem 1, for 
quartic equations. 


2. Results. Let f(x) =x'+px?+qxu?+rx-+s, where p, gq, 7, s are rational in 
Q1, Ge, °**, Om. Let g(y) =i7—qy*+(pr—4s)y+4qs — p*s—r? be the resolvent 
cubic of f(x). We shall establish the following results. 


THEOREM 2. If f(x) =0 has a root which is a multiple square root in the a’s, but 
which is not rational tn the a’s, then all ats roots are multiple square roots tn the a’s, 


THEOREM 3. All the roots of f(x) =0 are multiple square roots in the a's af and 
only tf all the roots of g(yv) =0 are mulitple square roots in the a’s. 


THEOREM 4. The equation f(x) =0 has a root which ts a multiple square root in 
the a’s uf and only tf at least one of the two equations f(x) =0 and g(y) =0 has a root 
which ts rational in the a’s. 


As a simple application of Theorem 4, consider the problem of inscribing ina 
circle of radius 1 an isosceles triangle of area 1/4. If x is the square of one of 
the equal sides, we are led to the equation x4—4x3+1=0. The resolvent cubic 
equation is y’—4y— 16=0. Since neither of these equations has a rational root, 
the proposed construction is not possible with ruler and compasses. 

Consider also the possibility of constructing 1/5 of an acute angle whose 
cosine is 61/64. If x=cos 6, where @ is the desired angle, then cos 50=16x5 
— 20x3-+ 5x = 61/64. One root is 1/4, which is obviously not the desired solution. 
The reduced quartic equation is 


xt + — 48 —— x? —- —x + —- = 0, 
4 16 64 * 356 


which has 
19 263 2529 


3 ft 42 — — y — —_—- = 0) 
167 256° 2048 


as its resolvent cubic. Neither of the last two equations has a rational root. 


Hence, the proposed construction is not possible with ruler and compasses. 


3. Proof of Theorem 2. Let x, be a root of f(x)=0 which is a multiple 
square root in the a’s of order »>0. Let di, be, - - + , 6, be a sequence of the kind 


8 Dickson, pp. 34-36. 
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described in §1 such-that 6,=%1, and such that for exactly x values of 7, b; is of 
type (c) and not of either of the types (a) or (0), and let b; be the last such Oy. 
It follows easily that x1=a+B+/k, where +/R is a square root of one of Ji, bs, 
, b1-1, and a and 6 are multiple square roots in the a’s of order n—1 at 

most. 

_ Proceeding as in Dickson loc. cit., pp. 32-34, we find that %2=a—B-/k is 
also a root of f(x) =0, distinct from x1. If x3, x4 are the other roots, then by 
eliminating x3 from the equations 


Mi + te+ %3 + 4% = — A, XX + (41 + %2)(4%3 + %4) + x34 = Q, 


we obtain 
at (p+ a + we)ae t+ gt (a1 + x2) + p(x + a2) — aime = 0. 


Since each of the coefficients of the powers of x4 in this quadratic equation is 
a multiple square root in the a’s, x4 is also. It follows that the same is true of x3. 


4. Proof of Theorem 3. We recall‘ the following results. 
(1) If y; is a root of the resolvent cubic, then 


f(x) = (4? + dpa + 495 + Naw + ui) (0? + 3 pe + $y: — NK — Bs), 


where M=yitip?—g, 2dmi=3oVi—7, M= TTS. 
(2) If x1, x2, %3, x4 are the roots of the quartic, then 


Vi = %1%2 + x%3%4, V2 = X%1%X3 + wo%4, V3 = X1%4 + Xo%3 


are the roots of the resolvent cubic. 

Suppose x1, X2, %3, X4 are multiple square roots in the a’s. From the expressions 
in (2) we see that yi, yo, v3 are also. 

Suppose, conversely, that one or more of i, ye, ys is a multiple square root in 
the a’s. From the expressions in (1) we see that the corresponding \, and yp; are 
also. Since x1, x2, %3, x4 are the roots of the quadratic factors of f(x), they also 
are multiple square roots in the a’s. 


5. Proof of Theorem 4. Suppose f(x)=0 has a root which is a multiple 
square root in the a’s. If this root is rational in the a’s, there is nothing more to 
be proved. If not, then by Theorem 2 all the roots of the quartic are multiple 
square roots in the a’s. By Theorem 3 the same is true of the roots of g(y) =0. 
By Theorem 1, the cubic has a root which is rational in the a’s. 

Conversely, suppose f(x) =0 or g(y) =0 has a root which is rational in the a’s. 
If f(x) =0 has such a root, there is nothing more to be proved. If g(y) =0 has 
such a root, then the last part of the proof of Theorem 3 applies and shows 
that all the roots of f(x) =0 are multiple square roots in the a’s. 


4 Dickson, loc. cit., pp. 50-51. 
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FROM SPHERICAL TRIGONOMETRY TO PLANE TRIGONOMETRY 


H. H. Downine, University of Kentucky 


In the study of spherical trigonometry one is struck with the likeness of some 
of the spherical trigonometry formulas to certain plane trigonometry formulas. 
As for example, the law of sines in both trigonometries, the law of tangents for 
both, some of the right triangle formulas, and others show similarities. But in 
some cases there seems to be little or no similarity, as for example, the two laws 
of cosines. Also, there is a law of cosines for angles in spherical trigonometry 
while of course there is none like this or similar to it in plane trigonometry. 
And again, in what respect is the formula for area of a spherical triangle similar 
to or related to any one of the formulas for area of a plane triangle? 

In this paper it is shown how, starting with the formulas in spherical trig- 
onometry, to establish a correspondence between these and the formulas of 
plane trigonometry. 

Consider the spherical triangle eAB(, Figure 1, and the plane triangle ABC, 
Figure 2. Letter the triangles in the usual manner and in Figure 1 let the center 


B 


Fig. 1 Fig. 2 


of the sphere be O, and let the radius of the sphere be R= Qc.4=OB=O(. Also, 
let 

a=angle BO@=arc BC in circular measure, Figure 1. 

d=arc BC in linear measure= Ra, Figure 1; 

d=side BC in linear measure, Figure 2; 
and similarly for the 0’s and c’s. 

All angles will be measured in radians. 

Next, hold the vertices of the triangle in Figure 1 fixed in space and let the 
center O of the sphere recede to infinity keeping 04=OB=O(. Then R->~, 
t{BOC=a-0, d-4, f¢e4-tA, and similarly for the remaining sides and 
angles. Also, area K, of AA4BC—area K of AABC. 

We shall make use of such simple limits as the limit of a sum, the limit of 
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a product, the limit of a quotient, 


. sin @ _ tan é@ 
lim = |, lim = i, 
6-0 0 @-0 ] 


and 


lim cos 6 = 1. 
6—0 


The equations will be put in limit form by replacing sin a by Ra: sin a/a 
=dsin a/a, the factor R being introduced either by multiplication of the equa- 
tion by R or by multiplying the numerator and denominator of the term by R. 
Similarly for other sines and tangents of sides. 

The formulas for the right triangles, plane and spherical, as given by Chau- 
venet, A Treatise on Plane and Spherical Trigonometry, tenth edition, 1908, page 
108,for comparison are tabulated below,only here the order is changed and num- 
bers are assigned. 


Spherical Right Triangle Plane Right Triangle 
a b Cc d 
sin a sin b G b 
1 sin cA = sin B=—_— sin A =— sin B=— 
sin ¢ sin ¢ C C 
tan b tan a b a 
2 cos¢4 = cos B= cos A =— cos B=— 
tan c tan ¢ C C 
tan a tan G b 
3 tances = tan B=——— _ | tan A=— tan B=— 
sin b sin @ b a 
cos B cose 
4 sin 4 =—_—— sin B= sin A=cos B | sin B=cos A 
cos b COS a 
5. cos c=cos a-cos b G2 = g?-+ §? 
6 cos c=cote/4 cot B 1=cot A-cot B 


To show that 1a reduces to 1c put la in the limit form: 
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sin a sin a 
Ra a: 
sin a a a 
sin cA =_ ll ll SO a = et 
sin C sin ¢ sin ¢ 
Re: C: 
C C 


On passing to limits we have 1c, that is, 
; a 
sin A =—- 
C 


In like manner formulas 1b, 2a, 2b, 3a, 3b transform respectively into 1d, 2c, 
2d, 3c, 3d. 

Formulas 4a, 4b, 6a give 4c, 4d, 6c, respectively, since cos a, cos b, and cos ¢ 
become 1 in the limit. These formulas, 4c, 4d, and 6c imply that A+B=7/2, or 
A+B+C=rfr. / 

Formulas 5a and 5c merit special attention. On tlie surface it is difficult to 
see how they “correspond” except that they both involve the three sides. To 
establish this correspondence, square both sides of 5a, replace cos’ ¢ by 1 —sin’ a, 
and do likewise for cos? 6 and cos? c. Then simplify and get 


sin? ¢ = sin? a + sin? & — sin? a-sin? b. 


Put in limit form and get 


sin c\? sin a\? sin. b\? singa\? | 
Re: = { Ra: + | Rb- — { Ra- -sin? 5, 
C a b a 
., fsin c\? sina\? , /sin b\? sina\? | 
C2. = G2. + 6?. — @?. -sin? Bb, 
C a b a 


Passing to limits, we find 5c, that is 


= a+ 6. 


or, 


Formulas for the general triangle are treated in a similar manner, some trans- 
forming into the ordinary formulas of plane trigonometry and others into 
A+B+C=7. Three others will be exhibited. 

The formula 


(7) sin c-cose4 = sin 6-cos a — cos b-sin a-cos (°, 
see Chauvenet, (6), page 154, transforms into 
b = &@-cosc + é-cos A, 


that is, side 5 of the plane triangle equals the sum of the projections of sides @ and 
éon 6. 
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Now consider the formula 
(8) K, = RE, 


for the area of the spherical trianglee4 BC, where E=-4+ B+ (?—7 is the spher- 
ical excess. 

If we use Lhuillier’s formula (Chauvenet (228), page 230) for the spherical 
excess we can write (8) as follows: 


tE 


K, = 4R?. - [tan 4s-tan 4(s — a)-tan 4(s — b)-tan 4(s _ c) }1/2 


tan iE 


_ 4& tan 35 | _ tan 3(s — a) pe 
tan iE | (2 35 ) (Rs *) oo) | 


tan ds tan $(s — a 1/2 
| “_.(¢ — 4): 2( Pe] 


25 3(s — a) 


where s=4(a+6-+c). On passing to limits, we find the formula for the area of 
the plane triangle ABC in terms of the sides of the triangle, with 3=3(¢+6+). 
If instead of Lhuillier’s formula for the spherical excess, we use formula 
(230), page 231, of Chauvenet’s trigonometry, the area can be written 
Ki = RE = pe. _, Sn da sin 96 
sin 4F cos 4¢ 


‘sin ? 


sngE 2 4a 2 4b coside 


1 i# 4 singa sin $d sin @ 


2 snik 4a 3b ©6cos 4c 
On passing to limits, we get 
K = 446-sin C, 


the formula giving the area of the plane triangle ABC in terms of two sides and 
the included angle. 


SEMINAR PROGRAM IN MATHEMATICS AT REGIS COLLEGE 
SISTER Mary LEONARDA, Regis College 


The seminar program was inaugurated at Regis College in the fall of 1947 
in an effort to provide for each concentrator a testing ground where she would 
meet the problems of her field in a setting reproducing as nearly as possible the 
demands upon her knowledge and training and use of newly acquired knowledge 
which she would encounter after graduation. Although still in the experimental 
stage, the program has been undeniably effective. In the present paper, the 
writer gives some aspects of the seminar system as it has been developed thus 
far in the Department of Mathematics. The topics for the current year are listed 
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as typical of the content of the discussions but do not indicate permanency. 
Classroom experiences and current demands determine the details and con- 
tribute significantly to the success of a seminar program by keeping it from be- 
coming too highly systematized and nonadjustable. 

Our junior concentrators meet once each week for a two-hour seminar which 
treats of geometry. The junior seminar is a reading seminar which is made 
possible because the student comes to it reasonably prepared with knowledge 
and skills gained from her lower level courses in mathematics. It is directed to 
stimulate critical and-systematic reading of monographs, source material, books 
of reference, biography, popular writings. Occasionally a text is reviewed. In 
general, texts are not included since their content is already a digest of some 
greater finding, and therefore provides no experience of the type we seek. Since 
“understanding of mathematics cannot be transmitted by painless entertainment 
any more than education in music can be brought by the most brilliant journal- 
ism to those who have never listened intensively,”* an important supplement to 
our reading requirement is the actual performance of a fair number of proposed 
problems and “actual contact with the content of living mathematics.”* The 
author quoted points out that such contact is rendered possible at this level if 
advanced technicalities and profound methods can be laid aside for the purpose 
of disclosing the goal. 

The following topics indicate the trend of our interests in the current read- 
ing seminar: 

First Quarter: Fundamental Constructions; Constructible Numbers; Three Greek Problems; 

I Methods of Construction—Inversion; II Methods of Construction—Mascheroni Con- 
structions; III Methods of Construction—Straightedge, Carpenter's Square; Peaucellier 
Cells; Problem of Apollonius; Reflection in a System of Three Circles. 

Second Quarter: Pascal’s Theorem; Brianchon’s Configuration; Polar Coordinates; Cylindrical 


Coordinates; Spherical Coordinates; Homogeneous Coordinates; Transformations; The 
Straight Line. 

Third Quarter: Conic Sections Generated by Projective Pencils; Linkages; Cycloids, Tractrix, 
Catenary; Surfaces of Revolution; Hyperboloid of One Sheet and Hyperbolic Parab- 
oloid; The Pseudosphere; Riemann. 

Fourth Quarter: Klein’s Non-Euclidean Model; Poincaré’s Non-Euclidean Model; Euler’s 
Formula for Polyhedra; The Four-Color Problem; Map Projection; One-sided Surfaces; 
What is Mathematics? 


The required reading pertinent to this outline 1s taken from the fields of 
foundation and development of mathematics, algebra, and geometry. It includes 
the works of such writers as Young, Hardy, Heath, Smith, Baker, Frost, 
Salmon, Klein, Hudson, Kasner, Thomas, Albert; source material on the topics 
treated briefly in D. E. Smith's Source Book in Mathematics,{ and others such as 
Peacock’s Treatise on Algebra,t and studies on the Rhind papyrus, are expected 
to arouse further investigation into primary source material. 

* R. Courant and H. Robbins: What is Mathematics?, Oxford University Press, New York, 
1943, p. v. 


t McGraw-Hill Book Company, New York, 1929. 
t Scripta Mathematica Press, New York, 1940. 
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Not the least important function of the junior seminar is the pursuit of a 
chosen subject which, for want of a better name, we call a hobby. This hobby is 
acknowledged and encouraged in our seminar system. The studies pursued are 
varied: architecture, clocks, market research, inversion, bridges, airplanes, 
Mascheroni constructions, singular solutions of differential equations, the his- 
tory of the methods used in assigning the number of representatives in Congress 
for a given area. Some of the studies have been written formally and bound and 
placed in our departmental library. A part of the study on airplanes was pub- 
lished, and we are hoping to have the study of bridges appear. With few excep- 
tions the experience which has been gained in the pursuit of the hobby remains 
only the joy of personal achievement. 

Our senior concentrators participate in a coordinating seminar on analysis. 
The seminar on geometry provides a magnificent foundation upon which to 
build the coordinating seminar. The following discussions constitute our program 
for the present coordinating seminar: 


First Quarter: The Rhind Papyrus; Pythagorean Arithmetic; Irrational Numbers; Complex 
Numbers; DeMoivre's Formula and the Roots of Unity; The Number Pi; Euler’s Num- 
ber e. 

Second Quarter: Calculating Devices; The Sand-Reckoner and His Successors; The Funda- 
mental Theorem of Algebra and Algebraic Equations; Trigonometric and Transcendental 
Equations; Algebra of Sets—Application to Mathematical Logic. 

Third Quarter: Variables, Functions, Graphs; Limits by Continuous Approach; Abel on the 
Continuity of Functions Defined by Power Series; Theorems of Bolzano and Weierstrass; 
Heron’s Theorem; Extremum Property of Light Rays; Tangent Properties of Ellipse and 
Hyperbola; Corresponding Extremum Properties ; Schwartz’ Triangle Problem; The Cy- 
cloid. 

Fourth Quarter: Maxima and Minima of Functions of Several Variables; Saddle Points; Soap 
Film Experiments; Plateau’s Problem; Pre-Calculus Integration as a Limiting Process; 
Integral Calculus; Fermat, Newton, Leibniz and the Derivative; Geometric Meanings of 
the First and Second Derivatives; Differential Equation of the Exponential Function; 
Radioactive Disintegration; Law of Growth; Compound Interest. 


The works of Archimedes, Cauchy, Abel, Dedekind, Hardy, Courant, Ferrar, 
Young, Whittaker and Watson, Birkhoff and Maclane, N. Bourbaki, Scar- 
borough, and many others which are of significance in the investigations of the 
students, should provide dependable and interesting reading matter with which 
to develop the proposed topics. What is Mathematics? by R. Courant and H. 
Robbins contains an excellent directive reading on each topic. 

Each seminar course puts the instructor on his mettle as well as the student. 
The method is an attempt to vitalize instruction and to give a complete view of 
the field such as cannot be obtained in isolated courses. It puts the burden of 
his own education on the student where it belongs and is adaptable to his 
powers. Neither student nor instructor can avoid work. Yet many students and 
instructors alike do not know how we taught without it, or even how we man- 
aged with the lesser forms of seminar which were the forerunners of our present 
system. 
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FINDING THE PARTICULAR INTEGRAL IN A SPECIAL CASE 
F. A. FICKEN, University of Tennessee and New York University 


In a first course in differential equations, considerable attention is usually 
devoted to the linear equation f(D) y= g(x), where f(D) isa polynomial in D with 
constant coefficients. If the equation is non-homogeneous, one can find a particu- 
lar integral in any case by variation of parameters, but special methods are 
often used to take advantage of the specific character of the right member of 
the equation. In certain cases, including some of practical interest, the right 
member is of the form P(x)e#*, where P(x) is a polynomial and p is a constant. 
The object of this note is to emphasize the value of a particular combination of 
standard processes for handling this specific problem. 

We assume throughout that x is a real variable and that the right member 
g(x) is a linear combination of terms of the form x*e** cos bx and x*e?* sin bx with 
k a non-negative integer and a and 6 real. The complementary function is not 
used. 

The steps are as follows: 

1. Express sines and cosines as imaginary exponentials. Then g(x) is a linear 
combination of terms of the form x*e#* with u complex. Next, collect terms with 
the same p. Then g(x) is a sum of terms of the form P(x)e#*, P(x) being a poly- 
nomial. For each such term separately, use steps 2-5 to obtain a partial particu- 
lar integral y,, and finally add the y, to obtain the whole particular integral. 

Note that, if the coefficients of f are real, then y, for the complex conjugate 
of P(x)e* will be the complex conjugate of y, for P(x)e**, and y, for the real 
(imaginary) part of P(x)e#* will be the real (imaginary) part of y, for P(x)e**. 
If, as often happens, the coefficients of P(x) are real, one finds y, and uses its 
real or imaginary part according as e#“* arose from a cosine or a sine. This com- 
mon technique is illustrated in the example below. 

2. Let y=ze#"* and cancel e#*, getting f(D-+u)z=Q(D)z= P(x), where Q(D) 
is a polynomial whose coefficients are generally complex if yp is. 

3. Let D'z=w, choosing rv so that the constant coefficient of the polynomial 
operating on w in the left member is not zero. 

4, The equation then has the form Q,(D)w=Pn(x), where P,,(x) and Q,(D) 
are polynomials of degree indicated by the subscripts, and the “constant term” 
of 0,(D) does not vanish. Using undetermined coefficients, find a polynomial 
Wm(x) of degree m that satisfies this equation. (See lemma at end of note.) 

5. Obtain 2n4,(x) by integrating w(x) r times, letting constants of integra- 
tion vanish. The required partial particular integral is then y,=2n4,(x)e#* 
(verification trivial). 

The process may be illustrated by the following example: 


f(D)y = (D® — 5D? + 17D — 13)y = (D — 1)(D? — 4D + 13)y 


1 
= (— — 6x) e2” cos 3x. 
10 
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1. (D'—5D?+17D—13) Y= (1/10 — 6x)e@+#92, Since the coefficients of f and 
P are real, y is the real part of Y. 

2. Let YV=zelt802, getting f(D+2+3¢)2m [D?+ (1+972)D?—6(3—2)D]z 
=1/10—6x. 

3. With w=Daz, [D?+-(1+97)D —6(3 —1) w= 1/10 —6x. 

4. Substitute w=al-+-Bx and equate coefficients, arriving at 


17-11) 3+i 


v= x = Dz. 
6-10? 10 
7(7 — 112 3 +14 
5 s= J wax = — 2M — 110) x ——— 72 = Ve (tie 
6:10? 2-10 


1 
y = RU(Y) = S102 [(—49 + 90x) cos 3x — (77 + 30x) sin 3x] xe?*. 


The factual information needed by the student is as follows: Step 1 and a 
possible final step (as from Y to y in the example) assume familiarity with the 
algebra of real and complex numbers and with the basic fact that e* 
=cos {-+7 sin ¢. Step 2 merely “eliminates the exponential”; this is tactically 
advantageous in many similar situations. Step 3 introduces a new dependent 
variable so that the differential equation shall be of lowest order consistent with 
its form and our ignorance of the complementary function; one does this any- 
how. Step 4 makes as economical a use as possible of undetermined coefficients. 
The particular choice of a trial function is governed by a simple general rule 
requiring no operations on the right members-and no knowledge of whether or 
not or to what order f(u) may vanish. Step 5 merely compensates for steps 3 and 
2. 

This factual equipment is quite modest. It is general and basic rather than 
specific and ad hoc. Most of it is used in earlier parts of the course, and the entire 
process may be illustrated—perhaps informally—in connection with the first 
order linear equation with constant coefficients. Students with this previous 
experience accept quite readily the combination of several simple, natural, 
familiar steps into a method or process, and it quickly becomes automatic. They 
welcome the absence of formulas and the economy and effectiveness of the 
process. The algebraic work seems often to be less massive than that required 
by other processes. 

The effectiveness of step 4 is guaranteed by the following well known 
lemma whose proof is easy. 


LemMMA: Let m and n be non-negative integers. Let qo, °**, Qn be complex 
constants with qox¥0 and q,7%0, and let Qa(D)= > %20 G;Di, with D=d/dx. Let 
Do, ++ *, Pm be complex constants with pnx¥0, and let P(x) = > beo Dex. 

Then unique complex constants ao, - + + , Om extst, With Gmx¥0, such that ym(x) 
= >", axx*® satisfy the differential equation Qn(D)y=Pmn(x). The a, are real if 
all the p, and q; are real. 
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Students quickly learn, if 2>m, to discard those g; for which j7>m. For 
example, if m=0, Q,(D)y=po has the solution ao= fo/go. 

It may be mentioned that a very limited search has revealed a similar dis- 
cussion of the special problem treated here only in Goursat’s Cours d’ Analyse 
(vol. II, pp. 458 ff. in fifth edition). 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED By Howarp EVES, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those’ ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 911. Proposed by G. B. Huff, University of Georgia 


The following item appeared in the April 1, 1913, issue of the Erewhon Daily 
Howler: “Science lovers of Guayazuela will be disappointed to learn that the 
antarctic expedition of Professor Euclide Paracelso Bombasto Umbugio, which 
was planned to start the first of next month and last through November, has 
been temporarily postponed. In making his characteristically thorough prepara- 
tions, the eminent numerologist discovered that June 13 of this year falls on 
Friday and has decided that he will postpone the trip until a year when no Fri- 
day the thirteenth occurs in the seven months of the expedition. The Professor, 
an authority on the doctrine of probability, assured the press that the delay 
will be of short duration. He explained that the probability of an auspicious 
month is 6/7 and that hence the probability of seven consecutive auspicious 
months is (6/7)’ or a little more than 2/5. From this the genius infers that the 
probability of postponing the trip next year is less than 3/5 and the probability 
that it will be postponed for nine consecutive years is (3/5)® or less than 1/100.” 

Of course, we now know that the Professor has never made his trip, though 
four times nine years have passed. Is the Professor having a tremendous run 
of bad‘luck? 


E 912. Proposed by H. E.G. P. 
Show that the infinite product 


TL (n+ 1)3/n(n + 2)(n + 2x) 


n=l 
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represents, in all points of its set of convergence, the rational function 2x. (By 
permission of Prof. E. P. B. Umbugio, April 1, 1950.) 


E 913. Proposed by C. S. Ogilvy, Columbia University 


An isosceles triangle ABC has vertex angle C=20°. Points M and WN are 
taken on AC and BC such that angle AB//=60° and angle BA N=50°. Prove 
that angle BMN = 30°. (Attention Prof. E. P. B. Umbugio.) 


E 914. Proposed by C. W. Trigg, Los Angeles City College 


It is desired to arrange congruent equilateral triangles, with at least one side 
of each triangle coinciding with a side of another triangle, in a plane configura- 
tion which can be folded along the common sides into a tetrahedron with no 
open edges. (An open edge is one through which there is straight line access to 
the centroid of the solid figure.) 

(1) What is the smallest number of triangles necessary? 

(2) How many distinct configurations containing this smallest number may 
be folded into a closed tetrahedron? 


E 915. Proposed by Victor Thébault, Tennie, Sarthe, France 


The circle passing through the feet L, M, N of the cevians AL, BM, CN 
which divide the sides BC=a, CA =b, AB=c of a triangle in the ratios 


BL/LC = c*/b™, CM/MA = a/c",  AN/NB = b*/a*, 


intercepts on the lines BC, CA, AB signed segments of lengths x, y, z satisfying 
the relation 


e/a) + y/b"-! + g/c™! = 0. 


SOLUTIONS 
Three Arithmetic Progressions 


E 877 [1949, 473]. Proposed by L. J. Burton, Bryn Mawr College 


Each of three arithmetic progressions continues indefinitely in both direc- 
tions, and each has a difference which is an integer. Prove that if there is a term 
common to each pair of progressions then there is a term common to all three 
progressions. 


Solution by J. H. Butchart, Arizona State College at Flagstaff.. Without loss 
of generality we may increase or decrease all numbers so that the common 
term of progressions A and B is zero, and we may change the unit so that the 
common differences a, b, c will have no divisor greater than 1 common to all 
three. Thus A consists of multiples of a@ and B of multiples of 6. Let 7b 
be the term common to B and C and let jb-++-kc be the term common to C and A, 
or otherwise za, showing that k contains the greatest common divisor of b and a. 
Consider the term jo-+kc-+pac common to A and C. It will be a term of B if 
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k-++pa=qb, where p and gq are to be determined. By Euclid’s algorithm p and q 
may be found so that gb—pa=k, thus completing the proof. 

Also solve by Max Beberman, D. H. Browne, Aaron Buchman, W. F. 
Cahill, M. S. Klamkin, Roger Lessard, T. F. Mulcrone, S. T. Parker, Azriel 
Rosenfeld, R. W. Shoemaker, and the proposer. 


Relations in a Right Triangle 


E 878 [1949, 473]. Proposed by Kaidy Tan, Anglo-Chinese College, Amoy, 
China 


Let S be the incenter of the right triangle ABC, and X the point of contact 
of the hypotenuse BC with the incircle. With center X and radius X'S describe 
the circle cutting BS, CS at M and N respectively. Let AD be the altitude on 
BC. Show that M, N are the incenters of the right triangles ABD and ACD 
respectively. 


Solution by C. S. Ogilvy, Columbia University. Describe the circle with 
radius XS and center at Z, the point of contact of AB with the original incircle. 
It is clear that this circle also cuts SB at M. Let it cut ZB at 0. Then XBAD 
=90°— ABD =90°—2XABM=90° — (90°— MO) =M0=2X0AM. That is, 
M lies on the bisector of <BAD, and is therefore the incenter of triangle BAD. 
Similarly it can be shown that N is the incenter of triangle CAD. 

Also solved by Leslie Booth, Aaron Buchman, W. E. Buker, J. H. Butchart, 
P. W. M. John, L. M. Kelly, Sam Kravitz, Joseph Langr, Roger Lessard, F. L. 
Miksa, M. C. Stapp, C. W. Trigg, Roscoe Woods, and the proposer. 

Trigg gave three solutions and remarked that other properties of the figure 
of the problem can be found in the article, Relating to some relations in a right- 
angled triangle, by Albert Babbitt, this Montury [1918, 347-8]. 


Minimal Path Connecting n Points 


E 880 [1949, 474]. Proposed by Peter Ungar, University College, London, 
England 


Let points be given in the plane, not all on a straight line. The shortest 
closed route connecting them is a simple polygon. 


Solution by O. D. Smith, Oregon State College. Connect the n points by any 
closed path. Obviously a shorter path is obtained by connecting the points in 
the same order by a polygonal line with the given points as the only vertices. 
Suppose that segments P;Pi41 and P;,Pisy1 of this polygonal path intersect in a 
point P, so that the path followed is P;PPis1 ++ + PrPPiii +--+ P;. If P is not 
a point of the given set, then P:P, +--+ + Pis1Pri1 ++ + P; is a shorter polygonal 
path and does not contain the intersection P. If P is a point of the given set, 
then P;PPx + + -Pis1Piy1 +++ Piisashorter polygonal path and does not con- 
tain P as an intersection. This proves the theorem. 

Also solved by L. M. Kelly, D. W. Matlack, E. A. Nordhaus, and the 
proposer 
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Factorial Series 


E 881 [1949, 552]. Proposed by C. M. Sandwick, Easton High School, Easton, 
Pa. 


(a) Show that any positive integer can be represented uniquely in the form 
an a,n!, OSa, Sn. 

(b) Show that any positive rational number less than unity can be repre- 
sented uniquely in the form )°%., a,/(n+1)!, OSan Sn. 


Solution by Aaron Buchman, Buffalo, N.Y. (a) Let k be any positive integer 
and choose m such that m!Sk<(m+1)!. Then we have 


(1) = dnm! + rm, 0S Qn Sm, 0S %n < mi. 
Again. 
Tm = Gm—1(m — 1)! + rm—1, 0S adn1Sm—1, 0S rm_1 < (m — 1)!. 


Proceeding in this manner it is evident that 


(2) k=)> an, OSa,8 1, 
n=l 
and representation of # in the required form is always possible. It is evident that 
a,=0 when n>m. 
Since h!=(h—1)(h—1)!+(4—1)!, it follows that ~ 


~ 


h—1 


(3) hi=1+ >> (n— 1)(n — 1)! 


nux2 


Now if, in (1), ad, should be decreased, the new remainder would no longer be 
less than m!. Then, by (3), it would be impossible to complete the summation 
and keep the rest of the a; within the limits 0 Sa;S7. Thus a,, may not be de- 
creased, and of course it cannot be increased. Similarly d@n_1, Gm—2, - - * may not 
be altered, and the representation (2) is unique. 

(b) Let «/v be any positive rational number, in lowest terms, with u<v. 
Then we have 


(4) u/v = a,/2!+ 7, QOSa,8 1, 0Osn< 1/2!. 
Again, . 
11 = de/3! + ra, OS aS 2, 0s r. < 1/3). 
Proceeding in this manner it is evident that 
(5) ufv= > a,/(n+1)!, OSa,82n, 
m=1 


and representation of u/v in the required form is always possible. Let (m-+1)! 
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be the least factorial which is divisible by v. Then, since 
tm=U/v—- di af/nt+1)!, OStn <1/(m+ 1), 
n=el 


we see that 7,=0, and consequently a,=0 when n2m-+1. 
Since 1/h!=h/(h+1)!+1/(h+1)!, it follows that 


(6) 1/h! = >> n/(n + 1)1. 

n=h 
Now if, in (4), 71340 and a; should be decreased, the new remainder would exceed 
1/2!. Then, by (6), it would be impossible to complete the summation and keep 
the rest of the a; within the limits 0 Sa;Sz. Thus, if 7140, a, may not be de- 


creased, and of course it cannot be increased. Similarly do, a3, - + + , Gm—1 May 
not be altered. It then follows, from (5) and (6), that only adm may be decreased 
by one, and the following zero numerators replaced by m+1, m+2, +--+. Thus 


there are two ways of representing w/v in the required form; one is a unique finite 
development, and the other is a unique infinite development. 

Also solved by M.S. Klamkin, N. D. Lane, Roger Lessard, G. M. Merriman, 
C. S. Ogilvy, and the proposer. Some of these solutions only showed the possi- 
bility of representation in the required form but failed to deal adequately with 
the question of uniqueness. 

Merriman pointed out that part (b) appears, in slightly sharper form, as ex. 
12, p. 49, Birkhoff-MacLane, A Survey of Modern Algebra, and as ex. 2, p. 31, 
Hardy, Pure Mathematics, 6th ed. Arthur Rosenthal mentioned that although 
there are exactly two ways of representing a positive rational number less than 
unity in the required form, any irrational number less than unity has a unique 
representation. He said that these results were obtained explicitly by M. 
Sstéphanos, Bull. Soc. Math. France, vol. 7 (1879), pp. 81-83, but are contained 
in even older and more general discussions of G. Cantor, Zetischrift fur Math. u. 
Phystk, vol. 14 (1869), pp. 121-128. Series of this sort were later called Cantor 
sertes. See, e.g.,O. Perron, Irrattonalzahlen, Berlin (1st ed., 1921; 2nd ed., 1939; 
3rd ed., 1947), sec. 33. For the situation where the series has periodic coefficients 
see V. E. Dietrich and A. Rosenthal, Bull. Amer. Math. Soc., vol 55 (1949), pp. 
594-596. | 

The proposer stated the following generalization of part (a): If f(m) 4s a poss- 
live integer when n 1s a non-negative integer, and tf f(0) =1, any non-negative integer 
can be represenied uniquely in the form 


> on fom), 0S a, <f(n). 


Thus, when f(x) =n-+1, we have N= 9 a,n!, OSa,<n+1; when f(n) = (n-+1)*, 
wehave N= yd an(n !)*, OSan,<(n+1)*; when f(x) =k" we have N= Dankrr-vr2, 
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O<a,<k"; etc. Representation of a number in any scale of notation is also a 
special case. Let f(z) =b when n>0 and let f(0) =1, then N= )0a,b"~!, 0OSan<b. 


Five Tetrahedra Forming a Decahedron 
E 882 [1949, 552]. Proposed by C. W. Trigg, Los Angeles City College 


Five regular tetrahedra arranged around a common edge just fail to fill 
space around that edge. (a) What is the closest approximation to a regular tetra- 
hedron such that five such tetrahedra will fill the space around a common 
edge to form a decahedron having equilateral faces? (b) Show that the edge of 
the decahedron is «/5 times the radius of the sphere touching those edges which 
radiate from the axis of the decahedron. 


Solution by C. M. Sandwick, Easton High School, Easton, Pa. (a) Let P-QAB 
be one of the tetrahedra, forming with the other tetrahedra the decahedron 
P-ABCDE-Q. The plane of the regular pentagon ABCDE bisects PQ perpen- 
dicularly at O. Draw OA. If the edge AB is taken as unity, OA =V(5+4+/5)/10. 
But PA=1. Therefore PO=V(5—/5)/10. Then PO=2PO+1.05. The dis- 
tortion from regularity consists of an increase of slightly more than 5% in the 
length of PQ. | 

(b) Draw OR perpendicular to PA. Then OR/OA = PO/PA, or OR=1/¥/5. 
Hence PA=OR*/5. 

Also solved by Roger Lessard and the proposer. 


N-ics Having n-1 Roots in a Given Interval 


E 884 [1949, 552]. Proposed by E. P. Starke, Rutgers University 


Show that there exist infinitely many rational integral equations with 
integral coefficients and leading coefficient unity, and of degree n, such that n—1 
of the roots occur within a specified interval, however small. 


Solution by Paul Erdés, Syracuse University. Let x1, %2, +++, Xn be n—1 
arbitrary distinct rational numbers in the specified interval and consider 


n—1 


(1) x" + én] (x — xi) = 0, 

i=1 
where c, is a large integer so chosen that all coefficients of (1) are integers. Now 
if c, is sufficiently large then equation (1) has n—1 roots as close as we please to 
%1, Xo, °° *, Xn-1, and all conditions are met. 

Also solved by C. S. Ogilvy and the proposer. 

It is another matter to find the n-ic with smallest coefficients. The proposer 
gave x8-+ 22x! —47x3-+ 34x? — 10x —1 as a quintic with four distinct roots between 
0 and 1, and x4-+-12x? —22x?+ 12x —2 as a quartic with three distinct roots be- 
tween 0 and 1. 
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PROBLEMS FOR SOLUTIONS 
4390. Proposed by Roshan Lal Gupta, Government College, Ludhiana, India 


If [x] denotes the greatest integer function, prove that 
De [x/a™)""] = QS [(a/gn)). 
gal q21 


Is there any relation between the terms of the two sums? 
4391. Proposed by P. T. Bateman, Institute for Advanced Study 


Given a fixed positive integer k and a complex-valued function f(z) defined on 
the positive integers and such that f(m1) =f(n2) for m= (mod &), |f()| $1 
for all , f(x) =0 for (n, k)>1, and > %., f(z) =0. Show that 
=. f(x) 


eS 


< log k. 


keel 71 
4392. Proposed by Paul Erdis, University of Illinois 


Let f(z) be analytic for | z| <1. Let 2 be the point ( | zo] =1) where f(z) 
assumes its maximum on the unit circle. Prove that f’(%) ¥0. 


4393. Proposed by Victor Thébault, Tennte, Sarthe, France 


Show that: (1) The center w of an equilateral hyperbola (3) inscribed in a 
triangle ABC, the orthocenter H of this triangle, and the center N of the nine- 
point circle (VY) of the triangle of contact aBy of (3) with the sides of ABC are 
collinear. (2) The polar circle of triangle ABC is tangent to the circle (JV). (3) 
If BC, CA, AB; By, ya, a6 respectively intersect one of the asymptotes of (3) 
in A’, B’, C’; a’, B’, y’, we have 

wN/wH = wa!’-wB’-wy'/wA’-wB’-wC’. 


4394. Proposed by H. F. Sandham, Dublin, Ireland 


° lo 
J B° dx. 
9 er=+1 


265 


Evaluate 
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SOLUTIONS 
Mutually Inscribed Tetrahedra 


4279 [1948, 34]. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France 


Prove that a tetrahedron ABCD whose vertices A, B, C are the inverses, 
with respect to a sphere with center D, of a right-angled triangle, and the 
tangential tetrahedron A,BiC,D, of that tetrahedron are each inscribed in the 
other. 

Solution by the Proposer.* 1. Preliminaries. If the vertices of a triangle 
ABC, of sides a, 6, c, are transformed by an inversion of center D, with D ex- 
terior to the plane ABC, and power k, so that the points A’, B’, C’ thus ob- 
tained are the vertices of a right triangle A’B’C’, with B’C’?=C’A"+A’B”, we 
have B'C’=ka/DB-DC, C'A'=kb/DC-DA, A’'B’'=kc/DA-DB, whence we ob- 
tain 


(1) —a?.-DA* + b?DB* + c2DC? = 0. 


The locus of points D satisfying (1) is a sphere whose center is the pole A; of 
BC with respect to the circumcircle of triangle ABC. The barycentric co- 
ordinates of A; with respect to the reference triangle ABC are —a?, b?, c?. 

2. By (1) the edges BC=a, AD=a', CA=b, DB=b’, AB=c, DC=c’, of the 
tetrahedron T=ABCD satisfy 


(aa’)? = (bb)? + (cc’)*. 


Lemma. The antiparallel sections in each of the trihedral angles of the tetra- 
hedron T are right triangles for which the vertices of the right angles are on the 
edges BC and DA. The antiparallel sections are similar to the associated triangle 
of tetrahedron T, since their sides are proportional to aa’, bb’, cc’. The vertices of 
the right angles of antiparallel sections in the trihedral angles (B) and (C) are on 
the edge BC and those of antiparallel sections in the trihedral angles (D) and (A) 
are on the edge DA. 


THEOREM. The faces CDA and DAB are conjugate wiih respect to the circum- 
sphere of T. The same statement holds for the faces ABC and BCD. The plane (rr) 
tangent at A to the circumsphere (O) of T cuts the planes of the faces CDA and 
DAB in two perpendicular lines A, and AZ (Lemma). The line B,A which joins A 
to the pole B,; of face CDA with respect to (QO) is in plane (7) where it is per- 
pendicular to the tangent at A of the circumcircle of triangle CDA: as this 
tangent line is in the plane (7) it must coincide with the line A,. Hence the line 
BA is the line A;.. Thus the pole B; of plane CDA is in plane DAB and the pole 
C; of the latter is in plane CDA. Likewise the pole D,; of plane ABC is in plane 
BCD and the pole A, of the latter is in plane ABC. 


* Translated and checked by W. E. Byrne, Virginia Military Institute. 
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COROLLARY. The tetrahedron T and its tangential tetrahedron T,;=A1BiC,D, 
are inscribed one tn the other. 


Tetrahedron and Inscribed Sphere 
4298 [1948, 320]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a tetrahedron ABCD, the incenter of which is J, the perpendiculars at A 
to the faces ACD, ADB, ABC respectively cut the planes JCD, IDB, IBC in 
Ax, Ao, As. (1) The perpendicular through A to the plane 4:42A3 passes through 
the point of contact of the inscribed sphere with the opposite face BCD. (2) The 
analogous property is true for a triangle ABC. 


Solution by Robert Bouvatst, Nantes, France.* Let (x1, 1, 21, 41) be the normal 
coérdinates of an arbitrary point WM with respect to ABCD taken as the reference 
tetrahedron. The perpendiculars at A to the faces ACD, ADB, ABC meet the 
planes MCD, MDB, MBC, at Ai, Ao, Az. Plane A41A2A; has as its equation 


x y z t 
“1 V1 —y,cosa’ —y, cos b 
41 —2, cosa’ 21 — 21 COS ¢ ~ 
“1 —t,cosb —#, cosc by 
where a, +--+ designate the dihedral angles of edges BC,---. In the above 


equation we may replace (x1, 1, 21, 41) by (1, 1, 1, 1) since we are interested in 
the case where M is the incenter J. The line through A perpendicular to A1A2A; 
meets the plane BCD at (0, 1-+cos c’, 1+cos b’, 1-+cos a). These are precisely 
the codrdinates of the foot of the perpendicular dropped from J on the plane 
BCD. 

The analogous property for a triangle may be established by the same type 
of calculations or by elementary geometry. 

Part (2) also solved by B. R. Leeds. 


A Summation Problem 
4305 [1948, 431]. Proposed by H. F. Sandham, Trinity College, Ireland 
Prove that 
1+ (4) + (= )+ EFS) _ lit 
2 3 4 
Solution by Martin Kneser, Tubingen, Germany. Noting that 


1 1 1 )+( 1 1 )+( 1 1 ) 

— = (—~—— m+n m+ 2n m+n m+ 3n 
° nN 

ts = 2) eb” 


* Translated by W. E. Byrne, Virginia Military Institute. 
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we get 

12 i n 1 00 1 

—S = Dy a 

No m=1 M mari juno (M+ 7n)(m + jn + n) k= 1 hk +n) 
because k=m-+jn takes all values 1, 2, 3, - - - if 7 takes the values 0,1, 2,-- > 
and m the values 1, 2, +--+, 7. 


In the following all summations run from 1 to infin'ty unless indicated dif- 
ferently. If we denote the sum in question by S, then we have 


1” 1)? 1 2 1 
says y tb K VL yp 
{52 at - 212 aeeoh -Laermcen 
1 1 1 
- 2 KEOGH + oat mgan t ZjetmGin 


1 
= 25 ———_____—— 
2 Bed me EF n)* r 2 jk(k + n)\G +n) 


1 
> apt 22, kk + m)(k + n)(k + m+ n) 


Hom Eg ters ara 


kaj Ry kmn(k-+ m+n) mn(k+m)(k+7n) 


1 1\? 1 1 
z= @)- > GI + 2d imulk-tmkay > 


according to the third expression for S. Since 


l 


1 2 1 at 


we obtain 


1 a4 1 lL yktmtn—l 
—|( 35 ———]} = ee —_—_—— d 
> ( =) 2 kmn(k + m+n) rf kmn . 
1 a \3 dx 1 
RCD ae ee 
0 k % 0 
1 1 
-{ {log x}3 “ =— =f x™—l(log «)3dx 
0 0 
6 4 
rin 
nN 


whence S=177*/360, as required. 
Also solved by the Proposer. 
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Power Residues Modulo p 
4307 [1948, 432]. Proposed by Emma Lehmer, Berkeley, California 


Let p be a prime number of the form 3-2%-k+1, and let ~ be any number not 
divisible by 3 or 2%. Show that there are numbers a, b, independent of 2, such 
that a, b, a+1, 6+1 are mth power residues modulo ?. 


Solution by Martin Kneser, Tiibingen, Germany. Euler’s criterium states 
that the congruence x"=c mod ?* is solvable if c?-¥/4=1 mod , where 
d=(n, p—1), and then it has d distinct solutions. We therefore must prove the 
existence of numbers a, b, such that a, b, a+1, 6+1 are zeros of x@-)/4—1 mod p 
for all x. 

It is sufficient to prove that they are zeros of x*—1 mod ?, because x is not 
divisible by 3 or 2, and hence 6 is a divisor of (p—1)/d. Now we have 


x8 — 1 = (a8 + 1)(a* — 1) = g(x)(x? + x + 1), 

(w+ 1)8—1= {(a+ 1)? — 1} {(~+ 1)§+4+ 1] 
h(x){(% + 1)? — (w+ 1) +1} = h(w)(e? + «4+ 1). 
So, if a and b are zeros of x?-+-x-+1 mod ?, then a, b, a+1, b-+1 are zeros of 
x§—1 mod p. Now x?+«+1=(x3—1)/(x—1). According to Euler’s criterium, 
x8=1 mod p has three distinct solutions and therefore x?-+x-+1=0 mod p has 
two distinct solutions, a and 6. 

Remark. Instead of p=3-2%-k+1, we can assume p=2%-3'-k-+1, if we 


suppose ” not divisible by 2% or 3°. 
Also solved by B. A. Hausmann and the Proposer. 


4308 [1948, 432]. Proposed by H. S. Wall, University of Texas 


Let f(z) be a function of the complex variable z, such that 


F 
f(—w) = -——, 
W 


where F(w) has the following properties: (a) F(w) is an odd function of w, 
(b) F(w) is analytic and I[F(w)]S0 for I(w)>0. Prove that I [f(z)]S0 for 
I(z)>0. 
Solution by M. S. Robertson, Ruigers Uniwersity. Put 
w=iits/(i-%, Fw) = gt). 

Then R [ig(#) | =0 for |z| <1. The Poisson-Stieltjes representation in the Hergotz 
form* gives 

1 + te® 


- da(@), | ¢| < 1, 


(1 ae) = bi +2 
vg) = Bot J. 1 — te 


* G. Herglotz, Leipziger Berichte, 1911, pp. 501-511. 
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where ig(0) =ao+728o, ao 20, and a(6) is a non-decreasing bounded function in 
(0, 27). In terms of w, and using F(—w) = — F(w), we obtain 


Qo al wda(@) 
(2) F(w) =— ’ I(w) > 0 
ar 0 0 
w? sin? — ~— cos? — 
2 2 
with ayo = —I[F(z)]20. Setting z= —w?, [arg 2| <a, we have 
—F(w) ao f** da(@) 
(3) f(@) = f(-wv’) = =— 


ar 0 . 0 
1+ (z — 1) sin’ 


Since a 20 it is seen from (3) that I[F(z)]<0 for I(z)>0. 
It is of some interest to note that f(1—z) is univalent for |z| <1 when f(z) 
is not a constant. If we write 


1—g ° 
FO) Lp Fagen ay ¥ 0, |z| <1, 
Xo nal 
1 Ir rf] 
Cc, = sin?” — da(6), 
27 J 9 2 


we see that the sequence {cn} is totally monotonic, and thus by Fejér’s test 
f(1—z) is univalent for |z] <1. 


The Tritangent Circles 
4309 [1948, 432]. Proposed by R. Goormaghtigh, Bruges, Belgium. 


Let ABC bea triangle, D, EZ, F the contact points of one of the tritangent 
circles with BC, CA, AB, respectively, and let A’, B’, C’ and D’, E’, F’ be the 
projections of a point M of that circle on BC, CA, AB and EF, FD, DE. Show 
that the lines joining the projections of Mon A’E’ and A’F’, B’F’ and B’D’, 
C’D’ and C’E’ are concurrent. 


Solution by the Proposer. The proposed property is a consequence of the 
following known property of the Simson line: If JDEF is a quadrilateral in- 
scribed in a circle, the projections of a point M of that circle on the Simson 
lines of VM as to the four triangles formed by the vertices of the quadrilateral 
are on a straight line. 

When J and D coincide, the Simson lines of M as to the triangles formed 
by D counted twice and E or by D counted twice and F are A’F’ and A’E’; 
hence the line joining the projections of Mf on A’F’ and A’E’ passes through the 
projection of M on the Simson line of VM as to DEF. 

This last point is the same when J coincides with £ or F, and the theorem 
follows immediately. 
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Absolute Value of Polynomial and Derivative 
4310 [1948, 504]. Proposed by Paul Erdés, Syracuse University. 


Let f(z) =2"+ ---bea polynomial of degree n. Denote by A; the closed 
region (not necessarily connected) where | f(2)| $1. Prove that there always 
exists a Zp in A; with |f’ (20) | =n. Equality occurs only for 2”. 


Solution by Robert Breusch, Amherst College, Massachusetts. Call C the 
boundary of Ay; thus | f(z)| =1 along C. Call A; the (infinite) complement of 
A;. Ay is connected and its boundary is C. Form 


_ AF @}r _ nro y--. 


H(z) is regular in Ay; H('o) =n". 

(1) Assume | f’ (z) | <n everywhere in As. Then | H (z) | <n” on C, and there- 
fore | (z) | <n” everywhere in A;, in contradiction to H(») =n". 

(2) Assume | f’ (z) | Sn everywhere in A;. Then | H (2) Sn” on C, and there- 
fore (because of H(«) =n") H(z) =n" in the whole plane. This means 


1 
— (f@)} Of’) = 4, 


whence 
{f@}vm™=eez+a, fe) = e+) 


Also solved by J. H. Curtiss, J. L. Ullman, and the Proposer who remarks 
that this is an easy corollary of no. 4229 [1948, 171]. 


Euler’s Totient, Iteration 
4311 [1948, 504]. Proposed by V. L. Klee, Jr., University of Virginia 


If R and x are positive integers, let f;(x) =2b(x),. where (x) is Euler’s totient. 
For j7=2, 3, +--, let 


fila) =f Lfila)]. 


Show that for kS3, the sequence, fi(x), f2(x), ---, is eventually constant, 
while for k24, the sequence is eventually monotonically increasing. 


Solution by Leo Moser, University of Manitoba. Let fi(x) =x;. If x; contains 
any prime factor greater than k, then the operation kd performed on x; reduces 
the exponent of its largest prime factor by 1. Hence if is fixed, there exists a 
j such that for all 7>j, all the prime factors of x; are less than or equal to R. 

For k=1, for ¢>j, x;=1. 

For k=2, for 1>j, «;=2* and 2¢(2?) = 2+. 

For k=3, for ¢>j7, x;= 223% and 36(223%) = 223°, 

For k24, for 71>), 
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k(x) = ke; [I (1 — 1/p) > eecTI (1 — 1/r) = 4%, 
pak 


ran? 
whence %:41>%;, which completes the proof. 
Also solved by Paul Erdés, Free Jamison, and J. H. Wahab. 
The Clairaut Differential Equation 
4315 [1948, 586]. Proposed by Albert Wilansky, Lehigh University 
Consider the Clairaut differential equation y=px+/(p), where p=y’ and 


f has a derivative. Prove that if f’ is monotone the singular solution has exactly 
one point in common with any particular solution. 


Solution by S. H. Gould, Purdue University. The singular solution consists 
of the set of points (x, y) represented parametrically by 


pxe-ytf(p)=90, «+ f'(p) = 9, 
where x=x(p), y=y(p). A particular solution is represented by 
ce — y + fc) = 0, 


with fixed c. These three equations have in common the point x= —/f"'(c), 
y= —cf'(c)+f(c), obtained by setting p=c. We now set p=k xc. If the equa- 
tions are still consistent, their determinant vanishes: 


k —-1 fk) 
L 0 f'(k) | = fo) — f(A F(R) (CR — 6) = 9. 
e —-1 fe) 


Thus 
k k 
[ f@ar =f) - 10 = 7-4-0 = f ras, 
which means, since f’(/) is monotone, that f’(p) is constant in [c, #], so that 
F(R) =f'(c) and f(k) =f(c) +f'(c)-(k—c). But then 
x(k) = — f'(k) = w(c) and y(k) = — Rf'(k) + f(k) = yc), 


so that the common point x(c), y(c) is unique. 
Also solved by E. S. Keeping, and Ingo Maddaus, Jr., and, assuming that also 
f’ is strictly monotone, by Ta Li, Norman Miller, and the Proposer. 


RECENT PUBLICATIONS 
EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Association. 


Fundamental Science. By A. S. Eddington. Cambridge University Press, 1946. 
8-+292 pages. $6.00. 


At the time of his death in November 1944, Sir Arthur Eddington left 
a manuscript which forms the basis of the present treatise “Fundamental 
Science.” Although Eddington, had he lived, would have added an introduction 
to the book and also several more chapters one can consider the present work as 
complete in itself. Sir E. T. Whittaker, in the preface, points out that this book 
practically replaces all of Eddington’s previous writings on his theory of the 
constants of Nature. The treatment of the theory in the first five chapters is 
essentially that used by Eddington in his Dublin lectures of 1943. The next three 
chapters, on sedenion analysis, contain work given in his book Relativity 
Theory of Protons and Electrons of 1936. In the last four chapters Eddington 
treats several new problems, including radiation, and the work of these chapters 
is essentially an addition to his previous published work on his new theory. 

The aim and scope of the book is to provide a theory for the explanation 
of physical phenomena which range from the microscopic to the macroscopic. 
With such an aim in mind the reviewer feels that it would have been better to 
have written the book from the point of view of a deductive science. By this 
we mean that fundamental assumptions and definitions are clearly stated and 
listed and the main theory derived as consequence of these assumptions and 
definitions. Many times through the book Eddington seems to borrow results 
and concepts from quantum theory and one is never quite sure how these tie in 
with his new ideas. As a simple example we quote from the text: 

“The term ‘particle’ survives in modern physics, but very little of its classical 
meaning remains. A particle can now best be defined as the conceptual carrier of 
a set of variates. We shall frequently use the term ‘carrier’ as an alternative to 
particle.” In view of the fact that Eddington deems it necessary to define the 
term particle it is hard to see how it can be justified in using old concepts such as 
mass of a particle, energy of a particle, without a word of explanation of how 
these classical concepts are related to his new definition of a particle. This 
constant intermingling of new ideas and concepts and results obtained from 
modern quantum theory often obscures the justification for many of the state- 
ments and derivations given in the text. 

How successful Eddington is in completing the aim and scope of his new 
theory the reviewer does not feel competent to judge. Certainly his theo- 
retical calculations on the constants of Nature are in startling agreement with 
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observational results. In addition one feels that no work by a man of Edding- 
ton’s stature in the scientific world could ever be lightly dismissed. 
M. WYMAN 


Advances in Applied Mechanics. Edited by R. von Mises and T. von Karman. 
(Vol. I). New York, Academic Press Inc. 8-+293 pages. $6.80. 


This book consists of six survey articles covering recent advances in applied 
mechanics and as such, is useful to both the expert and the beginner in any of 
the diversified fields included. Briefly, the subject matter is concerned with 
hydro-dynamics including boundary layer phenomena, turbulence, shock waves, 
compressible flows, elasticity, and problems in non-linear mechanics. 

I. The first article by H. L. Dryden of the National Bureau of Standards is 
concerned with the mechanics of boundary layer flow and is largely non-mathe- 
matical and expository in character. While the author notes recent contributions 
to the mathematical concept of the boundary layer, including work on special 
flows, and the effects of compressibility on the laminar layer, the main part of 
the article reviews developments in the problem of stability of laminar flows— 
that is, the problem of the turbulence in the boundary layer. The recent experi- 
mental work (1940) of Schubauer and Skramstad of the National Bureau of 
Standards have confirmed and unified the theory of Heisenberg-Tolmien- 
Schlichting of small oscillations causing unstable waves and the theory of G. I. 
Taylor that free stream turbulence is the main factor in causing transition. sa 
result of the wealth of experimental data which is reproduced here and the 
completeness of the discussion this article is highly recommended as providing 
the reader with an over-all picture of the present state of boundary layer 
phenomena. 

II, The second article by N. Minorsky of Stanford University is concerned 
with periodic solutions to non-linear differential equations of second order. It is 
a survey of the material contained in his book which has been published by 
Edwards Brothers, Ann Arbor, Michigan. Here, necessarily, the treatment is 
sketchy. But in spite of this, it is an extremely readable account of most of the 
important ideas in this field. These include the concept and classification of 
singular points to the differential equation, the concepts of limit cycles, indices 
and the well known theorems of the Benedixson concerning them, and Lia- 
pounoff stability. The analytical methods of solution which are discussed include 
those of Poincaré, Van der Pol and the Kryloff and Bogoliuboff adaption of the 
astronomical method of Lindstedt. The article concludes with a discussion of 
aspects of the problems of non-linear resonance including subharmonic reso- 
nance, entrainment of frequence, and parametric excitation. For those un- 
acquainted with this field, this article should be most useful in enabling them to 
quickly grasp many of the essential ideas. On the other hand, with the pub- 
lication of the Minorsky book mentioned above and the recently issued transla- 
tion of ‘'The Theory of Oscillations’ by Andronow and Chaikin (Princeton 


1950] RECENT PUBLICATIONS 275 


Univ. Press) most of the same material is available in English in a much more 
detailed fashion for the worker in this field. 

III. The third article of this text is “Elasticity Papers Published in Holland, 
1940-1946” by C. B. Biezeno. This article contains short reviews of a number of 
papers in theoretical and experimental elasticity. The theoretical papers are 
divided into the following groups: stability and buckling of shells and thin- 
walled cylinders; stresses in perforated plates; circular plates supported at a 
number of points regularly distributed along the boundary and rotatory-sym- 
metrically loaded; miscellaneous papers dealing with the bending of beams, 
torsion of prismatic beams, the convergence of a special iterative process in 
structural analysis. Much attention is devoted to non-linear problems and their 
numerical solution which, for the most part, were designed to make the results 
available for all time. As such, someone contemplating work in this field would 
do well to scan this article before initiating any large scale calculations. A brief 
description of numerous experiments is furnished. Finally, two texts, ‘‘Tech- 
nische Dynamik” by C. B. Biezeno and R. Grammel and, “Plasticiteitsleer” by 
F. K. Th. van Iterson are discussed. Unlike the first two articles from which 
some ideas can be gleaned without too much previous experience in their fields, 
this article presupposes a thorough knowledge of the theory of elasticity. 

IV. In the article “Theory of Turbulence” by J. M. Burgers, the author dis- 
cusses a system of partial differential equations which he uses as a mathematical 
model for the theory of turbulence. In the author’s terms, the difficulties en- 
countered in the theory of turbulence are of a dual nature, the geometrical com- 
plexities introduced by the vectorial nature of the velocity and the complexities 
introduced by the non-linear terms. Independent variables are time #, and dis- 
tance y; the dependent variables are U, the velocity of the primary motion, P 
the “analogue of the exterior force acting upon the primary motion,” v the 
velocity of turbulence. First, the author shows that his system admits a first 
integral which is interpreted as consisting of various types of energies. Then, for 
the finite domain laminar solutions (v=0), and stationary turbulent solutions 
(dv/dt=0, U=constant) of the author’s system are found. The latter involve 
the replacement of the original system by appropriate approximation equations. 
In particular, the author studies the spectrum of the solution for v and calcu- 
lates the dissipation per component, etc. Finally, non-stationary solutions 
(dv/0ix~0, U=constant) are discussed for finite and infinite domains. Other 
developments include: a discussion of the correlation function; similarity con- 
ditions; systems with two components (wu, w) in the secondary motion. The 
latter part of the article is devoted to a case in which the analogue of turbulent 
motion is allowed in two dimensions. The article is very readable and should 
prove of value to the novice in the field since it enables one to become ac- 
quainted with some of the important features of turbulent motion. 

V. The article “Numerical Methods in Wave Interaction Problems” by H. 
Geiringer compares the author’s and J. von Neumann’s unpublished methods 
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of solving wave interaction problems. The calculations are carried out in detail 
for a specific simple boundary value problem in which Cauchy data are given at 
t=0 and side conditions are given along two straight walls. In the author’s 
method, a single pressure-volume relation is assumed (weak shocks). The (x, #) 
plane is then divided into regions. Due to the simple boundary conditions, ex- 
plicit formulas (due to Riemann) for the solution can be obtained in some of 
them. However, the principle difficulty lies in determining the solution in the 
zones beyond the unknown points where the shock line and rarefaction zone 
meet. The problem, here, is one of solving the partial differential equations of 
fluid dynamics when the boundary data satisfy certain relations (the shock 
conditions) along an unknown curve (the continuation of the straight shock 
line). To avoid this difficulty, the author makes use of a numerical method of 
essential successive approximations based on difference equations combined 
with interpolation. A slight modification of this scheme enables one to treat the 
case of strong shocks. Following this, von Neumann’s mechanical model of shock 
motion and non-linear wave motion is described. Here it is imagined that the 
individual particles are connected by “springs” which are subject to non-linear 
laws of attraction and repulsion. Pictorial evidence is shown of the occurrence of 
oscillations in the solution where the shock line was previously determined by 
the author’s method of calculation. All in all, this article is clearly written and 
provides an excellent résumé of many interesting results which came from the 
war effort in this direction. 

VI. The sixth and final article by v. Mises and Schiffer provides a very read- 
able account of Bergman’s method of integration of Chaplygin’s hodograph 
equation for the stream function of a steady. irrotational flow. Chaplygin’s 
basic idea was to make use of the properties of known incompressible flows in 
order (by analogy considerations) to deduce information about compressible 
flows. While this is possible in simple cases, there are many flow functions 
which are neither regular nor single-valued even for the incompressible case 
when they are expressed in the hodograph plane. Bergman’s procedure is to first 
transform Chaplygin’s equation into a form in which the stream function may 
be expanded in terms of an infinite series of products of harmonic functions and 
functions of a single variable. Recurrence relations are determined for the suc- 
cessive terms of this expansion, the series explicitly determined. It is shown to 
converge uniformly in a sector of the complex plane. However, the calculations 
are very long and tedious. In the second part of the paper, the authors (follow- 
ing Bergman) modify the basic partial differential equation, in order to obtain 
an easily computed expansion for the stream function. It is shown, in the re- 
mainder of the paper, that this implies use of a modified pressure-volume law. 
Graphical comparisons of the effects of this modified pressure-volume relation, 
the Karman-Tsien pressure-volume relation, and the pressure-volume relation 
for a real gas are furnished. 

Because of the wide range of topics, the book requires the knowledge of di- 
verse and specialized mathematical techniques on the part of the reader. More- 
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over the articles range from the first, which is purely expository, to the last, 
which is almost purely mathematical. Consequently, this book will serve dif- 
ferent purposes for different readers. 
C. L. DoLPa 
N. CoBURN 


NEW BOOKS RECEIVED 


The Theory of Probability, 2d Edition. By H. Reichenbach. Translated by 
E. H. Hutten and M. Reichenbach. Berkeley, University of California Press, 
1949. 16+492 pp. $12.50. | 

Principles of a New Energy Mechanics. By Jakob Mandelker. Philosophical 
Library, New York, 1949. 73 pp. $3.75. 

Tables of the Confluent Hypergeometric Function F(n/2, 1/2; x) and Related 
Functions. (Applied Mathematics Series, No. 3.) Prepared by the Computation 
Laboratory of the National Applied Mathematics Laboratories, National Bu- 
reau of Standards. Washington, U. S. Government Printing Office, 1949. 
22+73 pp. $.35. 


CLUBS AND ALLIED ACTIVITIES 
EpITED By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS 1948-1949 
Kappa Mu Epsilon, Central Missouri State College 


The Missouri Beta chapter of Kappa Mu Epsilon held regular monthly 
meetings during the academic year 1948-49 and the summer session of 1949. The 
following talks were presented by members of the fraternity: 


Geography and mathematics, by James Schmer 

Pythagorean number triples, by Harold Woods 

Calendars of the past and present, by Donna Lee Chitty 
Calendrical computations, by Vol Russ 

History and construction of magic squares, by Robert Boothe 
Computational short-cuts and checks, by Quentin Smith and Keith Stumpff 
Squaring the circle, by James Green 

Trisecting the angle, by Myron Fitterling 

Mathematical induction, by Edward Lowry 

Boolean algebras, by Norton Jones 

Inversion, by Marvin Goodman. 
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At the annual banquet in the Spring, Dr. E. J. Clark of the Education 
Division spoke on The use of mathematics by the school counselor. Nine new 
members were initiated into the fraternity. Eight members were previously 
initiated during a regular meeting in the Fall. 

The members of our chapter journeyed to Central College, Fayette, Missouri 
in May to install the Missourt Epsilon chapter of Kappa Mu Epsilon. Dr. 
Claude H. Brown was the installing officer, and he was assisted by Miss Vonda 
Leah Lankford, Miss Donna Lee Chitty, Mr. Quentin Smith, and Mr. Robert 
Boothe, all of Missouri Beta. 

Officers for 1949-50 are: President, James Green; Vice-President, Robert 
Boothe; Secretary, Donna Lee Chitty; Treasurer, Quentin Smith; Sponsor and 
Corresponding Secretary, Prof. L. W. Akers. 


Pi Mu Epsilon, Oregon State College 


At the five regular meetings of the Oregon Beta chapter of Pi Mu Epsilon 
the following programs were given during 1948-49: 


The Laplace transformation, by Newton Smith 

Paradoxes in infinite series, by O. Dale Smith 

A graphomeier, by Dr. Howard Eves 

Happy mathematics, by James Price 

Linkages, by J. Ericksen 

Some solved and unsolved problems in geometry of sets of points, by A. S. Besico- 
vitch of Cambridge University, England. 


Early in the school year, Pi Mu Epsilon sponsored a joint picnic with the 
mathematics faculty. Another social event of the year’s activities was the initia- 
tion of fifty-one new members in May. At the banquet held after the initiation, 
Dr. R. A. Rosenbaum of Reed College, Portland, Oregon, gave a talk on Some 
characteristic properties of a circle. 

The officers for the academic year 1949-50 are: Director, R. D. Oeder; Vice- 
Director, O. Dale Smith; Secretary, R. I. Daniels; Treasurer, Prof. G. A. 
Williams. 


Delta X, University of Toledo 


The following papers were presented during the twentieth annual program of 
Delta X, Mathematics Club of the University of Toledo: 


Air force research, by Dr. Carroll Amos 

Mathematical puzzles and paradoxes, by Dr. Howard Swift 
The irisection of the angle, by Richard Castanias 

A problem in Diophantine equations, by Douglas Lang 
Graphical analysis, by Roger Woodruff 

History and computation of pi, by John Suprock 

Relatiwity, by Jack Scarlett 

Nomograms, by Richard Reisbach. 
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Each of the regular meetings concluded with a social period at which re- 
freshments were served. Delia X was host to the Maumee High School Mathe- 
matics Club at one meeting and entertained the Icosahedron Club at a Christmas 
party. The social activities also included an annual banquet and a picnic. 

The officers for 1949-50 are: President, Jack Scarlett; Vice-President, George 
Halgas; Secretary-Treasurer, Anna Tom. 


Mathematics Club, Regis College 


The annual record of activities of the Regis College Mathematics Club for 
1948-49 include the following papers: 


Shadows, by Anna McFarlane 

Approximate construction for e, by Phyllis Moran 

Lewis Carroll, mathematician, by Katherine Healey 
Moebius strip, by Ann McDonnell 

Mathematics in music, by Florence Seaver 

Mathematical recreations, by Claire Sweeney 

Astronomy, by Ann McDonnell 

The abacus, by Ann Downey 

Poets’ numbers, by Katherine Healey 

Peaucellier cells, by Margaret Linney 

Architectural wonders of the world, by Barbara Lane 

Was man made by Earth or was Earth made for man?, by Louise Kelley 
Mathematical designs, by Mary White 

Opportunities for mathematically trained college graduates 
Use of mathematics in atrcraft industry, by Maryann Boyce. 


The program included a Christmas party, a supper party at which members 
of the class of ’49 were guests, and a tea at which the Mathematics Alumnae 
announced the winner of a $25.00 award for the graduate from the department 
who had earned the highest average in mathematics over a period of four 
years. 

The entire club attended the meeting of the Greater Boston Mathematics 
Club which was held at Harvard College. There was also an attendance of dele- 
gates at meetings of the Association of Teachers of Mathematics of New Eng- 
land. 

Our projects included From Near and Far, a pin map displaying the geo- 
graphic location from which Regis College students come and to which Regis 
Alumnae go. A second graph in the College Display Case depicts the survey of 
the positions which our Alumnae hold and discloses a summary of the vocations 
in which the Regis College Alumnae are working. Ingenious constructions in 
balsa have been added to the model collection including two views of the tes- 
seract and simplex. 

Officers for 1948-49 were: President, Barbara Lane; Vice-President, Kath- 
erine Healy; Secretary, Maryann Boyce; Treasurer, Virginia Lee. 
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Mathematics Club, Kansas State College 


During the academic year 1948-49, the following papers were presented at 
meetings of the Mathematics Club of Kansas State College: 


A new look at an old formula, by Prof. F. Sloat 

A htstory of the exponent, by V. Bly 

Graphic solution of equations, by K. Loewen 

Mairices, by Miss Doris Lloyd 

Mathematics and the tmagination, by A. Lloyd 

Celestial navigation, by L. Trapp 

A hustory of the calculus of variations, by Prof. R. Sanger 
Symmetries of the square. by W. Cowell. 


Mr. Bly’s paper was subsequently published in the February 1949 issue of 
the Bulletin of the Kansas Association of Teachers of Mathematics. 

Officers for 1948-49 were: President, W. Cowell; Vice-President, V. Bly; 
Secretary-Treasurer, A. Lloyd; Faculty Advisor, Prof: P. Young. 


Pi Mu Epsilon, Marquette University 


The following papers were presented to the members of the Wisconsin Alpha 
chapter of Pz Mu Epsilon during 1948-49: 


How to draw a straight line, by Dr. H. Pettit 

Symmetrical coordinates, by Dr. S. Canterbury 

A physicist looks at mathematics, by Dr. G. Barkow 
Astronomy, by Mr. Edward Halbach 

Mathematical education in central Europe, by Dr. J. Talacko 
Sir Isaac Newton, by Dr. G. Parkinson. 


A Christmas party and an annual banquet were held during the year. 

Officers elected for 1949-50 are: Director, William Golomski; Vice-Director, 
William Weideman; Recording Secretary, Kathleen Murphy; Corresponding 
Secretary, Virginia Higgins; Treasurer, Robert Johnson; Librarian, Harry 
Hesse. 


Kappa Mu Epsilon, Southwest Missouri State College 


The Missouri Alpha chapter of Kappa Mu Epsilon at Southwest Missouri 
State College has an enrollment of 26 members and participated in five meetings 
during the academic year of 1948-49. The following papers were presented: 


A finite geometry of twenty-five points, by Edward Rykowski and Carl Gabriel 
A photographic method of portraying cycloidal loci, by L. Shiflett 

Schwariz’s problem, by Julius Komarmy 

The sundial, by Dr. V. Whitney 


The first paper listed above also was presented by Mr. Rykowski at the 
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national biennial convention of Kappa Mu Epsilon at Washburn University, 
Topeka, Kansas, in April. 

Officers for 1949-50 are: President, Don Barbarick; Vice-President, Kenneth 
Mustain; Secretary, Mary Jane Robinette; Treasurer, James Jakobsen; Cor- 
responding Secretary, Harold Skelton; Sponsor, Prof. P. Pummill. 


Kappa Mu Epsilon, Coker College 
The South Carolina Alpha chapter of Kappa Mu Epsilon held regular 
monthly meetings during the school year 1948-49. The programs were composed 
entirely of discussions conducted by various students on current mathematical 
problems and puzzles. A number of problems proposed in the PENTAGON and 
the MONTHLY were reviewed, and some of the members turned in solutions to 
these problems. For next year a more varied program of papers is being planned. 
The officers for 1949-50 are: President, Shirley Jenkins; Secretary, Betty 

Rose Reeves; Faculty Advisor, Frank W. Saunders. 


Mathematics Club, Upsala College 


The Mathematics Club of Upsala College held a Christmas party and a mid- 
year festival jointly with Kappa Mu Epsilon, and a buffet supper at the home 
of one of the members. 

The Club had bimonthly meetings. The plan was to study a famous per- 
sonality by investigating his mathematical environment and some of his con- 
tributions. The following papers were presented: 

The life of Blaise Pascal, by James Gill 

The Pascal triangle, by Martin Monroe 

The life of Gauss, by John Armstrong 

Gauss’ law of quadratic reciprocity, by Robert Reed 

Development of Gauss’ theorem periaining to the electric intensity about any 
closed surface, by Robert Warnken 

The life and conirtbuttons of Zeno, by Seymour Hersh, William Manco, and 
Edward Pulchlopek 

The life of Napier, by Lloyd Thornton 

Napier's rods, by Frances Rischmuller 

Fvariste Galois, by Hannah Magill 

The theory of fields and groups, by Jerome Drexler 

The life and works of Pierre de Fermat, by Dorothy Fischbeck and William 
Stachel 

Infinite sertes, by Ethel Larson 

Méthematical truths, by James Christakos 

Mathematical fallacies, by Jack Presser 

The invention of analytical geometry, by Clair Willhelm 

The squaring of a circle, by Robert Schenk and Bernt Benson. 

The newly elected officers for the year 1949-50 are: President, James 
Christakos; Vice-President, William Stachel; Secretary, Dorothy Fischbeck; 
Treasurer, Richard Lawrence. 
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Mathematics Club, University of Wisconsin 


Following is a list of the talks given at the various Mathematics Club meetings 
at the University of Wisconsin: 

On the approximation of a function by a power sertes, by Prof. Max Dehn 

Convex functionals, by Prof. W. E. Eberlein 

Affine invariants of a pair of hypersurfaces, by Dr. C. C. Hsiung 

Elastic stability of plywood plates and shells, by Prof. H. W. March 

Multiple Fourier series, by Prof. Lamberto Cesari of the University of 
Bologna 

On certain classes of algebraic integers, by Dr. J. B. Kelly 

The topology of function spaces, by Prof. Casimir Kuratowski of the Uni- 
versity of Warsaw and the Institute for Advanced Study 

Generalized curves, by Prof. L. C. Young 

Asymptotic solutions of a second order differential equation, by Dr. E. D. Cash- 
well 

Undecidable sentences in set theory and real numbers arithmetic, by Prof. 
Andrzej Mostowski of the University of Warsaw and the Institute for Advanced 
Study 

Development of the axiomatic definition of set and Skolem's paradox, by Dr. 
Alfons M. F. Borgers of the Belgian National Foundation for Scientific Research 

Paracompact spaces, by Dr. C. H. Dowker of Princeton University 

The generalization of the Moebius mu-function to a partially ordered sei, by 
Mr. A. F. Strehler 

Integral valued entire functions, by Dr. RC. Buck of Brown University. 


NEWS AND NOTICES 
EpItED By Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for 
the summer of 1950: 

Columbia University, Teachers College. July 10 to August 8: Professor Clark, 
teaching arithmetic in the elementary school; Professor Fehr, current problems 
in teaching secondary school mathematics, professionalized subject matter in 
advanced secondary school mathematics; Professor Shuster, modern business 
arithmetic, teaching algebra in secondary schools; Professor Snader, teaching 
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geometry in secondary schools, history of mathematics; Professor Yates, field 
work in mathematics, applications of mathematics. 

Duke University. June 14 to July 1: Professor Dressel, solid analytic ge- 
ometry. July 6 to August 12: Professor Carlitz, finite differences, thesis seminar; 
Professor Gergen, mathematical statistics, theory of functions. August 14 to 
August 31: Professor Roberts, theory of functions. 

Ohio State Unwwerstty. June 20 to September 1: Professor Reichelderfer, 
advanced calculus, dimension theory; Professor Miller, solid analytical ge- 
ometry, fundamental ideas in algebra and geometry; Professor Rechard, ad- 
vanced calculus, differential equations; Professor Cashwell, integral equations. 

State University of Iowa. June 12 to August 9: Professor Knowler, elements 
of statistics, actuarial aspects of casualty insurance; Professor Wylie, astronomy; 
Professor Smiley, synthetic projective geometry, introduction to advanced 
mathematics; Professor Woods, study in secondary geometry, pure geometry; 
Professor Conkwright, differential equations; Professor Oberg, elementary 
theoretical mechanics, Fourier and allied series; Professor Price, the supervision 
of mathematics; Professor Muhly, matrices and determinants, elementary theory 
of numbers; Professor Cosby, advanced calculus, calculus of variations. 

Syracuse University. July 5 to August 11: infinite series; intermediate course 
in algebra; introduction to modern mathematics; history of mathematics; aids 
in the teaching of high school mathematics. 

University of Buffalo. July § to August 12: Professor Gehman, infinite series; 
Professor Montague, algebras and their arithmetics, geometrical constructions; 
Professor Schneckenburger, elementary finite groups. 

University of California at Los Angeles. June 19 to August 11: Professor Bell, 
workshop in secondary school mathematics; Professor Daus, geometrical con- 
structions; Professor Hedlund, differential geometry in the large; Professor 
Horn, advanced calculus; Professor Sokolnikoff, partial differential equations; 
Professor Taylor, functions of a complex variable; Dr. Wing, vector analysis; 
Professor Zelinsky, theory of fields. 

University of Colorado. June 19 to July 21 and July 24 to August 25: Professor 
Kurt Mahler, University of Manchester, England, geometry of numbers; Mr. 
Charlesworth, advanced course in teaching of mathematics (first term); Pro- 
fessor Farnell, higher algebra (second term), calculus of variations; Mr. Hunt, 
elementary differential equations; Professor Hutchinson, Fourier series and 
boundary value problems; Professor Jones, higher algebra (first term), ele- 
mentary topology (first term); Professor Kendall, selected topics in geometry 
(second term). 

University of Detroit. June 26 to August 4: Professor Smith, theory of equa- 
tions, differential geometry; Professor McCarthy, advanced calculus, Fourier 
series and harmonic analysis; Professor Mehlenbacher, intermediate differen- 
tial equations. 

University of Illinois. June 20 to August 19: Professor Bourgin, theory of 
rings; Professor Day, functions of real variables; Professor Ketchum, theory of 
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functions of a complex variable; Professor Landin, projective geometry; Professor 
Munroe, measure and integration; Staff, fundamental concepts of mathematics; 
introduction to higher algebra; introduction to higher geometry; introduction 
to higher analysis, complex variables; mathematical methods in engineering 
and science; introduction to higher analysis, real variables. 

University of Michigan. June 26 to August 19. Professor Eckmann, general 
spaces, combinatorial methods; Professor Hildebrandt, theory of differential 
equations; Professor Myers, differential geometry; Professor Carver, theory 
of statistics II, finite differences; Professor Craig, multivariate analysis; Profes- 
sor Dwyer, analysis of variance, statistical and computational methods with 
punched cards; Professor Dushnik, foundations of mathematics; Professor 
Fischer, intermediate mathematics of life insurance; Professor Hay, advanced 
mechanics, vector analysis; Professor Rothe, application of functions of a com- 
plex variable, topics in mathematical physics; Professor Thrall, higher algebra, 
theory of matrices; Professor Bartels, Fourier series; Professor Coburn, dy- 
namics; Professor Dolph, operational mathematics; Professor Jones, teaching of 
algebra, history of geometry; Professor Reade, functions of a complex variable, 
harmonic and subharmonic functions; Professor Young, advanced calculus; Dr. 
Darling, theory of probability, theory of statistics I; Dr. Leisenring, synthetic 
projective geometry. 

University of Nebraska. June 6 to July 29: Professor Basoco, differential 
equations, solid analytic geometry; Professor Leavitt, advanced calculus; 
Professor Halfar, fundamental concepts of mathematics; Professor Camp, 
analysis. 

University of North Carolina. June 12 to July 20: Professor Cameron, ele- 
mentary algebra from an advanced viewpoint; Professor Garner, history of 
mathematics; Professor Hill, elementary mathematical statistics; Dr. Mann, 
advanced calculus; Professor Brauer, advanced number theory of rational in- 
tegers; Professor Brown, algebraic invariants. July 21 to August 29: Professor 
Mackie, theory of equations;.Professor Hoyle, differential equations; Professor 
Whyburn, advanced calculus II; Professor Hershner, advanced theory of func- 
tions of a complex variable; Professor Lasley, differential geometry. 

University of Oregon. June 19 to August 11: Professors Civin and Niven, 
algebra for teachers; Professor Ghent, geometry for teachers, foundations of 
mathematics for teachers; Professor Moursund, selected topics (pure mathe- 
matics); Professor Civin, transformations of Fourier and Laplace. 

University of Wisconsin. June 26 to August 18: Professor Bing, advanced 
analytic geometry, higher mathematics for engineers; Professor Mayor, topics 
in geometry; Professor Sokolnikoff, higher mathematics for engineers; Professor 
Owens, higher analysis; Professor Young, advanced calculus, divergent series; 
Professor Mark, advanced calculus; Professor Arnold, mathematics of elemen- 
tary statistics; Professor MacDuffee, survey of the foundations of arithmetic, 
tensor analysis; Professor Colvin, mathematical applications; Professor Langer, 
harmonic analysis; Staff, determinants and matrices, higher algebra. 
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University of Wyoming. June 19 to July 21: Professor Barr, numerical analy- 
sis; Professor Neubauer, history of mathematics; Professor Schwid, advanced 
calculus, theory of functions of a complex variable; Professor Smith, ordinary 
differential equations; Professor Varineau, theory of equations, abstract alge- 
bra. July 24 to August 25: Professor Barr, vector analysis; Professor Schwid, 
seminar in analysis, college geometry, theory of functions of a complex variable; 
Professor Smith, partial differential equations; Professor Varineau, higher 
algebra, fundamental concepts of mathematics, abstract algebra. 


PERSONAL ITEMS 


Dr. Ilse L. Novak of Wellesley College has been awarded one of the Frank 
B. Jewett postdoctoral fellowships for 1950-51 by the Bell Telephone Labora- 
tories. 

The Duodecimal Society of America announces that the following officers 
have been elected for 1950: Chairman of the Board, F. E. Andrews; President, 
H. C. Robert, Jr.; Vice-Presidents, P. E. Friedemann and Dr. Nathan Lazar; 
Editor, G. S. Terry; Secretary, R. H. Beard; Treasurer,’,H. K. Humphrey. 

Harvard University reports: Professor Georges de Rham of the University 
of Lausanne and the University of Geneva was Visiting Professor for the fall 
term, 1949; Professor W. V. D. Hodge of Cambridge University is Visiting 
Professor during the spring term, 1950. 

Iowa State College announces the appointments of the following instruc- 
tors: Mr. A. M. Feyerherm, Mr. R. N. Goss and Mr. R. A. Worsing. 

At Miami University: Dr. W. C. Sangren, formerly an Atomic Research 
Fellow at the University of Michigan, has been appointed to an assistant 
professorship; Instructor Alberta L. Wolfe has been promoted to an assistant 
professorship; Graduate Assistants Kathryn B. Aldrich and R. H. Johnston 
have been promoted to instructorships. 

Oklahoma Agricultural and Mechanical College announces: Dr. C. J. Clark 
of Ohio State University has been appointed Instructor and Research Assistant; 
Dr. Arthur Zeichner, formerly research associate at Harvard University, has 
been appointed Instructor and Research Assistant; Associate Professor Joseph 
Barnett, Jr., has retired with the title of Associate Professor Emeritus; As- 
sociate Professor C. E. Marshall and Assistant Professor J. V. Robison have 
returned to the staff. 

Pennsylvania State College makes the following announcements: Dr. E. J. 
Akutowicz, formerly at the Institute for Advanced Study, has been appointed 
to an assistant professorship; Dr. Nathan Jaspen has been appointed Lecturer; 
Mr. A. J. Goldstein, Mr. J. D. E. Konhauser and Mr. E. F. Ormsby have been 
appointed to part-time instructorships; Miss Alice M. Hanna has been appointed 
graduate assistant; Professor Orrin Frink has been promoted to the position 
of Head of the Department of Mathematics; Professor F. W. Owens is now 
Professor Emeritus; Assistant Professor Helen B. Owens has retired. 

At Rensselaer Polytechnic Institute: Dr. M. R. Spiegel, previously graduate 
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assistant at Cornell University, and Mr. J. C. Gibson, graduate assistant at 
Yale University, have been appointed to instructorships; Assistant Professor 
R. F. Tessier has retired. 

Texas Technological College announces the following: Professor J. M. Michie, 
formerly head of the Department of Mathematics and Astronomy, and Professor 
E. L. Thompson retired on February 1, 1950. 

Tulane University makes the following announcements: Dr. Sze Tsen Hu of 
Academia Sinica, Shanghai, China, has been appointed Lecturer; Dr. Herman 
Cohen of the University of Wisconsin has been appointed to an instructorship; 
Mr. J. W. Ellis has been appointed Atomic Energy Commission Fellow. 

University of Illinois reports: Dr. Herman Chernoff, formerly statistician 
for the Cowles Commission, University of Chicago, and Instructor Harry Lass 
of the University of California have been appointed to assistant professorships; 
Dr. Meyer Jersion has been appointed Research Instructor; Associate Professor 
M. M. Day has been promoted to a professorship; Instructors W. F. Atchison, 
M. K. Fort, Jr., F. E. Hohn, and E. J. Scott have been promoted to assistant 
professorships; Assistant Clarence Phillips has been promoted to an instructor- 
ship. 

At the University of Kentucky: Miss H. Fay Hays and Mr. Sherman 
Vanaman have been appointed to graduate assistantships; Mrs. Lydia R. 
Fischer has retired. 

The University of Southern California reports the following appointments: 
Dr. L. A. Henkin of Princeton University to an assistant professorship; Dr. 
Harold Shniad, Purdue University, to an instructorship. 

University of Washington makes the following announcements: Mr. G. E. 
Uhrich has been appointed Acting Instructor; Assistant Professor Mary E. 
Haller has been promoted to an associate professorship; Dr. Fumio Yagi has 
been promoted to an assistant professorship. 

University of Wyoming reports the following appointments: Associate Pro- 
fessor R. L. Calvert of Utah State Agricultural College to an assistant professor- 
ship; Mr. J. A. Weiss, formerly research chemist, Glenn L. Martin Company, 
Baltimore, Ohio, to an instructorship. 

Utah State Agricultural College announces the following appointments to 
instructorships: Mr. J. K. Everton, Mr. J. E. Faulkner, Mr. Karl Koerner, Mr. 
P. A. Madden, Mr. D. W. Stoddard and Mr. J. M. Ward. 

At Virginia State College: Associate Professor H. M. Linette of Virginia 
Union University has been appointed to an associate professorship; Miss 
Dorothy M. Cheek has been appointed Instructor in Mathematical Education; 
Mrs. Bertrice W. King has been promoted to an assistant professorship. 

Washburn University announces the following appointments to instructor- 
ships: Mr. M. C. Hoover and Mr. H. Q. Rolfs of the University of Kansas. 

Wayne University reports: Mr. Milton Sobel has been appointed to an 
assistant professorship; Assistant Professor R. L. Ackoff has been granted a 
leave of absence for six months so that he may serve as consultant for the 
United States Bureau of Census. 
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At West Virginia University: Miss Elizabeth H. McLaughlin and Mr. Peter 
Zaphyr have been appointed to instructorships; Assistant Professor M. L. Vest 
has been promoted to an associate professorship; Assistant Professor I. D. Peters 
is on leave for the year and is studying at Columbia University. 

Yale University makes the following announcements: Dr. Shizuo Kakutani 
of the Institute for Advanced Study has been appointed to an assistant profes- 
sorship; Dr. R. R. Benard of the University of Virginia and Dr. D. T. Fink- 
beiner, California Institute of Technology, have been appointed to instructor- 
ships; Associate Professor Nathan Jacobson has been promoted to a professor- 
ship; Dr. D. F. Votaw has been promoted to an assistant professorship; Pro- 
fessor W. R. Longley has retired with the title of James E. English Professor 
Emeritus of Mathematics. 

Dr. M. M. Andrew who has been engaged in operational research with the 
Naval Operations Evaluation Group has joined the staff of the machine develop- 
ment section of the applied mathematics laboratories, National Bureau of 
Standards. 

Miss Betty J. Barnett, graduate assistant at the University of Kentucky, 
has received an appointment at Sue Bennett College. 

Miss Adrian M. Baucom, graduate assistant at the University of Kentucky, 
is teaching at Kenton High School, Kenton, Tennessee. 

Miss Dorothy De Witt has been appointed to an instructorship at Iowa 
State Teachers College. 

Professor Patric DuVal of the University of Istanbul, Turkey, has been 
appointed Professor of Mathematics at the University of Georgia. 

Assistant Professor W. C. G. Fraser of Rensselaer Polytechnic Institute has 
accepted an assistant professorship at Dartmouth College. 

Mr. R. P. Hobbs is now Vice-President of Rinehart & Company, Incor- 
porated. 

Dr. Nathan Lazar, part-time instructor at Teachers College, Columbia 
University, has been appointed Associate Professor of Education at Ohio State 
University. 

Mr. L. B. McBride, formerly instructor at Utah State Agricultural College, 
is teaching at Shelley High School, Shelley, Idaho. 

Mr. Jacques Saint-Pierre of the University of Montreal has been promoted 
to the position of assistant lecturer. 

Mr. F. W. Stallard has been appointed to an instructorship at East Ten- 
nessee State College. 

Assistant Professor E. C. Stopher, Jr., of Miami University has been ap- 
pointed to a professorship at Fort Hays Kansas State College. 

Mr. J. A. Wilson of Case Institute of Technology has received an appoint- 
ment as assistant professor at Baldwin-Wallace College. 


Professor L. A. H. Warren of the University of Manitoba died on October 
6, 1949. He was a charter member of the Association. 
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Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
one hundred and six persons have been elected to membership on applications 


duly certified. 


M. W. At-Duagir, B.A.(Baghdad) Student 
Columbia University, New York, N. Y. 

SHOLOM ArzT, M.S.(N.Y.U.) Instructor, New 
York University, N. Y. 

R. P. Bacon, A.B.(Miami U.) Grad. Asst., 
Miami University, Oxford, Ohio. 

BARBARA BAKER, A.B.(Brown) Research 
Asst., Lehigh University, Bethlehem, Pa. 

NATHAN Barotz, B.S.L.E.(N.Y.U.) Instruc- 
tor, Brooklyn College, N. Y. 

H.S. Bere, B.S.(North Dakota) Grad. Asst., 
University of North Dakota, Grand Forks, 
N. D. 

L. G. CAMPBELL, A.M.(New Jersey S.T.C.) 
Instructor, New Jersey State Teachers 
College, Upper Montclair, N. J. 

J. H. Case, Student, Alabama Polytechnic In- 
stitute, Auburn, Ala. 

HAROLD CHATLAND, Ph.D.(Chicago) Profes- 
sor, Montana University, Missoula, Mont. 

ERMINE A. CuriIsTIAN, A.B.(Mercer) Mathe- 
matician, Naval Ordnance Laboratory, 
Silver Spring, Md. 

A. C. CiccHEsrt, B.S.(Notre Dame) Grad. 
Student, St. Mary’s University, San An- 
tonio, Tex. 

D. W. Cook, B.S.(California) Senior In- 
structor, California State Polytechnic Col- 
lege, San Luis Obispo, Calif. 

Max Corat, Ph.D.(Chicago) Asso. Professor, 
Wayne University, Detroit, Mich. 

W. D. Cowan, M.A.E.(Florida) Instructor, 
Chipola Junior College, Marianna, Fla. 

M. K. Cox, B.S.I.E.(V.P.I.) Assistant, Kent 
State University, Ohio. 

S. H. Cunwa, B.Sc.(McGill) Electrial Engi- 
rfeer, Quebec Hydro-Electric Commission, 
Montreal. 

P. M. Curran, M.A.(Columbia) Instructor, 
Fordham University, New York, N. Y. 

GrorGiE T. Davis, M.S.(V.P.I.) Instructor, 
Virginia Polytechnic Institute, Blacksburg, 
Va. 


D. E. DEAL, A.M.(Michigan) Teaching Fel- 
low, University of Michigan, Ann Arbor, 
Mich. 

H. W. Doss, Jr., M.A.(Missouri) Instructor, 
University of Omaha, Nebr. 

F. J. Duarte, Ing.Civ.(Caracas) Director de 
Fronteras, Ministerio de Relaciones Ex- 
teriores, Caracas, Venezuela. 

G. R. Duse, B.S.(M.I.T.) Assistant, Yale 
University, New Haven, Conn. 

D. L. DunninG, B.A.(North Central) Grad. 
Asst., Kent State University, Ohio. 

SIDNEY EpELSoN, M.A.(N.Y.U.) Mathema- 
tician, U. S. Naval Observatory, Washing- 
ton, D. C. 

BERNARD EISENBERG, B.E.E. (Brooklyn Poly.) 
Teaching Assistant, Rutgers University, 
New Brunswick, N. J. 

JEROME EMERSON, Student, 
Buffalo, N. Y. 

A. E. Foster, M.A.(Tennessee) Instructor, 
University of Kentucky, Lexington, Ky. 

ABRAHAM FRANCK, Ph.D.(Minnesota) Lec- 
turer, University of Minnesota, Minne- 
apolis, Minn. 

D. E. FREELAND, Student, Northwestern Uni- 
versity, Evanston, IIl. 

E. L. FRIEDMAN, Student, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 

J. L. GamMMEL, Ph.D.(Cornell) Teaching As- 
sistant, Cornell University, Ithaca, N. Y. 

S. I. Gass, M. A.(Boston U.) Mathematician 
Aberdeen Bombing Mission, Computing 
Unit, Los Angeles, Calif. 

R. W. Gets, M.A.(Northwestern) Captain, 
U.S. Army, Fort Bliss, Tex. 

J. C. Grsson, M.A.(Yale) Instructor, Rensse- 
laer Polytechnic Institute, Troy, N. Y. 

A. G. Grack, Jr., B.S.(Trinity) Instructor, 
Trinity College, Hartford, Conn. 

J. B. Grecc, M.A.(National Northern) 2022 
Tremont Road, Columbus, Ohio. 
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R. B. Grexita, B.S.(Ohio U.) Grad. Asst., 
University of Maryland, College Park, Md. 

F. D. GroGan, B.S. (Louisiana Poly.) Teach- 
ing Assistant, University of Oklahoma, 
Norman, Okla. 

EpWIN Haurar, Ph.D.(Iowa) Asst. Professor, 
University of Nebraska, Lincoln, Nebr. 

J. S. Hoxanson, A.M.(Michigan) Acting In- 
structor, Ohio University, Athens, Ohio. 

J. G. Howcrort, A.B.(Ohio) Teaching Fel- 
ow, West Virginia University, Morgan- 
town, W. Va. 

G. H. JAEGER, M.A.(Minnesota) Instructor, 
Macalester College, St. Paul, Minn. 

R. E. JANSSEN, JR., M.A. (Illinois) Instructor, 
University of Utah, Salt Lake City, Utah. 

G. E. KALDENBERG, M.S.(Iowa S.C.) Asst. 
Professor, Iowa State College, Ames, Iowa. 

KARLIS KAUFMANIS, Magister Math. Sci. 
(Latvia) Asst. Professor, Gustavus Adol- 
phus College, St. Peter, Minn. 

M. R. KENNER, B.A.(Rochester) Grad. Stu- 
dent, University of Minnesota, Minne- 
apolis, Minn. 

NELLIE M. KiTcHENS, M.A.(Missouri) Head 
of Mathematics Department, Hickman 
High School, Columbia, Mo. 

W. B. KorENEN, Student, Macalester College, 
St. Paul, Minn. 

D. H. Krart, M.A.(Vanderbilt) Student, 
Ohio State University, Columbus, Ohio. 

SEYMOUR LANDAU, B.A.(N.Y.U.) Instructor, 
University of Connecticut, Storrs, Conn. 

B. F. Larosxy, Draftsman, Laposky Drafting 
Service, Cherokee, Iowa. 

VIRGINIA M. Larson, M.A.(Kent) Instructor 
Stratford College, Danville, Va. 

J. R. Ler, M.A.(Yale) Student, Yale Uni- 
versity, New Haven, Conn. 

D. R. LINTVEDT, M.S.(Wisconsin) Asst. Pro- 
fessor, Upsala College, East Orange, N. J. 

A. J. LoHWATER, Sc.M.(Rochester) Instruc- 
tor, University of Michigan, Ann Arbor, 
Mich. 

Jaywoop LuKENs, LL.B.(Fordham) Asso. 
Actuary, New York, N. Y. 

Henry Mann, B.A.(Brooklyn Coll.) Student, 
Brooklyn College, N. Y. 

S. T. Martin, B.A.(Hampden-Sidney) Act- 
ing Head of Mathematics Department, 
Newberry College, S. C. 

A. E. May, Ph.D.(Wisconsin) Assistant Di- 
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rector, University of Wisconsin, Racine 
Extension Center, Wis. 

G. T. McCreapy, B.S.(U. S. Naval Acad.) 
Captain, U. S. Navy, Long Beach, Calif. 

J. E. Morean, Student, St. Mary’s University, 
San Antonio, Tex. 

K. E. MorGan, Ed.D. (Teachers Coll., Colum- 
bia) Instructor, Mt. Kisco High School. 
N. Y. 

SABRINA Moran, M.S. (Michigan) Instructor, 
Kansas State College, Manhattan, Kans. 

D. R. Morrison, Ph.M.(Wisconsin) Grad. 
Asst., University of Wisconsin, Madison, 
Wis. 

R. D. OEpErR, B.A. (Willamette) Grad. Asst., 
Oregon State College, Corvallis, Ore. 

N. G, Parke, III, Ph.D.(M.I.T.) Consulting 
Physicist, Concord, Mass. 

K. S. Paetan, M.A.(Columbia) Instructor, 
St. John’s University, Brooklyn, N. Y. 

T. J. PigNani, M.S.(Bucknell) Student, Uni- 
versity of North Carolina, Chapel Hill, 
N. C. 

EK, J. PoLak, Asst. Instructor, Bucknell Univer- 
sity, Lewisburg, Pa. 

P. L. Poston, M.B.A.(Michigan) Actuary, 
Great Lakes Mutual Life Insurance Co., 
Detroit, Mich. 

J. F. Prick, Ph.D.(Oregon S.C.) Asst. Pro- 
fessor, Oregon State College, Corvallis, Ore. 

FE, A. Ranpicu, M.S.(Pittsburgh) Develop- 
ment Engineer, United Engineering & 
Foundry Co., Pittsburgh, Pa. 

R. W. Raymonp, M.S.(Iowa) Instructor, St. 
Ambrose College, Davenport, Iowa. 

R. B. REISEL, B.S.(DePaul) Student, Uni- 
versity of Chicago, III. 

C. L. Ricu, Ph.M.(Wisconsin) Asso. Pro- 
fessor, The Stout Institute, Menomonie, 
Wis. 

SARA L. Ripy, M.A.(Kentucky) Instructor, 
University of Kentucky, Lexington, Ky. 

H. E. Rogssins, Ph.D.(Harvard) Asso. Pro- 
fessor, University of North Carolina, 
Chapel Hill, N. C. 

Marcia C. Satz, A.M.(Michigan) Instruc- 
tor, West Virginia University, Morgan- 
town, W. Va. 

Jean E. Sammet, M.A. (Illinois) Assistant, 
University of Illinois, Urbana, III. 

H. A. SayLes, 106 North Grove Street, East 
Orange, N. J. 
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J. A. ScuHatz, B.S.E.E.(V.P.I.) Student, 
Brown University, Providence, R. I. 
SEYMOUR ScHuSTER, M.A.(Columbia) In- 

structor, Pennsylvania State College, Pa. 

R. L. SCHWALLER, B.S.(St. Norbert) Student, 
St. Norbert College, West De Pere, Wis. 

R. J. SEMPLE, Student, University of Toronto, 
Ont. 

K. J. SIDEBOTTOM, B.S. (Indiana Central Coll.) 
Instructor, Indiana Central College, In- 
dianapolis, Ind. 

SIsTER M. Leona, M.S.(Notre Dame) In- 
structor, Mercy College, Detroit, Mich. 

ABE SKLAR, M.S.(Chicago) Grad. Student, 
University of Chicago, III. 

C. G. SoLtxy, Student, New York University, 
N. Y. 

M. E. SPERLINE, B.S.(Kansas S.C.) Instruc- 
tor, University of Colorado, Boulder, Colo. 

F. W. Srattarp, M.S.(Brown) Instructor, 
East Tennessee State College, Johnson 
City, Tenn. 

W. G. Stroxrs, M.A.(Sam Houston S.T.C.) 
Instructor, Navarro Junior College, Corsi- 
cana, Tex. 

E. C. Stopaer, Ph.D.(Iowa) Professor, Fort 
Hays Kansas State College, Kans. 

QO. E. Stronc, M.S.(Indiana S.T.C.) Asso. 
Professor, Indiana State Teachers College, 
Terre Haute, Ind. 

O. R. Taytor, M.S.(Oklahoma A. & M.)  In- 
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structor, St. Ambrose College, Daven- 
port, Iowa. 

J. G. Torian, Student, St. Mary’s University, 
San Antonio, Tex. 

C. A. TRUESDELL, Ph.D.(Princeton) Asso. 
Professor, University of Maryland; Con- 
sultant, Naval Research Laboratory, 
Washington, D. C. 

BERNARD VINOGRADE, Ph.D.(Michigan) Asso. 
Professor, Iowa State College, Ames, Iowa 

Laura B. Wear, M.A.(Minnesota) Student, 
University of Pennsylvania, Philadelphia, 
Pa. 

A. M. WEbDEL, M.A.(Kansas) Grad. Asst., 
Iowa State College, Ames, Iowa 

L. M. WEINER, S.M.(Chicago) Grad. Stu- 
dent, University of Chicago, II. 

E. G. WoustrorpD, B.S.(Kent) Teacher, Iolani 
School, Honolulu, T. H. 

J. J. Woxr, B.A.(George Washington) Grad. 
Student, George Washington University, 
Washington, D. C. 

R. C. WrepE, B.S.E.(Miami U.) Grad. Asst., 
Miami University, Oxford, Ohio. 

MarTIN WRIGHT, M.A.(Texas) Asst. Pro- 
fessor, University of Houston, Tex. 

W. W. YoupEN, Student, Brown University, 
Providence, R. I. 

LEo Z1pprin, Ph.D.(Pennsylvania) Asso. Pro- 
fessor, Queens College, Flushing, L. I. 


REPORT OF THE TREASURER FOR THE YEAR 1949 


Following is a summary of the report of Professor H. M. Gehman as Treas- 
urer of the Association for the year 1949. The complete report has been ap- 
proved by the Finance Committee and accepted by vote of the Board of Gover- 
nors. Any member of the Association who wishes the complete report of the 
Treasurer may obtain it by writing to the office of the Association. 


I. Tota, FuNpDS OF THE ASSOCIATION ON JANUARY 1, 1949 


M & T Trust Co., Buffalo...... $ 7,306.07 Current Fund................. $ 7,306.07 
SECUFITIES. 6... cece eee eee wees 61,885.56 Carus Fund............eseeeee 8,081.26 
Chace Fund. .........eeeeeees 9,776.25 

Houck Fund.............0000. 9,536.64 

Chauvenet Fund.............. 624.58 

General Fund...........ee0005 33 ,866.83 

$69 ,191 .63 $69,191.63 
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Initiation fees................. 
Subscriptions................. 
Sale of back numbers (net)..... 
Advertisements................ 
Contributions for publication of 

the MONTHLY............0.. 
Sales of exchange periodicals... . 
Interest on General Fund....... 
Income from Hardy Fund...... 
Transfer from General Fund.... 


Balance, January 1, 1949 
Sales of Monographs........... 
Interest... . 0... cece eee 
Increase in value of securities... . 


Balance, January 1, 1949....... 
Sale of Papyrus............... 
Sale of Slaught Papers......... 
Interest. .... 0.0.0... cece eee 
Increase in value of securities... . 


Balance, January 1, 1949....... 
Interest......... ccc cee eee eee 
Increase in value of securities. ... 


Balance, January 1, 1949....... 
Interest.............. 00 eee 
Increase in value of securities... . 


Balance, January 1, 1949....... 
Increase in value of securities... . 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


II. CURRENT FUND 


$ 7,306.07 MoNTHLY 

13,998.82 Publication...............6. 
1,090.00 Reprints (net)............... 
3,978.16 Editor’s office............... 

1,291.56 Secretary-Treasurer’s Office 
1,831.50 Clerical help. ............... 
Office expenses.............. 
400 .00 Bank fee................045. 
55.50 Auditing fee................ 
1,143.71 Board of Governors............ 
120.00 Meetings..................00- 
593.48 Representatives............... 
Subventions......... 0.0.0 cea 
Balance, Dec. 31, 1949......... 


$ 8,081.26 Reprinting 7th Monograph..... 

3,296.94 Balance, January 31, 1949...... 
270.34 
111.40 


IV. CHACE FuND 


$9,776.25 Honorarium, 2nd Slaught Paper. 
300.00 Printing, 2nd Slaught Paper. 
727.76 Balance, Dec. 31, 1949......... 
332.72 
137.11 


V. Houck FuND 


$ 9,536.64 Expenses of Index............. 
311.93 Balance, Dec. 31, 1949......... 
128.54 


VI. CHAUVENET FUND 


$ 624.58 
20.80 
8.57 


Balance, Dec. 31, 1949......... 


VII. GENERAL FUND 


$33 , 866.83 
471.32 


Transfer to Current Fund...... 
Balance, Dec. 31, 1949......... 
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179.65 
911.34 


$ 1,422.20 
10,337.74 


$ 114.00 
2,156.68 
9 003.16 


$ 116.00 
9,861.11 


$ 653.95 


$ 593.48 


33,744.67 
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VIII. Tota, FunDs oF THE ASSOCIATION ON Dec. 31, 1949 


Current Fund................. $ 7,926.08 M & T Trust Company, Buffalo 
Carus Fund................... 10 337.74 Checking Account........... $ 7,926.08 
Chace Fund.................. 9,003.16 Securities...................0. 63 ,600 .63 
Houck Fund.................. 9,861.11 
Chauvenet Fund.............. 653.95 
General Fund................. 33,744.67 

$71,526.71 $71,526.71 


THE MAY MEETING OF THE INDIANA SECTION 
and a 


CONFERENCE ON NONLINEAR PROBLEMS 


The Spring meeting of the Indiana Section of the Mathematical Association 
of America was held May 7, 1949 at the University of Notre Dame, Notre Dame, 
Indiana, simultaneously with a Conference on Nonlinear Problems sponsored by 
the Department of Mathematics of the University of Notre Dame. 

One hundred and one persons were present at the meeting, including the fol- 
lowing forty-seven members of the Association: Rev. H. B. Albiser, Juna L. 
Beal, W. R. Beck, C. B. Bell, Stanley Bolks, Richard Brauer, H. E. Burns, 
G. E. Carscallen, H. E. Crull, Rev. H. F. DeBaggis, CSC, M. W. DeJonge, 
Sister M. Virgilia Dragowski, OSF, R. D. Edwards, Ky Fan, Cleota G. Fry, 
E.. L. Godfrey, Michael Golomb, S. H. Gould, Noel Gottesman, G. R. Grainger, 
Sister M. Charlotte Holland, RSM, C. T. Hazard, Smith Higgins, Jr., Ralph 
Hull, H. F. S. Jonah, Wilfred Kaplan, M. W. Keller, E. L. Klinger, Rev. Bona- 
venture Knaebel, J. P. LaSalle, Florence Long, Sister M. Ferrer McFarland, 
RSM, P. M. Nastucoff, F. S. Nowlan, C. E. Olsen, R. R. Otter, P. W. Overman, 
P. M. Pepper, J. C. Polley, Arthur Rosenthal, A. E. Ross, G. X. Saltarelli, 
A. H. Smith, R. A. Struble, Anna K. Suter, W. D. Wood, L. J. Zimmerman. 

Officers elected at the meeting were: Chairman, Ralph Hull, Purdue Uni- 
versity; Vice-Chairman, J. C. Polley, Wabash College. P. M. Pepper, University 
of Notre Dame, continues as Secretary. The annual meeting in 1950 is to be 
held on Saturday, April 29, at Wabash College, Crawfordsville, Indiana. 

Professor Richard Brauer, of the University of Michigan, gave an interesting 
and stimulating talk, entitled Some Reflections on the Teaching of Algebra, de- 
scribing what he believes should be the aims in the teaching of this subject at 
the undergraduate level in the colleges. Professor Ralph Hull and Professor 
George Whaples officially led the animated discussion which followed Professor 
Brauer’s provocative comments. The majority seemed to favor, with Professor 
Brauer, the placing of emphasis on understanding rather than on development 
of techniques with scant comprehension. Some persons were concerned that this 
emphasis might lead to the teaching of insufficient techniques. It was brought 
out in the subsequent remarks that the most satisfactory procedure would 
strive to accomplish both these aims, and that an attempt should be made to 
extend this attitude to the teaching in secondary schools. 

Dr. Mary L. Cartwright, of Girton College, Cambridge, England, and 
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Princeton University, gave an address, On Nonlinear Differential Equations and 
Some of Their Applications. Dr. Cartwright illustrated a method for study of 
nearly linear resonance. This method (due to J. E. Littlewood and the speaker) 
was applied to the study of the equation ¢—k(1—x?)%4+x=pkd cos (At+a), 
where & is small and A is near 1. It was shown that many results can be obtained 
from the study of a related autonomous system. 

Professor P. D. Edwards, Ball State Teachers College, Chairman of the 
Committee on High School Mathematical Prerequisites for College Curricula in 
the State of Indiana, gave a preliminary report of that committee. Responses 
have been received from all colleges in the state offering full four year degree 
courses, and from most others offering work of college grade. Variations existing 
in the requirements between colleges make the formation of general statements 
difficult. In most cases the only departments which do not require a knowledge 
of high school mathematics are English, Foreign Languages, Music, and Art. It 
is the hope of the Committee that the complete report may be made available 
to principals and student advisors in each high school in Indiana. 

The following papers were presented: 


1. The etgenvalue problem for completely continuous normal operators, by Pro- 
fessor Michael Golomb, Purdue University. 

Most of the classical eigenvalue problems in differential and integral equations may be con- 
sidered as special cases of the eigenvalue problem for completely continuous linear operators in 
Hilbert space. An operator is normal if it commutes with its adjoint. Important subclasses of the 
normal operators are the self-adjoint and the unitary operators. A simple proof is given for the 
theorem that every completely continuous normal operator has a complete-system of eigenfunc- 
tions. Similar proofs have been known for completely continuous self-adjoint operators. 


2. The range of synchronization of subharmonic resonance, by Mr. Hans 
Schaffner, Department of Electrical Engineering, University of Illinois, intro- 
duced by the Secretary. 


Mr. Schaffner reported on the range of synchronization when pA=qXo, where p and g are 
small integers, Ag is the resonant frequency, anc d is the frequency of the driving force. 


3. Numerical methods for solution of nonlinear differential equations, by Pro- 
fessor Wilfred Kaplan, University of Michigan. 

Professor Kaplan gave a general method for the analysis of differential equations dx;/dt 
=f;(%1,° °°, Xn), (4=1, +++, 2) in a bounded phase space. The essential idea is to assume the f; 
to be only approximately known. This leads to a blurring of the structure of the family of solu- 
tions; fine details are lost while only a simple structure remains; this is considered to be more in 
accordance with reality than the precise solutions of the exact equations. A numerical method for 
determining the stable states was given. 


4. Van der Pol’s equation with forcing term, by Dr. Mary L. Cartwright, Gir- 
ton College, Cambridge, England, and Princeton University, introduced by 
Professor J. P. LaSalle. 


It was suggested by van der Pol that for & very large the equation 
(1) x — R(1 — x*)2-+ x = bk cos (AE + a) 
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represents a physical system in which two stable subharmonics of period (27 +1)2m/d occur. This 
was investigated by J. E. Littlewood and the speaker. The stable solutions of (1) for & large and 
0<b<2/3 consist of descending waves from near x=2 to x=1, followed by a rapid descent to 

= —2 approximately, and then a repetition with —x for x. The waves from x=2 to x=1 are ap- 
proximately solutions of «—x3/3=6 sin (At-++-a)-+C, where C is a constant, and C is reduced by 
k71 fer Mo(t, C)dt after one complete period. There may be »+(1/2) waves above x=1, and the 
same number below x= —1, where z is of the order of &, giving solutions with periods (2n +1)27/n. 
There are also unstable solutions with more complicated behavior near x= +1. 


5. Nonlinear circuit problems, by Mr. Hans Schaffner, University of Illinois. 


Mr. Schaffner outlined the nonlinear problems which appear important to the electrical 
engineers, and discussed their present status. 


6. Relaxation oscillations, by Professor J. P. LaSalle, University of Notre 
Dame. 


Professor LaSalle pointed out that the problem of proving the existence of periodic solutions of 
differential equations can be reduced in some cases to finding periodic solutions of suitable differ- 
ential inequalities. The solutions of the inequalities provide a region of the phase plane which en- 
closes a periodic solution (a closed path). This enclosure approximates the closed path and gives 


bounds for the amplitude and period of the periodic solution. 


PauL M. PEPPER, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30-—September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MowuntalINn, Allegheny College, 
Meadville, May 6, 1950 

ILLINOIS, Southern Illinois University, Carbon- 
dale, May 12-13, 1950. 

INDIANA, Wabash College, 
May 6, 1950. 

Iowa, State University of Iowa, Iowa City, 
April 21-22, 1950. 

Kansas, State Teachers College, Pittsburg, 
April 22, 1950. 

KENTUCKY, University of Kentucky, Lexing- 
ton, April 29, 1950. 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 

* University of Richmond, May 6, 1950. 

METROPOLITAN NEW York, City College, 
April 1, 1950. 

MICHIGAN 

MINNESOTA, Macalester College, St. Paul, May 
6, 1950. 

MIssouRI 

NEBRASKA, Nebraska Wesleyan University, 


Crawfordsville, 


Lincoln, May 6, 1950. 

NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

Onto, Denison University, Granville, April 22, 
1950. 

OKLAHOMA 

PaciFic NorTHWEST, University of Washing- 
ton, Seattle, June 16, 1950. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocky Mountain, University of Denver, 
April 28-29, 1950. 

SOUTHEASTERN, University of Florida, Gaines- 
ville, April 7-8, 1950. 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, Flagstaff, Arizona, April 29, 
1950. 

TEXAS, Abilene, April 14-15, 1950. 

UprER NEw YorkK State, Syracuse University, 
April 22, 1950. 

WISCONSIN, Marquette University, Milwaukee, 
May 13, 1950. 


New 


feady for McGRAW-HILL 
Fall classes Books 


ELEMENTS OF ALGEBRA 


By Lyman C. Peck, Ohio University. In press 
An elementary text for college students who have taken little or no algebra in 
high school. Although the subject matter is standard in content, the method of 
presentation is different: the various topics are discussed from the point of view 
of their relation to the fundamental laws of the number system. The treatment 
is therefore mature avoiding oversimplification. 


BASIC MATHEMATICAL ANALYSIS 


By H. Grenw Ayre, Western Illinois State College. In press 
Offering a broad approach and showing the comprehensive nature of mathemat- 
ics, this text is designed for “unified” freshman mathematics courses in col- 
leges, junior colleges, and technical schools. It covers the subject matter area of 
mathematics from the high school level to the formal course in elementary cal- 
culus, and the author has brought together coherently the essentials of algebra, 
trigonometry, analytics, and a minimum of the easier concepts of the calculus. 


PLANE TRIGONOMETRY. Alternate Edition 


By E. R. Herneman, Texas Technological College. In press. 
An edition of the author’s successful text which contains 1420 problems, nearly 
all of which are different from the 1274 problems appearing in the current edi- 
tion. Aside from a few improvements and refinements in the text, the problems 
remain the only change in the alternate edition. 


ANALYTIC GEOMETRY 
By R. D. Douctass and S. D. Zetprn, Massachusetts Institute of Tech- 
nology. In press 
Simple and direct in approach, and containing a large number of illustrative 
examples, this text presents the essential topics of elementary analytic geometry, 
both plane and solid, thus enabling the student to learn the principles involved 
and their applications in mathematics and other sciences, and preparing him for 
a course in the calculus in the least possible time. 


ANALYTIC GEOMETRY AND CALCULUS 
By Harotp J. Gay. Edited by Raymond K. Morley, Worcester Polytechnic 
Institute. 524 pages, $7.00 
Dealing initially with the algebraic functions of analytic geometry and calculus, 
the first half of the book gives the essentials of analytic geometry and differential 
and integral calculus with simple applications of both. Then, logarithmic and 
trigonometric functions are introduced, with their graphs, derivatives, and 
integrals to treat solid analytic geometry and further calculus, including ele- 
mentary differential equations. 


Send for copies on approval. 


vl : 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42nd STREET, NEW YORK 18, N. Y. 


SOLID 
ANALYTIC GEOMETRY 


By John M. H. Olmsted 


T HIS BOOK presents the materials of a very rich and extensive course, 
so organized and designed as to be easily adapted to courses of any 
length and content. A simplicity of presentation is maintained through- 
out the book without sacrifice of completeness. Emphasis is placed on 
logical reasoning and method, rather than on rote and decree. The book 
is exceptionally rich in exercise material of various kinds. In nearly all 
the exercises the arithmetic has been kept simple. Unusually generous 
attention is given to matrices. Heavy emphasis is placed on algebraic 
methods. Particular care is given to the discussion of surfaces and curves. 


$4.00 
Fite Ne 


125th 
ai ay «6 APPLETON-CENTURY-CROFTS, INC. 


1825-1950 
a 35 West 32nd Street New York 1, New York 


New Books 


Urner-Orange: Elements of Mathematical Analysis 

An important new book which unifies the study of mathematical 
elements and techniques, Features: early presentation of ele- 
mentary calculus; a comprehensive study of algebra; complete 
trigonometric material with emphasis on analysis; maintenance 
of manipulative skills. 


Rosenbach-Whitman: College Algebra, 3d Ed, 


G INN A highly flexible modern book with simple, complete explana- 
tions. Includes a wealth of new exercises and illustrative exam- 
A N D ples, a comprehensive review of algebra, many practical applica- 


tions. Numerous notes, warnings, and historical notes. 


C 0 M PANY Boston 17 New York 11 Chicago 16 Atlanta 3 


Dallas 1 Columbus 16 San Francisco 3 Toronto 5 


Just. Published! 
COLLEGE 
ALGEBRA 


By HARRY A. BENDER 
Associate Professor 


Rhode Island State College 
452 pages, 6 x 9, $3.50 


This outstanding text is rich in interpretation and general problems to de- 
velop analytical skill, Clear, explicit instructions leave no uncertainty in stu- 
dents’ minds. It is easy to teach, since the student can be independent of close 
supervision and is less likely to draw false inferences. 


Manipulation is also emphasized to insure practical usefulness. An abundance 
of exercises cover the applications to engineering, science, and business. This 
is a flexible text since the first few chapters cover the ground that would otherwise 
require a course in intermediate algebra. It is based on class-tested material 
gathered over 28 years of teaching. 


Published un October... 


MATHEMATICS FOR FINANCE 
AND ACCOUNTING 


310 pages, 6x9, $4.00 


By J. BRUCE COLEMAN, formerly of University of South Carolina, 
and WILLIAM O. ROGERS, Pennsylvania State College. 


This exceptional text correlates mathematics with accounting and business 
administration courses. It contains the latest mortality tables, review exercises, 
and problems. The response to this text has been unusually enthusiastic. 


“I was extremely well impressed with it. Indeed, I do not know of any other 
text I would regard as more satisfactory for a one-semester course in this subject. 
The usual topics are covered with some adequacy, the problems are well se- 
lected, the writing is clear, the illustrations are helpful, the tables are easy to 
read .,. and the book is artistically and mechanically attractive ...1 am glad 
to recommend the Coleman-Rogers book. . . .”—Professor Charles H. Butler, 
‘Western Michigan College. “We ... feel that it does the job better than the 
one we are now using which we considered the best on the market to date.” 
—Professor A. K. Bettinger, The Creighton University. 


You are invited to send for examination copies. 


PITMAN 


PUBLISHING CORPORATION 
2 West 45th St., New York 19 


Just Published... 


THE SCIENCE OF CHANCE: 
From Probability to Statistics 


by Horace C. Levinson 


In simple, nontechnical language, this book makes accessible the basic ideas of the 
theory of chance or probability and the science of statistics. Special attention is given 
to good and bad statistics, methods of distinction, and their practical applications to 
business. 340 pages, $2.00, paper bound. 


Table of Contents: 


1. Chance, Luck and Statistics 11. Poker Chances and Strategy 
2. Gamblers and Scientists 12. Roulette 

A ihe of Superstition 13. Lotteries, Craps, Bridge 

5. The Grammar of Chance 14. From Chance to Statistics 
6. “Heads or Tails” 15. Chance and Statistics 

7. Betting Expectation 16. Fallacies in Statistics 

8. Who is Going to Win 17. Statistics at Work 

9. Chance and Speculation 18. Advertising and Statistics 
10. Poker Chances 19. Business and Statistics 


have you seen... 


Rinehart Mathematical Tables, Formulas & Curves 
by Harold Larsen 


A compilation of the most useful tables, formulas and curves for reference based on 
an extensive survey of mathematicians and engineers. 264 pages, $1.50. An alternate 
edition at $1.00, comprising part I of the above, makes available the tables only. 
160 pages. 


® inehart & Company, Inc. 


. 232 MADISON AVENUE - NEW YORK 16, N. Y. 


An 


New Books of Interest 


INDEX of NOMOGRAMS 


Compiled and edited by Doucias P. Apams, The Massachusetts In- 
stitute of Technology. This unusual index lists over 1,700 published 
nomogtams. The book is divided into two main parts, Index A: Key 
Words, and Index B: Master Index. In the first is an alphabetical list 
of key words associated with each of the diagrams. Following each 
entry is the key number permitting reference to Index B where the 
periodical, date of issue, volume, number, and page number of the 
nomogram are listed. A TECHNOLOGY PRESS PUBLICATION. March 
1950. 174 pages. $4.00. 


SOME THEORY of SAMPLING 


By W. EpwarpDs DEMING, Bureau of the Budget and New York 
University. This important new book shows how to achieve the aims 
of modern statistical practice: to get only the reliability required, 
accurately and at lowest cost. Telling when a statistical calculation 
can usefully be made and how to put it into action, the book goes on 
to indicate how sampling may be used in such fields as: population 
studies .. . marketing . . . censuses .. . testing . . . control of quality, 
etc. A book in the WILEY MATHEMATICAL STatisTics SERIES, Walter 
$s Shewhart, Editor. Ready in June 1950. Approx. 554 pages. Prob. 
9.00. 


EXPERIMENTAL DESIGNS 


By WILLIAM G. CocHRAN, The Johns Hopkins University, and 
GERTRUDE M. Cox, University of North Carolina. The first over-all 
account of the new field of experimental design: the ways to plan 
and conduct comparative experiments so they will provide specific 
answers to scientific questions. The introductory material covers the 
logical principles that govern sound experimentation. Then the book 
gives a detailed account of the experimental designs that have been 
developed; each is accompanied by a plan, by instructions for its use 
in practice, and by the appropriate statistical analysis. A book in the 
WILEY MATHEMATICAL STaTISTICS SERIES, Walter A. Shewhart, 
Editor. March 1950. 454 pages. $5.75. 


Send for copies on approval, 


JOHN WILEY & SONS, Inc. 


440 Fourth Avenue New York 16, N.Y. 


Recent and forthcoming math texts 


Plane and 
Spherical Trigonometry By MOSES RICHARDSON 


Full, clear exposition is provided throughout this new text. Some outstanding 
features are: lucid exposition of the trigonometric functions of acute angles as 
single-valued functions of the angles; advice on computational accuracy; careful 
treatment of the verification of identities; the chapter on Graphs of the Trigono- 
metric Functions, and Related Topics; and the compact yet complete treatment 
on the solid geometry background necessary for spherical trigonometry. Pxb- 
lished in January. With tables—$3.75. Without tables—$3.40. 


Primer of 
College Mathematics By JOHN F. RANDOLPH 


This important new book provides a unification of college algebra, trigonometry, 
and analytic geometry with an introduction to calculus. An especially notable 
feature is a review of high school algebra as incidental to combinations, permuta- 
tions and probability. The text is adaptable to a wide variety of courses. To be 
published in Aprvil. 


Arithmetic 
for Colleges By HAROLD D. LARSEN 


Designed for prospective elementary school teachers, this text offers a careful 
study of theory and practice of arithmetic from a mature point of view. A 
thorough, clear treatment of approximate numbers and computation is especially 
notable. Numerous short methods are described, and methods of checking are 
emphasized. To be published in April. 


Elements of 


Analytic Geometry, 3rd Edn. _By CLYDE E. LOVE 


This established text by a well-known author in the field now appears in a 
revised and enlarged edition. Containing abundant material for a full year course, 
it is also readily adaptable to the semester course. Two new chapters deal with 
the elementary transcendental functions. Published in March. $2.75 


THE MACMILLAN COMPANY 
60 Fifth Avenue, New York 11 


HART 


Mathematics of Investment 
THIRD EDITION | 


The thecry of interest, annuities certain and their applications, and 
an introduction to life annuities and life insurance. 312 pages, $3.00. 
With Tables, $4.00. Bound with Tables and Hart’s Essentials of Col- 
lege Algebra, 704 pages, $4.75. Tables separately, 128 pages, $1.75 


COHEN 


An Elementary Treatise on 
Differential Equations 


SECOND EDITION 


The most widely used text in its field. Systematizes the various classes 
of equations that can be solved by elementary means. Minimizes the 
number of methods by which they can be solved. Contains many prob- 
lems with applications to the physical sciences. 344 pages. $3.00 


D. C. HEATH AND COMPANY 


285 Columbus Avenue, Boston 16 


COLLEGE TEXTS 


Three Recently Published Tests 


BASIC MATHEMATICS FOR 
GENERAL EDUCATION 


By H. C. Trimble, Frank C. Bolser, and Thomas L. Wade, 
Florida State University 


The unifying theme of this new book is that mathematics is a language for ex- 
pressing certain sorts of ideas. The application of this language to many fields is 
emphasized in an attempt to sell the beginning student on its importance for him. 
Discussions are limited to issues apt to be most interesting and useful to a college 
student. Essentials are thoroughly covered without wandering off into specialties 
of interest to only @ few students. Aimed at the beginning student's level of in- 
terest, the conversational fone of the fext makes if more readable and teachable. 
Questions and problems by chapter deal with applications in various fields. 


Published 1950 313 pages 54," x 8Y¥," 


COLLEGE MATHEMATICS 
By Charles E. Clark, Emory University 


The emphasis in this text is on getting into the introduction to calculus as expedi- 
tiously as possible, and presenting statistics in a thorough manner. Wriften to be 
understood hy the student with a minimum of interpretation, it restricts discussion 
to essentials, giving the student a clearer picture of what is involved in the study 
of each topic. The efficiency of the organization and methed of presentation permits 
both a widening of the tepics covered, and provides a firm foundation for con- 
tinuation in mathematics. Exercises follow each chapter. 


Published 1950 331 pages 6" x 9" 


INTERMEDIATE COLLEGE ALGEBRA 
By Edward M. J. Pease, Rhode Island State College 


Easy to understand, yet adequately rigorous, this text gives the beginning student 
a geod foundation in the fundamentals of algebra. The organization and method 
of presentation developed in this text make it easier for both the instructor and 
the student because: articles are developed simply enough to be understood with 
& minimum of interpretation; numerous illustrative examples, with worked out 
solutions, teach the student to apply what he learns; exercises follow each chapter. 
A knowledge of the text as a whole is gained in part by the use of a short orienta- 
tion article at the beginning of each chapter, tying in new facts with past knowledge. 


Published 1950 
Send for your copies today! 
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THE FUTURE OF MATHEMATICS* 
ANDRE WEIL 


“At one time,” says Poincaré in his Rome conference on the future of mathe- 
matics, “there were prophets of misfortune; they reiterated that all the prob- 
lems had been solved, that after them there would be nothing but gleanings 
left....” “But,” he added, “the pessimists have always been compelled to 
retreat ...so that I believe there are none left to-day.” 

Our faith in progress, our belief in the future of our civilization are no longer 
as strong; they have been too rudely shaken by brutal shocks. To us, it hardly 
seems legitimate to “extrapolate” from the past and present to the future, as 
Poincaré did not hesitate to do. If the mathematician is asked to express him- 
self as to the future of his science, he has a right to raise the preliminary ques- 
tion: what kind of future is mankind preparing for itself? Are our modes of 
thought, fruits of the sustained efforts of the last four or five millennia, any- 
thing more than a vanishing flash? If, unwilling to stumble into metaphysics, 
one should prefer to remain on the hardly more solid ground of history, the 
same questions reappear, although in different guise: are we witnessing the be- 
ginning of a new eclipse of civilization? Rather than to abandon ourselves to 
the selfish joys of creative work, is it not our duty to put the essential elements 
of our culture in order, for the mere purpose of preserving it, so that at the dawn 
of a new Renaissance, our descendants may one day find them intact? 

These questions are not purely rhetorical; upon each man’s answer, or rather 
(for such questions do not have answers), upon the attitude which he takes in 
front of them, depends in large measure the trend of his intellectual efforts. It 
was necessary, before writing about the future of mathematics, to formulate 
these questions, just as the faithful cleansed themselves before consulting the 
oracle. Let us now interrogate destiny. 

Mathematics, as we know it, appears to us as one of the necessary forms of 
our thought. [he archaeologist and the historian have shown us civilizations 
from which m. .thematics were absent. It is indeed doubtful whether they would 
ever have become more than a technique, at the service of technologies, if it 
had not been for the Greeks; and it is possible that, under our very eyes, a type 
of human society is being evolved in which they will be nothing but that. But 
for us, whose shoulders sag under the weight of the heritage of Greek thought 
and who walk in the paths traced out by the heroes of the Renaissance, a civili- 
zation without mathematics is unthinkable. Like the parallel postulate, the 
postulate that mathematics will survive has been stripped of its “evidence”; 
but, while the former is no longer necessary, we would not be able to get on 
without the latter. 

The clinical student of ideas who limits his prognosis to the immediate fu- 


* Authorized translation by Arnold Dresden of the article entitled L’avenir des mathématiques 
in the volume Les grands courants de la pensée mathématique, edited by F. Le Lionnais. Cahiers du 
Sud, Marseille, 1948. 
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ture, and does not risk long-range prophecies, certainly observes more than one 
favorable symptom in contemporary mathematics. To begin with, while some 
sciences, conferring, as they now do, an almost unlimited power upon a ruthless 
possessor of their results, tend to become caste monopolies, treasures jealously 
guarded under a seal of secrecy which must of necessity become fatal to any 
genuine scientific activity, the real mathematician does not seem to be exposed 
to the temptations of power nor to the straight-jacket of state secrecy. “Mathe- 
matics” said G. H. Hardy in substance in a famous inaugural lecture, “is a use- 
less science. By this I mean that it can contribute directly neither to the exploi- 
tation of our fellowmen, nor to their extermination.” 

It is certain that few men of our times are as completely free as the mathe- 
matician in the exercise of their intellectual activity. Even if some State ideolo- 
gies sometimes attack his person, they have never yet presumed to judge his 
theorems. Every time that so-called mathematicians, to please the powers that 
be, have tried to subject their colleagues to the yoke of some orthodoxy, their 
only reward has been contempt. Let others besiege the offices of the mighty in 
the hope of getting the expensive apparatus, without which no Nobel prize 
comes within reach. Pencil and paper is all the mathematician needs; he can 
even sometimes get along without these. Neither are there Nobel prizes to tempt 
him away from slowly maturing work, towards a brilliant but ephemeral result. 
Mathematics is taught the world over, well here, badly there; the exiled mathe- 
matician—and who among us can to-day feel free from the danger of exile— 
can find everywhere the modest livelihood which allows him to pursue his work 
to some extent. Even in gaol one can do good mathematics if one’s courage fail 
him not. 

To these “objective conditions,” or rather, as the physician would say, to 
these external symptoms, must be added others revealed by a more penetrating 
clinical examination. In recent times mathematics has demonstrated its vitality 
by passing through one of these periods of growing pains, to which it has been 
accustomed for a long time, and which are designated by the strange name of 
“foundation crises.” It has come through it, not only without damage, but with 
great gain. Whenever wide domains have been added to the field of mathemati- 
cal reasoning, it is necessary to inquire what techniques are allowed in the ex- 
ploration of the new territory. One wants certain objects to have certain prop- 
erties, one wants certain modes of reasoning to be admissible and one behaves 
as if they were. But the pioneer who proceeds in this way knows very well 
that some day the police will come to put an end to the disorder and to bring 
everything under the control of the general law. Thus, when the Greeks defined 
the ratio of two magnitudes for the first time with enough precision to raise the 
problem of the existence of incommensurable magnitudes, they seem to have 
believed and to have wanted all ratios to be rational and to have based the first 
sketch of their geometrical reasonings on this provisional hypothesis; some of 
the greatest advances in Greek mathematics are connected with the discovery 
of their initial error at this point. In the same way, at the beginning of the era 
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of the theory of functions and of the infinitesimal calculus, one wished every 
analytical expression to define a function, and every function to have a deriva- 
tive; we know to-day that these requirements were incompatible. The last 
crisis, which grew out of the sophistries, for which the “naive” theory of sets 
opened a way in its early stages, has led for us to a no less happy result, which 
can now be considered as permanently established. We have learned to trace 
our entire science back to a single source, constituted by a few signs and by a 
few rules for their use; this is unquestionably an unassailable stronghold, inside 
which we could scarcely confine ourselves without risk of famine, but to which 
we are always free to retire in case of uncertainty or of external danger. Only a 
few backward spirits still maintain the position that the mathematician must 
forever draw on his “intuition” for new, alogical or “prelogical” elements of 
reasoning. If certain branches of mathematics have not yet been axiomatized, 
2.e., reduced to a form of exposition in which all terms are defined, and all axi- 
oms made explicit, in terms of the basic notions of set theory, this is simply 
because there has not yet been the time to do it. It is of course possible that 
some day our successors will want to introduce into set-theory modes of reason- 
ing which we do not admit. It is even possible that the germ of a contradiction, 
which we do not perceive to-day, may later be discovered in the modes of rea- 
soning we now use, although the work of the modern logicians makes this very 
unlikely. A general revision will then become necessary; one can feel certain 
even now that this will not affect the essential elements of our science. 

But, if logic is the hygiene of the mathematician, it is not his source of 
food; the great problems furnish the daily bread on which he thrives. “A branch 
of science is full of life,” said Hilbert, “as long as it offers an abundance of prob- 
lems; a lack of problems is a sign of death.” They are certainly not lacking in 
our mathematics; and the present time might not be ill chosen for drawing up a 
list, as Hilbert did in the famous lecture from which we have just quoted. Even 
among those of Hilbert, there are still several which stand out as distant, al- 
though not inaccessible, goals which will continue to suggest research for per- 
haps more than a generation; an example is furnished by his fifth problem, on 
Lie groups. The Riemann hypothesis, after the attempts to prove it by function- 
theoretic methods had been given up, appears to-day in a new light, which shows 
it to be closely connected with the conjecture of Artin on the L-functions, thus 
making these two problems two aspects of the same arithmetico-algebraic ques- 
tion, in which the simultaneous study of all the cyclotomic extensions of a given 
number field will undoubtedly play a decisive role. Gaussian arithmetic was 
centered around the law of quadratic reciprocity; we know now that this law 
is only a first example, we might better say the pattern of, the laws of “class 
fields,” which control the abelian extensions of algebraic number-fields; we know 
how to formulate these laws so as to make them look like a coherent set. But, 
pleasant as this facade may be to the eye, we do not know whether it might not 
hide deeper lying symmetries. The automorphisms induced in the class groups 
by the automorphisms of the field, the properties of the norm-residues in the 
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non-cyclic cases, the passage to the limit (inductive or projective) when the 
base field is replaced by extensions, for example, cyclotomic extensions, of in- 
definitely increasing degree, all these are questions on which our ignorance is 
almost complete and in whose study the key to the Riemann hypothesis is per- 
haps to be found. Closely connected with these questions is the study of Artin’s 
conductor and, in particular, in the local case, the search for the representation, 
whose trace can be expressed by means of simple characters with coefficients 
equal to the exponents of their conductors. These are some of the directions 
which can and must be followed up in order to penetrate the mystery of non- 
abelian extensions; it is not impossible that we are here close to principles of 
extraordinary fertility and that, once the first decisive step on this road will 
have been taken, we shall gain access to vast domains whose existence is hardly 
suspected. For, however wide our generalizations of Gauss’ results may be, we 
can hardly claim to have as yet really moved beyond them. 

Even in the realm of abelian extensions, we have not made any progress 
towards the generalization of the theorems of “Kronecker’s youth dream,” the 
generation of class fields, whose existence is known, by means of values of ana- 
lytic functions. While it has been possible, without serious difficulties, to com- 
plete Kronecker’s unfinished work and to obtain the solution of this problem, in 
the case of imaginary quadratic fields, by means of complex multiplication, the 
key to the general problem, considered by Hilbert as one of the most important 
of modern mathematics, still escapes us, in spite of the conjectures of Hilbert 
himself and the efforts of his pupils. Must we look for it perhaps in the new 
automorphic functions of Siegel, in his modular functions of several variables? 
Or can the theory of the endomorphisms of abelian varieties, which has now 
made considerable progress, be of some help here? It is too early to risk accepta- 
ble conjectures on these questions; but their closer examination is bound to pro- 
duce interesting results, even though they should be negative in character. 

The foregoing discussion shows clearly not only the vitality of modern arith- 
metic, but also the close ties which connect it, to-day as in the days of Euler 
and the days of Jacobi, with the most deep-lying parts of the theory of groups 
and of the theory of functions. This essential unity, which appears in so many 
and in such diverse ways, is also found in many other places. The introduction 
by Hermite of continuous variables into the theory of numbers has led to the 
systematic study of discontinuous groups of arithmetical nature by means of 
the continuous groups in which they can be imbedded, of the symmetric Rie- 
mannian spaces associated with these groups, of the differential and topological 
properties of their fundamental domains (or rather, in modern terminology, of 
their quotient spaces), and of the automorphic functions which belong to them. 
The work of Siegel, continuing the great tradition of Dirichlet, of Hermite and 
of Minkowski, has opened entirely new paths here. On the one hand, we connect 
with Fermat, Lagrange and Gauss, the representation of numbers by forms, and 
the genera of quadratic forms. At the same time, we begin to see in outline the 
fertile principle, according to which the global aspect of an arithmetical problem 
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can, under certain circumstances, be reconstructed from its local aspects. For 
instance, in the work of Siegel we see repeatedly that the number of solutions 
of some arithmetical problem in the field of rational numbers is expressed by 
means of numbers defined by the corresponding local problems, density of solu- 
tions in the real field and in the p-adic fields for all values of the prime p. This 
is a principle, analogous to Cauchy’s theorem for the Riemann surface of an 
algebraic curve, with which one may connect also the famous “singular series” 
which appear in the application of the method of Hardy-Littlewood to problems 
in the analytic theory of numbers. Is it possible to formulate this principle in a 
general statement, which would allow us to obtain at one stroke all results of 
this character, just as the discovery of Cauchy’s theorem made it possible to 
calculate by a single method a number of integrals and of series which were 
formerly treated by special distinct processes? It looks as if this were not yet a 
problem for the immediate future; so much the more reason to prepare for its 
solution by the study of well-chosen particular cases. It may be that this same 
principle will one day reveal the deep reason for the existence of Eulerian prod- 
ucts, of which the extreme importance for the theory of numbers and the theory 
of functions has only become clear through the work of Hecke. Here we deal 
with the classes of quadratic forms, and not merely, as in the work of Siegel, with 
their genera; at the same time, we find ourselves at the core of the theory of 
modular functions, which has been infused with new life by these studies, and of 
the theory of theta functions. This domain is still so full of mystery, the ques- 
tions which it raises so numerous and fascinating, that it would be premature to 
try to arrange them in order of importance. 

At the same time, Siegel has taught us to construct discontinuous groups 
and automorphic functions by arithmetical methods; in this field the theory of 
functions, by its own efforts, had been unable to move forward since Poincaré. 
Indeed it is very likely, that, just as in the case of functions of a single variable, 
the thorough study of special functions of several complex variables will have to 
prepare the ground for an attack on the general theory. In the work of Siegel, 
the local and global geometrical study of fundamental domains, in effect of 
manifolds with a complex-analytic structure, tends to occupy a dominating role. 
Along this road, connection is made with the immense work accomplished by 
E. Cartan and its various extensions; at the same time one gets into the center 
of modern topology, the theory of fibre-spaces; and the invariants of Sitefel- 
Whitney appear, along with their generalizations. The intimate connections 
between these two domains had been suspected for some time, but their actual 
merging was made possible only through the recent discoveries of Chern, stimu- 
lated in their turn, at least in part, by considerations of algebraic geometry. 
Indeed, algebraic varieties, at least varieties without singularities in the com- 
plex field, are nothing but a special, and particularly interesting, class of mani- 
folds with a complex-analytic structure; more precisely, they are manifolds on 
which, at least in all known cases, one can define one of these remarkable Her- 
mitian metrics which were introduced by Kihler in connection with functions 
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of several complex variables, and of which results of S. Bergmann, not yet fully 
clarified, furnish other examples. By a systematic, although not explicit use of 
these metrics, Hodge has recently obtained the first existence theorems for this 
type of manifold, generalizing the classical results of Riemann. While it may be 
too much to hope that such methods may one day lead to the uniformization of 
algebraic varieties (which, contrary to what happens in the case of curves, can 
not be done in general by means of unramified functions), there is little doubt 
that they can be extended to integrals of the third kind. The analogous gen- 
eralization of the methods of Hodge to differential forms with singularities in 
the real domain raises still more important problems. It appears to be con- 
nected, on the one hand, with local properties of the equations of elliptic type 
which harmonic forms satisfy; on the other hand, it seems to be linked with an 
extension of de Rham’s theory which would make it possible to obtain the 
homologic torsion of a manifold by means of differential forms with singularities. 
De Rham’s results have, as a matter of fact, definitely clarified a certain aspect 
of the relation between homology groups and multiple integrals, and this ac- 
counts for the fundamental role they play in the work of Hodge and of Chern; 
but until now they have only made the homology groups with real coefficients 
accessible to differential methods; moreover, the striking and fertile analogy be- 
tween chains and differential forms, which is expressed in these results, remains 
a mere heuristic principle, until we succeed in finding a common basis for these 
two concepts. To convert this principle into a method of proof has thus far suc- 
ceeded only in a few special cases, for example, in some of the beautiful papers 
with which Ahlfors has in recent years given fresh life to the theory of analytic 
functions. 

But, while algebraic geometry, as we have just seen, receives a fresh stimu- 
lus from the most recent developments in topology and in differential geometry, 
this field does not lack purely algebraic problems; and, thanks to the methods 
of modern algebra, our understanding of them no longer need depend upon 
flashes of intuition of a few privileged mortals. At present, the theory of sur- 
faces, brilliantly but too rapidly developed by the Italian school, must yield 
place to a general theory of algebraic varieties, freed from restrictive assump- 
tions as to the nature of the base field and as to the absence of singularities. The 
structure of the groups of divisor classes, with respect to the different known 
concepts of equivalence (linear, continuous, numerical), the study of unramified 
extensions of a field of algebraic functions, both abelian and non-abelian, these 
are the questions that call for solution first of all. Thanks to the results obtained, 
or at least made plausible, by the Italian geometers, we can more or less guess 
the answers; and their solution, perhaps already within our reach, must open 
the road for important advances. On the other hand, the study of algebraic 
geometry Over various special fields of constants is still gropingly taking its first 
steps. In view of the fact that algebraic geometry over the complex field, studied 
for almost a century, has arrived by its own methods (topological and tran- 
scendental) at well-known important results, it is probable that other fields, 
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finite fields, p-adic fields, fields of algebraic numbers, deserve to be studied, each 
by itself, by methods suited to their purpose. From this point of view, geometry 
over a finite field appears somewhat like a turntable, from which one may at will 
direct one’s further progress either towards algebraic geometry proper, with the 
powerful tools already at its disposal, or towards the theory of numbers; it is 
precisely in that way that we are beginning to get a better insight into the nature 
of the Zeta-function and into the true nature of the Riemann hypothesis. In the 
same way, before undertaking the determination of the extensions of a field of 
algebraic numbers by means of their local properties, it might be indicated to 
solve the analogous problem, already difficult enough, concerning algebraic 
functions of one variable over a finite field, z.e., to extend Riemann’s existence 
theorem to such functions. To mention merely a particular case, one might ask 
whether the modular group, whose structure determines the fields of functions 
of a complex variable with only three points of ramification, plays the same role, 
at least with respect to the extensions of degree prime to the characteristic, 
when the field of constants is finite. It is not impossible that all questions of this 
kind can be treated by a uniform method, which would make it possble to de- 
duce, from a result established (for instance by topological methods) for char- 
acteristic 0, the corresponding result for characteristic p; the discovery of such 
a principle would constitute an advance of the greatest importance. Of the same 
character, but still more difficult, are the problems arising in the modern study 
of finite groups. Is the theory of finite simple groups an analogue of the theory 
of simple Lie groups? It would probably be premature to make a frontal attack 
on this question at the present stage; by means of indirect procedures, in par- 
ticular the study of p-groups, some progress has been made in this direction in 
recent years. As in many other questions of algebra and of the theory of num- 
bers, so also here a new element has recently been introduced by the definition 
of the homology groups of an abstract group. The discovery of this concept, 
which generalizes the fruitful concepts of character and factor-set, is due to 
Eilenberg and MacLane, who introduced it in connection with H. Hopf’s studies 
in pure combinatorial topology; it will have to be subjected for some time to 
systematic study, before its scope and possibilities of application can be esti- 
mated. 

While arithmetic, in the widest sense, is for its devotees always the queen 
of mathematics, and while for that reason we have allowed ourselves to dwell on 
it with predilection, this is not to say that other branches of mathematics do 
not offer as many problems worthy of sustained attention. The work of a Car- 
tan alone contains enough material to keep busy several generations of geome- 
ters. His general theory of systems in involution has not been carried to its con- 
clusion by its author, who appears not to have been able to overcome all the 
difficulties of algebraic character which it involves. Concerning the theory of 
“infinite Lie groups,” undoubtedly very important, but for us very obscure, we 
know nothing beyond what is found in the memoirs of Cartan, a first explora- 
tion into an almost impenetrable jungle; this jungle threatens to overgrow the 
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paths which already have been marked out, if the indispensable task of clearing 
is not undertaken very soon. The modern theory of Lie groups proper, studied 
by a combination of Cartan’s methods with those of modern topology, is far 
from complete; even in the theory of semi-simple groups and in the theory of the 
symmetric Riemannian spaces associated with them, a good many results are 
attainable only by a posteriori verification, making use of our knowledge (also 
due to Cartan) of all simple groups. But, as has already been suggested, it is 
principally in the topological theory of fibre spaces, in the theorems of de Rham 
and in the notion of homotopy group, that we now find the tools best suited to 
the global study of the generalized geometries of Cartan. To give but a single 
example, the classical Gauss-Bonnet formula, until recently the only result in 
which a topological invariant was expressed by means of the integral of an in- 
variant differential form, appears to us now as but the first term of a whole 
sequence of formulas, to which Chern’s methods give access and whose sys- 
tematic study has barely been started. 

But, even though involutory systems should, in principle, enable us to ob- 
tain everything which can be reduced to the local problem of Cauchy-Kowalew- 
ski in the theory of partial differential equations, this is merely one aspect of 
the existence problem for solutions of these equations; and, from several points 
of view, it is not its most interesting aspect. Beyond this, we find important re- 
sults concerning equations of very special types, chiefly elliptic and hyperbolic, 
some of which are of very recent date; but, although the study of these types, 
to which our predecessors were led by mathematical physics more than a cen- 
tury ago, is far from complete, it will not do to stop indefinitely at this point. 
The system which is satisfied by the real part of an analytic function of several 
complex variables does not belong to any of these simple types; however, func- 
tion-theory has taught us, for example, that the most general singularities which 
they can have are, in a sense which is still not easy to specify, made up out of 
elementary singularities which are characteristic varieties; at any rate, one can 
interpret the theorems of Hartogs and of E. E. Levi in this manner. In this form, 
they present an obvious analogy to known results concerning hyperbolic equa- 
tions; it is this analogy which suggests that we look for the germ of a general 
theory in a fuller development of the concepts of characteristic variety and of 
elementary solution. On the other hand, in the work of Delsarte, and in that of 
S. Bergmann and of his pupils, we find the first examples of the transformation 
of differential equations by means of integral or of integro-differential operators. 
It looks as if we have here the germ of entirely new developments and of a 
classification of systems of partial differential equations, which falls entirely 
outside the framework of classical methods. In particular, as was shown by 
Delsarte, the series of orthogonal functions to which elliptic problems lead natu- 
rally, are found to be transformed into series of much more general types; some 
isolated examples of these are found in classical analysis, but their general study 
presents problems of the greatest interest. The mathematician can no longer be 
satisfied here with Hilbert space, with which he has become as familiar as with 
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the Taylor series or the Lebesgue integral; must he look for the most appropriate 
tool in the theory of Banach spaces, or must he have recourse to more general 
spaces? It must be admitted that Banach spaces, interesting and useful as they 
have already proved to be, have not yet brought about the revolution in analysis 
which some people expected of them; but it would be a counsel of despair to 
abandon their study now before the various possibilities of application have been 
more fully explored. However it is possible that they are both too general to be 
suited to as exact a theory as that of Hilbert spaces, and too special to lend 
themselves to the study of the most significant operators. They do not include, 
for instance, the space of indefinitely differentiable functions; and it is only in 
that space that the operators of L. Schwartz can be defined, which represent 
formally the derivatives of all orders of arbitrary functions. Perhaps the basis 
for a new calculus, founded on the generalized Stokes theorem, is to be looked 
for here; and this may give access to the relations between differential operators 
and integral operators. Ideas of this character have already proved very useful 
in special problems, for instance in the calculus of variations under the name of 
Haar’s lemma as well as in certain papers of Friedrichs. Similarly, the well- 
known theorem, which asserts that the mean of a harmonic function on a circle 
is equal to its value at the center, expresses the fact that a certain operator, 
defined by a mass distribution in the plane, is, in a certain sense, a linear combi- 
nation of the values of the Laplacian in the closed domain bounded by the circle. 
Also connected with these questions is the problem, mentioned above, of the 
representation of differential forms as sums of chains, which arises from the 
theory of de Rham. It is possible that we have in these researches the dim out- 
lines of an operational calculus, destined to become in one or two centuries as 
powerful an instrument as the differential calculus has been for our predecessors 
and for ourselves. 

All of this has to do only with the local or semi-local study of partial differ- 
ential equations; indeed, apart from the simple cases which can be treated by 
means of the theory of Hilbert spaces or by the direct methods of the calculus 
of variations, the study of partial differential equations in the large, for instance 
on a compact analytic manifold, appears too difficult to justify any hope that it 
can be attacked for a long time to come. On the other hand, the study in the 
large of ordinary differential equations raises a large number of interesting prob- 
lems; they are difficult, but within our reach. It will suffice to mention as an 
example the recent beautiful proof, by E. Hopf, of the ergodic character of the 
geodesics on every compact Riemannian manifold of everywhere negative curva- 
ture. Related to this subject is also the study of van der Pol’s equation and of 
relaxation oscillations, one of the few interesting problems which contemporary 
physics has suggested to mathematics; for the study of nature, which was 
formerly one of the main sources of great mathematical problems, seems in 
recent years to have borrowed from us more than it has given us. 

But, incomplete as the foregoing enumeration can not fail to seem to our 
colleagues, it has undoubtedly exhausted the attention of more than one reader; 
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and yet, for lack of space and for lack of necessary competence, we have not 
spoken of the geometry of numbers, nor of diophantine approximations, of the 
calculus of variations, of the calculus of probabilities, or of hydrodynamics, 
neither have we mentioned at all several problems, to-day in the background of 
interest, which could be reactivated by a new idea and restored to the vital 
stream of mathematics. As a matter of fact, we neither can nor want to lay out 
a route for the future development of our science; this would be a futile task, 
indeed it would be a ridiculous enterprise, for the great mathematicians of the 
future, like those of the past, will flee from the beaten track. They will solve the 
great problems which we shall bequeath to them, through unexpected connec- 
tions, which our imagination will not have succeeded in discovering, and by 
looking at them in a new light. It was our purpose, in passing some of the 
principal branches of our mathematics in review, to draw attention to their 
robust vitality and to their fundamental unity. We believe to have shown, not 
only that there are large numbers of problems, but also that there are very few 
really important problems which are not intimately related to others which, at 
first sight, seem to be far removed from them. When a branch of mathematics 
ceases to interest any but the specialists, it is very near to its death, or at any 
rate dangerously close to a paralysis, from which it can be rescued only by being 
plunged back into the vivifying sources of the science. “Mathematics,” said 
Hilbert at the end of his 1900 lecture (and it would be quite in order to quote 
the conclusion of this lecture in full), “is an organism for whose vital strength 
the indissoluble union of the parts is a necessary condition.” 

Does this mean that mathematics is becoming a science for erudites, and that 
it will no longer be possible to do creative work in mathematics until one has 
grown gray in the harness, and exhausted from burning the midnight oil for 
many years in the company of dusty tomes? This would at the same time be a 
sign of its decline; for, be it strength or weakness, mathematics is not a science 
that prospers on details, painstakingly collected in the course of a long career, 
on patient reading, on observations or on filing cards, amassed one by one so as 
to form a bundle from which an idea will ultimately come forth. Perhaps it is 
more true in mathematics than in any other branch of knowledge that the idea 
comes forth in full armor from the brain of the creator. Moreover, mathematical 
talent usually shows itself at an early age; and the workers of the second rank 
play a smaller role in it than elsewhere, the role of a sounding board for sounds 
in whose production they had no part. There are examples to show that in 
mathematics an old person can do useful work, even inspired work; but they are 
rare, and each case fills us with wonder and admiration. Therefore, if mathe- 
matics is to continue to exist in the way in which it has manifested itself to its 
votaries until now, the technical complications with which more than one of its 
subjects is now studded, must be superficial or of only temporary character; in 
the future, as in the past, the great ideas must be simplifying ideas, the creator 
must always be one who clarifies, for himself and for others, the most compli- 
cated tissues of formulas and concepts. Hilbert indeed asked himself: “Is it not 
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going to become impossible for the individual worker to embrace all the branches 
of our science?” and he justified his negative answer, not only by his example, 
but by remarking that every important advance in mathematics is related to 
the simplification of methods, to the disappearance of old procedures which 
have lost their usefulness, and to the unification of branches which were until 
then foreign to each other. It is quite likely that the contemporaries of Apol- 
lonius for example, or those of Lagrange, were familiar with the same feeling of 
growing complexity which tends to overwhelm us to-day. It is undoubtedly true 
that the modern mathematician does not know certain details of the theory of 
conic sections as well as Apollonius did, or as a candidate for a French competi- 
tive examination, but this does not lead any one to think that the theory of 
conic sections should form an autonomous science. Perhaps the same fate is in 
store for some of the theories of which we are proudest. The unity of mathe- 
matics would not be threatened by such an occurrence. 

The danger lies elsewhere. Although it is more contingent in character, it 
does not strike us as less serious; and it seems to us that we cannot bring our 
reflections on the future of mathematics to a conclusion without saying some- 
thing of it. We have already said that our civilization itself seems to be under 
attack from all sides; but this remark was couched in too general terms. “Ne 
sutor ultra crepidam”: it is as mathematicians that we must look at the con- 
temporary world. Our tradition is healthy; are we assured of transmitting it 
undamaged? In some European countries, particularly in Germany until the 
start of the Hitler regime, there existed, still a short time ago, university in- 
struction, based on a solid secondary education, which made sure that the 
mathematical apprentice acquired specific subject-matter knowledge and also 
the general culture without which nothing of importance can be accomplished. 
What do we see to-day? In France, none of the essential parts of modern mathe- 
matics is taught in our universities, except by a lucky chance. One looks in vain 
for a university course which puts the advanced student in contact with any one 
of the great problems which we have listed.* Even the elements of the science 
are too frequently taught in such a way that the student has to learn everything 
over again if he wants to push on; the extreme rigidity of a mandarin-caste 
founded on obsolete academic institutions is the cause of the fact that every 
attempt at modernization is doomed to failure, unless it remains restricted to 
verbal changes. Italy, which had formerly a flourishing mathematical school, 
seems to have fallen into a state of sclerosis analogous to that with which France 
is threatened, but which has had there still more immediate and destructive 
effects. We do not know what principles guide, at present, secondary and higher 
education in the U.S.S.R. There are in that country a number of first-rate 
mathematicians, but they seem to be absolutely prohibited from crossing the 
frontiers; and, if such practice should persist, it can hardly in the long run have 


* (Author’s footnote) This was written in 1946; the same would not be unqualifiedly true 
to-day. 
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any other result than the slow choking off of all scientific life. The most remote, 
as well as the most recent history of our science, shows sufficiently to what ex- 
tent the contacts between one country and another, prolonged sojourns of stu- 
dents and of teachers at foreign universities, not official sessions at which one 
drinks toasts while waiting for the next airplane, are an indispensable condition 
for all progress. We believe that more favorable conditions are found in England 
and in some of those nations of western Europe which are small only in military 
statistics. As to Germany, only the future can show whether she will find within 
herself the necessary elements for linking up with the brilliant tradition inter- 
rupted by fifteen years of organized stupidity. Beyond the Atlantic finally, we 
find a large country, which counts its universities by the hundreds, its students 
by the hundred thousands, and where, in the words of H. Morrison, the great 
American specialist in educational problems, “one wanted the education of the 
masses, one has mass production in education.” Thorstein Veblen once sketched 
in a small book, too little read, the plan of higher education in the United 
States, and he has done it in a masterly manner; let us merely indicate how the 
future mathematician is formed in this country which produces more “mathe- 
maticians” than perhaps all the rest of the world. In the most favorable cases, 
one sees a student who, towards the end of his stay at the University, has three 
or four years at his disposal in which to acquire at the same time the knowledge, 
the method of work and the elementary intellectual apprenticeship, for which 
nothing that he has experienced before has in the least prepared him. His only 
way out under these circumstances is to seek his salvation in the most narrow 
specialization; in this way, he can often, if he is intelligent and has good guid- 
ance, do useful work. Beyond this, he runs the great risk of not being able to 
survive the stupefying effects of the purely mechanical teaching which he will 
have to inflict on others, in order to earn his living, after having undergone it 
himself for too long a time. Whether, in other fields, mass production, thus 
understood, may produce good results, we are not qualified to determine; we 
hope to have made it clear that this can not be the case in mathematics. If, 
unfortunately, the plausible doctrine of making education available to all has 
had such consequences in a country which lacks, it is true, a strong intellectual 
tradition, do we not have reason to fear the spread of the contagion to a Europe 
enfeebled by a catastrophe without precedent? 

But if, as Panurge, we ask the oracle questions which are too indiscreet, the 
oracle will answer us as it did Panurge: Trinck! This advice the mathematician 
follows gladly, pleased as he is to believe that he will be able to slake his thirst 
at the very sources of knowledge, convinced as he is that they will always con- 
tinue to pour forth, pure and abundant, while others have to have recourse to 
the muddy streams of a sordid reality. If he be reproached with the haughtiness 
of his attitude, if he be summoned to do his part, if he be asked why he persists 
on the high glaciers whither no one but his own kind can follow him, he will 
answer, with Jacobi: For the honor of the human spirit. 


THE PROBLEM OF EIGHT POINTS 
W. B. CARVER, Cornell University 


1. Introduction. Ina Treatise on Surveying by William M. Gillespie* one finds 
the following problem with figure and comment: 


“Problem of the Eight Points. Four points, A, B, C, D, are inaccessible, but 
visible from four other points E, F, G, H; it is required to find the relative dis- 
tances of these eight points; the only data being the observation, from each of 
the points of the second system, of the angles under which are seen the points of 
the first system. 

This problem can be solved, but the great length and complication of the in- 
vestigation and resulting formulas render it more a matter of curiosity than of 
utility. It may be found in Puissant’s Topographie, page 55; Lefevre’s Trzgo- 
nometrie, page 90, and Lefevre’s Arpentage, No. 387.” 

Puissant givest a method for handling the problem which is entirely formal 
and leaves unanswered all the interesting questions with regard to the existence 

* Revised by Cady Staley, 1887, p. 256. 

{ Traite de Topographie, d’Arpentage, et de Nivellement by Puissant, Paris, 1820, p. 55. 


The problem was brought to my attention by Mr. F. M. Garnett of Savannah, Georgia, who also 
furnished me with a copy of Puissant’s solution. 
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and number of solutions. The purpose of this paper is to indicate a method of 
solution (essentially the same as that given by Puissant), to call attention to two 
Cremona transformations related to the problem, and to give numerical exam- 
ples of various special cases in which Puissant’s treatment breaks down. 


2. Puissant’s solution. To make the statement of the problem more definite 
we assume that the eight points are all distinct and lie in a horizontal plane, and 
we define a as the angle AZB through which an observer at £ and facing A 
must turn to face B, —180°<a@180°, a positive or negative according as the 
observer turns counter-clockwise or clockwise. At the point EH we measure the 
three such angles, a= AEB, B= BEC, y=CED, and at each of the other points 
of observation the three similar angles; these twelve angles are the only data 
of the problem. The figure as given by Gillespie and Puissant shows the simple 
case in which the eight points are vertices of a convex octagon, but there is no 
assumption of this sort in the problem. The eight points may be anywhere in 
the plane, with only the restriction that no two of them may coincide. 

We set up a rectangular Cartesian coordinate system with B as the origin 
and C as the point (1, 0), using BC as the unit of length. Let P and Q respec- 
tively be the feet of perpendiculars dropped from A and D to the x-axis BC; 
and let h, k, 7, s be four numbers such that 


[z|= PB, |k|=PA, I|rl=co, |s|= QD, 
with the signs so chosen that (—hA, k) and (r+41, s) shall be the coordinates, 
respectively, of A and D. For the figure shown, h, k, r, s are all positive. 


Now let the coordinates of E be (u, v), and let the tangents of the given 
angles at E be 

a4 by Ci 

tana =—» tan 8 = —» tany =—» 

ag be C2 


with the understanding that ae, b2 or cz, will be zero when the corresponding 
angle is +90°. It can then be shown readily that u, v must satisfy the equations 


a(u? + vy?) + (ah — ack)u — (ark + ach)v = 0 
(1) b1(u? + v7) — bu — bev = 0 
61(u? + v?) + (ces — cir — 2¢1)u — (c18 + cor)v + (cur — Cos + ¢1) = O. 
The elimination of uw and v from these three equations gives the equation 
by(aybece + debice + debecy — aibici)(hr — ks) 
(2) + by(aebic1 + ayb2¢1 + aibice — adebece)(hs + kr) 
— ayea(by + ba)(h + r+ 1) + aaca(by + b)k + a162(Bi + bo)s = 0. 


The angles a, 8, y being given, this is the condition on h, k, r, s that the equa- 
tions (1) may have a simultaneous solution for u, v. Geometrically, it is a condi- 
tion on the situation of the four points A, B, C, D such that they may, at some 
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point of the plane, subtend the given angles a, B, y¥. 

Using the given angles at each of the four observation points we have four 
equations like (2), and we want to solve this set of equations for h, k, 7, s. lf 
we set 


hr — ks = 2, hs + kr = wv, h+rt+i=i, 
this set of equations takes the form 
(3) Az + Aww + Aist + Auk + Aus = 0, 1= 1, 2, 3,4, 


linear and homogeneous in 2, w, ¢, R, Ss. 
Puissant then proceeds as follows: 
Equations (3) are solved for 2, w, t, s as multiples of 2, giving 


z = Zk, w= WR, t= Tk, s = SR. 
From w= Wk and s=Sk we have 
Shk + kr= Wk, or Sh+r=W, 
and from ¢= 7k we have 
h+t+r= Tk — 1. 
Solving these last two equations for h and 7, we substitute the results in 
z=hr—-Sk* =Zk 
and obtain the quadratic equation in k, 
S{T? + (S — 1)*}#? — [2ST + TW + STW — Z(S — 1)2}k 
+ (W + 1)(W +S) = 0. 


Substituting the roots, k and k’, of equation (4) in the preceding equations, we 
obtain two solutions, h, k, r,s and h’, k’, r’, s’, of equations (3). We then substi- 
tute these sets of values in equations (1), using the tangents of the angles at each 
of the four observation points, and obtain the coordinates (u, v) of each of these 
points. 

Puissant says that the problem will thus have two solutions; but it is obvi- 
ous that his procedure may break down at several points. The set of equations 
(3) may not determine 2, w, t, s as multiples of k; equation (4) may be linear 
rather than quadratic (if S=0); equations (1) may not determine wu and » 
uniquely; etc. But by far the biggest loop-hole in Puissant’s treatment of the 
problem is due to the fact that the method depends only on the tangents of the 
twelve given angles.* Hence very often after formal solutions have been found, 
they will have to be discarded because one or more of the angles of the solution 
will differ from the given angles by 180°. By the modified problem we shall 


(4) 


* Puissant’s equations are expressed in terms of the sines and cosines of these angles, but in 
such a way that the equations are not altered when any angle is changed by 180°. Hence they de- 
pend essentially on the tangents of the angles. 
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mean the problem in which not the twelve angles, but only their tangents are 
given. It is this modified problem that Puissant really solves.* Any solution of 
the problem is of course a solution of the modified problem, but not conversely. 

In what follows it is assumed that the twelve given angles (or their tangents) 
are chosen arbitrarily within the prescribed limits. The problem as worded by 
Puissant and Gillespie says that these angles are “observed,” which would seem 
to imply the existence of at least one solution; but for angles chosen arbitrarily 
it will often happen that there are no solutions even for the modified problem 
(see examples 4, 6, 9, 15, 16 below). 


3. Related Cremona transformations. In attempting to make simple nu- 
merical examples one discovers two interesting Cremona transformations con- 
nected with the problem. Suppose one starts with a set of object points A, B, C, 
D with rational coordinates, that is, with a rational set of values for h, R, 1, s. 
Rational values are obtained for z, w, t, and then (if 8X0) for Z, W, T, S, aud 
hence one has the quadratic equation (4) with rational coefficients. One root of 
this equation is the original k, and hence the other root k’ must be rational; 
and rational values for h’, r’, s’ are then obtained. This means that the set 
h’, k’, r’, s’ is related to the set h, k, r, s by a rational transformation. This 
transformation is found to be 

(hs + kr + k){r(h+r+ 1) — s(k—s)} 
s{(h+ r+1)?+(k—- s)?} 
(hs + kr + k)(hs + kr + s) 
s{(k+r+ 1)? + (k—s)?} 
,__ (as + kr + s){h(h +r + 1) + k(R— s)} 
k{(h+r+1)?+ (k—s)?} 
, (ts + kr + :s)(hs + kr + k) 
5 3 
k{ (h +r+1)?+(k- s)?} 
This may be regarded as a transformation between points (h, k, r, s) and 
(h’, k’, r’, s’) of a four-dimensional space. It is an involutorial Cremona trans- 
formation. Each point in each of the six planes 
k=s=0, A=kR=0, r=s=0, 24+1=k =0 rt+i=s=0, 
h+rti=k—s=0, 


/ 


/ 


(5) 


is a fundamental point, and each point of the cubic variety 
R(r? + s*+r) — s(h? + hk? +h) = 0 


is a fixed point. 


* Puissant, in his only numerical example, gives “two solutions”; but in one of them the angle 
vy at Eis —139° while the required angle is 41°, so that it is not a solution. 
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We now have two sets of related object points A, B, C, Dand A’, B’, C’, D’. 
If we next choose any observation point E with rational coefficients, we find 
rational tangents for the angles a, 8, y at #; and using these tangents with 
h', k’, r’, s’ in equations (1) we find uz’, v’ as rational coordinates of a related 
observation point E’. The geometric relationship is that the tangents of the 
angles a, 8, y subtended by A, B, C, D at E will be the same as the tangents of 
the angles a’, 6’, y’ subtended by A’, B’, C’, D’ at EZ’. The equations expressing 
the coordinates (u’, v’) of E’ rationally in terms of the coordinates (u, v) of E 
are somewhat long and complicated, and it seems hardly worth while to give 
them here. They represent, however, a Cremona transformation of a well known 
type,* between points £ of a plane z, and points E’ of a plane 7’. We shall refer 
to this as transformation (6). The transformation is of the fifth degree with six 
fundamental points in each plane, A, B, C, D and the two imaginary “circular 
points” J, J in the plane 7, and A’, B’, C’, D’ and J’, J’ in the plane 7’. The 
fundamental curves in each plane are the six conics determined by the funda- 
mental points taken five at a time. This means that the four real fundamental 
curves in each plane are the four circles determined by A, B, C, D (or A’, B’, 
C’, D’) taken three at a time. Thus if Z is taken on the circle ABC, E’ will 
coincide with D’, etc. (See example 16 below). The properties of the Cremona 
transformations (5) and (6) correspond to interesting features of the problem of 
eight points, and enable one to make up rational numerical examples. One 
chooses A, B, C, D and finds A’, B’, C’, D’ by (5); then chooses the observation 
points E, F, G, H, and for each one (and quite independently of the others) finds 
the corresponding point E’, F’, G’, or H’ by transformation (6); and then finally 
finds the tangents of the angles a, 8, y at each observation point. 


4. Examples of special cases. In the table of numerical examples, page 313, 
the given angles are indicated by a pair of homogeneous numbers in parentheses 
preceded by a Roman numeral. Thus II(—5:3) indicates the angle in the second 
quadrant having the tangent —5/3. The quadrantal angles — 90°, 0°, 90°, 180° 
will be designated respectively by III(1:0), 1V(0:1), 1(1:0), I1(0:1). With the 
restriction —180°<a;34180° this notation specifies the angle uniquely. One 
solves the modified problem ignoring the quadrant specification, obtaining solu- 
tions in the form of coordinates for the eight points. In each solution of the 
modified problem one then checks the angles and discards those solutions in 
which one or more angles differ from the required angles by 180°. It is quite 
obvious that if the twelve given angles are chosen arbitrarily, the chance of 
obtaining any solution for the problem is small. 

Examples 1, 2. These represent the normal case in the sense that Puissant’s 
procedure goes through without trouble, giving in each example two solutions 
for the modified problem. In the first example there are no solutions for the 
problem proper because the angle @ at G turns out to be —45° instead of 135°. 
If we change the problem by specifying the angle IV(—1:1) for a at G, there 


* See Cremona Transformations by Hilda P. Hudson, 1927, p. 120. 
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will be two solutions. In example 2 there is one solution for the problem, but the 
other fails because a at H is — 135° instead of 45° as required. No change in the 
quadrant specification could give us two solutions for this problem, because the 
angle a at H differs in the two solutions of the modified problem, and if one is 
right the other must be wrong. 

The next few examples indicate ways in which Puissant’s handling of the set 
of equations (3) may break down. In the 4X5 matrix of coefficients of these 
equations we designate by D,, Dy, D:, Dz, Ds respectively the five determinants 
of fourth order obtained by omitting each column in order. If not all of these 
determinants vanish, there is homogeneously unique solution for zg, w, t, k, s; 
but we cannot solve for 2, w, ¢, s as multiples of k if D,=0. 

Example 3. Here D,=0, D,#0. We can solve for 2, w, ¢, k in terms of s, and 
this leads to a linear equation in s instead of the quadratic equation (4) in k. 
We find h= —2, k=0, r= —2, s=1, and in a strict sense there is only one solu- 
tion of the modified problem and the problem, namely, 


A(2,0), B(0O,0), C(1, 0), D(—1, 1), E(,1), FU, 2), G(—1, —1), AH(2, —1). 


But if we make use of transformation (5), keeping h, r, s fixed as above and 
letting k approach zero, we find that h’—>—7/5, k’—1/5, and r’ and s’ become 
very large with the ratio s’/(r’+1) approaching —1/3. If we then think of D 
as so far away that the lines of sight from E’, F’, G’, H’ to D’ all have measur- 
ably the same slope, — 1/3, we have what might be regarded as a second solution 


7 61 1 
ar(—, =) B’(0, 0), C’(1, 0), D (stove — =) 


ee) 
2 6 3 1 7 14 20 —4 
o(2.%), (3.4), o(h -), (=), 
5 5 2 2 5 5 13 13 
Examples 4, 5. In example 4, D,=D,=0, D0. This gives k=s=0, and 
w=hs-+kr x0, which is impossible, and there is no solution even for the modified 
problem. In example 5, D,=D,=D,=0, D,#¥#0. Hence we have s=k=w=0, 
t= 3z, and it follows that h may be arbitrary and r= (h+1)/(3h—1). We have 
infinitely many solutions of the modified problem; and we have also infinitely 
many solutions of the problem proper given by values of h greater than 1/3. 
A particularly interesting solution is obtained for h=1. 
Examples 6, 7. In each of these examples the coefficients of w in equations 
(3) all vanish, so that we have a set of four homogeneous equations in the four 
quantities z, ¢, k, s. In example 6 the determinant does not vanish and the only 
solution of the set would be z=t=k=s=0; but this would make A and D 
coincide with either B or C and so furnishes no solution of the modified problem. 
In example 7 the determinant vanishes, and we have 
1 


= —-—k, i= — k, s= — —k, 


5 
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which leads to the equation 
5r? — (8k — 5)r — (R? + Rk) = 0.2 


Choosing an arbitrary value for k we get two values for r and h, and hence two 
solutions for the modified problem. We will therefore have an infinite number 
of solutions of the modified problem, and in this particular example also an 
infinite number of solutions of the problem proper. Two fairly simple solutions 
are given by taking k=1 with r=1 and k=5/7 with r=4/7. The vanishing of 
all the coefficients of w in this example corresponds to the geometric fact that 
a+B+y= +90° at each of the observation points. 

Example 8. All the coefficients of z in the equations (3) vanish, giving four 
equations in w, é, k, s, and the determinant is of rank 2. We may choose both k 
and s arbitrarily, and then 


= — 2k+ 4, r= 25 — 5, 


which means that A and D lie anywhere on the line x—2y+4=0. It is then 
found that the four observation points also lie on this line at fixed positions for 
all choices of 2 and s. The vanishing of the coefficients of g means that at each 
observation point a+6+7=0° or 180°, and hence each observation point must 
lie on the line AD. There are infinitely many solutions for the modified problem; 
and also, if we take R<3/2 and s>7/2, infinitely many solutions for the prob- 
lem. 

Examples 9, 10. The angles at E are exactly the same as the angles at F, so 
that the first two of the four equations (3) are the same, and hence D,=Dy=Dsz 
= D,=D,=0. It is easy to show, however, that the angles at two distinct points 
E and F could be the same only if A, B, C, D, E, F all lie on one circle. Using 
this fact and the tangents of the angles at E and F (and abandoning Puissant’s 
procedure), we deduce without difficulty that 


1 1 1 2 
h=—») k= —) r=—) sm) 
6 3 
and hence 
1 1 3 
s=—-—) wm) (i= —-: 
18 2 


These values may or may not satisfy the two remaining equations of set (3). In 
example 9 the last equation is not satisfied, and hence there are no solutions 
even for the modified problem. In example 10 the last two equations are satisfied 
There is only one possible position for the points 4,B,C,D (on a circle), but 
there are infinitely many solutions of the modified problem because E and F 
may be taken anywhere on the circle. The three equations of set (1) become 
identical for the points E and F. There are infinitely many solutions of the 
problem proper with E and F restricted to certain arcs of the circle. 
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Example 11. For the set of equations (3) we have D,=D,=D;=D,=D,=0 
without any situation quite so obvious as in examples 7, 8, 9, 10. The matrix 
is of rank 3, and we can solve for z, w, ¢ in terms of 2 and s, 


—8k + 13s 2k — 19s —5k+7s 
Z= ——____) w= ———__ = ——-—-______ . 
9 9 9 


We can then give arbitrary values to S in the relation s=Sk, and proceed with 
Puissant’s method, obtaining (usually) two solutions of the modified problem 
for each value assigned to S. There are infinitely many solutions of both the 
modified problem and the problem. For S=2 we get two fairly simple solutions 
of the modified problem, both of which are solutions of the problem. 

In the remaining examples the determinant D, for the set of equations (3) 
does not vanish, and there is a unique solution for zg, w, é, s as multiples of 2; 
also we can set up the quadratic equation (4). For this equation the discriminant 
may be positive, negative, or zero, and Puissant ignores the last two possibilities. 
The discriminant vanishes under either of the two following geometric condi- 
tions: when AD is parallel to BC so that s=k (S=1), and when A, B, C, D all 
lie on one circle for which the condition is 


(7) kr +s? +r) — s+ kh +h) = 0. 
Example 12. We have 
z= Rk, w = 2k, t= OR, s=k, 
and equation (4) becomes 
36k? — 36k + 9 = 0, 


giving 3 as the only value for k and for s. But there are two values each for h 
and 7, and we have the two solutions for equations (3), 


1 1 3 1 
h=—,) k=—+) r=) 5=—_ 
2 
3 1 1 1 

yi =—, f= —, 7 = —, fs = —- 
2 2 2 


This leads to two solutions for both the modified problem and the problem. 
Examples 13, 14. In both of these examples we have 


1 
z= — hy w= k, t = OR, s = Ak, 


and equation (4) is 
360k? — 120k + 10 = 0, 


giving k=1/6 and the one set of values 
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h=—) k=—) r=—) s=—-: 


These values satisfy the relation (7), showing that A, B, C, D lie on a circle. In 
example 13 the observation points are uniquely determined (none of them lying 
on the circle ABCD), and we have one solution for the problem. But in example 
14, when we try to find the coérdinates of E, the three equations of set (1) are 
all the same as the equation of the circle ABCD, and E is any point on this 
circle giving infinitely many solutions of the modified problem. There are also 
infinitely many solutions of the problem proper, with Z on the major arc AD of 
the circle. 
Example 15. Here we find 


z= 24k, w= 8k, i= 3k, 5 = 2k, 
and equation (4) is 
20k? — 60k + 90 = 0. 


The values of & are imaginary, and therefore there are no solutions even for the 
modified problem. 

Example 16. Puissant’s method goes through, giving what would be two 
solutions of the modified problem except for the fact that in each solution an 
observation point coincides with an object point, F with B in one solution and 
G’ with D’ in the other. In a strict sense we have no solutions. But it is possible 
to take a certain line through F (the line with slope 3/7) as the line of sight from 
F to B, and similarly a line through G’ (with slope 1) as the line G’D’, giving 
two pseudo-solutions of the modified problem. In terms of the Cremona trans- 
formation (6), G is on the fundamental circle ABC in the plane 7, and F’ is on 
the fundamental circle A’C’D’ in the plane 7’, so that G’ and F coincide re- 
spectively with the fundamental points D’ and B. 

The interested reader will find it not too difficult to make up examples of 
other cases for which the Puissant procedure will break down, and for which 
there may be no solutions, one, or infinitely many. 


FACTORIZATION OF POLYNOMIALS 
SAMUEL BOROFSKY, Brooklyn College 


1. Introduction. Let D be an integral domain* and let D[x] be the integral 
domain of polynomials in x with coefficients in D. Then 


THEOREM. If D is a unique factorization domain (abbreviated UFD), D|x | is also. 


It follows from this theorem, by mathematical induction on 2, that when D 
is a UFD then the domain D[x1, x2, - + - , xn] of polynomials in x, x2, - - +, Xn 
with coefficients in D is also a UFD. 

In the usual prooff of the theorem, the desired result is first established when 
D is a field. The proof of this depends upon: 

(a) the division algorithm, which is used to prove 
(b) if f(x) and g(x) are non-zero polynomials in D[x], there exists a greatest 

common divisor (abbreviated GCD) d(x) expressible in the form a(x) f(x) 

-+-b(x) g(x), where a(x) and (x) are elements of D[x], which is used to prove 
(c) if a prime polynomial divides the product of two polynomials it divides one 

of the factors. Using this special case of the theorem and 
(d) Gauss’ lemma and 
(e) the existence of a quotient field for any integral domain, the general case of 

the theorem is established. 

The usual proof of the fact that the integers form a UFD also makes use of 
results similar to (a), (b) and (c). However, E. Zermelof has given a very simple 
proof which avoids these considerations. It is the purpose of this note to present 
a similar proof of the theorem above which does not require the use of (a)-(e). 


2. Existence of factorization. Let D be a UF D. We show that every non-zero 
element f(x) of D[x] which is not a unit is expressible in the form 
bi(x)po(x) - - » pe(x), R21, where the p,(x) are primes in D[x]. 

We shall make use of the following easily demonstrable facts: 

(1) The units of D[x] are the units of D. 

(2) If a constant divides a polynomial it divides every coefficient of the poly- 
nomial. 

(3) A constant is prime in D[x] if and only if it is prime in D. 

(4) If a, de, - ++, a, (R22) are elements of D not all zero, there exists a GCD 
ain D, and if a;=ab; (¢=1, 2, ---, &) then the d; have no common factors 
in D except units. 

Now let f(x) be of degree n. If n=0, f(x) is in D. Since it is not a unit of 
D [x], it is not a unit of D. Hence it is a product of primes in D which are also 
primes in D[x]. 

* For definitions of terms see Birkhoff-MacLane, A Survey of Modern Algebra, Macmillan, 
1941. 

1 Birkhoff-MacLane, pp. 91-100. 


t Nachr. Ges. Wiss. Gottingen I, N.F. 1, 1934, pp. 43-46. The complete proof will also be 
found in a few lines in Zentralblatt 10, 1935, p. 293. 
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Proceeding by induction on , let 2>0 and suppose the desired result estab- 


lished for polynomials of degree 0, 1,--+,#—1. 
Let 
f(%) = Gx” + aya) + +++ + An, n> 0, a ¥ 0 
a= GCD of do, 8-4 On 
a; = ab; (4 =0,1,---,%) 
g(x) = box™ + Bix") + +++ + On. 
Then 
f(x) = ag(x). 


Since a0 is in D, it is a unit or is factorable into primes. 

If g(x) is a prime, the desired result is established (using, if necessary, the 
fact that the product of a unit and a prime is a prime). Otherwise, there exists 
a factorization g(x) =s(x)t(x), where s(x) and ¢(x) are elements of D [x] neither 
of which is a unit. Neither s(x) nor ¢(x) can be a constant. For, if either were a 
constant, it would have to divide each of the coefficients of g(x), and this is 
impossible since the 6; have no common divisors except units. Thus, each of 
s(x) and t(x) is of degree less than x. Therefore, by the hypothesis of the induc- 
tion, each is factorable into primes, and the desired result is established. 


3. Uniqueness of factorization. We show that if 
f(x) = pila) po(x) +++ pele) = qi(x)ga(x) +++ gi(%), 


where the »;(x) and q;(x) are primes, then k=/ and the p,(x) can be paired with 
the g,;(x) in such a way that the ,(x) and g,(x) in each pair are associates. 

If #=0 then f(x) and the prime factors are in D. Since D is a UFD, the de- 
sired results is immediate. Proceeding by induction on the degree of f(x), let 
n>0O, and suppose the desired result established for polynomials of degree 
0,1,---,a#-1. 

If k=]=1, there is nothing more to be proved. 

If k=1and/>1, then g,(x) [qo(x) - - - qi(x) | isa prime. Hence go(x) + - + g(x) 
is a unit, so that g2(x) is a unit. This is impossible. 

Similarly, R>1 and /=1 is impossible. 


Let 
k> 1, 1>1 
f(%) = ax" + aur) + +++ + An, n > 0, a ¥ 0 
pi(x) = ax™ + +++ 4+ Any Gio XO (4 = 1,2,---,h), 
qi(x) = bye” +--+ + din, bo AO (FG = 1,2,---,2). 


Let 2; be one of the smallest of the 2,, and let m be one of the smallest of the 
m;. Either Sm, or mim. Suppose, to be specific, mSm. Then m Sm; for 
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j=1,2,---,1. 
We show that 1(x) is an associate of some q;(x). 
If m1=0,* then p:(x) =a is a prime in D which is a factor of 


ao = 0820 °** @ko = bide = 2+ bio. 


Since D is a UFD, dio is an associate of one of the primes in the factorizations of 


bio, b20, - - + , bio. Therefore one of B10, deo, - - + , by is divisible by ayo. Let 
buo = G0C 
P(%) = qi(%) +++ Qu-a(%)pi(%)qusi(%) + + + qi(x) 
= (b19 - + + bu-s,0@10bu41,0 ° + + b10)%™ + lower powers of x, if any, 
where 


m= M+ ss + Mya t M+ may tee tm 

My os My + Ma + Mayr tes +m = 1 

Let R(x) =f(x) —cx"-™P(x). Then either R(x) =0, or the degree of R(x) is less 
than 2. 


If m;>0, let u be any integer between 1 and ? inclusive and define P(x) as 
above. Let 


IA 


R(x") = ayof(%) — buox™-™P(x). 


Again either R(x) =0 or the degree of R(x) is less than ». Combining both cases 
we have 


R(x) = af(x) — Q(x) P(x) 


where Q(x) is in D[x], a0 is in D, and a=1 if :(x) is a constant. 
We consider two cases: 
(a) R(x) =0. Then 


af(x) = agi(%)go(x) +++ gi(x) 
= Q(x) qi(%) + + + qu-1(%) p1(*)quyi(%) +++ qi(x), 
so that 
agu(x) = g(x) pi(x). 


If nm; =0 then a=1 and f;(x), gu(x) are associates. 

If m1>0 then every m;2m>0. Since 1/22, therefore every m;<n. Hence 
Muy<n. Therefore, by the hypothesis of the induction, ag.(x) is uniquely factor- 
able into primes. By factoring a (unless it is a unit) we see that one of the primes 
is gu(x) or an associate and the others are constants. By factoring Q(x) (unless 
it is a unit) we see that one of the primes is p:(x) or an associate. Hence f(x) is 
an associate of g(x) or of a constant. Since m>0, p:(x) is not a constant. There- 
fore it is an associate of qu(x). 


* This cannot happen if D is a field. 
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(b) R(x) #0. We have 

R(x) = agi(%)ga(%) +++ gil) — Q(x)qi(%) ++ + Qu-a(%) P1(%) Quyi{%) + > > gu(x) 
= qi(%) +++ gu-t(%)quys(#) + + gr(x) logu(x) — Q(x) pi(x) J. 

Also 

R(x) = api(%) po(x) +++ piu) — Q(x)qa(%) - ++ Qu-a(%)P1(%)qusi(%) + + + gi) 

pi(x)S(x). 


R(x) is not a unit, since p:(x) is a factor of R(x). Therefore, by the hypothesis 
of the induction, R(x) is uniquely factorable into primes. Its prime factors are 


gi(x), +++, Gur(X%), Guti(x), +--+, gi(x) and the prime factors of agqu(x) 
— QO(x)pi(x). Also, its prime factors are pi(x) and the prime factors of S(x). 
Therefore, p1(x) is an associate of one of qi(x), - + + , Gu-1(X), Quti(x), - ° * » Qu(x) 


or of one of the prime factors of agu(x) — Q(x) pi(x). In the latter case pi(x) is a 
factor of agu(x) — Q(x) p1(x), so that 


equ(x) — Q(x) pi(x) = T(x) pi(*) 
agu(*) = [Q(*) + T(x) ]p:(x). 


It now follows as in case (a) that fi(x) is an associate of qu(x). 
Thus, in all cases, p:(x) is an associate of g(x). 
If pi(x) =eq,(x) where ¢€ is a unit, then ;(x)po(x) - - + pe(x) =Gi(x)ge(x) 
- ++ @i(x) yields 


[epo (x) |ps(x) +++ pa(x) = gaa) ++ + Go—a(%)qo4a(%) + + + u(x) 


where ef2(x) is a prime. 
If the degree of epe(x) b3(x) - - - pz (x) is less than x, the desired result follows 
by the hypothesis of the induction. If not, then we may again proceed as above. 
Since the process reduces the number of primes, we must, after applying it a 
sufficient number of times, arrive at a stage where either the hypothesis of the 
induction applies or else there is only one prime on one side of the equality. In 
either case the desired result follows. 
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ON THE LATENT ROOTS OF QUASI-COMMUTATIVE MATRICES 
H. S. A. Potter, University of Aberdeen, Scotland 
We consider matrices A, B of order 7 such that 
AB = wBA, 


where w is a primitive gth root of unity, w7=1. Thus B is a commutant! of A 

and wA, so that, if B0, A and wA must havea common latent root?; that is, for 

at least one pair a, 8 of latent roots of A we have B=wa. If B is non-singular, 

since B14 B=wW4A, the latent roots of A are clearly of the form ai, wai, wa, 
-, wWIlay, Q2, WO2,- +--+. It is simple to prove the following result. 


THEOREM 1. If a ts a latent root of A, x a corresponding latent vector such that 
Bx 0, then wa ts also a latent root of A. 


Proof. Put y= Bx; then we have 
Ay = ABx = whAx = waBx = wary, 


since Ax=ax. Also y+0; hence wa is a latent root of A. 
On the other hand we have the example 


a 1 0 0 0 O 
a-(0 a ») a= (0 0 ») 
0 O0O-a 0 1 O 
Here AB=—BA, a and —a are latent roots of A, and yet Bx =0 for each latent 


vector x of A. 


THEOREM 2. The latent roots, 01, + + + 5 Qn, Bi, °° * ; Bn, Of A, B may be taken in 
such an order that the latent roots of 


1/q 


(i) A+B are (a, + B;) (r= 1,---, 7), 
and of 
(ii) AB are w*@Nq,8, (r= 1,---, mn). 


1Cf. H. W. Turnbull, and A. C. Aitken, An Introduction to the Theory of Canonical Matrices, 
London, 1932, p. 148. 
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Proof. Let 


k 
(A 4 B)" _ > o BA, 
r=0 
so that C®=c=1. Since (A+B)*t1=(4+B)(A+B)*=(A+B)*(A+B), we 


have 


k+1 k k 
(k+1) or _k+1—r r (k) r ,k+1—r (k) r+1 .k—r 
Yc BA = iwc, BA + > \c, BA 
r=0 r=0 r=0 
k (k) _r .k+1—r i k—r (k) r+1 . k—r 
= cr BA + >diw o¢ BA ; 
r=0 r=0 
for A’B*=w"B*A". Thus 
(k+1) r (k) (k) (k) k+1—r (k) 
Cr =W6r FtG1=C bw Cr—1y 


and we deduce that this generalized binomial coefficient c has the value 


oe = _# » where ¢, = [[ (w* — 1). 
s=1 


rPk—r 


In particular, if w is a primitive gth root of unity, we have c?=0, for 
y=1,2,---,q-—1, and 


(A + B)t = At+ Be, 


By induction, (A B)*=w*0-)/?4kBt, As A7B¢= BYA4, we have by Frobenius’ 
theorem? that, if f(x, y) is any rational function, then the latent roots of f(A%, B%) 
are f(a%, B%) (r=1, ---, ) for some pairing of the roots a,, B,, and this is the 
same for every function f(x, y). Thus the latent roots of (A+8B)%, (AB)? are 


+B, wasps (y= 1,-+-++,m). 
Hence the latent roots of +B are (af+%)"9(r=1,---+,m), and those of AB 
are wi(-Dq,8, (r=1,°--, 2). 


A CRITERION FOR A COMMON ROOT OF k ALGEBRAIC EQUATIONS 
ALFRED BRAUER, University of North Carolina 


1. Introduction. A necessary and sufficient condition that two algebraic 
equations f(x) =0 and g(x) =0 have a common root is the vanishing of Syl- 
vester’s determinant R(f, g). But there seems to exist no simple criterion that 
more than two equations have a common root. In this paper such a criterion 
will be obtained under the assumption that at least one of the equations has 
only real roots. 

The origin of this paper was Problem 2 of the Mathematical Series of the 


2 Frobenius. Berliner Sitzungsberichte, I (1896), pp. 601-614. 
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Rand Corporation in Santa Monica; the statement of this problem follows: 

Given +1 polynomials of degree n, every of which are linearly inde- 
pendent, and each of which is non-negative for 0 $x <1 and has 2 roots (count- 
ing multiplicities) in that interval. Is it true that these polynomials have no root 
in common if, and only if, all »-++-1 are linearly independent? If not true, what 
additional conditions are necessary for the +1 polynomials to have a common 
root? 

2. Solution of problem 2. Let fi, fo, -- +, fnii be 2+1 arbitrary polynomials 
of degree n. If these polynomials have a common root, then it is necessary that 
they are linearly dependent. This follows at once from the fact that they can be 
considered as linear forms in 1, x, x7, - +--+, x" 

The converse is not correct even if the polynomials are non-negative in the 
interval 0SxS1 and have there all their roots. This is shown by the example: 


filx) = (x ~ 1/2)?(x _ 1/4)?, f(x) = (x _ 1/3)4, 
f3(x) = u(x — a)’, fa(x) = x0? — 6)’, fs(x) = a? — ¢)*, 


where 0OSaS1, 0S651, OScS1. They are linearly dependent since 


3. I 
16 64 
4 1 
-— — 1 
27 «81 3o— 
A 4 
a — = (). 
16-27 1 
0 0 4 — 
3 
A 0 O 
0 0 


The following condition is sufficient and necessary. Let f be one of the »-+1 
polynomials and F the sum of the z other polynomials. The polynomials have a 
common root if and only if f and F have a common root; that is, if and only if 
Sylvester’s determinant R(f, F) satisfies R(f, F) =0. 

Proof: If the polynomials have a common root, then this root is a common 
root of f and F. Conversely, assume that f and F have a common root. Then 
this root is a root of f and therefore real and lies in the interval OSx <1. On the 
other hand, F is non-negative in this interval and vanishes there only if all the 
terms of F have acommon root. Hence all the polynomials have a common root. 

Sometimes the computation of the resultant R(f, F) can be simplified by 
using ¢,f,(x) with positive c, instead of f,(x). 


3. Generalization. This result can be generalized as follows. 


THEOREM. Let fi, fo, - + +>, fu be polynomials of arbitrary degree with real or 
complex coefficients. Set 
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(1) Fela) = ge(x) + th, (x) (x = 1,2,---, k), 
where g(x) and h,(x) have real coeffictents. Moreover, set 
F(x) = g(x) — th,(x) (x = 1,2,--+-, ). 
Assume that one of these polynomials, say fi, has only real roots. Set 
k _ ky ; 
(2) F(x) = Do fe(m)fi(w) = Do ge(x) + h(x). 
x=2 x=32 


A necessary and sufficient condition that the polynomials (1) have a common root 
is that fi and F have a common root. 


Proof. If the polynomials (1) have a common root &, then & is a root of F(x) 
by (2). Conversely, if f; and F have a common root &, then & is real since it is a 
root of f;; But F is non-negative for real values of x and vanishes only if all the 
polynomials g,(x) and h,(x) have a common root. Hence 


gx(&) = hy(&) = 0 (x = 2, 3, se" ’ k). 


It follows that £ is a common root of the polynomials (1). 


ON A DETERMINANT OF SYLVESTER* 
F, A. Lewis, University of Alabama 


1. Introduction. Let ¢=e?"/". Then the element in the rth row and cth col- 
umn of the determinant V of order 2 which is the subject of this note is defined 
by v,,=€"-D-D, The first known application of this interesting determinant is 
due to Sylvester [1], who gave a formula for the value of V. In this note we 
show that V is reducible and obtain the values of the two component determi- 
nants; their elements contain only cosines and sines, respectively. 


2. Discussion. Consider the transformation 


n 


(1) 0; = Do VCD yyy, i ae 


k=1 


of determinant V. This may be written as 


n 

(2) op = Dy A-ACD yes, j=1,---,4n, 
Teor 

where it is assumed that is added to any subscript not in the range 1, ---, 7m. 


The coefficients of x; in (1) and (2) are the same conjugate complex numbers as 
the coefficients of x3, in (2) and (1). For an odd ”>1, we obtain, from (1) and 


(2), 


* Presented to the Southeastern Section of the Association, March 19, 1949. 
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(n+1) /2 


= (e + %_;) = a+ 2 2 cos (j — 1)(k — y= = (ah + 29-1) 


“nti 
J ’ >? 
(3) 1 (n+1) /2 
7 (%; — x27) = 2 21 sin (j — 1)(k — 1) = —-— ac — %2-k), 
n+ 1 
7 , 
j 2 


Introducing new variables by means of the non-singular transformation, 


1 n+ 1 
i= > (ta + 2-4): HN 
(4) 
1 n+ 1 
Yona /44 = > (x; — 2-4), Gu2yeee, 
of determinant T, we obtain 
(n-+1) /2 n+1 
yim at Dy 20s j= 1) — 1) yh, g=Hi,-e-, ; ) 
(5) (n+1) /2 n+1 
Yin—1) /24+7 = 2 21 sin (j — 1)(k — = — ns baat) /aeh; Guerre, > 


The determinant of the transformation (5) is given by TVT—. 

The elements of V? are defined by nd3_., where 65;_,=1, if r=2—c (mod 2) 
and 63-.=0, if r“2—c (mod 2). The only non-zero elements of TV27— are in 
the diagonal. The first (7+1)/2 of these are » and the last (n—1)/2 are —n. 

Let A and B represent the determinants of (5) considered as two transforma- 
tions in the order in which they are written. Then 


A? = y(otn/2, B? = (—n)-v/2, 


If in A we add the elements of the remaining columns to the elements of the 
first column, the first element in the new first column is ” and the remaining 
elements are zero. Hence Aj=n“-®/2, where A, represents the minor of the 
element in the upper left-hand corner of A. 
If we make the necessary adjustments for an even n>2, it may be shown 
that the minor corresponding to A; is defined by 
2a n 
Gre = 2cosrco—) r=1,-+:,—>) 
n 2 


(6) 


Grenjay = (—1)", a | 
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If square roots are extracted, a result due to J. S. Frame [2] may be used to 
select the proper sign. 


3. Results. We have thus established the following theorems. 
THEOREM 1. Jf n=4k+1, then we have the following values of determinants: 


21 
2 cos ro = (—1)Fy(r-3/4, 
n 
. da n—1 
2isinre—| = n(r-d/4, r,c = 1, _—— 
n 2 
If n=4k+3, then 
27 
2 COS roe = (—1) Fly (-5)/4 
n 
a 2a . n—1 
27sin rc—j} = in dls r,c = 1, —— 
n 2 


THEOREM 2. If n=A4k, the determinant defined by (6) equals (—1)*n@—-2/; 
also 


e e T 
22 sin rc — 
n 


n 
= in (r—2) 14 r,Cc= 1, cee > — 1, 


If n=4k+2, the determinant defined by (6) equals (—1)*1n@-2/4; also 


ar n 
27sin re—| = n(—2)/4 ro=1,---,—— 1. 
n 2 
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1. J. 
2. J. 
ON A PROBLEM OF ERDOS 
Hansraj Gupta, Government College, Hoshiarpur 

1. Introduction. In what follows, »’s denote different primes; p; denotes the 
a-th prime, with p,;=2; all small letters denote integers 20; m; denotes an in- 
teger in the canonical factorization of which exactly ¢ primes appear to the first 
power; and M; denotes the set of all such integers. 


Recently, P. Erdés stated and J. Lampek! proved that for every k, the equa- 
tion: 


(1) o(x) = Rl, 
is solvable, @ being Euler’s totient function. 


1 This MontTHLy, 55, 1948, 103. 
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The object of this note is to obtain Lampek’s solution by an independent 
method, and to show that the equation has at least one solution in M,. In fact, 
if S;(2) denotes the number of solutions of (1) in M;, then it is shown that for 
every k we have 


(2) Si(k) = 1, 
and that, further, 
Si(k) > © with bk. 


These results were conjectured by V. L. Klee,? but he did not prove them. Klee 
was, however, able to prove that 


2. Lampek’s solution. To get Lampek’s solution, we divide integers from 1 
to k into two classes A and B. We place r(Sk—1) in class A if it is either a 
prime or one less than a prime, and in class B otherwise. The integer & itself is 
placed in class A if and only if it is an odd prime. A number of the form (p—1) 
thus appears in class B first and then shifts (for k2 p) to class A. 

For a given k, let B, denote the product of integers in class B. We can then 
write 

| 
B, = Il Dis a; = 0, 
ix] 

where 9; is the greatest prime Sk. 

One solution of (1) is then readily seen to be given by 


ayt+1 a@gt2 az+2 aj+2 
K= pi po ps ++: Pj 
 RYU2-3-5-7. 2 pi) k! (Rt)? 
~42-4-6++-(pj-1) 1\ o(k!) 
(6; — 1) 11(:-+) o(k) 
1 4 


This is Lampek’s solution. 
If a,21, this value of x is in Mo. If a,=0, as is the case when k=3, 5 or 7, 


then 
(k!)? 
xX — 
2(k!) 


is another solution of (1); this is in Mo. 
It is thus shown that for every k, the equation has a solution in M4; this can 


further be shown to be unique. 


3. Klee’s Conjectures. For values of kS8, Klee’s conjecture (2) can easily be 


2 This MONTHLY, 56, 1949, 21. 
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verified. We may therefore take k 29 in establishing (2). 
Lemma. If for some p>k ve have 

(4) (p — 1)| Br, 

then (1) has a solution in M,. 


Let 


B 1 2 3 J 
rome LaLa aL B20, 


where p; is the greatest prime Sk; then the required solution is given by 


Ay+1 Bot2 B3t+2 f4t+2 8;+2 . 
x=, po pbs pa +++ ps «Pp, if Br 21, 


and by 


Bot2 Bst2 Bat? Bj+2 


“= po ps Pa -- p7 «pf, Wo Bi = 0. 
As interesting examples of (4), we may give the following: 
72| Bo, 1008| Bu, 15120| By, and 17136| Bes, 


and it follows that Klee’s conjecture holds for values of k 317136. 
To prove Klee’s conjecture, we now give the following result. 


THEOREM.® If k2=32, and p 1s any prime>k and S2k-+-1, then the equation 
(1) has a solution of the form x= pmo. 


Proof. First suppose (p—1)/2 is not a prime, and let 


p-1= 9 na tart rrr Dey 7; = 0, 
where #; is the greatest prime $k/3. 
Evidently then 
71 S&S 1-+ loge k. 


Since 2"+1 cannot be a prime except when x =2', s=0, it follows that 23, 28, 28, 
27,29, ---+,areall members of class B. For k 232, the greatest power of 2 which 
divides B, is 


234+5+64+74+9+4+---+ log &, 


where h=k/2 or k according as loge F is or is not of the form 2°, s>0. This is 
greater than 1++-loge k. Hence? 


2%|B, when k = 32. 


3 This holds for k=14, as can be easily verified. 


1950] CLASSROOM NOTES 329 


Again, for y;>1 and 2S7 Si, pf* belongs to class B. Hence pi'| B,, provided 
y:>1. 

If y;=1 for any value of z, then since 3p; is a member of class B, p; still di- 
vides By. 

Hence (p—1)| B;, and the theorem follows. 

Now, suppose that (p—1)/2 is a prime, say p:, and that! ,)B,. Then 
k=pbi>k/3. Evidently 


(p — 1)| pr(pr — 1) By. 
Let 


iPr — 1) By = 27-37-59 - + py es pF, c; = 0, 


where p; is as before the greatest prime2 k. 
Since p; is not a factor of By, we have c,=1, and we therefore get the solu- 
tion: 


Cot2 _c¢3+2 cl_4+2 cl 43+2 Cj+2 


tee bey Pr tt pp op. 
The theorem is thus completely proved. 

Klee’s second conjecture follows as a corollary, since the number of primes 
between & and 2k goes to infinity with k (as follows easily from the prime num- 
ber theorem). 


4 = 27.3 5 
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EpITED By C. B. ALLENDOERFER, Haverford College and Massachusetts 
Institute of Technology 


All material for this department should be sent to C. B. Allendoerfer, Haverford 
College, Haverford, Pennsylvania. 


ARTIFICIAL MATHEMATICS 
F. H. MILLER, Cooper Union 


We teachers of college mathematics take pride in the fact that our subject 
matter is based on logic, that our derivations and proofs are obtainable by “rea- 
sonable” means and are the “natural” consequences of our hypotheses. Yet at 
times I wonder just how reasonable and natural some of our teaching methods 
are. 


‘If p,| By, then (p—1)| By, provided k=8. 
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How often are “proofs” merely verifications of unmotivated, dogmatic state- 
ments? Any experienced teacher who has examined a number of textbooks has, 
I think, found instances galore. Here I shall cite just three examples of what is 
unfortunately only too common and which is unfair to the student, unjustified, 
and unnecessary. 

EXAMPLE 1. Consider the linear differential equation of first order, 


dy 
(1) an + P(x)y = Q(x). 
xX 


Frequently the method of solving this equation is given in the following form: 
The function 


(2) es Pax 


is “seen” to be an integrating factor, for, when we multiply both members of 
(1) by function (2), we get an exact equation, as may be easily verified. 

This does produce the result—but where on earth did the function (2) come 
from? Will not most students ask themselves, if not their instructor, how they 
can be expected to do mathematical thinking if it requires this sort of genius, or 
at least a crystal ball? 

EXAMPLE 2. Consider the linear differential equation of order » with con- 
stant coefficients, 


(3) d(D)y = (aoD* + aD! +--+ + an)y = 0. 
Here a common procedure is to “take” y =e”*, so that we get 
(4) o(D)e™* = o(m)e, 


which reduces to zero provided that m is a root of the equation ¢(m) =0, and 
therefore we get a solution. But again the student may well ask: how did we hit 
upon e”* as a function that turns out to do the job so effectively? 

EXAMPLE 3. In order to prove the law of the mean for derivatives, the argu- 
ment sometimes is made to begin, disconcertingly, with: Consider the function 


(5) g(x) = (a — b)f(x) + [f(b) — f(a) |x + df(a) — af(d). 


Since g(a) = g(b) =0, and g’(x) must vanish for some value of x between a and B, 
we get the desired resuit; but, once more, where did function (5) come from? 

These examples, and others of the same ilk, provide illustrations of how ar- 
tificial mathematical techniques can become. With a little thought and care, 
however, each proof and derivation can be well motivated, natural, and there- 
fore more acceptable to the student. Moreover, naturalness can then produce 
the desired confidence in the student, so that he will be more ready to attack 
new problems and situations himself. 
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A COLOSSAL PRIMITIVE PYTHAGOREAN TRIANGLE 
H. S. UHLER, Yale University 


In Scripta Mathematica, vol. XV, 1949, pp. 247-251 may be found the 
author’s table of non-consecutive positive integral values of 2”, the highest 
value of z being 4001. A few of these data enabled him to calculate with great 
care the lengths of the sides of an enormous primitive right triangle. The num- 
bers of digits in a, b, and c are respectively 1205, 1204, and 1205. The expressions 
used were a@=247+2?"+1, b= 247—24n-2—227_ 1 and c= 247-4+247-24 224-4, 
n=1,2,3,---+.(The questioning reader may substitute u = 2?" and y=22"-1+1 
in equations (8-5) on page 168 of Professor O. Ore’s elegant book entitled Num- 
ber Theory and its History.) Putting 2 =1000 we obtain the purely numerical 
expressions @ =4 - 23998}. 22001, = 3 . 28998 — 220001, and c= 5 - 239984 220001, The 
procedure by which the author intentionally adjusted the data so as to cause the 
first 600-odd figures of a, b, and ¢ to be the same exact multiple of the correspond- 
ing elements of the historical triangle 4, 3, 5 should be read clearly from the 
transformed values 


q = 23998(4 + 2-197) = 23998[4 + (0.696784785 - - - )10-81], 
b = 23998(3 — 2-1998 _ 23998) — 23998 [3 — (0.348392392 - - - )10-801 — 2-3998] 
¢ == 23998(5 4 J-1998 42-3908) — 23998/5 + (0, 348392392 - - - )10-801 + 2-3998] 


This work is not altogether as fantastic as it may seem to be at first blush. 
Students just practicing with involution may square the unexpanded numerical 
values of a, 6, c and test their results by the condition a?+)?=c?. More pro- 
ficient pupils may apply their skill to the above functions of . Obviously many 
other practice primitive triangles may be found by letting »=2,3,4..-.-. Later 
when the student is being introduced to congruences, moduli, residues, etc., he 
or she may show that the immense constants given below lead to a=37084 (ms), 
b=19983 (ms), c=81659 (ms), a?=9304 (ms), b?=16296 (ms), a?+b?=25600 
(ms), and c?=25600 (ms), where ms denotes mod. 10°+-1. Then other moduli such 
as 107+1 and 10?9+1 may be tried. The latter is easily applied with a reliable 
calculating machine and it lends confidence in the present work by giving 


a= 515719865 6233667385 4495330061 (229) 
= 3686259740 4224446729 4228735908 (mo) 
c= 424331736 7521601946 0133505593 (so) 
a? = 529973252 6166485746 8892932125 (mn) 
b? = 648590322 1905618795 2838387251 (mo) 


c? = a? +52 = 178563574 8072104542 1731319375 (mz9). 


Finally the functioning of an electronic calculating machine may be verified by 
actually squaring the 1204 and 1205-digit numbers tabulated on page 332. 


332 


0409343094 
4175692811 
8176942405 
7719939300 
6089461110 
4908238500 
1197650061 
4352170538 
0072431686 
8745672177 
8800234260 
1791250003 
0542848312 
1904776640 
5614727146 
4567759251 
3799705399 
2178578874 
8328964656 
2629192527 


5307007320 
8131769608 
1132706804 
0789954475 
9567095832 
3681178875 
0898237545 
8264127903 
5054323764 
6559254133 
3773437509 
1779021849 
5109734076 
5222581358 
7552196087 
6392215215 
0184133286 
2137474054 
7244674562 
2577297330 


5511678867 
0219616014 
5221178007 
4649924125 
2611826387 
6135298125 
1497062576 
0440213172 
5090539608 
0932090221 
1304249914 
4500413112 
7500119095 
2657370128 
5023099369 
5489536530 
9150244292 
1025347532 
3009976462 
1649732420 


3100103889 
2834455107 
8128173106 
3658655292 
3857875407 
0782681167 
2594485839 
0373270324 
6256888660 
3369482423 
7773169142 
9324450202 
1124562345 
9658550797 
4790864241 
1693734052 
8732549654 
6307774977 
9380080473 
9641335050 


7325077917 
4625841330 
3596129829 
2743991469 
7893406555 
0587010875 
9445864379 
5279952743 
9692666495 
0027111817 
9466771036 
4684079805 
4460136111 
9386681350 
2344008640 
6524185913 
8547379181 
9190867936 
2877414666 
3437142405 


8875129862 
10430688384 
2660216382 
4573319115 
9822344259 
0978351459 
5743107299 
5466587905 
2821110825 
6711853029 
5898597935 
8270008044 
5575731543 
1358849448 
5239096577 
3269498790 
0114467232 
6560740743 
9230513178 
5775353483 
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t= 


7942365913 
9752123172 
2452512184 
4249514488 
7913265440 
2468900210 
7761874669 
0283400815 
3065832486 
6675323341 
5276429749 
0158585930 
8850343351 
9096195582 
1262007050 
7736385060 
4541159162 
0114507233 
2217857144 
2194424741 


6318401916 
1220331409 
0385446744 
8321833894 
9185831255 
6891044880 
3012787452 
9261693483 
8306061250 
7556818392 
2719440301 
4304919378 
5183070273 
3614866289 
8297458635 
5142174692 
4129752556 
6119847609 
6992977330 
0970572936 


3456774435 2238801437 
9814092379 0915248557 
6839384138 0289085058 
3187135866 6241375420 
8434949080 6889373441 
4351675158 0168283660 
8321406001 9759590589 
0212550611 9446270112 
2299374365 1229545937 
7506492506 3167613794 
0657027891 4579524431 
0954067868 6963014737 
1298715850 3423824455 
9163431074 8170763126 
2449482926 5482953394 
1796340083 3658779546 
7702639968 6400231487 
9457028201 6242333409 
0712328899 2094344789 
4643761448 8957480565 


C= 
2427957392 0398002395 
9690153965 1525414261 
8065640230 0481808430 
5311893111 0402292367 
7391581801 1482289069 
0586125263 3613806101 
7202343336 6265984315 
0354251019 9077116854 
3832290608 5382576562 
5844154177 1946022990 
6615360534 2923266900 
6699309465 5621744345 
3859504191 4200750891 
8775015110 7794350907 
0479295396 5927738945 
1266912098 4309007482 
6254511311 1143940937 
7765822707 8641278133 
2201683055 2850988737 
4541796662 2150946688 


1093272769 
4075648071 
4438688895 
1583237562 
8605043164 
8948534719 
3350479658 
6479947271 
1764335646 
2195469382 
2786312910 
1774876967 
3949122803 
5884470059 
8000281716 
5088960985 
5023893091 
9196512050 
4159099451 
3002894540 


0819954576 
0556736053 
3329016671 
6187428171 
8953782373 
6711401039 
2512859744 
7359960453 
6323251735 
1646602036 
7037517303 
5182041750 
3175514032 
0316261557 
0587827246 
8583026613 
2118170969 
4258644591 
0922719730 
8811624692 


1366590961 
7594560089 
5548361119 
6979046952 
8256303955 
1185668399 
4188099573 
5599934089 
7205419558 
2744336727 
0451560710 
0529126624 
9064606662 
2897332982 
0752921721 
1220984756 
5290017055 
5912396395 
7880911399 
5689290448 


13182 
0928034502 
6823038446 
6328970642 
0009284922 
7284603636 
2152708820 
6994514054 
6094576894 
9732407252 
0456072249 
8110276523 
1953220419 
8974497727 
3540289002 
8946915944 
2079084482 
9749021654 
4342804980 
1618533227 
9209008128 


9886 
8196025876 
7617278835 
7246727982 
5006963691 
5463452727 
4114531615 
0245885540 
7070932670 
2299305439 
5342053900 
0963296708 
7099221952 
9229151347 
6862651650 
6155261126 
7986806570 
8766448686 
9282923637 
3577627632 
9034182655 


16477 
3660043128 
6028798058 
5411213303 
5011606153 
9105754545 
0190886025 
3743142568 
5118221117 
7165509066 
5570090140 
5066199243 
1822109506 
8717088990 
0949822192 
4850689431 
4455351527 
5059086535 
5043998167 
1441403161 
4787716097 


[May, 


1950] CLASSROOM NOTES 333 


PROBLEMS ON NATURAL NUMBERS 


J. B. Rosser, Cornell University 


In a recent issue of this journal (see On the System of Natural Numbers, M. O. 
Gonzalez and J. D. Mancill, this MonTHLy, vol. 57 (1950), pp. 104-111. All 
references will be to this paper unless stated otherwise) there appeared a treat- 
ment of natural numbers intended to stimulate logical thinking on the part of 
students of college algebra. As further stimulation, I have compiled a set of home 
work problems for the students based on this treatment. Answers are given after 
the problems. 

1. Prove that there is a set with a negative number of elements. 

2. How would one prove the existence of a set with exactly one element? 

3. Prove that if B precedes A, then JA is the immediate predecessor of B. 

4. Prove that }X1 is defined by the first sentence of Section 11 and does not 
need further definition. 

5. What step was omitted in the proof of the Principle of Complete Induc- 
tion? 

6. State why the proof of the theorem at the top of p. 108 is incorrect, and 
give a correct proof. 

7. Prove that Postulate 3 is not the Axiom of Zermelo. 

8. Prove that the conditions of Postulate 4 do not characterize “linear order.” 


SOLUTIONS 


1. Start with a set containing a single element. By Postulate 2 we can re- 
move an element and get a set with no elements. By Postulate 2 again, we can 
remove another element and get a set with one less than no elements. 

2. One wouldn’t. All postulates concerning construction of sets start from 
given sets, but no postulate gives a set to start with. We cannot use Definition 
1 since it gives us no authority to construct a set, but merely tells how to decide 
which sets are determined or defined. Indeed all postulates and definitions are 
consistent with the supposition that there are no sets at all, and so cannot pos- 
sibly prove the existence of a set. 

3. If B precedes A, then by Postulate 4 there does not exist an element C 
such that A precedes C and C precedes B. So by Definition 5, A is the immediate 
predecessor of B. 

4. In the definition of sum at the bottom of p. 111, there is no stipulation as 
to the number of sets 4, B, C,---, N. By taking this number to be unity, we 
have a definition of sum for the case of a single summand. Hence }X1 is de- 
fined. 

5. By (2) of Definition 8, either K is the first element or K has an immedi- 
ate predecessor. Treatment of the case where K is the first element was omitted. 

6. The Principle of Complete Induction provides for proofs of properties of 
elements of sets, and the theorem in question states a property of the entire set. 
Prove by induction on H the Lemma; 
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That portion of the set 
X =A,B,C,-++,H,I,-++,L 


consisting of H and all preceding elements can be made empty by removing its 
elements one at a time. 

This Lemma states a property of the element H, and so can be proved by the 
Principle of Complete Induction, using essentially the reasoning given at the top 
of p. 108. 

7. The Axiom of Zermelo (see Untersuchungen iiber die Grundlagen der Men- 
genlenre I, E. Zermelo, Math. Annalen, vol. 65 (1908), pp. 261-281) states that 
if one has given an infinite number of non-empty, non-overlapping sets, one can 
choose a unique element from each. The discrepancy with Postulate 3 is appar- 
ent. 

8. The conditions of Postulate 4 characterize “partial order” (see p. 1 of 
Lattice Theory by G. Birkhoff, Revised Edition, Am. Math. Soc., 1948). For 
“linear order,” an additional condition, “If A and B are distinct then either A 
precedes B or B precedes A,” is needed (see p. 10 of Lattice Theory). 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY HowarpD EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 916. Proposed by H. D. Larsen, Albion College 


As a variation of the popular game of Twenty Questions, suppose I think of a 
number which you are to determine by asking me not more than twenty ques- 
tions, each of which can be answered by only “yes” or “no.” What is the largest 
number that I should be permitted to choose that you may determine it in 
twenty questions? 


E 917. Proposed by Lawrence Ringenberg, Eastern Illinois State College 


Find all solutions of the equation 1/x?+1/y?=1/2?, where x, y, 2 are rela” 
tively prime positive integers. 
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FE 918. Proposed by N. A. Court, University of Oklahoma 


Two spheres are orthogonal if they cut a given line in pairs of harmonic 
points and if the two planes determined by that line and the centers of the two 
spheres are perpendicular. 


E 919. Proposed by Leo Moser, University of Manitoba 


Show that the greatest common divisor of a and 0 is given by 


a—-l a—l1 


(a, b) = > > (1/a)e2tio mnla, 


m=(0 n=0 


E 920. Proposed by T. G. Room, University of Sydney, Australia 


If Sand T are any two square matrices of the same order, and the necessary 
matrices are non-singular, then 


(I+ S)MS + TT) + ST) + 8) = (I — S)\T + TS)-(S + T)T - S)-. 


SOLUTIONS 
Minimal n Partitionable into Two Squares in Given Number of Ways 


E 883 [1949, 552]. Proposed by H. T. R. Aude, Colgate University. 


Find the smallest integer » which is the sum of the squares of two non-nega- 
tive integers in exactly (a) three ways, (b) five ways, (c) six ways. 


Soluiton by C. M. Sandwick, Easton High School, Easton, Pa. Let P2(n) denote 
the number of partitions of ” into two non-negative integral squares. Then our 
problem is to find the minimum values of » that satisfy the equations P2(m) =3, 
P2(n)=5, Po(n) =6. If P2(m) >1, then »=2"MOQ?, where 720, M is the product 
of two or more prime factors each of the form 4x-++-1, and Q contains no prime 
factors of this form. The value of P2() is equal to the number of distinct ways 
in which M can be represented as the product of two positive integers. 

If A, B, C are unequal primes of the form 4«%-+1, it is easy to show that 
P2(”) =3 only when M has one of the forms A?B, A‘, A; Po(n) =5 only when M 
has one of the forms A?B?, A4B, A’, A®; and P2(n)=6 only when M has one of 
the forms A?BC, A®B*, A5B, A! A1L If C<AB and B<A?, the first named form 
of M in each category yields the smallest value. These conditions are met when 
A, B, C take the values 5, 13, 17, respectively, the smallest primes of the form 
4x-+-1. Therefore the smallest values of ” for which P.(m) =3, 5, 6, respectively, 
are (a) (5?)(13) =325, (b) (52)(132)=4225, (c) (5%)(13)(17) =5525. In fact we 
have 


325 = 12+ 18? = 62 + 172 = 10? + 152, 
4225 = 0? + 652 = 162 + 63? = 25% + 60? = 332+ 562 = 392 + 522, 
5525 = 72 + 742 = 142 + 732 = 22? 4 712 = 252+ 70? = 412 + 62? = 502+ 552, 
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Also solved by B. H. Brown, W. E. Buker, Roger Lessard, C. S. Ogilvy, and 
the proposer. 


Editorial Note. It may similarly be shown that n= (5)(13)(16) =1105 is the 
minimum x such that P.(m)=4. If we decide to omit zero squares, then 
n= (54)(13) = 8125 is the minimum z such that P2(m) =5. The number of parti- 
tions of an integer into two squares is given in detail in Uspensky and Heaslet, 
Elementary Number Theory, pp. 336-42. 

Concurrent Cevians of a Tetrahedron 

E 885 [1949, 552]. Proposed by Victor Thébault, Tennie, Sarthe, France 

In the tetrahedron ABCD let Ai, Bi, Ci, D, divide a set of concurrent 
cevians 4A’, BB’, CC’, DD’ in the same ratio, and let A1By, A1C;, AiD, pierce 
BCD in As, A3, As Show that triangles 42CD, A;3DB, A,BC have equal areas. 

I. Modtfication by the Proposer. It has been found that the problem as 
originally stated is incorrect and we shall here prove the following modification: 

In the tetrahedron ABCD let Aj, Bi, Ci, D, be points dividing the cevians AA’, 
BB’, CC’, DD’, through a point Q in the same ratio AA,/A\A’= +--+ =k, and 
let the lines AB, Ai1G;, AyD1 prerce BCD in Ao, Az, As. Then triangles A2CD, 
A3DB, AsBC have equal areas when (1) Q ts arbitrary and k=1, (2) k ts arbitrary 
and Q coincides with the centroid of ABCD. 

If we designate the barycentric coordinates of Q by (a, b, c, d), those of 
A,, By, Cy are of the form 


Ax: (a, b, c, d), By: (a, b’, ¢, d), Ci: (a, b,c’, d), 
where 
a = (b+c+4+d)/k, b’ = (c+d+a)/k, c = (d+a+d)/k. 
On A,B; one has the coordinates 
a’ + da, b+ NO’, c(1 + A), d(i +d), 
whence those of Az are 
0, ab — ad’, c(a — a’), d(a — a’), 
and we have 
A:CD = BCD(ab — a’b’)/ [ab — a’b' + (a — a’) (c + d)]. 
Similarly 
A;DB = BCD(ac — a'c')/\ac — a'c’ + (a — a')(b + d)]. 
Consequently, the condition 4g2CD=A3DB is equivalent to 
(ab — a’b’)(b + d) = (ac — a’ )(c4+ ad), 


or 
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a(b —c)\(b+ce+d) =a’ [V(b +d) —c(c+4)], 
or, substituting the values of a’, b’, c’, 
ab — c)(b+c+d) = (b+c+d)(b — c)a/k’, 
or, finally, 
a(b —c)(b+c+d)(1 — k?) = 0. 
This equality leads directly to the two announced cases, and the modified prob- 
lem is established. 


II. Modification by Joseph Langr, Prague, Czechoslovakia. Although the 
original problem is generally not true the following slight modification leads to a 


correct version. 
In the tetrahedron ABCD let Ai, Bi, Ci, D; be points on the cevians AA’, BB’, 
CC’, DD’ through a point Q such thet 


A'A/AA, = BB'/B'By = CC'/C'C, = DD'/D'D; = 4, 
and let AyBy, A1Ci, AiD, pierce BCD in Ao, Az, As. Then triangles A.CD, AsDB, 
ABC have equal areas. 
Let the plane of the lines 44’, BB’ cut the edge CDin B”. Through Ai draw 


the parallel to BB” to cut AB in P and through B, the parallel to 4B” to cut 
BB" in Nand AB, of course, in P. Then 


PA, = BA'/u, NB” = BB" /u. 
From the similar triangles 4,;B,P and A2B,N we have 
A2,N = PA;(B\N/PB,) = (BA'/u)(B'B" /AB’), 
and consequently 
A,B" = A2N + NB" = (BA'/u)(B’B"/AB') + BB" /u, 
and 
A,B" / BB" = (1/u)[1 + (B’B”/AB’)(BA'/BB") |. 


But, by the theorem of Menelaus applied to triangle 44’B’’ and the trans- 
versal BB’, 


(B'B"/AB’)(BA'/BB") = AQ/QA’, 
whence 
A,B" /BB" = (1/u)[1 + AQ/QA’] = 2, 
say. Therefore 
A,CD/BCD = A,B" /BB" = 9. 
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Similarly 
A3;DB/BCD = A,BC/BCD = 2, 


and the modified problem is established. 


Editorial Note. By considering the last equation in the solution to the pro- 
poser’s modified problem, along with the two similar equations gotten by 
cyclically permuting b, c, d, we see that triangles A2CD, AsDB, AsBC have equal 
finite areas in the following three cases: (1) Q arbitrary and k=1, (2) k arbitrary 
and Q on the line determined by A and the centroid of BCD, (3) k arbitrary and 
QO on the plane of BCD 

If in Langr’s modification, we take u=2, we obtain the first case of the pro- 
poser’s modification, and this is the space analogue of the first part of E 879 
(1949, 474]. Space analogues of the other two parts of E 879 may also be estab- 
lished. 

A Circle and Variable Chord 


E 886 [1949, 632]. Proposed by P. L. Chessin and R. Gilman, New York City 


Let M be a fixed point on the radius OR of a circle of center O and set 
OR/OM =k. If AB is a variable chord such that XxAMR= XOMB, then (1) 
AB passes through a fixed point on line OR, (2) AB=k(MB— MA), (3) A, B, 
O, M are concyclic. 


Solution by Roscoe Woods, State University of Iowa. Let MR and the per- 
pendicular to OR at M cut AB in N and C respectively. Then MC bisects angle 
AMB, and (NCAB) is harmonic. Thus N is the pole of line MC, and is therefore 
fixed. This establishes (1). 

It is now obvious that the inverse of AB with respect to the given circle is a 
circle passing through A, B, M, and O. This demonstrates (3). 

If the theorem of Ptolemy be employed with reference to the inscribed quad- 
rilateral ABOM, we have (OM)(AB)+7(MA) =r(MB), where z is the radius of 
the given circle. This relation reduces to (2) when use is made of the given con- 
dition OR/OM =k. 

Also solved by Ragnar Dybvik, P. W. M. John, L. M. Kelly, Roger Lessard, 
C. S. Ogilvy, Nathan Schwid, A. Sisk, M. C. Stapp, and the proposers. 


An Impossible Digit Relation 
E 887 [1949, 632]. Proposed by C. W. Trigg, Los Angeles City College 


Let NV be an n-digit integer and M the kn-digit integer formed by writing NV 
down k times. Show that there is no scale of notation in which N*= M if k>1. 

Solution by N. G. Gunderson, University of Rochester. Let N be written to 
the base 7, so that 0<.N <7", and suppose that N* = M = N2j= r** for some k > 1. 
But this would imply DjZp rt*'=N*-1 <7), which is impossible. 

Also solved by N. D. Lane, Roger Lessard, C. S. Ogilvy, C. M. Sandwick, 
and the proposer. 
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Passing a Cube through a Cube of Same Size 
E 888 [1949, 632]. Proposed by H. D. Grossman, New York City 


Show how to cut a hole in a cube through which another cube of equal size 
can pass. 


I. Solution by C. S. Ogilvy, Columbia University. The projection of a unit 
cube on a plane perpendicular to a main diagonal is a regular hexagon whose 
inscribed circle has diameter 4/2. Hence any unit square hole (prism) whose 
axis is this main diagonal has its cross section circumscribed by the circle. There- 
fore such a hole is completely surrounded by material of the cube, provided only 
that it is not oriented with a diagonal of its cross section coinciding with a line 
joining the midpoints of two opposite edges of the cube. 


IT. Solution by F. Bagemthl, University of Rochester. Let the vertices of the 
given cube have rectangular coordinates (0, 0, 0), (1, 0, 0), (1, 1, 0), (0, 1, 0), 
(0, 0, 1), (1, 0, 1), (1, 1, 1), (0, 1, 1). The points A (0, .9, 1), B (.9, 0, 1),C 
(1, .1, 0), D (.1, 1, 0) are on the cube, and are the vertices of a rectangle with 
AB=CD=vV1.62>1, AD=BC=v/1.02>1, so that a square, s, can be drawn 
wholly interior to the rectangle ABCD, each side of the square having a length 
greater than unity. Through the given cube cut a hole with a square cross sec- 
tion, perpendicular to ABCD, and intersecting the latter in s. A unit cube can 
pass through this hole if four faces of the cube are parallel, respectively, to the 
four faces of the hole. 

Also solved by R. V. Andree, Sholom Arzt, Sidney Kravitz, Mary Ann Lee, 
Roger Lessard, W. R. Ransom, L. A. Ringenberg, C. M. Sandwick, O. D. Smith, 
G. W. Walker, and D. G. Williams. 


B 


+ 


Williams furnished diagrams, based upon the symmetrical orientation in 
solution I, showing how to mark the intersections of an appropriate hole with 
the faces of the given cube. The essential information of his diagrams is contained 
in the accompanying figure, representing three faces of a trihedral angle of the 


340 ELEMENTARY PROBLEMS AND SOLUTIONS [May, 


cube. By symmetry considerations the other three faces may be similarly 
marked. If e is the edge of the cube, then 


AW = ev/3/2, MW = WN = ¢/2, 
AR = ev/6/4, BS = BT = e(4 — v6)/2. 


Comparison of Some Solid Angles 


E 889 [1949, 632]. Proposed by Michael Golomb, Purdue University 


Let k be a circle with its interior, FF, one of its diameters, P a point on the 
axis of the circle, FP, PF. a circular arc, and AiPA: a semiellipse with foci at 
F,, F.. Show that the solid angles subtended by k at the points of arc Fi PF, are 
no smaller, and at the points of arc A,PA:; are no greater, than the solid angle 
subtended by k at P. 


Solution by the Proposer. If Q is any point in the plane F\PF, and w is the 
bisector of <FiOFs, then a plane perpendicular to w cuts the cone Q(k) in an 
ellipse whose center is on w, whose minor axis is in the plane F;PF:, and whose 
major axis is parallel to the plane of k. 

Now let Q; bea point on arc F\P Fe, w, the bisector of <FiQ,F2, and O, the 
point on w, such that Q;0,=PO. Then, since (/PF.= XFiQ0,Fo, the elliptic 
cross section of the cone Q\(k) with center at O, and perpendicular to w, has a 
minor axis equal to the diameter of k. Hence the solid angle subtended by k at 
Q, is no smaller than that at P. 

Next, let Q2 be a point on arc A;PAo, we the bisector of < FiQ2F2, and O2 the 
point of intersection of we with Fi F2. The major axis of the elliptic cross section 
of the cone Q.(k) with center O, and perpendicular to w, lies in the plane of R, 
and therefore is the chord 14,0,M2 of k which is perpendicular to F\ Ff». Since we 
is the bisector of < F,Q2/2, we is normal to the semiellipse A,PAo>. It is a general 
property of an ellipse that the ratio of the length of the normal Q.0, to that of 
the chord MM, in the circle through the foci is independent of the position of 
Q, on the ellipse. Therefore Q.02/14,M,=PO/F,F>. Hence an elliptic cross sec- 
tion of the cone Q.(k) perpendicular to we and at a distance from Q, equal to PO 
has a major axis equal to (14,M_2)(PO)/(Q202) = Fifs, 4.e., equal to the diameter 
of the circle k. Consequently, the solid angle subtended by k at Q, is no greater 
than that at P. 


Editorial Note. Let 2 be the locus, on the same side of k as P, of a point Q 
such that the solid angle subtended by k at Q is equal to that subtended by & at 
P. The above solution establishes, in an elementary fashion, that the surface of 
revolution Z lies between the spherical cap obtained by rotating arc Fi PF, about 
PO, and the oblate hemispheroid obtained by rotating arc A4;,PA, about PO. 
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A Composition of a Set of Integers 
E 890 [1949, 632]. Proposed by Leo Moser, University of Manitoba 


Let a,---,a, bem integers with a,=1 and a;Saj4:S52a;, i=1, ---,n—1. 
Show that there exists a sequence {e;} of plus and minus ones such that 
Lim €;a; =0 or 1. 


Solution by S. H. Gould, Purdue University. If f(k) denotes the smallest non- 
negative integer representable in the form Zjin-z €a:, then f(0)=a,, and if we 
assume f(k) San_x, then 


fk+1)s | f(®) —_ On—K—1 | S On—4-1, 


so that f(zn—1)Sa, 

Also solved by A. L. Epstein, Paul Erdés, N. J. Fine, A. W. Fuller, N. G. 
Gunderson, Roger Lessard, D. J. Newman, A. Rosenthal, and the proposer. 

Newman showed that, under the given hypothesis, one can find a sequence 
{¢;} of plus and minus ones such that 27, ¢;a;= or R+1, where k is any integer 
such that |k| <2a,. 

Erdés established the following more general theorem. “Let0<ai< +--+ <@n, 
be a sequence of real numbers such that aj4152a;,4=1, -- + ,—1. Then every 
closed interval (u, v) of length 2a; satisfying 


— 2a; — >a Su<vs2n4+ Dia; 
t=1 s=1 
contains a number of the form 27_, eax, & = £1.” 

The proposer said that the problem was suggested by the following state- 
ment in Dickson, History of the Theory of Numbers, vol. 1, p. 436. “H. F. 
Scherk stated (1833) the empirical theorem: Every prime of odd rank can be 
composed by the addition and subtraction of all smaller primes, each taken 
once, thus 13=1+2—3—5+7+11.” This now follows easily from Bertrand’s 
postulate (the existence of a prime between » and 2n) and the result of the 
problem. 
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PROBLEMS FOR SOLUTION 
4395. Proposed by David Gale, Princeton University 


Let S be a set of vectors (points) in m-space with the property that every 
vector in #-space can be expressed as a linear combination of vectors from S 
with non-negative coefficients. Show that one can find a subset R of S containing 
not more than 2m elements such that R has this same property. 


4396. Proposed by D. H. Browne, Buffalo, New York 
With the notation 


P(s, ) = T[ (1 + mi), 
let 


S(n, t) = P(n, ps k't*/P(k, t). 
=0 
Show that for x21 
S(n, t) = P(n — 1, t) (mod n + 1), 
and that for »>2,tSn, 
S(n, t) = 0 (mod ¢+ 1). 
4397. Proposed by Albert Wilansky, Lehigh University 


Suppose f’’(0) exists, is finite, and is different from 0. Assume also f(0) =0. 
For sufficiently small :>0 we may write 


f(—h) ay, f(h) _ fl 
— = f'(§), a = f'(§), 
with —h<&<0<¢<h. Prove that 
lim 2 = 
h-0 h 
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4398. Proposed by Lucien Droussent, Clermont Ferrand, France 


The Lemoine point of a rectangular hyperbola for an inscribed triangle T 
lies on the orthic axis of T, and the polar of this point with respect to the hyper- 
bola is tangent to the conic which touches the sides of T at the feet of its alti- 
tudes and has the symmedian point of T for center. (The tangents to a conic 
at the vertices of an inscribed triangle T form a triangle which is perspective 
to J. The center of perspectivity is called the Lemoine point of the conic for the 
triangle 7.) 


4399. Proposed by Ky Fan, University of Notre Dame 


Let { f(n)} and { g(n) } be two sequences of natural numbers defined by the 
following three conditions: 
(1) f(1) =1. 
(2) g(n) =na—1—f(n), a being an integer >4. 
(3) f(m-+1) is the least natural number distinct from the 2” numbers f(1), 


Prove that there exist constants a and 6 such that 
f(m) = [on], —g() = [6r]. 
The brackets denote, as usual, the greatest integer function. 


SOLUTIONS 
Morris’ Lottery 
4312 [1948, 505]. Proposed by R. C. Lyness, Staffordshire, England 


In order to help our school savings campaign, Morris organized a lottery. 
Certain members of the savings group were each issued a book containing a 
gross of tickets. The tickets were sold for a penny each and the prize for the 
winning ticket was a number of six-penny stamps. When I asked Morris how 
many stamps the winner got, he said I could work it out for myself. All he need 
tell me was that before the winning ticket was drawn all the ticket sellers had 
assembled around a circular table and each had handed in his takings and his 
unsold tickets; that (a) no two had sold the same number: that (b) the number 
of unsold tickets returned by each seller was in every case equal to the product 
of the values in shillings of the tickets sold by his two neighbors at the table; 
and that (c) when the ticket sellers were rewarded with a penny each for their 
trouble the sum left over exactly bought the winner’s stamps. 

How many sellers were there and how many tickets did each sell? 


Solution by N. J. Fine, University of Pennsylvania. Let Ai, Ao, -- +, be the 
amounts, in pence, sold by the z sellers. Extend the sequence indefinitely, so 
that An+.,=A,x. By condition (a), A;= A, implies 7=k (mod z). It is easily seen 
that ~+1, 2, and that 


(1) 0< A, < 144. 
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Condition (b) may be written 
(2) 144 — Ay = ApsAnas/144. 


Given A, A2, we compute A3, Au, As, Ae, from (2), and find that A4s=.A;. Hence 
n=5. 

Now no A; is prime to 144, for then Az4. is divisible by 144, which contra- 
dicts (1). Furthermore, since >.3., 4,=5 (mod 6) by (c), at least one of the 
Ax, say Ai, is odd and therefore divisible by 3. Applying (2) for R=2, 5, it is 
clear that both A; and A, are divisible by 16. Similarly, if A, were odd 16 would 
divide A;, hence also 


(3) 144 — A; = A,A,/144; 


hence also A./16, since A; is odd, so that As2= 256 contradicting (1). Therefore 
A, and A; (by similar argument) are both even. Using (3) again, A./16 is even, 
and so is A3;/16. Thus we have 


Ay = 3B, As = 2Bo, Ag = 32Bz, A, = 32B,, As = 2Bs, 
with the additional conditions that B, is odd and that 
(4) 1S Bs 8 4, 1s B, S84, Bs ¥~ Bu. 


From (4), neither A3 nor A, is divisible by 9; so from (2), with k=3, 4, we find 
that both A, and A; are divisible by 3, hence by 6. Therefore > 3_, 4,=3Bi+ 
2B3;+2B,=5 (mod 6), 
(5) B; + By = 1 (mod 3). 
Also 

144 — A, = Ai(Ap/144) < Ag, 

32(Bs + Bs) = As + Aq > 144, 
Bs + Bs > 9/2, 
Bz + Ba 2 5. 


(6) 


The only combination of values satisfying (4), (5), (6) is 3 and 4. We may 
therefore take A3=96, A,s=128, and from these by (2) obtain the complete 
solution 


Ay = 135, Ag = 54, As = 96, Ag = 128, As = 24, 


(Interchanging the values of As and A, gives the same set in reverse order.) 

Also solved by the Proposer, whose major interest is in the illustration of the 
o-cycle. He remarks that the recurrences, Unsiun,=1, Unsolln = Unsitl,Uniglla 
=UnietUuniiti give respectively a 2-cycle, 5-cycle, and 8-cycle. The recurrence 
of the present problem is obtained by putting u,= —A,/144. 
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Subset of a Group 
4317 [1948, 586]. Proposed by Leo Moser, University of Manitoba 


Let G be an Abelian group and 4 a subset of order , such that aC A implies 
a1©G—A. Consider the n? (not necessarily distinct) elements of G of the form 
a;a;, a; and a; elements of A. Show that of these nm? elements at most (2) are 
elements of A. 


Solution by Robert Steinberg, University of California, Los Angeles. For each 
a,;a;=a, in A there is an a,a7!=a; in A, whence the number of elements a,a; 
in A is the same as the number of elements a,aj! in A. Consider the n? ele- 
ments a,a71. From the conditions on A, we see that a,az!1=TJ is not in A and 
that ajaz! = (a,az1)—! is not in A if aaj! is in A. Thus at most 3(”?—n) =() 
elements a,a7! are in A, and hence at most (g) elements aa; are in A. 

Also solved by Olga Taussky and John Todd, and by the Proposer. 


Editorial Note. That () is the best possible value is easily seen on considera- 
tion of a cyclic group G. The above proof shows also that the hypothesis that 
G be Abelian is not necessary. 


Infinite Series 


4318 [1948, 586]. Proposed by H. F. Sandham, Trinity College, Ireland 
Show that 


1 1 1 
(sinh 7)? —s_ (2 sinh Qn)? + (3 sinh 30)? 


1 1 1 117? 
Solution by the Proposer. Take 
” othe = ep cee, 
x x? g*@ + 1? x* + 2? 


differentiate with respect to x and divide across by —<x to obtain 


r? 2 4 4 


T 

— coth ee —_——_______ —_——____—___. tee 

x8 coth aa x? sinh? rx ra (0? + ipa (x? + 27)? + 
and thence 

© coth rn © o 2 1 
2 = 2¢(4) +4 —_—_—_____— : 

wD n® te 2 Gah on) (n sinh <i 6) + ud (m? + n?)? 

Now 
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and it remains to evaluate 


>> coth rn y= + Dap? 


; n3 ~ GE 
1 1/1 1 
7 pivpe ttt) 
- D425 = =-2yy 
7 n! m? n? aim 
coth mm 


5 (2d <D5 7+ Da-rE 


and hence 


4 


n3 90 36 180. 


The desired result follows immediately upon substitution. 


Exceptions to the Converse of Fermat’s Theorem 


4319 [1948, 586]. Proposed by Paul Erdés, Syracuse University 


If p is a prime greater than 3 and if n=(22?—1)/3, show that 2"—2 is di- 
visible by x. 


Solution by J. E. Wilkins, Jr., American Optical Company, Buffalo, New 
York. In 


n — 1 = 4(27-1 4 1)(22-1 — 1)/3 


the factor 4 is divisible by 2, the factor 2?-1—1 is divisible by » (Fermat’s 
simple theorem, p being prime) and by 3 (since p is odd), hence by 3p when 
p is greater than 3. Therefore n—1 is divisible by 2p. 

By hypothesis 22”—1 is divisible by n. Since 2 is a divisor of n—1 it follows 
that 2”-!—1 is divisible by 1 and we have the desired conclusion. 

Also solved by Daniel Block, R. H. Breusch, A. W. Boldyreff, John Kelly, 
Leo Moser, Alex Rosenberg, N. C. Scholomiti, J. D. Swift, and the Proposer. 


Editorial Note. For all p>3, the Proposer notes that 2 is composite and thus 
we have infinitely many exceptions to the converse of Fermat's theorem. Sier- 
pinski proved (Colloquium Math. 1, 9) that if 2 is composite and divides 2*—2, 
then 2*—1 has the same property. Note also that the original proposal is true 
for p=2, although then x is not composite. 

See also On the Converse of Fermat's Theorem by the Proposer, This MontHLY, 
vol. 56 (1949) pp. 623-624. 
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Series with Irrational Sum 
4321 [1948, 642]. Proposed by Paul Erdés, Syracuse University 


Let 1;}<m2< +--+ <n,< +++ bea sequence of integers such that 


Show that > 72,1/n; is irrational. 


Solution by Robert Steinberg, University of California, Los Angeles. Suppose, 
if possible, that > °211/n;=/q, in which p and q are integers. From the hypoth- 
esis we can choose & such that 


Nk 
—__——— > 3 
Mine °* * Nk—-1d 


and ni41>3n; for 12k. Then 


k—1 00 
> Nine * * * Nk-19 Ny*** Ak—-1d > Nye * NE—-1d 
e Wk—-1 =— ors OTS era TRE OD + re | 


pnine ee 
i=1 Ns i=1 ni i=k Ns 
Now, £71 - + + m-1 and the finite sum on the right are integers, but 
> Nine ** * Nk-19 
i=k Ns 


is, because of our choice of #, term for term less than the series 1/3-+1/9+ - - - 
+1/3!+ ..- whose sum is $. By this contradiction the proposed result is es- 
tablished. 

Also solved by Joshua Barlaz, N. J. Fine, W. Fulks, Stanley Katz and A. M. 
Peiser, J. B. Kelly, R. S. Lehman, Norman Miller, Leo Moser, Alex Rosenberg, 
and Ernest Trost. 


Binomial Coefficients and Greatest Integer Function 


4322 [1948, 642]. Proposed by Pedro A. Piza, San Juan, Puerto Rico. 


If p is a prime, prove that 


(") = [n/p] (mod 9), 


where (7) and [n/p] have their usual meanings. 
Prove also that when [n/p] contains p* as a factor, then (§) is divisible by 


p*. 
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Solution by Joshua Barlaz, Rutgers University. Consider the n consecutive 


numbers, n, n—1,--+, 2—p+1. These are congruent in some order to the 
numbers 1, 2,---, (mod p). Moreover, one of them, say JN, is divisible by 9, 
whence [z/p|=N/p. The remaining set, when we remove N, will be congruent 
to1,2,---,p—1 (mod p) in some order. 


Let II equal the product of this set, that is 


n(n — 1) +++ (wn —- pt) 
N 


Ill = 


Then 
Il = (p — 1)! (mod 9). 
Multiplying by NV/p, we have 
NI (/—1)!N 


(1) va (mod #), 
and dividing by (p—1)! which is relatively prime to », we have 
(2) aT = = (mod p), 

p} p 


where NII/p! is the integer (3). This is the Proposer’s first result. 

If N/p=[n/p] is divisible by p*, then the congruences (1) and (2) become 
true modulo p*+!. That NII/p = (f) is also divisible by p? is a corollary. 

Also solved by R. Bott, D. H. Browne, I. C. Diehm, N. J. Fine, Seymour 
Haber, O. H. Hoke, R. S. Lehman, L. C. Mathewson, Leo Moser, Alex Rosen- 
berg, Azriel Rosenfeld, N. C. Scholomiti, Robert Steinberg, and Ernest Trost. 


Editorial Note. Fine, in his solution, notes that the present results are corol- 
laries of the following theorem of Lucas: If p ts a prime, and 


m= no + mp +--+ + np® (0 Sn, < p), 
m= mo + mp +++ + mp" (0s m, < >), 


(7) = ra) (rn) Gia) 28 


For proof see Fine, Binomial Coefficients Modulo a Prime, this MONTHLY, Dec. 
1947. 


then 
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A Double Limit 
4324 [1948, 642]. Proposed by W. O. Pennell, Exeter, New Hampshire. 


When x20 what is the limit as n—o of 


ns i+ yn 4. xin 

o(n, x) =e >= TTT 
be Eyes 
n n n 


ee OP i 
+ 1 1 1 + 
Gt IG 3) 
n n n 
Solution by Stanley Katz and A. M. Petser, New York City. It is clear that we 
may take x>0. Let 
a) ykyknt+l 
n(x) = xe" b(n, x) = ot ——__—___—_—_ - 
Ex(a) = xe"A(n 8) = 8 De D 
Then 


nk ykn 


tte + ap (bbe FD 


1+ nx"—¢,(x). 


Since g,(0) =0, the solution of this differential equation is 


gn (x) 


Bn( xe = f edu, 
0 


1 x 
d(n, %) = — i) e~*" du. 
XJ 0 


For 0<x3Sil, 
1 x ° 
lim ¢(”, x) = — lim e~“ du = 1. 
n—> 0 xX 0 n—-% 
For x21, 
. 1 1 ; n 1 2 . 1 
lim (0, 2) = — f lim e~“ du + — lim e7“ du = —-» 
n— 00 x 0 no x 1 n—-0 x 


Also solved by Robert Steinberg, N. J. Fine, and the Proposer. 
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Powers of 2 


4327 [1949, 39]. Proposed by R. J. Walker, Cornell University 


In attempting to solve the preceding problem* we tried to show that for 
some positive integer s no power of 2 had its last s digits all powers of 2. Show 
that this attempt had to fail; in particular, show that for each s there exist 
powers of 2 each of whose last s digits is either 1 or 2. 


Solution by E. P. Starke, Ruigers University. The proof proceeds by induc- 
tion. Noting that 25=32 and 29=512, let us suppose that 2* is a number whose 
last s digits are exclusively 1’s and 2’s, so that 


2” = zg (mod 10°), 


where the s-digit number z is composed entirely of 1’s and 2’s. From the prop- 
erties of the Euler ¢-function we have 

2«(s) = 1 (mod 5°), 
where a(s) =¢(5*), and hence 
(1) 2«(8)4 = A (mod 2-10) 
provided A is divisible by 25+}. Thus A and 2*“)4 have the same s final digits, 
and their critical digits are of like parity. (We shall refer to the digit preceding 


the s final digits of any number as its critical digit.) 
Now consider the numbers 


(2) Qntka(s), k = 0, 1, 2, 3, 4. 
These five numbers have distinct critical digits; for, otherwise we would have 
Qntha(s) == Qntk’a(s) (mod 10*+), 5>k>k 20, 
whence 
2(e—-k)a(s) = 1 (mod 5+); 


but this is impossible since (k —k’)a(s) <5(5*) =@(5*t!), whereas the fact that 
2 is a primitive root, mod 5, implies 

2" #1 (mod 5*+1) for r < $(5°*). 
This means that if the critical digit of 2" is odd (or even) then the critical digits 
of the numbers (2) are, in some order, 1, 3, 5, 7, 9, (or 0, 2, 4, 6, 8). Since by (1) 
the five numbers (2) have the same s final digits as 2", one of them has its s+1 
final digits exclusively 1’s and 2’s. This completes the induction. 


* No. 4326 by the same proposer: Prove or disprove: 128 is the only power of 2 of two or more 
digits each of which is a power of 2. (No solution or discussion has been submitted.) 


RECENT PUBLICATIONS 
EDITED BY E. P. VANcE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


The Mathematical Analysis of Logic. By George Boole, Macmillan, Barclay, and 
Macmillan, 1847. Reprinted. Philosophical Library, New York, 1948. 6+82 


pp.$3.75. 


A hundred years ago logic was still a “literary” science, about which people 
could talk at length, and oftentimes foolishly, without its being possible for 
anyone to prove them wrong. Like ethics and politics, logic rested on no solid 
foundation, and almost everything was subject for controversy. 

But just when political thought was taking a turn for the worse (with the 
publication of the Communist Manifesto in 1848), the prospects for logic were 
beginning to brighten. Boole and De Morgan were loosening the bonds of 
scholastic philosophy—and showing that logic could be made into an exact 
mathematical science. 

The historically minded reader can get a good notion of the difficulties con- 
fronting these early logicians, from Boole’s Mathematical Analysis of Logic, now 
happily reprinted by the Philosophical Library. How difficult it must have been 
to devise an appropriate symbolism for logic when one had first to present 
arguments in favor of using any symbolism at all, even in mathematics—argu- 
ments against the objections which “have lately been very strongly urged 
against this practice, on the ground, that by obviating the necessity of thought, 
and substituting a reference to general formulae in the room of personal effort, 
it tends to weaken the reasoning faculties.”! 

The less serious reader will find a source of amusement in some of Boole’s 
queer proofs, and a ground of self-satisfaction in living in so superior an age. 
For such a purpose, I cannot recommend anything better than the weird proof 
(page 60) of the law of expansion for Boolean functions: a proof which proceeds 
by expanding an arbitrary Boolean function in a Maclaurin’s series and this, 
when the author has not defined derivatives of Boolean functions nor division 


of them by integers. 
J. C. C. McKInsey 


Principles of Mechanics. By J. L. Synge and B. A. Griffith. Second Edition. New 
York, McGraw-Hill, 1949. 16+-530 pages. $5.00. 


That a second edition of this intermediate text in theoretical mechanics 
should be required after a relatively short interval is evidence of its deserved 
popularity. The authors state in the preface that a textbook on mechanics must 
attempt to reconcile “two opposing goals—the reduction of the subject to a 
compact and classified form and its exposition with sufficient fullness to make 
the arguments easy to follow.” Indeed, any textbook upon this most elegant 


351 


352 RECENT PUBLICATIONS [May, 


and complete branch of mathematical physics must also embody a compromise 
among three points of view: that of the mathematician, who cultivates the 
general theory of mechanics as a deductive system, and directs his efforts mainly 
toward transformation theory and questions of existence and stability; that of 
the physicist, who, seeking to describe the behavior of actual matter, desires on 
the one hand a thorough familiarity with the simplest situations in mass-point 
mechanics to serve as a starting point for physical models of crystals, atoms, 
etc., and on the other, a general formulation of classical mechanics which is 
suggestive for the newer theories, so as to leave it behind at the earliest oppor- 
tunity in his pursuit of high velocities and small dimensions; and that of the 
engineer, who desires to turn his equations to the design of practical devices. 
The resulting compromise leads to the science of ratzonal mechanics, which many 
European universities deservedly recognize by separate chairs—a science un- 
fortunately neglected on this continent. Every good book on mechanics repre- 
sents this compromise and the present one is no exception. The following dis- 
cussion is to be seen in the light of these remarks, not being meant as criticism 
of the general plan, but rather as presentation of an alternative point of view 
with regard to a few details. 

In reviewing the first edition, J. W. Campbell (Bulletin of The Am. Math. 
Soc., 49, 208-211, (1943)) offered five principal criticisms: (1) the basic concepts 
are insufficiently discussed for a first course; (2) vectors are defined incorrectly 
(or at best inconsistently) (pp. 18, 20); (3) the term “impulsive force” is used 
instead of “impulse,” although this quantity is not a kind of force at all and is 
not even of the dimensions of force; (4) it is incorrectly stated (p. 88) that the 
coefficient of static friction 431 experimentally and (5) while the theory of 
dimensions is treated in an appendix, there is little use of dimensional principles 
in the text. The authors have chosen to accept this criticism only in the fifth in- 
stance, where it was least well taken, and thus have inserted a number of re- 
marks and easy exercises concerning dimensions at various points. In fact, in 
the theoretical mechanics of mass-points and rigid bodies the theory of dimen- 
sions is less important than in any other branch of mathematical physics, and 
may be altogether omitted without any loss. Once having chosen to mention it 
however, it is unfortunate that the authors merely reproduce the usual vague 
remarks to be found in physics and engineering texts, not going even so far as 
the pi-theorem, instead of showing that indeed dimensional theory is a simple 
clearly defined algebra like the algebra of real numbers, which we all use in a 
more or less unconscious fashion—an algebra underlying all mathematical 
physics very much as the algebra of logic underlies mathematics. As for the 
first criticism, perhaps the authors have noticed that it is only quite advanced 
students who begin to understand the fundamentals of a subject, whatever may 
or may not be said in an elementary course, whose main function is to give the 
student facility and structural orderliness in handling the facts with which one 
builds a science “comme un maison avec des pierres,” without which he cannot 
appreciate the strength or weakness of those facts. It is unfortunate, however, 
that the authors did not see fit to be more careful regarding the purely mathe- 
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matical definitions, as in the case of a vector. It would seem also that here the 
student might first learn that every theory is an abstract mathematical model, 
rather than being allowed to fancy that he is somehow dealing directly with the 
phenomena the theory is designed to describe. 

In his review of the first edition W. Prager [Math. Rev. 3, 213 (1942) ] re- 
marked upon the sparing use of vectorial methods, and in particular upon the 
fact that the authors’ eschewance of tensorial or dyadic notations renders their 
treatment of the motion of rigid bodies quite lengthy. In the first edition the 
authors were content to state that since the equation of any ellipsoid could be 
reduced to standard form by a proper choice of axes, the existence of princi- 
pal axes of inertia followed. In the second edition they have given a proof of this 
statement, but it is unfortunate that in what may be the student’s first en- 
counter with the characteristic value problem he will have to read a long and 
special treatment of a special case, instead of learning once and for all a general 
theorem that would be of frequent usefulness. In any case, the moments and 
products of inertia are brought in by the heels rather than shown to arise most 
naturally in the problem of reducing the equations of rigid dynamics to a simple 
and perspicuous form. 

The second edition differs from the first mainly in the addition of a few 
words of explanation (as in the case of d’Alembert’s principle), a few figures, 
and a few problems, amounting to fifteen pages in all. In addition to the one 
major change already mentioned, the only other is the insertion of a careful 
and very interesting treatment (pp. 388-403) of the motion of a charged particle 
near the axis of symmetry of an electromagnetic field, including applications to 
the electromagnetic lens. 

To return again to the attitude expressed in the opening sentences of this re- 
view, there is one respect in which the book leans too far toward the engineering 
side. Lagrange’s equations are introduced only after 450 pages, the applications 
made of them are not important, and their extension to rigid dynamics is not 
mentioned. The authors say “However, it seems probable that as time passes 
the method of Lagrange will work its way from the end to the beginning of text- 
books on mechanics. The easier, but more cumbrous, methods are becoming a 
luxury for which we cannot afford the time.” It is unfortunate that the authors 
did not actualize their own position. Since many a physics curriculum nowadays 
affords only one course in mechanics, it would seem that Hamilton’s canonical 
equations and the Hamilton-Jacobi equation should be included, although no 
mention of them occurs in this book. 

An elementary textbook cannot be loaded with references and attributions, 
but it would seem a pleasant duty of the writers of such a book to connect 
a number of the methods and theorems with the great names responsible for 
them. Although there is hardly a great mathematician or physicist from 1650 
to 1850 who did not make some important contribution to their subject, the 
authors mention only about twenty-five classical names, and those very spar- 
ingly. 

Any textbook serves principally as a guide for the instructor and students, 
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who may make a reasonable number of additions or omissions. In this respect 
the present book is admirable, for the additions one is likely to suggest are few, 


and the omissions only such as time enforces. 
C. TRUESDELL 


Introduction to Analytic Geometry and The Calculus. By H. M. Dadourian. New 
York, The Ronald Press, 1949. 10-+246 pages. $3.25. 


This is a textbook designed “for use in combined courses of Freshman mathe- 
matics, such as are offered by an increasing number of colleges and universities.” 
For a terminal course, the author points out that trigonometry is not pre- 
supposed except in a single section (which can be omitted), thus making pos- 
sible an exclusive emphasis on analytic geometry and calculus. Otherwise, for 
the student who will study mathematics further, a brief course in trigonometry 
would seem to be desirable before undertaking the subject matter of this text. 

An instructor in choosing a textbook will, naturally, take into account not 
only the subject matter he plans to teach but also the preparation and back- 
ground of his students, that is, the general intellectual level of his audience. It 
should be noted, therefore, that the volume under review “is only an introduc- 
tion to the simplest elements of analytic geometry and the calculus.” And that 
the author has attempted to present these elements with a continuing and con- 
scientious regard for the difficulties that students, beginning in these fields, al- 
ways meet. 

Following an introductory chapter on how to study mathematics and on 
solving problems, the section on analytic geometry includes chapters on func- 
tions and graphs, the linear function and the straight line, and the quadratic 
function and conics. The author’s restriction to the “simplest elements” has re- 
sulted apparently in the omission of any study of the general second degree 
equation, and other omissions of material usually considered in a first course 
will be noted. Nevertheless, there is considerable information for the student 
here. This reviewer, however, would have preferred that some of this informa- 
tion might have been the result of “derivation” rather than mere “statement 
of fact,” and, as a consequence, the author’s admonition for the student “to 
think” the better motivated. 

Five chapters on the differential calculus cover fairly well the usual theory 
and applications of a first course, at least as well as one can expect when limited 
to the derivative of powers of algebraic functions. Under an analogous limita- 
tion, the integral calculus is developed in theory and applications in the four final 
chapters. 

Keeping in mind the author’s aim to present this introductory material to 
college freshmen, which is of course an entirely reasonable and justifiable aim, 
it would nonetheless seem pertinent here to criticize the execution on several 
counts: The lack of explicit definitions in many cases where the consequences are 
based entirely on the definition (cf., pp. 165, 182); loose or incomplete state- 
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ments and definitions (cf., pp. 77, 81); and a tendency (mentioned above) to 
state facts rather than to deduce results. In particular, the last chapter would 
seem to suffer especially in these respects (cf., “negative mass,” p. 199, and 
Sections 142-143). 

At the same time one can have only praise for the author’s choice of illus- 
trative material, his clear exposition of this material, and his problem lists. In 
general, the text reads well and possesses an admirable conciseness of state- 
ment. Only one misprint was observed (p. 110), but one which will probably not 
be condoned by the devotees of Lewis Carroll! 

B. C. PATTERSON 


NEW BOOKS RECEIVED 


College Algebra. By. E. B. Miller and R. M. Thrall. New York, The Ronald 
Press. 493 pp. $3.75. 

Plane and Spherical Trigonometry. By M. Richardson. New York, Macmil- 
lan, 1950. 15-+138 pp. $3.75 ($3.40, without tables). 

Modern College Geometry. By D. R. Davis. Cambridge, Addison-Wesley, 
1949. 10+238 pp. $4.50. 

Elements of Mathematical Analysis. By S. E. Urner and W. B. Orange. 
Boston, Ginn and Company, 1950. xi+562 pp. $4.00. 


CLUBS AND ALLIED ACTIVITIES 
EDITED By L. F. OLLMANN, Hofstra College 


Send reporis of all activities, such as club reporis, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS 1948-1949 
Pi Mu Epsilon, University of Georgia 


The following papers were presented before the Pi Mu Epsilon fraternity 
at the University of Georgia during 1948-49: 

fTonor courses at the University of Georgia, by Prof. Tomlinson Fort 

Sturms’ theorem, by Prof. Tomlinson Fort 

Unit fractions of early mathematics, by Howard Burnette 

The geometry of the triangle and some of its applications, by Prof. Hugh Henry 
of the Department of Physics 

he history of Pt Mu Epsilon, by Prof. Tomlinson Fort 

Certain theorems on matrices, by Prof. J. A. Ward 

The symbtosis of knowledge, by Prof. E. H. Dixon of the Department of 
Physics 
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G. H. Hardy’s solution of a problem in genetics, by Prof. R. J. Levit 

Geometry, a series of colloquium lectures, by Prof. C. C. MacDuffee of the 
University of Wisconsin. 

A colloquium lecture was also given each month by one of the professors. 

The officers for the coming year are: Director, George Peters; Vice-Director, 
William Shy; Secretary-Treasurer, Ann Taylor; Faculty Advisor, Prof. Alonzo 
Cohen; Corresponding Secretary, Prof. W. S. Beckwith. 


Mathematics Club, University of Buffalo 


The topics discussed by the University of Buffalo Mathematics Club were: 

Construction by compass alone, by C. Collins and M. Kallett 

Geometric approach to some algebra expresstons, by C. Christenson 

Mathematical curtostties, by George Rudroft 

A collinear set in a lattice of points, by George Rudroff 

Diophantus solves an algebra problem, by Thomas Huestis 

Construction of a differential analyzer, by Brent Haslam 

Determination of elementary symmetrical polynomials, by Brent Haslam 

Arithmetic short cuts, by Richard Smurthwaite and Harold Cutcher 

Derivation of formulas for obtaining the sums of powers of the roots, and the 
elementary symmetrical polynomials in terms of each other, by Albert Fadell. 

The officers for the year 1949-50 are: President, Roger Hill; Vice-President, 
Richard Smurthwaite; Treasurer, Fred Gregory; Secretary, Wilbur Hastings; 
Sponsor, Miss June McArtney. 


Kappa Mu Epsilon, Drake University 


The activities of Jowa Beta chapter of Kappa Mu Epsilon for the past year 
were devoted to reorganization meetings, initiations, business meetings and a 
banquet. A modification of the chapter’s by-laws took several meetings. 

Three delegates attended the national convention of Kappa Mu Epsilon at 
Topeka, Kansas. 

The officers elected are: President, William Lafferty; Secretary, June 
Kagawa; Treasurer, Marvin Van Cleave; Corresponding Secretary, Prof. Earle 
Canfield. 


Pi Mu Epsilon, University of Wisconsin 


The Wisconsin Beta chapter of Pt Mu Epsilon, inactive during the war 
period, was reorganized during the academic year 1947-48 as a graduate student 
club to which a number of graduating seniors are elected each year in honor 
of their high scholarship. 

The program of the chapter during 1948-49 included the following talks: 

Computation by punched cards, by Fred Gruenberger 

Atomic elements in Boolean algebras, by Joseph Engel 

Duality in differential calculus and projective geometry, by Rodney Hood 

Loops and thetr tsotopes, by Donald Norton 
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The P-adic and G-adic number systems, by Richard Andree. 

A get-acquainted open house was held for the mathematics faculty, gradu- 
ate students and guests. Other social events included an initiation banquet and 
another party. 

Officers for 1948-49 were: President, James Renno; Vice-President, Herman 
Cohen; Secretary-Treasurer, Violet Hachmeister; Faculty Adviser, Prof. R. E. 
Fullerton. 


Mathematics Society, University of Miami 


The Mathematics Society of the University of Miami was organized in July 
1948. During the year 1948—49 fifteen regular meetings and a banquet were held. 
Among the papers presented were: 

Rhind papyrus, by W. G. Franzen 

Probability curve, by L. G. Barbee 

Boolean algebra, by Prof. Ira Rosenbaum 

Natural law of growth and the number e, by D. J. R. Foulis 

Magic squares, by Miss Ethelmae Miller 

Notation in differential and integral calculus, by J. H. Maecher. 

The officers for 1948-49 were: President, William Franzen; Vice-President, 
Eugene P. Goldberg; Recording Secretary, Marjorie Stern; Corresponding 
Secretary, Gloria Lichtenstein; Treasurers, Arlo Shaver and John Maecher; 
Faculty Advisor, Prof. Mary Dean Clement. 


Kappa Mu Epsilon, Nebraska State Teachers College 


The Nebraska Alpha chapter of Kappa Mu Epsilon held two initiation meet- 
ings during 1948-49. Other meetings consisted of business meetings and the fol- 
lowing programs: 

Salesmanship, by Donald Simpson 

Certain aspects of mathematics in high school, by President V. P. Morey. 

Seven members of Kappa Mu Epsilon attended the State meeting of the 
National Council of Teachers of Mathematics at which Dr. Morey was the 
luncheon speaker. 

The only new officer elected for the coming year is James Callaway, who is 
the Organizing Chairman. 


Mathematics Club, Berea College 


The Mathematics Club of Berea College had regular monthly meetings. Some 
of the topics discussed were: 

Possibilities for assistantships in graduate school, by Donald W. Pugsley 

The abacus, by George S. Noss 

Oddities in mathematics, by Jack Hale 

Relationship between philosophy and mathematics, by W. G. Ross 

Short-cuts in mathematics, by V. D. Roberts. 

The elected officers were: President, Howard Stevens; Vice-President, 
Robert Manning; Secretary-Treasurer, Jacky Gene Hopper. 
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Pi Mu Epsilon, University of Nebraska 


The Nebraska Alpha chapter of Pt Mu Epsilon reports that, for the year 
1948-49, eight meetings were held including business meetings and the two 
initiation banquets. The following talks were given: 

Special theory of relativity, by Prof. Theodore Jorgensen 

Boolean algebra, by Eugene Luchei 

Quantum mechanics, by Dr. J. H. Cohn 

Calculating machines, by Fred Pelton 

Television, by Mr. D. D. Holmes 

“Murder incorporated,” by Dr. Frederick Ludwig. 

The chapter sponsored classes to extend aid in mathematics to the slower 
students. Members of the chapter volunteered their services as instructors. The 
plan proved highly satisfactory as it benefited both the students and the tutors. 

A pamphlet was prepared which introduced Pz: Mu Epsilon to students not 
familiar with the organization. 

The annual freshman and sophomore competitive mathematics examinations 
were held; the sophomore award was won by Robert Kleppinger, who also won 
the freshman award last year, and Chris Kuyatt was the winner of the freshman 
award. 

The newly elected officers to serve for the coming year are: President, 
Cecil Doubt; Vice-President, Robert Ceasari; Secretary, Donald Cochran; 
Treasurer, David Olive; Faculty Advisor, Dr. W. G. Leavitt. 


Kappa Mu Epsilon, Baldwin-Wallace College 


Papers presented to the Ohio Gamma chapter of Kappa Mu Epsilon during 
1948-49 were: 


Boolean algebra, by Donald Parrish 

The mathematics of audio amplification, by Ralph Paul 

The duodecimal system, by Robert Jungles 

Report of the national convention of Kappa Mu Epsilon, by Donald Parrish 
and Howard Mielke 

Probability—the law of averages, by Dr. R. W. Wagner of Oberlin College 

Mathematics and aviation, by Cook Cleland. 


The annual banquet of Kappa Mu Epsilon was held in May at which Dr. 
R. W. Wagner spoke. 

The society visited the National Advisory Committee on Aeronautics 
Laboratory at the Cleveland Airport. Various applications for mathematics 
were shown. One of the many interesting things seen was the world’s largest 
supersonic wind tunnel. 

Officers elected for 1949-50 are: President, Fred Rakowsky; Vice-President, 
Dwain Diller; Secretary, Anita Constantine; Treasurer, Curt Liebert; Corre- 
sponding Secretary and Sponsor, Prof. Paul Annear. 


NEWS AND NOTICES 


EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


CONFERENCES AND SYMPOSIA 


A Symposium on the Theory of Electromagnetic Wave Propagation will be 
held at New York University on June 6-8, 1950. 

The Second Berkeley Symposium on Statistics and Probability will be held 
at the University of California, Berkeley, from July 31 to August 12. This meet- 
ing will be given to theory and to several fields of application. Up to the present 
time the following persons have accepted invitations to participate in the Sym- 
posium: Professors W. G. Cochran, Harald Cramér, J. L. Dobb, G. C. Evans, 
William Feller, Harold Hotelling, Mark Kac, Paul Lévy and Abraham Wald. 

The University of Chicago announces that a Conference on Topology will 
be held on May 24-27, 1950. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for 
the summer of 1950: 

Boston University. May 31 to July 8: Dr. Giever, topics in the theory of 
numbers; Dr. Scheid, calculus of variations. July 10 to August 19: Professor 
Johanson, introduction to higher algebra; Professor Sobczyk, introduction to 
modern mathematics, seminar in analysis; Professor Chand, the design of ex- 
periments, introduction to mathematical statistics. 

Catholic University of America. June 26 to August 5: Professor Rice, ad- 
vanced calculus and statistics; Professor Finan, higher algebra; Mr. Clark, par- 
tial differential equations of mathematical physics; Dr. Markowitz, mathemati- 
cal astronomy I and II; Dr. Moller, theory of equations; Professor Ramler, 
college geometry, differential equations and synthetic projective geometry. 

Columbia University. July 10 to August 18: Professor Ritt, differential equa- 
tions; Professor Levi, theory of functions of a complex variable; Professor 
Koopman, Fourier series and integrals; Professor Eilenberg, introduction to 
modern topology; Professor Dieudonné, introduction to classical groups; Pro- 
fessor Lorch, introduction to mathematical logic. 

Northwestern University. The following courses will be offered in both the 
six-week session, June 23 to August 5, and the nine-week session, June 23 to 
August 26: differential equations, fundamental concepts of analysis; definite 
integrals; non-euclidean geometry; theory of statistics; introduction to the 
theory of numbers; algebra for teachers; the history and teaching of mathe- 
matics; functions of a complex variable; the continuum; introduction to modern 
algebra; seminar; independent study; thesis. A course, the teaching of mathe- 
matics in the secondary school, will be offered during the six-week session only. 
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University of Arkansas. June 5 to July 14: Professor Richardson, college 
geometry, theory of equations; Professor Perry, advanced calculus, Laplace 
transform; Mr. Hull, differential equations. July 17 to August 26: Professor 
Gundlach, history of mathematics, vector analysis. 

University of Caltfornta, Berkeley. Department of Mathematics. June 19 to 
July 29: Professor Besicovitch, extremal problems in geometry; Professor Mc- 
Donald, coordination in mathematics for secondary schools. 

University of California, Berkeley. Department of Mathematical Statistics. 
June 19 to July 29: Professor Lehmann, recent developments in the theory of 
estimation; Professor Cochran, design of experiments, seminar on current prob- 
lems in analysis of variance; Professor Lévy, random variables and random 
functions, seminar in probability theory. 

University of Chicago. June 26 to September 2: Professor Barnard, analysis 
E, vector analysis; Professor Kaplansky, fundamental concepts of geometry, 
algebra II; Professor Schilling, algebra V, theory of rings; Professor Halmos, 
theory of sets, seminar in probability; Professor Zygmund, Lebesque and 
Stieltjes integrals, regular functions in the unit circle; Professor Segal, partial 
differential equations; Professor Stone, approximation in the complex domain; 
Professor Weil, functions of several complex variables, historical seminar. 

University of Oklahoma. June 8 to August 7: Professor Court, college 
geometry, history of mathematics; Dr. Huff, ordinary differential equations; 
Dr. Andree, solid analytical geometry; Professor Bernhart, ordinary and partial 
differential equations; Mr. LaFon, advanced calculus; Professor Grau, theory of 
groups; Professor Springer, partial differential equations; Professor Goffman, 
infinite series; Professor Whitney, celestial mechanics. 

University of Southern California. June 26 to August 4: Professor Albert, 
modern higher algebra, seminar in algebra; Professor Dugundji, advanced 
calculus; Professor Henkin, introduction to mathematical logic; Professor Phil- 
lips, integral equations; Dr. Shniad, vector analysis; Professor White, advanced 
calculus; Professor Whiteman, theory of numbers, matrix theory. 

University of Virginia. June 26 to August 19: Professor Klee, advanced cal- 
culus and applied mathematics; Professor Botts, differential equations and ap- 
plied mathematics; Professor Whyburn, analytic topology; Professor Floyd, 
advanced differential equations. 


PERSONAL ITEMS 


Professor C. O. Oakley of Haverford College and Professor G. C. Webber of 
the University of Delaware were appointed to serve as delegates of the Associa- 
tion at the Annual Meeting of the American Academy of Political and Social 
Science which was held in Philadelphia on April 14-15, 1950. 

Professor W. G. Scobert of the University of Idaho represented the Associa- 
tion at the Centennial Celebration of the University of Utah, February 27-28, 
1950. 
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Professor Einar Hille of Yale University has been elected Vice-President of 
the American Association for the Advancement of Science and Chairman of 
the Mathematics Section; Professor R. W. Brink, University of Minnesota, has 
been re-elected Secretary of the Mathematics Section. 

Southern Illinois University announces the following appointments for the 
1950 summer session: Professor Emeritus W. B. Carver of Cornell University 
as Professor of Mathematics; Associate Professor T. H. Southard of Wayne 
University as Associate Professor of Mathematics. 

Stanford University reports that the following persons will be associated with 
the Mathematics Department during the Summer Quarter, 1950: Harold Daven- 
port, University College, London; Werner Fenchel, Polytechnical School, 
Copenhagen; Paul Garabedian, University of California, Berkeley; W. K. Hay- 
man, Exeter College, England; Charles Loewner, Syracuse University; W. W. 
Rogosinski, King’s College, Newcastle, England; H. L. Royden, Harvard Uni- 
versity. 

University of California, Berkeley, announces the following promotions, ap- 
pointments and leaves of absence for the year 1949-50: Professor C. B. Morrey 
has been appointed Chairman of the Department of Mathematics; Associate 
Professors Sophia L. McDonald, A. P. Morse, R. M. Robinson have been 
promoted to professorships; Dr. S. P. Diliberto, Dr. J. L. Hodges, Jr., and Dr. 
R. C. James have been promoted to assistant professorships; Dr. H. B. Ribeiro, 
Marianne F. Smith and Virginia W. Wakerling have been promoted to in- 
structorships; Dr. P. R. Garabedian has been appointed to an assistant pro- 
fessorship; R. M. Lakness, Ting-Kwan Pan and Esther Seiden have been ap- 
pointed Lecturers; Dr. H. B. Mann has been appointed Visiting Professor; 
Professor D. H. Lehmer and Professor R. M. Robinson are on sabbatical leave 
for the year; Professor Jerzy Neyman is on leave for the spring term 1950 and 
will deliver lectures at University College, London, Institut Poincaré and Uni- 
versity of Paris, Paris; Assistant Professor Charles Stein holds a National 
Research Council Fellowship and is spending his leave in Paris; Professor 
Alfred Tarski was on leave in March 1950 to lecture at University College, 
London, and the University of Amsterdam. 

University of Florida reports: Assistant Professors B. F. Dostal and G. B. 
Lang have been promoted to associate professorships; Instructor R. G. Blake 
has been promoted to an assistant professorship. 

University of Georgia announces the following: Dr. A. S. Householder of the 
Oak Ridge National Laboratory gave a series of talks on numerical methods to 
the mathematics colloquium on February 15-17, 1950; during March 27 to 
April 4 Professor J. L. Walsh of Harvard University gave a series of colloquium 
lectures on approximation by polynomials in the complex domain, a Sigma Xi 
lecture on surface navigation, and a Pi Mu Epsilon lecture on maximum and 
minimum problems. 

Assistant Professor L. A. Aroian of Hunter College is on leave the spring 
semester. He is serving as Research Physicist in the Department of Electronics 
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and Guided Missiles of the Hughes Aircraft Company, Culver City, California, 
in charge of computations. 

Professor R. V. Blair of Vanderbilt University was reported erroneously in 
this department, February, 1950, to have the rank of associate professor. He was 
promoted to a professorship in 1948. 

Associate Professor N. R. Bryan of the University of Georgia has been ap- 
pointed to an associate professorship at Clemson College. 

Mr. Roland Deaux has assumed the editorship of Mathests. 

Instructor Watson Fulks of the University of Minnesota has been promoted 
to an assistant professorship. 

Mr. A. G. Hansen has been appointed to an instructorship at the University 
of Maryland. 

Professor Eberhard Hopf, formerly of New York University, has been ap- 
pointed to a professorship at Indiana University. 

Mr. D. W. Hullinghorst has accepted a position as director of the Civil 
Works Investigation Project, South Pacific Division, Engineering Corps, Oak- 
land Army Base, Oakland, California. 

Mr. Sydney Kaplan, formerly a research mathematician in the Applied 
Mathematics Division, Naval Ordnance Laboratory, has accepted the position 
of Statistician, Bureau of Employment Security, United States Department of 
Labor. 

Dr. Knox Millsaps of the Air Materiel Command, Wright Field, has been 
appointed to a professorship of theoretical physics at the Alabama Polytechnic 
Institute. 

Mr. S. F. Neustadter has been appointed to an instructorship at Harvard 
University. 

Professor Rufus Oldenburger of DePaul University has resigned to devote 
more time to the Woodward Governor Company, Rockford, Illinois, as mathe- 
matician-engineer. 

Dr. Irene Price, formerly statistician for the United States Air Force, has 
been transferred to Holloman Air Force Base, New Mexico, to direct mathe- 
matical research on guided missiles. 

Dr. L. T. Ratner has been appointed to an assistant professorship at Vander- 
bilt University. 

Professor C. J. Rees, director of graduate study, University of Delaware, 
has been appointed Director of Summer Session. 

Dr. H. M. Schwartz of Brookhaven National Laboratory has accepted an 
associate professorship at the University of Arkansas. 

Dr. Edward Silverman of the Institute for Advanced Study has been ap- 
pointed to a visiting assistant professorship at Kenyon College. 

Assistant Professor F. E. Smith of Brooklyn College has been promoted to 
an associate professorship. 

Professor A. W. Tucker of Princeton University has been spending the 
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academic year 1949-50 at Stanford University as Visiting Professor of Mathe- 


matics. 
Professor W. D. A. Westfall of the University of Missouri has retired. 


Miss Bertha E. Frankenbush, emeritus high school teacher of New Orleans, 
Louisiana, died February 7, 1950. 

Professor Emeritus W. J. Humphreys of George Washington University died 
November 10, 1949. 

Professor Emeritus F. M. McGaw of Cornell College died on February 6, 
1950. He was a charter member of the Association. 

Mr. A. Mineur, editor of Mathesis, died on February 4, 1950. 

Professor Emeritus C. E. Wilder, Dartmouth College, who was a charter 
member of the Association, died on February 9, 1950. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


OCTOBER MEETING OF THE OKLAHOMA SECTION 


The October meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held in connection with the convention of the Oklahoma 
Education Association in Oklahoma City on Friday, October 14, 1949. Professor 
R. W. Veatch, Chairman of the Section, presided. 

One hundred twenty persons attended the meeting, including the following 
forty-three members of the Association: E. F. Allen, R. V. Andree, Arthur Bern- 
hart, J. C. Brixey, W. C. Brown, H. N. Carter, R. L. Caskey, N. A. Court, R. 
B. Deal, A. H. Diamond, R. C. Dragoo, J. R. Ellis, D. A. Gorsline, L. D. 
Gregory, O. H. Hamilton, Claire A. Harrison, J. O. Hassler, E. E. Heimann, 
L. R. Holland, S. L. Hull, P. W. M. John, W. G. Johnson, J. T. Krattiger, W. 
D. Krentel, J. E. LaFon, M. L. Lawson, Eunice Lewis, H. W. Linscheid, R. D. 
McDole, Dora McFarland, J. C. C. McKinsey, R. D. McKnelly, G. E. Meador, 
R. R. Murphy, C. L. Perry, C. J. Pipes, C. M. Pirrong, Herbert Scholz, H. W. 
smith, T. C. Smith, C. E. Springer, R. W. Veatch, J. H. Zant. 

At the business session the following officers were elected: Chairman, J. T. 
Krattiger, Southeastern State College; Vice-Chairman, S. L. Hull, University of 
Arkansas; Secretary, J. C. Brixey, University of Oklahoma. 

The program consisted of the following seven papers: 

1. Orientation of the new teacher, by L. W. Lavengood, Director of Mathe- 
matics, Tulsa Public Schools, introduced by Professor Veatch. 

Mr. Lavengood discussed methods used to help orient new teachers in the Tulsa Public Schools 
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and pointed out that new teachers should be made to feel welcome in the community, and have a 
responsible part in the school organization. 


2. Essential and tnessential transformations of point sets into n-spheres, by 
Professor O. H. Hamilton, Oklahoma A. and M. College. 
Professor Hamilton gave a new proof of the theorem that every continuous transformation of 


an n-cell into an n-sphere is inessential, and discussed the relation between the concept of an in- 
essential transformation and fixed point theorems. 


3. Old and new on the centroid, by Professor N. A. Court, University of 
Oklahoma. 


A historical discussion of the notion of centroid, and a new treatment of centroid, were given 
in this paper. 


4. Axtomatic foundations of the theory of games, by Professor J. C. C. Mc- 
Kinsey, Oklahoma A. and M. College. 
5. L’Hospital’s rule, by Professor Arthur Bernhart, University of Oklahoma. 


Criticisms were given of the treatments of L’Hospital’s rule appearing in several of the popular 
elementary calculus texts. 


6. The summation of a Dirichlet series, by Professor H. N. Carter, University 
of Tulsa. 


The ordinary and general Dirichlet series were defined, and a statement was made regarding 
their introduction into analysis and application in analytic number theory. 


7. Contributions of Hilbert space theory to applied mathematics, by Professor 
A. H. Diamond, Oklahoma A. and M. College. 
Hilbert space theory was applied to the problem of determining the frequencies of vibration 


of a square clamped plate. The procedure consisted of a generalization by Aronszajn of a method 
devised by A. Weinstein for finding lower bounds for the eigenvalues. 


J. C. Brixey, Secretary 


OCTOBER MEETING OF THE MINNESOTA SECTION 


The fall meeting of the Minnesota Section of the Mathematical Association 
of America was held at the University of North Dakota in Grand Forks, North 
Dakota, on Saturday, October 15, 1949. Sessions were held in the forenoon, at 
luncheon, and in the afternoon. Professors R. C. Staley, A. G. Hill and Kenneth 
May (Chairman of the Section) presided at the respective sessions. 

Sixty-one persons attended the meeting, including the following twenty-five 
members of the Association: H. M. Anderson, F. J. Arena, L. E. Bush, E. J. 
Camp, Sister Seraphim Gibbons, Ruby M. Grimes, K. L. Hankerson, A. G. 
Hill, Karlis Kaufmanis, S. L. Mason, Kenneth May, W. H. McBride, W. R. 
McEwen, A. G. Montgomery, S. Mundhjeld, J. C. Peterson, P. A. Rognlie, 
L. W. Sheridan, F. C. Smith, I. W. Smith, R. C. Staley, Florence S. Stennes, 
A. G. Swanson, E. L. Swanson, Christine Westgate. 

Professor E. J. Camp madea progress report for the Committee investigating 
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the advisability of establishing a high school mathematics contest. At the re- 
quest of this Committee, a resolution was passed committing the Section to the 
sponsorship of such a high school contest as soon as arrangements can be made 
for it. Another resolution was passed authorizing the Executive Committee of 
the Section to act for the Section on all questions arising between meetings of 
the Section in connection with the arrangement of such a contest. 

By invitation of the Executive Committee, Professor Peter Scherk of the 
University of Saskatchewan delivered an address at the morning session. The 
title of his address was What are Tensors? An abstract of this address follows: 

A complete vector space is a vector space over the real field and with a 
scalar product such that the null-vector is the only vector perpendicular to the 
whole space. In the first part of his talk, Professor Scherk showed that the 
vectors in euclidean 3-space form such a space. Making use of ideas of Bour- 
baki’s “algébre multilinéaire,” he then developed the tensor algebra in an 
arbitrary complete vector space. The tensors of order p, for example, may be 
introduced as finite sums of ordered p-tuples of vectors, provided the equality of 
two such sums is defined in a suitable fashion. 

The following eight short papers were presented: 

1. The star of Bethlehem from the astronomical point of view, by Professor 
Karlis Kaufmanis, Gustavus Adolphus College. 

In this paper, the author discussed several attempts to explain the star mentioned in the sec- 
ond chapter of St. Matthew as an astronomical phenomenon. He emphasized particularly the amaz- 


ing agreement between the message of the Gospel and the conjunction of the planets Jupiter and 
Saturn in the sign of the Fish, which took place in the year 7 B.c. 


2. Substandard endowments with graded amounts of insurance, by Professor 
F. C. Smith, College of St. Thomas. 


If n-year endowment contracts with standard premiums P, | and standard reserves :V; nl are 
issued to a group of applicants whose mortality will follow a 100% per cent mortality table, then it 
is well-known that the amount of the insurance benefit for the ¢-th year is 


1 + (k ™ 1) Ve sal . 
k 


In this paper, the author presents the usual derivation of this result by use of Fackler’s accumula- 
tion formula, and then gives a proof of the fact that the present value of the insurance benefits is 
equal to the present value of the premiums. The proof, which is believed to be new, depends upon 
showing that two rather complicated polynomials are identical. 


3. Further remarks on the estimation of a function of several varizbles by graph- 
ical techniques, by Professor L. W. Sheridan, The College of St. Thomas. 


If X is a function of several variables, its value can be estimated by combining the several 
variables into a single variable, Z, by graphic techniques. Next Z and X are grouped into classes, 
and a cumulative table, with X expressed in per cent, is formed. The set of curves obtained from 
the cumulative table gives an estimate of the most probable class in which X may occur, and ad- 
ditional information as to the probability of its occurrence in adjacent classes. 
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4. Problem on crystal vibrations, Professor R. H. Cook, South Dakota School 
of Mines (introduced by the Secretary). 


The theoretical determination of frequency for normal modes of vibration of crystal plates 
with two parallel lateral boundaries is presented. The method is one in which the differential equa- 
tions are exactly satisfied, and the boundary conditions are approximated. It is shown that the 
method gives results practically identical to those of infinite plate theory for very high harmonics. 


5. The adjusted premium method of determining surrender values, by Mr. I. 
W. Smith, Actuary, Pioneer Mutual Life Insurance Company, Fargo, North 
Dakota. 


Prior to January 1, 1948, the cost of surrender of a life insurance policy, regardless of type, 
was fixed at a maximum of twenty-five dollars per one thousand dollars of insurance, or two and 
one-half per cent of the policy. This restriction applied only to the first twenty years duration of 
the policy. The cost was a graduated scale decreasing from approximately twenty dollars the first 
policy year to zero the twentieth policy year. The surrender value was the full terminal reserve the 
twentieth policy year. 

Competition was the basis for some life insurance companies to return the full terminal re- 
serve the tenth policy year. Surrender practice became irregular, the only restriction being the 
maximum cost of two and one-half per cent of the amount of the policy. 

With the adoption of the Commissioners Standard Ordinary Mortality Table, effective Janu- 
ary 1, 1948, actuaries have derived a method of determining the surrender cost by the adjusted 
premium. The adjusted premium is a new term in actuarial science. It is a function of mortality, 
duration of policy, and a maximum cost. It is expressed algebraically for an ordinary life policy 
as, 

Az + 20+ 4Ap, + .25Ap, 


Az 


Ap 


za 


with the limiting value of 40 per cent of Ap, not greater than sixteen dollars, and 25 per cent ofAp, 
for any type of policy not more than twenty-five per cent of the adjusted premium for an ordinary 
life policy nor greater than ten dollars. 

When the adjusted premium has been determined, the cash value is calculated by the prospec- 
tive method of valuation. There will be a surrender charge for the entire premium paying period 
for any policy. 

6. Some elementary determinations of Pythagorean numbers, by Professor 
Ruby M. Grimes, North Dakota Agricultural College. 

This speaker proved by means of trigonometric relations and also by algebra that any three 
integers in the ratios of 2ab, a?—}?, a?+-b?, (a >b) can be the three sides of a right triangle. A dem- 
onstration of the same property was accomplished by use of analytic geometry, using the unit cir- 
cle, and this generalizes the other two proofs. 

7. Complex planes and Pauli matrices, by Professor W. L. Woodley, North 
Dakota Agricultural College (introduced by the Secretary). 

This speaker began with the fact that the circle x?+-y? =a? can be represented by the equation 
uu=a?, where u=x-+1y, and @ is the complex conjugate of u. This fact was made the basis of cer- 
tain generalizations of which Pauli matrices are a special case. Pauli used these matrices in study- 
ing the spin of an election. 

8. On some properites of the trinomial coefficients, by Professor F. J. Arena, 
North Dakota State College. 


If 2 is a positive integer, and if 
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(1 + % + x7)” = ao + aie + aex*® + +++ + Ganx™, 


the following relation connects the trinomial coefficients eg with the binomial coefficients ,Co: 


Q 
ao = Dy iCop_snCs, if Q = 2S 
Q 
Qg = Dd, iCrog-1°nCi, if Q= 25 +1. 
t=S+l 


Other properties are stated and proved. 
L. E. Busu, Secretary 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Asso- 
ciation of America was held at Haverford College, Haverford, Pennsylvania, on 
Saturday, November 26, 1949. Professor G. E. Raynor, Chairman of the Sec- 
tion, presided. 

There were sixty-eight present, including the following forty-eight members 
of the Association, C. B. Allendoerfer, L. J. Burton, P. A. Caris, John Cawley, 
J. O. Chellevold, E. J. Cogan, Mary Louise Constable, E. H. Cutler, James 
Elmer Davis, F. L. Dennis, Arnold Dresden, H. H. Goldstine, Theodore Hail- 
perin, R. C. Haseltine, C. E. Heilmen, Hyman Kamel, J. C. Lanz, V. V. Lat- 
shaw, Joseph Lehner, Marguerite Lehr, F. L. Manning, Edith A. McDougle, 
S. S. McNeary, A. E. Meder, Jr., W. R. Murray, A. B. Neale, C. A. Nelson, 
C. O. Oakley, E. R. Ott, J. C. Oxtoby, G. E. Raynor, R. D. Schafer, I. J. 
Schoenberg, Francis Aloysius C. Sevier, Benjamin Slepin, J. C. Smith, W. M. 
Smith, R. R. Stoll, D. L. Thomsen, Jr., Michael Tikson, R. R. Townsend, R. 
M. Walter, G. C. Webber, Anna Pell Wheeler, Albert Wilansky, A. H. Wilson, 
R. H. Wilson, Jr., H. M. Zerbe. 

At the business meeting the following officers were elected for the coming 
year: Chairman, G. C. Webber, University of Delaware; Secretary, C. O. 
Oakley, Haverford College. The Program Committee for the next meeting will 
be: Theodore Hailperin (Chairman), Lehigh University, Joseph Lehner, Univer- 
sity of Pennsylvania, and C. B. Allendoerfer, Haverford College. The 1950 
meeting of the Section will be held at Lehigh University on November 25. 

The program consisted of the following papers: 

1. Some observations relative to mathematics in research and development 
organizations, by Dr. A. D. Hestenes, Franklin Institute, introduced by the 
Secretary. 

This paper dealt with the process by which equipment is developed and studies are made in 
typical industrial research and development organizations, and stressed the role a mathematician 
may perform in such processes. The speaker described various types of mathematics encountered 
in such organizations. An interesting locus problem arose in the course of the author’s industrial 
research activities. This locus, whose equation is 

1 — a= ¢(r, — dD) 


where a, b and ¢ are constants, and 7; and rz are distances from fixed points p: and 2 respectively, is 
a generalization of the well known expressions for the circle, ellipse and hyperbola. 


368 CALENDAR OF FUTURE MEETINGS [May, 


2. Some problems in numerical analysis, by Dr. H. H. Goldstine, Institute 
for Advanced Study. 


There are four major sources of error in a numerical computation: those arising from the ideal- 
izations and simplifications of a given physical problem; those arising from the fact that certain 
parameters may not be known precisely; those arising from the approximate character of the nu- 
merical form given the mathematical problem, 7.e., truncation errors; and finally, those arising from 
the errors of the computing machine itself, 7.¢., the “noise” or rounding errors. The main purpose 
of the present exposition is to treat this last category, and to discuss its great importance when 
large scale calculations are undertaken. Several examples are given to indicate generally how anal- 
yses of rounding errors can be performed. 


3. Minimal sets, by Professor J. C. Oxtoby, Bryn Mawr College. 


The theory of the structure of minimal sets due to Mariano Garcia, Jr., and G. A. Hedlund 
(Bull. Amer. Math. Soc., vol. 54, (1948), pp. 954-964) was discussed, and it was shown that in the 
example there constructed of a 0-reducible minimal set which is not completely reducible the set 
of non-regularly almost periodic points actually consists of just two orbits, namely the orbit of the 


point 8 used in defining the set, and that of the point 6’ which is equal to 6 except for »=0. 


4. On smoothing operations, by Professor I. J. Schoenberg, University of 


Pennsylvania. 


C. O. OAKLEY, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30-September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, Allegheny College, 
Meadville, May 6, 1950. 

ILLINOIS, Southern Illinois University, Carbon- 
dale, May 12-13, 1950. 

INDIANA 

IOWA 

KANSAS 

KENTUCKY 

LovuISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
University of Richmond, May 6, 1950. 

METROPOLITAN NEw YORK 

MICHIGAN 

MINNESOTA, Macalester College, St. Paul, May 
6, 1950. 

MIssouRI 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, May 6, 1950. 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

OHIO 

OKLAHOMA 

Paciric NORTHWEST, University of Washing- 
ton, Seattle, June 16, 1950. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocky MounNtTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

UpreR NEw York STATE 

WISsconsIN, Marquette University, Milwaukee, 
May 13, 1950. 


COLLEGE TEXTS 


CALCULUS, Second Edition 
By Lyman M. Kells, U. S. Naval Academy 


This thorough revision of an outstanding calculus text presents a deep under- 

standing of the basic principles of calculus without extreme rigor of proof. 

Many improvements suggested by teachers who used the previous edition have 

been incorporated in the revision. These include: 

© Early introduction of integration. 

© New chapter on vectors. 

© Fundamentals more clearly presented—improved proofs, simplified explana- 
tions and expanded problem material. 

© Improved exercises—a wide variety of problems. 


Published 1949 508 pages 6” x 9” 


DIFFERENTIAL EQUATIONS, 
Revised Edition 


By Max Morris and Orley E. Brown, Case Institute of Technology 


This precise text exposes the student to the more exacting and searching aspects 
of mathematics by means of a generous amount of drill in integrating the various 
standard types of differential equations. Only material which is consistent with 
clarity and completeness in definition, proof or discussion is included. Further 
elaboration of the subject matter is accomplished through the exercises. 


These exercises have been planned for maximum teaching value. Problems are 
carefully graded, some illustrating a formula or method, others demanding in- 
dependent study and a critical approach. 


Published 1942 355 pages 6” x 9” 


FUNDAMENTALS OF BUSINESS 
MATHEMATICS 


By Walter R. Van Voorhis and Chester W. Topp, Fenn College 


This text provides a sound mathematical background for the study of finance, 
commerce, accountancy, and business statistics. In addition, this textbook is 
ideally suited for the beginning student who does not intend to take additional 
mathematics courses, as it is excellent preparation for any student who will some- 
day become a part of the business world. 


For students with little or no mathematical experience, the first two chapters 
offer thorough review. Topics proceed logically from simple to advanced. Gen- 
eral principles are approached through simple illustrations. There are over 3000 
problems of graded difficulty. In addition, a self-test is given at the end of 
each chapter. 


Published 1948 454 pages 52” x lh” 


Send for your copies today! 


PRENTICE-HALL, INC. 70 FIFTH AVENUE, NEW YORK 11, N.Y. 


Two New Volumes of the 
WILEY PUBLICATIONS IN STATISTICS 
Walter A. Shewhart, Editor 


An INTRODUCTION to MATHEMATICAL 


PROBABILITY and its APPLICATIONS 


Volume I. By WILLIAM FELLER, Cornell University. Develops probability 
theory exclusively in terms of mathematical concepts, illustrates the great 
variety of practical problems it can help solve, and explains the modern 
techniques used in solving them. Dr. Feller concentrates on discrete sample 
spaces and discrete random variables in Volume I. June 1950. 419 pages. $6.00. 


CONTRIBUTIONS to 


MATHEMATICAL STATISTICS 


By RONALD A. FISHER, Cambridge University. Contains 43 of the most sig- 
nificant papers written by this famous statistician from 1920-1943. Each 
paper is preceded by notes, comments, and corrections prepared by him 
specifically for this compilation. June 1950. Approx. 582 pages. Prob, $7.00. 


IT'wo New Carus Mathematical Monographs—By arrangement 
with the Mathematical Association of America, all future 
Carus Monographs will be distributed by John Wiley & Sons. 


The THEORY of ALGEBRAIC NUMBERS 


Monograph No. 9. By Harry POLLARD, Cornell University. The first book 
in English to make available the elementary parts of classical algebraic num- 
ber theory. After presenting the necessary introductory material, the author 
covers algebraic number fields in detail. The last half of the book deals with 
the fundamental theorem of ideal theory, with class numbers, and with the 
theory of units. May 1950. 143 pages. $3.00. 


The ARITHMETIC THEORY 


of QUADRATIC FORMS 


Monograph 10. By BurRTON W. JONES, University of Colorado. Presents 
the central ideas of the theory in self-contained form. The author assumes 
only a knowledge of the fundamentals of matric theory and the theory of 
numbers. He introduces pertinent concepts of p-adic numbers and quadratic 
ideals because he believes the theory gains breadth and elegance by the 
introduction of these relationships. May 1950. 212 pages. $3.00. 


Send for copies on approval. 


JOHN WILEY & SONS, Inc. 


440 Fourth Avenue New York 16, N.Y. 


Announcing AN IMPORTANT NEW PUBLICATION 


First Course in 
Probability and Statistics 


JERZY NEYMAN 


University of California, Berkeley 


The purpose of this brilliant work by an outstanding theoretical statistician is to present 
the basic concepts of modern statistical theory on an elementary level. By emphasis on 
essentials and by concrete and simplified examples, Professor Neyman has found that 
statistics and probability can be successfully taught to undergraduates. The book is so 
organized as to give the instructor considerable freedom of choice in presentation—con- 
taining optional sections of an advanced nature. It is therefore adaptable not only to stu- 
dents of general education who know no calculus, but also to prospective mathematical 
statisticians and to students who are specializing in experimental sciences requiting a knowl- 
edge of the statistics of probability. 


An introductory chapter explains the scope of the theories of probability and statistics, and 
the relation between the two. The elements of probability are discussed in detail prior to 
presenting statistical concepts. Much attention is also given to the problem of the relation 
between theoretical concepts and real phenomena. Rather than drill the student in follow- 
ing ready-made recipes, he is taught how to deduce solutions of the problems studied. A 
particularly important part of the book is Chapter V, which discusses the elements of the 
theory of testing statistical hypotheses developed by the author in cooperation with Egon 
S. Pearson. 


The book breaks the tradition of using games of chance as the predominant source of 
illustrations and of problems on probability. Instead, the numerous illustrations used are 
taken from general experimentation, astronomy, entomology, bacteriology, genetics, public 
health, industrial sampling and social studies. The author has found in his own classes 
that students show real enthusiasm in studying probability problems related to these fields 
of general interest. Helpful tables, graphs, and diagrams add greatly to the pedagogic 
usefulness of the text. 


Ready in May Approximately 365 pages Probable price $4.00 


HENRY HOLT AND COMPANY 257 Fourth Avenue, New York 10 


TEXTBOOK NEWS 


For the first college course in Calculus 


CALCULUS 
By Lloyd L. Smail, Lehigh University 


Among the many distinctive features of this book for standard college and uni- 
versity courses in Calculus are the following: 


¢ Early introduction of integration, involving both indefinite integrals and 


definite integrals. 


Large 8vo 
*” 125th | 
ANNIVERSARY 


_. 1825-1950 
~eccel 


Replacement of Duhamel’s theorem by Bliss’s theorem. 

Treatment of Taylor’s theorem by Bliss’s theorem. 

Treatment of Taylor’s theorem with a remainder before infinite series. 
Modern definition of limit of a function, without defining limit of a variable. 
Derivative is defined first as limit of a ratio. 

Definite integral is defined as limit of a sum. 

Fundamental theorem of integration is proved analytically. 


592 pp. £4.50 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd St. New York 1, N.Y. 


GEOMETRICAL TOOLS 
A Mathematical Sketch and Model Book 


Written expressly for teachers and pros- 
pective teachers, this book presents abun- 
dant material that can be introduced into 
the high school classroom. 


Discussions include “modern” and pro- 
jective geometries, quadratic and quar- 
tic tools, and the theory of plane linkages. 
The book also contains a review of funda- 
mental theorems plus 80 illustrative 
plates which serve as problems and guides 
to the construction of models. 


Fully Illustrated 


194 Pages 


By Colonel Robert C. Yates 
United States Military Academy 


“It should be found in the library of 
every teacher of high school geometry.” 
School Science and Mathematics 


“Interesting and Different.” American 


Mathematical Monthly 


“Unmistakably the product of vast read- 
ing and research, coupled with careful or- 
ganization and discrimination on the part 
of the author.” The Mathematics Teacher. 


Selling Price $3.50 


EDUCATIONAL PUBLISHERS, nc. 


122 North Seventh Street 


St. Louis 1, Missouri 


Professors and reviewers give enthusiastic praise 
to Frank TN. Morgans. mathematics. books ... 


Differential and Integral Calculus 


From 
a review 


400 pages Answers 


“A very teachable text for a first course in calculus. 
The student has been kept in mind at all times in the 


presentation of the material.” 


College Algebra 374 pages Answers 


From a 
professor's 
letter 


“For the last two years I have used Morgan’s College 
Algebra as a text in my freshman classes in algebra. 
I consider it the best text I have used in my twenty-five 
years of teaching. The material is well-chosen through- 
out, including the first chapter, which hitherto I have 
usually omitted. The exposition is clear and concise, 


and the exercises are uniformly excellent.” 


Plane and Spherical Trigonometry 


From a 
professor's 
letter 


With or without tables 324 pages Answers 


“The large print and clear figures are outstanding 
features of prime importance. The statement of contents 
is clear and easily understood. The practical applica- 
tions are timely and varied to suit the interests of all 
students. This is a text that is both practical and 


theoretically correct.” 


American Book Company 


COLLEGE ALGEBRA 
By C. I. PALMER and Witson L. Miser. Second edition. 467 pages, $3.00 


Shows the student the relation of algebra to the problems confronting him in the sciences, business, 
and other activities. The second edition contains additional exercises, problems, and illustrative 
examples, provided for increased clarity and simplicity in the text. 


PLANE AND SPHERICAL TRIGONOMETRY. New Fifth Edition 


By C. I. Parmer, C. W. LeIcu, and Sporrorp H. KimBat, University of Maine. 403 pages (with 
tables), $3.25 
This is the revision of a widely-used text. The careful organization and grading of material, the 
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THE PUPIL’S ADVOCATE* 
RALPH BEATLEY, Harvard Graduate School of Education 


Once upon a time this Association appointed a committee to consider the 
rival claims of courses in mathematics and of professional courses in education 
in a fifth year program for prospective teachers of secondary mathematics. 
This committee reported that it naturally favored mastery of subject matter, 
but that it was bound to admit that the continued existence and growth of in- 
struction in educational psychology, in the principles of teaching, and in allied 
subjects indicated some merit in those areas also. It recognized that instruction 
in “how to teach” was often feeble, and that therefore it was easy to see why 
such instruction was generally scorned by the academic mind. Nevertheless this 
committee took the position that where there was smoke there must also be 
fire, and decided to recommend for the fifth year an almost equal division be- 
tween the claims of mathematics and professional training in education. They 
presumed, I suppose, that a prospective teacher whose ‘training included both 
mathematics and some knowledge of the learning process would blend both in- 
gredients in an effective teaching procedure. You can read the report of this 
committee in this MONTHLY, volume 42, May, 1935, page 263. 

If this committee of your own Association could take such a position con- 
cerning secondary mathematics in 1935, it seems to me reasonable to expect 
that many members of this Association would be sympathetic to the idea that 
prospective teachers of freshman and sophomore mathematics in our colleges 
today should blend with their mastery of subject matter some knowledge of 
how the human mind acquires new ideas, how it schools itself in new procedures, 
and how the acquisition of these new ideas and procedures is helped or hurt 
by the attitudes and emotions that accompany them. I do not propose to tell 
you how you might alter the training of prospective college teachers from its 
present pattern so as to include some of the ideas on “how to teach” that I be- 
lieve would be helpful. Three things, however, I will say: first, that the impor- 
tant ideas and attitudes that I have in mind can be put into such compact form 
that they can be picked up in relatively short time; second, that even a small 
amount of properly concentrated instruction in how to teach could result in 
great improvement in teaching in freshman and sophomore classes; and third, 
that it is futile to advocate the inclusion of such instruction in the training of 
prospective college teachers until college departments of mathematics see the 
worth of it and show that they want it. Once they decide that they want it, it 
will net be difficult to provide it. Until they decide that they want it, the ob- 
stacles to providing it will be numerous. 

Instead, therefore, of wasting my time on proposals for modifying the present 
training program, I will endeavor to show the sorts of changes in instruction 
you might expect if prospective college teachers were brought to consider the 
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human mind and how it learns. If you don’t like the changes that I predict, you 
need only sit tight. If, in time, you come to the point where you can see advan- 
tage to the cause of college mathematics in making certain changes, you will find 
a way to do so. 

The changes that I believe would result from giving more thought to the 
pupil and to the manner in which he learns would necessarily involve some 
changes in courses of study and in text books. These changes, as I envisage them, 
would be small, but their effect on the pupil would be great. The changes that 
interest me most all stem from one idea, namely, proper motivation of the sub- 
ject-matter. This, broadly conceived, includes as a corollary the idea of with- 
holding certain details of rigorous exposition until the pupil appreciates their 
import. When I say “withhold,” I do not mean “suppress.” However, I do mean 
something that you will probably not enjoy, even though you come in time to 
accept the idea. For it implies some disruption and some dislocation of the 
purely logical presentation of a subject. It implies beginning some subjects in 
the middle and working both ways from that first plunge. After all, has not 
much of mathematics been developed in this same way, beginning on the ground 
floor and then advancing to higher levels while new and better foundations were 
tucked in underneath? 

The first attack on a subject, instead of being straightforward and logically 
ordered, would in some instances be fragmentary and messy. It would require 
more artful exposition than merely proceeding in logical order; for, in the inter- 
est of truth, we should wish to indicate where some of the truth is withheld, 
and to indicate at times also the general nature of the truth that we withhold. 
It implies some repetition also, in the form of orderly recapitulation; because, 
once the pupil appreciates the inadequacies of the initial attack, which I have 
described as fragmentary and messy, we do indeed want him to see the argu- 
ment set down in order, with as much attention to rigor as he can accept. This 
explains what I had in mind by disruption and dislocation of the usual logical 
presentation. 

The reason that I suggest a dual procedure of this sort with respect to certain 
topics is that the psychological approach to a subject is often quite different 
from the logical. I advocate the psychological approach in order to win and to 
hold the pupil’s attention; I advocate a subsequent logical treatment because 
that is the goal of all our effort. I believe that if we proceed in this way the pupil 
will be more likely to accept and to heed the nice distinctions that interest us, 
and that he too will become interested in these fine points when he appreciates 
their significance. I think that our present approach causes us to lose many 
pupils, some by physical withdrawal, and others by mental and spiritual with- 
drawal. In one or two instances (overplaying limit of function and continuity at 
the start of the calculus, and overprotection against certain familiar pathological 
functions later on) the severely logical approach of some teachers, who seem to 
the pupil to personify mathematics itself, and of some authors seems to me to 
savor overmuch of the “Damn you, love me” technique that brings the young 
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lover to the front pages of our newspapers, but indicates to most of us that that 
is no way to woo. 

The reason for my prediction above, that you will not enjoy the prospect 
of a dual treatment of certain topics, is that what I have called “merely pro- 
ceeding in logical order” already demands exposition of a high order, as you 
well know; the even greater demands on the teacher’s powers of exposition to 
provide an extra higglety-pigglety treatment out of deference to the pupil's 
psyche will really test the depth of your devotion to the pupil and your interest 
in connecting him in some way with mathematics. In case these demands seem 
to you to be just too much, please recall that my suggestions are aimed at only 
a few crucial topics in mathematics and that I am counting on great changes 
on the part of the pupil in return for only a few changes on our part. 

Please understand that I think I appreciate the conflict in interest and atti- 
tude that are inherent in the teacher’s task of bringing together the severely 
logical subject of mathematics, that requires thinking, just thinking all un- 
adorned, and the mind of the human animal, that finds pure thinking difficult 
and is easily diverted to other methods of solving problems that to greater or 
less degree involve the emotions. We meet this same conflict in acute form when 
we attempt to use congenial exploratory and inductive methods to lure sec- 
ondary pupils to contemplate the less congenial deductive aspects of demon- 
strative geometry. The problem there is how to teach deduction inductively. 

I am sure that many college teachers regard it as altogether obvious that in 
beginning a new subject, say the infinitesimal calculus, they should build a good 
foundation and that the pupil for his part should ‘review any bits of earlier in- 
struction that will be needed in the new. The introductory chapter of text book 
after text book is built on that obvious pattern. It defines important ideas such 
as sequence, limit of a sequence, variable, function, limit of a function, continu- 
ous function, and announces that, if two variables have limits, the limit of the 
sum of the two variables is the sum of their two limits. Often the author of the 
text book shows that he recognizes that the pupil will consider such an ap- 
proach altogether dreary. He suggests that the pupil skip these introductory 
ideas but remember where he can find them if ever he needs them. So the pupil 
is led without introduction, or by a highly repellent introduction that is worse 
than no introduction, to contemplate the limit of the ratio of two variables each 
of which is tending toward zero. And now observe the trouble we are in. The 
pupil who has been conducted through the introductory chapter has met the 
necessary ideas, but has acquired a distaste for them. The pupil who has been 
protected against an unfortunate emotional set toward the subject by being 
allowed to skip the introductory chapter finds now that he must grub around 
in it after all. It is quite possible that a sympathetic teacher, and there are 
many such, will not probe too embarrassingly at the start into the pupil’s ideas 
concerning the limit of delta-x and the limit of delta-y. The teacher may deem 
it better not to molest a pupil who happens to think of delta-x as assuming only 
rational values as it tends toward zero. But however sympathetic the teacher, 
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he must face this fundamental conflict: that you can’t begin the calculus with- 
out emphasizing the idea of limit, and that, whether or not the pupil has studied 
the introductory chapter, you can’t count on his having an accurate notion of 
limit, ready for immediate use. To my mind, one of the most important out- 
comes of instruction in the infinitesimal calculus is the pupil’s ultimate acqui- 
sition of sound ideas concerning variable and limit, and his appreciation of the 
vital role that these ideas play in establishing methods of calculating those 
quantities from geometry and physics that are the chief concern of the calculus 
and that the pupil recognizes as important and interesting. But the pupil will 
require time and patient handling if he is ultimately to acquire these ideas in 
the form that we desire. My plea is not for a cheapening of the ultimate goal of 
our instruction. I urge merely a compassionate approach that would save as 
many souls as possible at the beginning and along the way. At the beginning, 
therefore, I favor a method that relies heavily on the pupil’s intuition and only 
gradually reveals to him that his intuitive ideas will bear examination and re- 
vision. I believe that I am correct in asserting that the usual formal introduc- 
tory approach to the calculus is a direct affront to the pupil’s intuition and for 
that reason is psychologically bad. I repeat, I think that such an approach an- 
tagonizes many pupils unnecessarily; that it loses us many pupils who could be 
saved to understand and enjoy mathematics; and that by saving them we could 
render a distinct service to the cause of mathematics. 

I believe that the way to save them is easy; that it requires very little time 
and effort; and would necessitate very little change in courses of study or in the 
printed page. It may indeed require a considerable change in attitude at certain 
points. And this brings me back to my basic idea, the proper motivation of the 
subject-matter. The word motivation implies respect for the pupil’s interests 
and attitudes; and it is good strategy for us to respect them, for interests and 
attitudes provide the drive to action. If you will trust my expressed intention 
that all the treasured ideas of limit, continuous function, and so on are eventu- 
ally to be saved; and if my hope is realized that more pupils than formerly will 
be saved to appreciate these ideas; then why not introduce the pupil to the cal- 
culus by first showing him one or two examples of what the calculus can do and 
how it does it? Give him some reason for studying the calculus; appeal to his 
interests; stimulate in him a spirit of inquiry. For example, we can invent some 
plausible reason for wishing to know the maximum value of 5+6x—x? as x 
varies—say, the number of inches f(x) of growth of pole beans in terms of the 
number of inches x of rain in June—and show the bare technique by which this 
maximum value is computed. No mention of variable secant, no deltas, no 
limit; nothing but the rigmarole of passing from 5+6x —x? to 6—2x, of attach- 
ing to this latter expression the idea of slope of tangent, and then eliciting from 
the pupil the connection between relative maximum and zero slope, and allow- 
ing him to finish the computation himself then and there. The pupil’s earlier 
instruction in algebra has probably already given him an idea or two concerning 
the critical point of a quadratic function against which he can check this new 
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technique of the calculus. And then, in another few minutes, another example 
involving a cubic function set equal to y, where our new technique, called dif- 
ferentiation, produces y’, the slope of the tangent. And then, with equal aban- 
don, a third example in which the pupil employs this new technique to pass from 
s=16f to s’ =32#, and is given immediately a brief picture of the connection be- 
tween slope of tangent and rate of change of a function in general. In this last 
example it is conceivable that the pupil can suggest that rate in this case can be 
interpreted as velocity; at least the teacher will invite him to try to make this 
association. And then the teacher can suggest the possibility of reversing this 
operation so that, given the relation between velocity and time, one can infer 
a relation between distance and time. There is no attempt here at explanation; 
the sole intent is to give a quick preview of some of the ideas that will occupy 
the pupil in his study of the calculus; to show him quickly and with very simple 
examples how the calculus is linked to geometry and physics; to contrast the 
two main operations of the calculus; and, above all else, to make the subject 
appear in prospect to be easy. The pupil is not expected to understand much of 
what he has been shown. The object is rather to show him that it involves concepts 
already familiar to him and is the sort of thing that he can understand. A 
further object is to establish a feeling of confidence between pupil and teacher; 
for at this same time the teacher must say that certain steps in reasoning that 
support the simple techniques just exhibited will seem to the pupil to involve 
nice distinctions, the need for which is not immediately apparent, but the 
teacher understands this and does not expect immediate and complete accept- 
ance of every new idea on the part of the pupil; that allowance will be made for 
a period of incubation. I am aware that this sounds a bit childish. But if so, is it 
not because we commonly forget how close the adult is to the child in matters 
of this sort? In brief, I am suggesting that if we defer somewhat to the psycho- 
logical child in the pupil before us, we increase the likelihood that he will ac- 
cept the adult mathematics that we set before him. Now, just before you start 
to tear this suggestion to pieces, allow me to insist that I am not discussing at 
this point the teaching of the calculus, and that I do not want my remarks with 
respect to 5-++-6x —x? and thereafter to be taken as asample of how I would teach 
those topics in the calculus. We are not in the calculus yet; only on the doorstep. 
I am discussing the introduction to the calculus; and not so much how to intro- 
duce the idea of limit as how to introduce the pupil. The word calculus still 
means to me all that it has ever implied at the beginning level with respect to 
the idea of limit. 

I sympathize with the desire to parade at the beginning of a book on the 
calculus the materials of the present introductory chapter. From the point of 
view of the learner, however, I incline to favor the dissemination of this ma- 
terial throughout the book as need for it arises. That is one of the disruptions 
that I mentioned earlier. Then, considering the learner and also the teacher, 
I am inclined to favor a collection of all this material for ready reference in 
the appendix. And that is one of the dislocations that I mentioned. 
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If only the introduction could show the pupil why he is studying the cal- 
culus, and lead him at once to the derivative as usually explained, and to ex- 
ercises and problems involving the derivative, I think the pupil would be better 
served and better pleased. The exposition of the derivative would suffer no 
change. The pupil would continue to be as naive as formerly about variable 
and limit, but his morale would be better. Instead of being given the idea that 
he was doing less than expected and was getting off to a bad start because he 
had not entirely understood the necessary preliminaries about variable and 
limit, he would be given the idea that he was doing all that was expected at this 
time, that it was adequate for the present, but that he must expect very soon to 
acquire greater sensitivity to the techniques involved and to the ideas on which 
they rest. Most books require the pupil to apply the fundamental definition of 
the derivative to a series of ten or more expressions like 4x?+-3 and 3x?—5x+4. 
I would allow the pupil to consider the earlier ones in this list as aimed chiefly 
at giving him facility in the technique of translating f(x-++Ax) —f(x) into terms 
appropriate to a given exercise. And then in subsequent exercises I would ex- 
pect the teacher to be more demanding of the pupil with respect to the limit 
idea. Just how demanding depends at this stage on how much of this the pupil 
can accept. 

It is possible, of course, to take the point of view that if we defer always to 
the pupil, he will stage a sit-down strike and baulk us in our attempt to reach 
our goal. Actually, I think the human animal.reacts quite differently: that when 
pushed and crowded he does indeed sit-down and baulk; but when held respon- 
sible for displaying his own powers under conditions that give him a fair chance 
to do so, he surprises us by doing more than we expect. I believe it is all too 
easy to find examples of pupils who sit passively in our class-rooms and respond 
only briefly to our best efforts. I have an idea that if we should pay more atten- 
tion to how pupils learn, we could discover ways of converting our best efforts 
into even better and more successful efforts. 

In similar vein, would it not be worth while to devote a few minutes at the 
beginning of infinite series to explain why we interrupt the steady course of the 
calculus to include this topic? And why we make so much fuss over the matter 
of convergence? It is a rare book that lets the pupil in on the secret that x tan x 
cannot be integrated in terms of elementary functions; that admits that the 
strange and brief assortment of curves presented as exercises under length of 
arc are the best that can be assembled, again because of difficulties with integra- 
tion; or that discloses why certain differential equations are offered as exercises 
and why others, much like them, are not offered. I believe that it would cheer 
the pupil immeasurably to learn that author and teacher are less than omnipo- 
tent, that there are things they cannot do. Why not tell him? In this connection 
I ask why we list in a table of integrals only those expressions that we can 
integrate in terms of elementary functions; why not include some of the closely 
related functions that cannot be handled so readily, with a simple notation to 
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that effect? I believe that the pupil would take hold of infinite series much better 
if we told him at the outset that one reason for introducing the study of infinite 
series into the calculus is to circumvent this barrier of non-integrability. And 
then, instead of proceeding to a formal exposition of the first ideas on infinite 
series—handing it out cold, as the pupil would say—my own inclination would 
be to lead the pupil to do a bit of experimenting at this point. I suggest that he 
try to employ the first few terms of the binomial expansion in an effort to 
evaluate (2-++-1)-?; (1--2)-?; (4+1)¥?; (1+4)¥?; 1/(1+%) for x =4; and 1/(1+-x) 
for x =2. Nothing would be said at this time about the validity of employing the 
binomial expansion in this way. Further, I would suggest that the pupil inte- 
grate from x =0 to x=h the first six terms of the expansion of 1/(1+-%) in order 
to approximate the integral /?dx/(1-+-x) and try in this way to find log (1+) 
and log (1+2). And I wouldn’t be above asking him to contrast the expansion 
of 1/(1-++x) when x equals 1 with the value of his series for log (1+) when h 
equals 1. I should expect that the pupil would see some point now in considering 
whether a given series converges or not. 

With respect to convergence, there is some danger of piling up ingenious ex- 
amples that run far beyond any use that the pupil will make of this important 
idea. In this respect this topic is reminiscent of factoring in algebra. With re- 
spect to both topics it can be said, and truly, that the fussy cases are introduced 
to test the pupil’s grasp of basic principles. If we recall why we introduced series 
and why we decided to inquire into the matter of convergence, it will be easy to 
determine when the pupil has had enough. Certain series serve admirably to 
test the pupil’s grasp of the idea of limit of a sequence and deserve considera- 
tion for that reason if for no other. By now the pupil has progressed far beyond 
the point where we need be solicitous about his attitude toward the idea of 
limit; our concern at this stage is to seek occasions that will cause him to revert 
to the idea and test his mastery of it. 

Another opportunity to appeal to the pupil’s interest is afforded by the hyper- 
bolic functions, but I do not recall any text that seizes this opportunity. To me 
it seems almost unavoidable that the pupil, comparing the integrals 


ze % _ @? x 
J Va? — eda = — Vae — xt + — sin! — 
0 


a 


and 


Go % _ @? xe Vat x? 
f VE + Pde = — Ja? + + = tog,(= + 2 
0 2 2 a a 
and their geometric counterparts right-triangle-plus-circular-sector and right- 
triangle-plus-hyperbolic-sector, as in Figure 1, would be compelled by the strik- 
ing analogy to ruminate on the result of relabeling log. (x/a+-+/a?+x?/a), which 
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we shall call u for short, as sinh— x/a. He would then be curious as to what sinh u, 


@) Xx a 
FIGURE 1 


equal to x/a, might look like. He can easily satisfy his curiosity about x/a by 


converting 
x Var + x? 
log. (= + a) = U 
a a 
into 
x Vat + x? 
— -+- ————__ = &", 
a a 
which yields 
x eu — eu 
— = —————. = sinh 4. 
a 2 


Similarly, by comparing the negative integral 


and the positive integral 


x s/ x? — a? 


z ~G a x 
J Vx — & da = Va — a ~ tos. (= +-—-— 
a a 
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and their geometric counterparts right-triangle-minus-(larger)circular-sector 
and right-triangle-minus-(smaller)hyperbolic-sector, as shown in Figure 2, the 


X Q 


FIGURE 2 


pupil would be tempted by the analogy to try the result of writing 


~ Sx? — @? x 
log. (= + “) = vy = cosh! — - 
a 


a a 
From 
x Vx — a 
—_, + — e” 
a a 
he gets 
x ev>+e? 
— = ————— = cosh 2. 


Giving further rein to his fancy he invents the hyperbolic tangent, the deriva- 
tives of the hyperbolic sine, cosine, and tangent, and pokes around for the anti- 
hyperbolic tangent. He gets this by twisting 


ev — Ee” 
tanh y = —————- = Ww 
ev+e? 
into 
1+ w 
e2? = ’ 
1— w 


from which he derives 
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1+ w 


1— w 


vy = tanh! w = Fz log 


This brings the integrals 


ax | ax 1 1+ x 
= tan! x and J = — log 
1 + x? 1— x? 2 1— x 


much closer together; and the pupil will find further support for the results of 
this fanciful inquiry when he works out the series developments of these 
functions. 

This takes a bit more time than just “handing it out cold”; but I believe that 
it pays dividends in the long run. My object is to arouse the pupil’s interest, to 
insist that he sees the meaning of what he does, and to lead him to go on his 
own whenever possible. Neither you nor I want him to accept procedures 
blindly, trusting the word of teacher or of the book. But sometimes we get be- 
hind in our program, possibly just because we have listened long and patiently 
to pupils’ difficulties, objections, doubts, and inquiries. Remembering the de- 
mands of the syllabus of the course we are teaching, we are tempted then to 
stifle questions and proceed with the program. Sometimes, of course, we must 
do this. But the pupil knows whether our attitude in general is to prefer his 
interest to the demands of the syllabus, or whether we tend to give the syllabus 
the right of way. What good does it do if the teacher completes the course on 
time, but loses the pupil on the way? 

I never cease to wonder how some instructors can proceed blandly on with the 
discussion of topics B and C when the pupils in front of them are not yet satisfied 
with important details of topic A. Cannot such an instructor imagine the dis- 
content such treatment breeds in the pupil? Does he not see that the pupil who 
is still dissatisfied with respect to topic A is ripe to be taught; that he is emo- 
tionally set to inquire, to test one alternative after another; in short, is emo- 
tionally primed really to study? Here is an opportunity not to be missed. It does 
not mean necessarily more debate in class at this time; it may be better to sug- 
gest that the pupil—it is almost time to call him the “student”—follow this or 
that line of inquiry and report on it at the next meeting. Almost anything will 
serve that pays attention to the pupil at such a time. It is important that the 
instructor remember on his part to follow up the pupil’s inquiry at their next 
meeting. 

Ignoring a pupil who is emotionally set to learn tends to turn him against the 
instructor and against the course. What is the syllabus for, anyhow, that it is 
more important than the pupil? 

What does the pupil bring to your class? Some proficiency; some misconcep- 
tions; some interest; some fear. It is the teacher’s task to increase this pro- 
ficiency; to replace misconception with proper understanding; to hold whatever 
interest the pupil may have had and to add to this interest. The teacher can do 
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little of any of these, however, unless he dispels the pupil’s fear. Well, what is 
the pupil afraid of? He is afraid that he will not succeed with worded problems; 
that he will not really understand the “why” and “what for” of the various 
mathematical maneuvers he is expected to perform. He inclines to seek the 
security of a sure rule of thumb. You know where that will lead him! Conse- 
quently the teacher’s chief task is to dispel these doubts; to create an atmos- 
phere of confidence, in which the pupil will expose his ignorance and misconcep- 
tions freely, and will even welcome the teacher’s probing to uncover other weak- 
nesses that the pupil has not confessed. In such an atmosphere doubtful points 
in the teacher’s exposition and in the book will be cleared up. Exercises that 
encourage the pupil to discover mathematics himself in his own imperfect way 
are an aid to this end; and so are exercises that allow for plenty of learning by 
actual doing. Admittedly these things all take time. But it is amazing how rap- 
idly a pupil can acquire the information we want him to acquire if only we take 
pains to give him the proper emotional set first of all. Teachers in general know 
that they ought to provide an effective motive for learning; that they ought to 
allow some time for the pupil to discover some of mathematics for himself; and 
that there is an efficacy in the pupil’s own doing that outweighs that which is 
done for him. But there are schedules to be maintained; the class must cover 
the ground. In many cases, if only the teacher would begin by concentrating on 
the pupil and ignoring the syllabus, he would discover that the pupil finally will 
rescue the syllabus for himself. There is much to be said for a slow beginning, to 
save as many souls as possible; those who survive can tolerate cheerfully a more 
rapid pace at the end. 

It is my belief that many teachers and authors of textbooks recognize the 
merit of these ideas. Why, then, are they not more generally adopted? I will 
hazard the guess that it is partly because of ignorance and partly because of 
fear. Our knowledge of mathematics is relatively sure; our knowledge of human 
beings is uncertain. Then, too, it is more respectable to be concerned with the 
subject than with the pupil. If the teacher teaches, or the author writes, with 
his attention chiefly on the pupil, he risks suspicion as one who does not “know 
his stuff.” I think that there are ways by which one who is really master of his 
subject can protect his scholarly reputation by adroit qualifications and oc- 
casional foot-notes. Some authors have shown that they can do this. I wish that 
more would follow suit. 

The environment in which the college teacher works is concerned chiefly 
with his subject. What forces act on him in behalf of the pupil? If only it could 
be generally understood that every author has heard of the so-called “patho- 
logical functions” and was guaranteed free of attack because he seemed to ig- 
nore them, I think the pupil would be pleased and would progress more rapidly 
to the point where he too could join safely in the sacred rites surrounding them. 
I recognize the important part that exceptional cases and famous puzzles have 
played in the development of mathematics. But we can never attain a com- 
pletely rigorous presentation on the adult level even; we must draw the line 
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somewhere. You can see that I think that we commonly draw it with too little 
regard for the pupil. 

In this plea for greater consideration of the pupil’s point of view I have 
drawn my illustrations from the calculus and have said nothing with respect 
to the subjects that normally precede it. You will not be surprised, however, 
at my opinion that, from the point of view of the subject, the best way to begin 
analytic geometry is in terms of directed line segments and their projections on 
the axes; but that, from the point of view of the pupil, such a beginning is unfor- 
tunate. My own inclination would be to rely at first on the pupil’s intuition 
concerning the general validity of x,—%x, as the projection on the x-axis of the 
directed line segment P,P... I am fully aware that the generality of the alge- 
braic processes that we employ in analytic geometry forms the very heart of 
the subject; but I prefer to insinuate this idea gradually as the course develops. 
I believe that direct frontal assault causes the loss of too many of the partici- 
pants; that repeated small forays at different times and places will bring more 
participants to the desired goal. Furthermore, directed line segments do not 
quite live up to the high hopes we have of them. It is a bit of an art, indeed one 
of the trickiest aspects of analytic geometry for the beginnner, to know when 
directed line segments are to be respected and when they can be safely ignored. 
I might even say “profitably ignored,” having in mind the possible loss of the 
inner loop of the limacon r=3—4 cos 6 by too stuffy insistence on positive 7’s 
only. You know when you think it well to consider length, area, and volume as 
unsigned quantities and when you would be relieved of this restriction in order 
to win some important generalization. To the pupil the rules of the game are 
not so clear. | 

Again, in trigonometry, the majority of college teachers who write texts in 
this subject seem to think that if they begin with general angle they can clean 
up on the elementary functions once and for all. In my opinion the pupil would 
prefer to be introduced to the elementary functions as they appear in right 
triangles, with some subsequent extension short of the general angle to ac- 
commodate obtuse-angled triangles. I am aware that the style has turned a 
bit from the solution of triangles and that analytic trigonometry is more in favor. 
I think I know why, and I agree. I mention, merely, that I think that the ap- 
proach through triangles means more to the pupil; and I would not ignore the 
pupil’s point of view. 

In summary, I advocate giving the game back to the pupil. Let him find 
out a few things for himself in the trial-and-error method by which we all learn. 
I would not be so solicitous for his safety in the mathematical world. A good 
soaking may teach him more than he would ever learn if he started out with full 
equipment of rubbers, raincoat, and umbrella. Actually this metaphor does not 
express my whole meaning, because I want him to return home after the first 
shower and get more equipment, once he sees what he is in for. Of course, it 
would make things easier at home if he would start out in the first place with all 
the equipment he might possibly require, even including crampons, and perhaps 
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water and lunch, in case he is marooned on a glazed highway and cannot move. 
That is the way some recent textbooks impress me. They care for every emer- 
gency in advance. That way everything is neat and orderly. But most of it is 
done by the guide; little initiative is left to the pupil. 

Changing the metaphor, I would say that on the whole our mathematical 
house is in good order and that we take pride in keeping it so. I am not asking 
for a thorough house-cleaning. Quite the contrary. The house is spick and span 
now-and needs no house-cleaning. I think, however, that it does need a little 
room that the children can call all their own, where a certain amount of disorder 
is tolerated, provided that from time to time the children are expected to tidy 
up the room according to their own standards of what is neat and orderly. They 
will not lack examples of adult standards of neatness and order in all other parts 
of the house. 


A CLASS OF NON-DESARGUESIAN PLANE GEOMETRIES* 
KENNETH LEVENBERG, University of Wisconsin 


1. Introduction. F. R. Moulton has shownf that Desargues’ theorem is not 
a consequence of certain of Hilbert’s axioms{ by exhibiting a simple non- 
desarguesian plane geometry fulfilling these axioms. The points of this geometry 
are points of the euclidean plane, the lines of non-positive slope are euclidean 
lines, and the lines of positive slope are euclidean broken lines, broken at the 
x-axis so that the slope in the upper half-plane is a positive constant (not unity) 
times the slope in the lower half-plane. § 

The present paper generalizes Moulton’s paper in two ways. First, his ge- 
ometry is generalized by consideration of the broken-line plane geometries de- 
fined by an arbitrary functional relationship between the upper and lower 
half-plane angles. The class of functions which define projective plane geome- 
tries is determined, and the non-desarguesian projective planes are found. Sec- 
ond, the non-desarguesian property of Moulton’s geometry is generalized to 
show that Desargues’ theorem is one of a large class of theorems which are not 
valid in each of the non-desarguesian projective planes. 


2. The broken-line projective geometries. The points of our geometries 
consist of points of a real euclidean plane, and the lines include a euclidean axis 
creating an upper and lower plane and the euclidean parallels to this axis. The 
remaining lines of our geometries are the broken lines meeting the axis at an an- 


* The author is indebted to Professor R. H. Bruck for his encouragement and advice in the 
preparation of this paper. 

+ A simple non-desarguesian plane geometry, Trans. Amer. Math. Soc., 3, 1902, pp. 192-195. 

t Axioms I 1-2, II, III, IV 1-5, V. See Hilbert, Foundations of Geometry, 1902, chap. I. 

§ The slope ratio is usually taken as two to one. See M. Pasch and M. Dehn, Vorlesungen 
iiber Neuere Geometrie, 1926, p. 256. 
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gle @ in the upper plane and an angle ¢ in the lower plane, as shown in Figure 1. 
Evidently, it is only necessary to consider a relationship between the angles 
6 and ¢ of these lines to be given by a single-valued function ¢ =/(6), with a sin- 
gle-valued inverse, such that OS6S7, 0S@S7, f(0) =0, and f(a) =z. Ordinary 
euclidean geometry is thus defined by f(@) =6, OS@ Sr. 

As plane axioms of projective geometry we take Veblen and Young’s as- 
sumptions of alignment,* which are as follows: 

Al. If A and B are distinct points, there is at least one line on both A and B. 

A2. If A and B are distinct points, there is not more than one line on both 
A and B. 

A3. If A, B, C are points not all on the same line, and D and E (D¥E) are 
points such that B, C, D are ona line and C, A, £ are on a line, there is a point 
F such that A, B, Fare on a line and also D, E, F are on a line. 

Since all the geometries satisfying these assumptions are desired, we seek a 
necessary and sufficient condition on the function ¢ =f(6) so that the geometries 
defined by the functions satisfy these assumptions. For this purpose, define S as 
the class of single-valued strictly monotonic increasing continuous functions in 


FIGURE 1 


the closed interval (0, 7), with endpoints (0, 0) and (z, 7). We will prove 


THEOREM 1. A necessary and sufficient condition that a function @ =f (0) define 
a geometry satisfying the assumptions of alignment ts that 6=f(0) be a member of 
class S. 


, First, assume that a function ¢=f(@) defines a geometry satisfying the as- 
sumptions of alignment. By definition, the function has the endpoints (0, 0) and 
(7, 7), and the function, and its inverse, are single-valued in the closed interval 
(0, 7). The strictly increasing monotonicity can be shown by considering lines 
} and ]’ (Fig. 1) for two values 6 and 6’, with 6’>6. Lines CEA and CDB can be 
drawn as indicated, so lines / and J’ must intersect by A3. If 9’ <@ lines / and J’ 


* Projective Geometry, Veblen and Young, vol. I, 1910, p. 16. 
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would not interesct, and if 6’ =¢@ the inverse function would not be single-valued. 
Thus ¢/>4¢, as was to be shown. Finally, Al requires that the function take on 
every value in the open interval (0, 7) for 6 in that interval. 

We have, then, that f(6), for the closed interval (0, 7), is a single-valued 
strictly monotonic increasing function, with endpoints (0, 0) and (a, 7), taking 
on every value in the interval. Such a function is continuous in the closed inter- 
val, since the monotonicity requires that it can have simple discontinuities at 
most, in which event it could not take on all values in the interval.* The func- 
tion @ =f(6) is thus of class S and the necessity of the condition is established. 

We now assume that a geometry is defined by a function ¢ =/f(6) of class S. 
Assumptions Al and A2 will be satisfied if there is one and only one line through 
any two distinct points A and B. This is obvious when both A and B are in the 
same half-plane and when one or both points are on the axis. The remaining case 
is when A and B are in different half-planes, say A in the upper plane and B in 
the lower plane. The problem is to show that there is a unique breaking point 
along the axis such that the angles (6, ¢) formed by connecting the breaking 
point to A and B, respectively, satisfy the given functional relationship ¢ =f(@). 
It is evident geometrically that the function ¢=g(6), obtained by varying the 
breaking point along the axis, is a single-valued strictly monotonic decreasing 
continuous function in the open interval (0, 7). This can be verified by dropping 
perpendiculars from A and B on the axis and noting that the function has the 
form cot 6=a+b cot 6, b<0.} Defining g(0) =a and g(m) =0, we can describe 
g(6) in the same terms used in defining f(@), if we substitute “decreasing” for 
“increasing” and reverse the endpoint values. If the graphs of two functions so 
related were drawn on the same coordinate axes, the existence of the desired 
unique simultaneous solution would be geometrically evident. An analytic proof 
is obtained by consideration of the difference function (0) =g(6) —f(@). Since 
h(0) is a single-valued strictly monotonic decreasing continuous function in the 
closed interval (0, 7) with endpoints (0, 7) and (a, —7), it takes on the value 
zero once and only once, in the open interval (0, 7). Thus Al and A2 are satisfied. 

Assumption A3 is satisfied if any two lines / and /’, intersect. This is evident 
when at least one of the lines is the axis or a line parallel to the axis (ideal points 
exist as in euclidean geometry). When neither / nor /’ is the axis or parallel to it, 
they both intersect the axis in ordinary points. If these two intersection points 
are not distinct this common point is the required intersection. For distinct in- 
tersections with the axis, refer to Figure 1, showing / and 7’. If 6’<9@, there is an 
ordinary intersection in the upper plane, and if 9’=0, there is an ideal intersec- 
tion. If 0’>6, we have ¢’>¢ by the strict monotonicity condition on our func-- 
tion, and there is an ordinary intersection in the lower plane. In any event, an 
intersection exists and A3 is satisfied. Thus the sufficiency of the condition 1s 
established, and we conclude that class S is the class of functions which define 


* See Hardy, Pure Mathematics, 1925, p. 181. 
+ In this paper, the values of the inverse cotangent are not necessarily principal values, but 
are taken in the first and second quadrants. 
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the geometries satisfying the assumptions of alignment. 

Note that the geometries defined by the functions of class S are actually 
plane geometries, since all points are on lines joining points of the axis to a par- 
ticular point not on the axis.* 


3. The non-desarguesian geometries. In what follows, we will refer inter- 
changeably to a geometry and the function defining the geometry. All geome- 
tries considered will be understood to be of class S. Terminology involving an 
angle couple (6, ¢) of a geometry will refer to a pair of corresponding values of 
these angles in the open interval (0, 7) of the function defining the geometry. 
Note that two couples (6, ¢) and (6’, ¢’) of a geometry will necessarily have a 
strictly monotonic increasing relation to each other, 4.e. ¢’<@ according as 
6’=6. 

Consider two distinct couples of a geometry, (01, 1) and (82, ¢2), and draw 
the corresponding lines through a point P in the upper plane as shown in Figure 
2. For any other couple (6, ¢) of the geometry, draw the line through P and con- 
struct triangles A,B,C; and A,B2C, as shown, with A,B,||A2Bz and AiC\||A2C>. 
If the geometry is assumed to be desarguesian, the two triangles, being perspec- 
tive from the point P, would be perspective from the line at infinity. Then 
clearly, a second desarguesian geometry having the couples (61, ¢1) and (62, ¢2) 


DD b---------------=53 


FIGURE 2 


would have the couple (6, @) also, because Ci1C2P would be a line in the second 
geometry. Thus the two desarguesian geometries would be identical since (6, ¢) 


* Reference is to Veblen and Young's conception of a plane and a plane geometry (J.c., chap. 


I). 
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was any couple of the original desarguesian geometry other than the two com- 
mon couples (61, 61) and (62, @2). We therefore arrive at 


THEOREM 2. With the possible exception of but one geometry, all the geometries 
of class S having two given distinct couples are non-desarguestan. 


COROLLARY. All the geometries of class S having at least two couples in common 
with euclidean geometry (except euclidean geometry ttself) are non-desarguestan. 


The corollary follows from the fact that euclidean geometry is desarguesian. 
As an application of the corollary, we note that Moulton’s geometry is a non- 
desarguesian geometry of class S, since it is defined by 


T 
tan gd = ctané, for 0<6<>> c>0,cx#¥li1 


and has at least two couples in common with euclidean geometry (defined pre- 
viously by ¢=6, OS@S7). 

From the foregoing discussion of non-desarguesian geometries, it may be 
thought likely that all geometries of class S might be non-desarguesian (with the 
exception of euclidean geometry). This is not true, and the non-desarguesian 
proper subclass of S will now be determined. 

Define T as the class of functions given by the two parameter family, 
cot ¢=a+5 cot 0, b>0, 0<6<z7, with unique endpoints (0, 0) and (7, 7). We 
will prove 


THEOREM 3. The functions of class T define desarguesian geometries of class S. 


It is evident that a function of class T defines a geometry of class S. In order 
to show that Desargues’ theorem holds for the geometries of class T, a general 
principle for these geometries will be established.* Consider a transformation 
taking any point P, at a height p=PR above the axis, to a point Q, at a height 
g=QS above the axis and at a distance d= RS from P measured parallel to the 
axis with positive direction to the right (refer to Figure 2). Let the transforma- 
tion equations be g=(1/b)p, and d=(a/b)p, where a and 0 are the parameters 
of a function of class 7. If we take any couples of the geometry of this function 
of class TJ, such as (61, $1), (62, 62), and (6, @), it is seen that the euclidean pro- 
longatjons of the lower plane segments of the corresponding lines through P will 
go through Q. We thus see that any configuration of points and lines in a geome- 
try of class T can be transformed, by euclidean prolongations of the lower plane 
line segments, into a corresponding euclidean configuration such that concurrent 
lines go into concurrent lines and collinear points go into collinear points (the 
case of an ideal intersection is obvious, and the case of a line parallel to the axis is 


-* This principle was suggested by Professor S. B. Jackson. 
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handled by the first transformation equation). The converse situation is evi- 
dently true also. That is, upper plane lines and points of a euclidean configura- 
tion can ‘be transformed back in the same way to yield a corresponding configu- 
ration in a geometry of class T. This establishes the general principle that a 
theorem relating to points of intersection is true in the geometries of class T if 
and only if it is true in euclidean geometry. In particular, then, we have Des- 
argues’ theorem true in the geometries of class 7°. 

Noting that there is a geometry of class T having any two given distinct 
couples of a geometry of class S, we can remove the uncertainty in Theorem 2, 
and get 


THEOREM 4. With the exception of one desarguesian geometry (of class T), all 
the geometries of class S having two given distinct couples are non-desarguesian. 


Defining class U=S—T, we have the theorem which may be regarded as the 
objective of this section. 


THEOREM 5. Class U ts the class of non-desarguestan geometrtes of class S. 


4. A property of the non-desarguesian geometries. Pappus’ theorem does 
not hold in our non-desarguesian projective planes by virtue of Hessenberg’s 
proof that Desargues’ theorem is a consequence of Pappus’ theorem.* Hilbert 
and others have shown that the validity of Desargues’ theorem in a projective 
plane is equivalent to the possibility of coordinatizing the plane by the von 
Staudt construction with elements from a skew-field, and that the skew-field 
will be a commutative field if and only if Pappus’ theorem holds. f 

The question arises as to what theorems can hold in our geometries of class 
U. We note that the method of proof used in the preceding section to show that 
these geometries are non-desarguesian can also be used to show that Pappus’ 
theorem does not hold. The method can be used in general to show that all non- 
trivial constructible intersection point theorems of euclidean geometry are not 
true in our non-desarguesian planes. A definition of non-trivial constructible 
intersection point theorems is given by Moufang.f{ (The theorems of Desargues 
and Pappus and the theorem of the complete quadrilateral are examples of 
theorems of this type.) . 

To apply the method in general, consider a configuration for such a theorem 
of euclidean geometry constructed in a euclidean plane, with an axis drawn such 
that one of the intersection points of the configuration is isolated in the upper 
half-plane while the remaining intersection points are in the lower plane. An 
intersection point can be isolated by an axis in this manner since the definition 


* G. Hessenberg, Beweis des Desarguesschen Satzes aus dem Pascalschen, Math. Ann., 61, 
1905, pp. 161-172. 

+ See M. Pasch and M. Dehn (i.c.), and Marshall Hall, Projective planes, Trans. Amer. Math. 
Soc., 54, 1943, pp. 229-277. 

t Ruth Moufang, Zur Struktur der projektiven Geometrie der Ebene, Math. Ann., 105, 1931, 
pp. 536-601. 
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of an intersection point theorem requires that there be only a finite number of 
intersection points in the configuration. Thus it is seen that an intersection point 
at the maximum distance from any particular point of the plane can be so iso- 
lated. Note that the definition of a non-trivial intersection point theorem also 
requires at least three lines on a point and three points on a line so that we have 
at least three lines of the configuration concurrent at the isolated point and cut- 
ting the axis in ordinary points. With the configuration of the theorem thus es- 
tablished in a non-desarguesian plane, it is seen that the arguments of the pre- 
ceding section apply as before to show that the theorem is false in every one of 
the geometries of class U. 

Thus far we have only considered non-trivial constructible intersection point 
theorems of euclidean geometry. However, we can show that possible theorems 
which do not hold in euclidean geometry cannot hold in our non-desarguesian 
planes either. For, consider the configuration of such a theorem constructed in a 
euclidean plane. Establish the configuration in a non-desarguesian plane by 
drawing an axis isolating it completely in the lower half-plane. Then, if the theo- 
rem were valid in the non-desarguesian geometry, it would hold in euclidean 
geometry also. We may now state 


THEOREM 6. All non-trivial constructible intersection point theorems are false in 
each of the geometries of class U. 


This yields, by elementary means, the result of Moufang (J.c.) to the effect 
that all non-trivial constructible intersection point theorems are independent of 
the plane axioms of projective geometry. It is interesting to note that a common 
geometric model (Moulton’s geometry, for example) can be exhibited to show 
this independence for all non-trivial constructible intersection point theorems, 
and that each geometry of class U will serve as such a model. 


CARDAN AND THE PASCAL TRIANGLE 
C. B. BOYER, Brooklyn College 


It is well known that the arithmetic triangle, in one or another variant of 
the form 


appeared long before Pascal composed his famous Trazté du triangle artthmétique 
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(published posthumously in 1665). The device may have been known to Omar 
Khayyam (c. 1100), it appeared in China in 1303, and it was published in 
Europe by Apian in 1529. [1] Similar forms of the triangle were given before 
Pascal by numerous men, including Stifel (1544), Scheubel (1545), Peletier 
(1549), Rudolph (1553), Tartaglia (1556), Stevin (1585), Girard (1629), Ought- 
red (1631), and Briggs (1633). [2] However, it seems still to be widely believed 
[3] that “the triangular array was investigated by Pascal (1654) under a new 
form, substantially as follows”: 


1 


1 
2 
3 6--- 
4 


[oo es oo oS 


So significant did Cantor, Wieleitner, and Tropfke regard the difference in form 
that they declined to recognize any dependence of Pascal upon the earlier in- 
stances. [4] There also is a general impression that to Pascal is due the first 
study of the relationships exhibited by the triangle and their application to 
questions in the theory of probability. [5] It is the purpose of this note to call 
attention to the work of one whose name has not been associated with the 
arithmetic triangle but who anticipated Pascal with respect both to the form 
and the study of the triangle. This man, perhaps the greatest mathematician 
of his day, was Jerome Cardan (1501-1576). - 

The Ars magna, which appeared in 1545, contains no reference to the arith- 
metic triangle; but in 1570 Cardan published his Opus novum de proportiontibus, 
and in this work the Pascal triangle appears in both forms and with varying 
applications. In connection with the problem of the determination of roots of 
numbers, Cardan used the familiar earlier form, citing Stifel as the putative 
discoverer. Here he gave the numbers in the triangle through »=17, and he 
pointed out the relationship, known to Stifel, equivalent to 


Ch) Ce) 

n n+1 n+ 1 

[6]. Later on in the Opus novum the question of combinations and probabilities 
is taken up, and then Cardan gave the arithmetic triangle, through »=11, in 
virtually the form later made famous by Pascal. [7] Even in the case of Cardan, 
however, this form was not entirely original, for in 1556 Tartaglia had published 
it in a somewhat similar square array, [8] and had used it in determining the 
coefficients in the expansion of the twelfth power (cubo-censo-censo) of a binomial 
(una quantita divista in due partt). In connection with the newer arrangement of 
the triangle Cardan reiterated the familiar formula known by his name and 
enunciated by him many years before—the total number of different combina- 
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tions which can be formed from z different objects, taking as many at a time as 
one pleases, is given by 2"—1. As an illustration of the usefulness of his result, 
he determined the number of possible combinations of 25 different objects, the 
result being 2%—1=16777215. Following this, Cardan gave something more 
important which seems to have been overlooked by historians and which in- 
correctly has been ascribed to Pascal. [9] This is the rule of succession, equiva- 


lent to 
(") I nN ) 
r 7 4 r—1/ 


The rule is not given symbolically but is expressed rather awkwardly as follows: 
To obtain the third element in the row corresponding to »=11, for example, 
subtract one from eleven, divide by two, and then multiply by eleven. The 
result, 55, is the number desired. To obtain the next number, subtract two from 
eleven, divide by three, and multiply by 55. Continuing in this manner, Cardan 
obtained all of the elements in the sequence of combinations of eleven objects. 
[10] Had Cardan applied his rule to the expansion of binomials, he would have 
anticipated the binomial theorem for positive integral powers. Instead he empha- 
sized the connection between the numbers of the arithmetic triangle and “mixed 
proportions,” ¢.e., progressions of higher order, and the applicability of these to 
musical theory. There can be little doubt but that Cardan, like Tartaglia, was 
aware that the elements in the triangle are coefficients in the expansions of 
binomials. That a clear-cut statement of Cardan’s rule of succession as applied 
to the binomial theorem should have been delayed for about another century is 
one of the anomalies in the development of mathematics, and that the arith- 
metic triangle should be named for Pascal rather than for one of his many 
anticipators is largely an accident of history. 
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THE FINITE FOURIER SERIES AND 
ELEMENTARY GEOMETRY 


I. J. SCHOENBERG, University of Pennsylvania 


Every freshman knows, or soon learns, that the periodic sequence x») =1 
xy= —1, x2=1, x3s=-—1,... has a general term x, which may be written as 
Xn =(—1)". This is a very special case of representation of a periodic sequence 
by the so-called finite Fourier Series. The finite Fourier series is the analogue 
‘ for periodic sequences of the ordinary Fourier series expansion of periodic 
functions. Its only mention in our textbook literature is under the heading of 
practical harmonic analysis, or trigonometric interpolation, as found in books 
on applied mathematics or numerical methods; and yet, the range of applica- 
tions of the finite Fourier series extends beyond this important practical problem. 
It is intimately related to the Gaussian sums and has been used for number 
theoretic purposes by Eisenstein and more recently by H. A. Rademacher. The 
following lines present the basic properties of-the (complex) finite Fourier series 
stressing its geometric significance and followed by a few applications to extre- 
mal problems of elementary geometry. 


§1. THE FINITE FOURIER SERIES 


1. The finite Fourier series. We recall the general problem of polynomial 
interpolation: If we are given k distinct complex numbers wo, 1, - + + , @—1, and 
a second set of & arbitrary complex numbers 20, 21, - - - , 24-1, then there is one 
and only one polynomial P(x) =fo+fix+ +--+ +, 1x"! satisfying the equa- 
tions P(w,) =z, (v=0, 1, ---,k—1) or 
1 


(1) ay = Sot Sy + few Fe + few, (v =0,1,-:+,k—1). [1] 


Indeed, the system of linear equations (1) in the unknowns ¢, has a non-vanish- 
ing (Vandermonde) determinant and has therefore a unique solution. We obtain 
the finite Fourier series (abbreviated in the sequel to f.F.S.) if we choose the 
numbers w, to be the &th roots of unity; so for the remainder of this paper we 
shall assume that 


(2) wy == ertivik (v=0,1,---,k — 1). 


This equation defines w, for all integral values of v, a fact occasionally used later. 
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The equations (1) now represent, by definition, the f.F.S. expansion of the given 
sequence 2, -- +, 2-1, while the coefficients fo, -- +, ¢,—~1, are called the f.F. 
coefficients of the given sequence (2,). 

In order to solve the system (1), z.e. find the f.F. coefficients ¢,, a few proper- 
ties of the roots of unity (2) are necessary. Thus (2) readily implies such rela- 
tions as 
(3) wy = Way ay = Wy wT = Wa, Watt = Wall, 
which will be used freely. Especially important for us are the so-called ortho- 
gonality relations 


kl o Rk it = 
(4) wie = { a= 6 


y=0 


(a,8 =0,1,---,%— 1). 


They allow us to determine the f.F. coefficients as follows: If we multiply (1) 
or 


k—1 
mn 
Sy = » Cu y 


u=0 


by w, =a, and sum over all v, we find 


kl aa Ro fed Ly 
>) 20a = DY fue) = DS Su WyWy = Cath 
y=0 yy p==0 v=0 
by (4). The f.F. coefficients are therefore given by the relations 
1 ~ 2 _k—-1 
(5) Ga = 5 (20 1 fifa 1H Bata $+ +P Be18 ); (a=0,1,---,k— 1). 


2. Geometric interpretation. It is both suggestive and desirable for future 
purposes to plot the numbers g, in the complex plane where they may be thought 
of as the successive vertices of a closed polygon II =(z,). In particular, the se- 
quence (w,) represents there a regular k-gon II; = (w,), while the sequence (w,) 
represents a k-gon II. = (wy) obtained from I], by starting from w) = 1 and taking 
every ath vertex. II, is a starred regular k-gon if and only if a is relatively prime 
to k; otherwise it is a regular polygon of lower order described several times so 
as to result in a total of & vertices. We also include the polygon Io = (w) all of 
whose k vertices coincide with w)=1. A glance at the f.F.S. (1) now shows that 
our polygon II = (z,) has been analyzed harmonically, ¢.e. has been represented 
as a linear combination of the fundamental k-gons II, in a manner suggested by 
the symbolic relation l= Colo + 6011+ se +, a1T,_1. 

It is sometimes desirable to re-write the expansion (1) by grouping its terms 
as follows: 


Zy = fo + (S1m, + bie, ) + (So, + Cn2y ) tree, 
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or 


(6) gy = Lo + (Siwy + Sead») + (Lowy + beams) bee ) 


where the last term is the central term of (1), or the sum of the two central terms 
of (1), depending on whether & is even or odd. Also the individual terms of (6) 
have a simple geometric interpretation which I learned orally from Fritz John. 
Let us look at the first term 


(7) ay = 10) + Sard, (v=0,--+,#—1). 
Separating reals and imaginaries by setting 


, / a, . . dav _ . omy, 
Sy = Xt yy, Sr: = a+ th, 6e1= 61+ tdi, wy = cos > + 7 sin -— 
we find the coordinates of the point (7) to be 


; lav _ aay 
Xy = (ay + C1) COs - + (—dy + dy)-sin a 


/ 2Tv . ary 
Wy = (b, + dy) Cos ss + (ay — C1) sin -_ ‘ 
If we write 
a =a4+ 4, bo = —b,+ di, 
c by + di, d’ =, a _ C1, 


it is clear that the polygon Ij, of vertices (7), is the image of the regular k-gon 


II, = (w,) by the affine transformation 

x’ = ax + b’y, 
(8) / / / 
y =cu+td'y. 
Conversely, by following our relations backwards we see that we may start with 
an arbitrary affine transformation (8) and find that the image of Ili, by (8), may 
be written in the form (7). Generally, if a is any integer in the range 1SaSk/2, 


we find the ath term of (6), or 


(9) 2, = Cawy + Ch aidy (v = 0, rn k— 1), 

to represent the image II, of I, = (w%), by a uniquely defined affine transforma- 

tior | 

x(a) = a) % + b(®) , 

(10) ° 
yo) = ACE, + G6) ay, 


whose coefficients are related to those of (9) by precisely the same relations 
which connected (8) to (7). 
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We may state our result as follows: The expansion (6) represents our given 
polygon Il as a uniquely defined sum of a constant {o (the centroid of Il) plus [k/2| 
k-gons I (a=1,---, [k/2]), where UW is an affine image of the fundamental 
k-gon a = (w%). [2] 

The expansion (6) should be called the real f.F.S. of (z,), in contradistinction 
to (1) which is the complex f.F.S. These terms are justified by the following re- 
marks: 

1. If all zg, are real then ¢ is real and (; «=f (a=1, 2,--+, R—1), and 
conversely. Indeed, the direct statement follows from (5), the converse one from 
(6). 
2. If the zg, are real then all terms of the real f.F.S. (6) are real. Evidently so, 
because (.w9-+¢1_awy is the sum of two complex conjugate terms. The same re- 
sult can be seen from (9) which turns out to be a degenerate affine transforma- 
tion with y =0, t.e. mapping the whole plane onto the real axis. 


3. The analogue of the Parseval relation. [3] Besides the f.F-S. 


k—1 
(11) By = Dy Saw, (v=0,--+,k—1), 
; a=0 
let 
k-—-1 B 
(12) ty = >> Egy, (y= 0,---,k— 1), 
p=0 


be the f.F.S. of a second sequence (x,). We now find 


k—-1 
Yat, = Do cawsksr = D> Labs Dwr ds 
p=:0 a,B,v a,B v 


and therefore, by the orthogonality relations (4), 


k—1 


— k—-1 

») ZyX py = R- » Cota. 
v=0 a=0 

In particular, if «,=2, we find that 


k—1 


(13) d | |? 


y=0 


I 
S 


k—1 
Qo | Sal. 
a=0 
This is the finite Parseval relation which we shall use repeatedly. 


4. The convolution of sequences. Let again (z,) and (x,) be the two sequences 
(11) and (12). Out of them we form a new sequence (z,) defined by the equa- 
tions 


k—-1 
(14) a) = >. Sa%ya (v=0,---,k— 1), 
a=0 
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where we observe the convention of treating (x,) as an infinite sequence of pe- 
riod k, 4.€. X_1=X,z_1, X-2=Xz_2, and so forth. In explicit form, the relations (14) 
are 


20 = Zo0X0 + O1XkA1 + S2Xk—2 + cee + Sk-1%1 
/ 
Sy = BoX1 = 1X0 HF BoKe-a tes H+ Se-1Ke 
(15) 
yo 
Sh—-1 = BoXR—1 Hb B1X~—2 fF SoXn-3 f° ++ H+ Sp-1%0. 


We say that (z)) is obtained from the sequences (z,) and (x,) by convolution, an 
operation which we indicate by the symbolic relation (z)) = (s),«(x,). The f£.F.S. 
of (z,) is readily found as follows: From (14), (11) and (12) we have 


) r KB K ALK 
oy = > bartya =F » O.WakwWr—a = > OnE pW yO a a 
a 


A fa A, hae 
1 k—-1 Nop 
= » CrEuwy » WaWas 
AM a=0 
and finally, by (4), 


k—-1 
2 = >. (Hbd)on (» =0,---,k—1). 
A\=0 


This being the f.F.S. of (2°), we see that the f.F. coefficients (¢)) of the convolu- 
tion (z,) = (2,)«(x,) are given by 


(16) b= ER (v=0,-+-,k—1). 


We wish to state this result in a somewhat more convenient form. We may look 
on the convolution operation (z,) =(,)«(x,) as the linear transformation (15) 
from the variables (z,) to the new variables (z,). (15) may be described as a cyclic 
transformation because the successive rows of its matrix are obtained from its 
first row by successive cyclic permutations. Now (16) shows that the f.F. co- 
efficients of (z,) are obtained by multiplying those of (z,), ¢.e. the (¢,), by the 
factors 
k—1 


Ek = xo + amd, + mm, b+ + ap10, 


which we prefer to write in the equivalent form 


2 k-1 
E,R = Xo fb Xp-1Wy + Le-oWy tees + Mw, . 
\ 


If we change our notation by defining ad) =o, @1 =X4_1, A2=Xp_2, + * +, Op-1 = %), 
we may state our result as 
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THEOREM 1. Jf (¢,) are the f.F. coefficients of a sequence (2), and tf we subject 
the sequence (2,) to the cyclic transformation 


/ 
Zo = GoBo HF A121 Meee +s 1 Oe 18-1 
/ 
21 = An_-189 + 01 + G18. Fess H+ Oe-28K-1 
(17) 
! e 
Zh—-1 = 19 + 221 + Aso + ++ + + GoSK-1 


then the f.F. coefficients of the new sequence (z,) are 


(18) £7 = $f (or) (V=0,-+-,&—1), 
where 
(19) f(%) = Go + aye +++ + ayn", 


and will be referred to as the representative polynomtal of the cyclic transformation 
(17). [4] | 


By the finite Parseval relation (13) we have 
dil a]? = DO] |. 


If we substitute on the right-hand side the values (18) we obtain the following 


! 
by 


CoROLLARY. The relations (17) imply the identity 


k—-1 


(20) Sahl? = & DI sw 


p=0) 


2| ¢, |, 


where (€,) are the f.F. coefficients of the sequence (2,), while f(z) 1s defined by (19). 


The relation (20) should be regarded as an identity in the & variables (z,), the 
(¢,) being given in terms of the (z,) by (5). It has a number of applications to ele- 
mentary geometry to which we now turn. 


§2. GEOMETRIC APPLICATIONS 


5. The MONTHLY Problem no. 3547. The problem referred to was proposed 
by Martin Rosenman in 1932 and may be stated as follows: 

Let W=PoPi-- + Py_1 be a closed polygon in the plane (R22). Denote by 
Po, Pi, «+ +, Pes, the mid points of the sides PoP1, Pi1P2, + + +, Pr_1 Po, respectively, 
obtaining the first derived polygon Il’! = PjP; + - - Py-1. Repeat the same construc- 
tion on II} obtaining the second derived polygon II”, and finally, after n construc- 
tions, obtain the nth derived polygon II™ = P™ p .. + P™,. Show that the ver- 
tices of II™ converge, as n—, to the centroid of the ortginal points Po, Pi, ---, 
P k—1- [5]. 
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Let 20, - - - , 3,-1 denote the complex coordinates of the vertices of II. It is 
then clear that the coordinates of the vertices of the polygon II’ are obtained 
from (z,) by means of a linear cyclic transformation (17) of coefficients ao =a1 
=1/2,a,.= +--+ =a,_1=0. Its representative polynomial (19) now becomes 


f(z) = (1 + 2)/2, 
and by (20) we have the identity 


k--1 , Wy 2 
(21) >| 2 | oy, 
y=0 


where (¢,) are the f.F. coefficients of (z,). We now make the further assumption 


(22) > zy = 0, 


which means that the centroid of the vertices of II is at the origin: By (5), our 
assumption (22) is equivalent to > =0, so that (21) now implies 


—} 1+ ow, = »|? 
Tle = aD — [Gl Ss _ max - aD | be 
(23) a _ 
= cost >| 2? 
0 


In justifying the last equality sign of (23) we have used firstly, the finite Parseval 
relation (13) with ()=0, secondly, that the maximum occurring in (23) is cos? 
(r/k). This last fact is immediately seen geometrically, because the points 
(1-++w,)/2, which are the midpoints of the segments joining s=1 toz=w,, are the 
vertices of a regular polygon inscribed in the circle having the segment joining 
z=0 to z=1 as diameter. This proves the following 


THEOREM 2. Let 20, 21, - + + , Sp—-1 be the vertices of a k-gon such that >, 2,=0, 
and let 2, 21, °° * , S~1 be the midpoints of its sides, then 
(24) Disks < cos? — = Sl elt 
y=() 


with equality uf and only tf 
(25) Zy = Sw, + F410), (v= 0,--> ’ k— 1), 


1.e. when our polygon Il ts an affine transform of an ordinary regular k-gon with its 
center at the origin. 


The inequality (24) follows from (23). To find the cases when we have the 
equality sign in (24) we need the further geometrically obvious fact that the 
equality 


1950] THE FINITE FOURIER SERIES AND ELEMENTARY GEOMETRY 397 


Tv 
= max = cos? — 


v=zi,-°°,k-1 


is true only if y=1, orv=k—1. Now we have equality in (24), 7.e. in (23), if and 
only if ¢,=0 for y=2, 3, -- -, R-—2, which means that the f.F.S. of (z,) indeed 
reduces to (25). 

As special cases we mention the following: 1. If k=3 we always have equal- 
ity in (24). 2. If k=4 we have equality in (24) if and only if the quadrilateral I 
is a parallelogram. 

A solution of Problem no. 3547 is now immediate; indeed, it is clear from 
(18) for y=0 (or also directly) that we have ¢j =0, hence >, 2 =0. We may there- 
fore apply the inequality (24) to any pair of consecutive derived polygons II&-», 
II®, obtaining 


k—1 k-1 
> | 2 ? _ cos” — > | 7 ?. 


p==0 p= 


From these equations for s=1, 2, ---, we obtain 
b-1 b-1 
(n) 12 Qn 7 2 
(26) Lila | S cos" Dil aI, 
v=0 v=0 


As n—o, the right-hand side tends to zero, because cos (7/k) <1, showing that 


lim z;"" = 0, (v=0,---,k—1D), 


nrn— © 
as required by the problem. 

Our last inequality (26) gives some idea of the rapidity of convergence and of 
its deterioration as k increases. We actually have equality in (26) for all if and 
only if II is an affine image of a regular polygon. More precise information con- 
cerning the sequence of polygons II™ is furnished by (18). For instance if k =4, 
then f(we) =(1+w:2)/2=0, therefore II’ and all succeeding II™ are parallelo- 
grams, a fact which is evident geometrically. 


6. A generalization of Problem no. 3547. Our generalization is as follows: 
We start as before from a polygon II = (z,) and derive from it the new polygon 
II’ = (s}), not by the special midpoint construction as heretofore, but by means 
of a fixed cyclic transformation (17). Let again I™ be the mth polygon derived 
by repeating the construction (17) ” times. Under what circumstances will the 
vertices P™, --- , P™, of the polygon II™ converge to limit positions for an 
arbitrary choice of the original polygon II? [6] 

This question is readily settled if we employ the finite Fourier series of our 
successive polygons and Theorem 1. Indeed, if (¢“) are the f.F. coefficients of 
II™ (7=0, 1, ---), we find by a repeated application of (18) that 


(27) ge? = (flw)) ty,  =0,--+,k—1). 
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Therefore the lim ¢, as n> ©, will exist for all y and arbitrary values of (¢,) if 
and only if, for each v, we have either f(w,) =1, or else | F(@) | <1. We may state 
our result as 


THEOREM 3. Let Il =(z,) be a plane k-gon and let Il’ =(z,) be the polygon de- 
rived from II by the construction described by the cyclic linear transformation (17). 
Let Il” =(z’’) be the polygon obtained from II’ by the same construction (17) and 
finally, let TL™ = (2) be the polygon obtained after n iterations of the construction 
(17). The k lamtts 

(m) (2) 


(28) lim zy, = 


nr 


’ (vy =0,---,k—1), 


will exist for every polygon II tf and only tf all of the k roots of unity (w,) fall into 
two classes (w,) and (w,) such that 


(29) f(w,) = 1 for the roots of the first class (wp), 
| f (we) | <1 for the roots of the second class (w,). 


If these conditions are satisfied, then the vertices of the limit polygon are given by 


(30) | gy = Di fw (v=0,---,k—1), 
(p) 

which is the sum of precisely those terms of the f.F.S. (1) of the original polygon 

II =(s,) which correspond to the first class of subscripts (p) according to (29). In 

particular, the limit of I1™ ts the centroid of the-vertices of Il tf and only tf the f. FS. 

(30) reduces to the constant term €o of (1), which ts the case tf and only if 


(31) f(1) = 1, | f(r) | <1 if v=1,2,-+-,k-1. 
This theorem has already been established up to the conditions (29) inclu- 


sive. If they are verified we get, letting n— © in (27), the values 


(co) . (00) 
Sp = Spy fo = 0, 


for the f.F. coefficients of the limit polygon II. But then the f.F.S. of II is 
indeed (30). 


7. An extremal problem. The argument which led from the identity (20) to 
Theorem 2 may be readily extended so as to furnish a general inequality, of the 
same type as (24), in terms of a general cyclic transformation (17). We prefer, 
however, to discuss only one further special case. Starting as before from the 
polygon II =(z,), we consider the special cyclic transformation 


(32) Sy = Set. — So (vy =0,---,k— 13 2, = Zo). 
This is indeed identical with (17) if a9 = —1,a,:=1, a2= +--+ =a,_1=0, hence 


f(z) = —1+2. 
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But then (20) reduces to the identity 
(33) > | eur — |? = ke Do] wo — 1/? | | 


From this we draw two conclusions: Firstly 


Do ser - |? = RD oy — 1? ||? 
v v 


(34) 


IA 


(mas lw, — if)-#r| / 
(max | — i[*) | 2/2 


by the finite Parseval relation. Secondly, assuming that » z,=0, or fo =0, we 
have 


il 


nm 
=< 
+ 
rary 
| 
x 
< 
bo 
l 


k—1 
ke Dl oy — 1/7 |g)? 
y=1 


(35) > ( 


This proves 


THEOREM 4. LetII= PoP; - + + Py_1 be a plane closed k-gon having the point 0 
as centrotd of tts vertices. The following inequaltites then hold 


P,Pyay)? 
(36) seine g " s 4 int (= =) 
in? — < —~—___—_- € 4 sin? (— | — ]}, 
a R= SOP? CNR LD 


where we have equality on the left side if and only af Il is an affine image of an ordt- 
nary regular k-gon; the equality sign holds on the right side under circumstances 
which depend on the parity of k as follows: 

1. Ifk=2p, we have equality on the right f and only uf 


Po = Po = +++ = Pape and Py = Pg = +--+ = Pop, 


i.e. our polygon is a segment described to and fro p times. The right-hand side of 
(36) reduces to the value 4. 

2. If k=2p+1, we have equality on the right uf and only zf II 1s an affine wmage 
of that starred regular k-gon, inscribed in the untt circle, which has the largest stde 
among all such starred regular k-gons. The right-hand side of (36) reduces to the 
value 4 cos? (7/2k). 
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The conditions of equality in (36) follow by inspection of the multiple rela- 
tions (34) and (35). Thus the extreme right member of (36) is the value of the 
maximum occurring in (34). Equality occurs on the right in (36) if and only if 
we have equality in (34). If k=2p, this is the case if and only if fo= +--+ =f p-1 
=Coi7= ++ + =b,_1=0, te. the f.F.S. of II reduces to 


2) = Spt, = $p(—1)’. 
If k=2p+1 we have equality in (34) if and only if the f.F.S. of II reduces to 


p p+1 D a 
oy = C py + F p4iWy = F py + C p41, 


which is an affine image of the starred polygon II, = (w?) described in the theorem 
(compare with (9)). The conditions of equality on the left side of (36) are ob- 
tained by a similar argument involving (35). 

A few special cases are worth mentioning separately: 

If k=3, the extreme members of (36) are equal and are 3, whence the iden- 
tity 


» (P,»Pr41)? = 3- » (OP,)*. 


y=) y=-0 


If k=4 we have 


3 
» (Py Py41)? 
0 
2s 


IIA 


4, 


3 * 
d, (OP,) 
0 
with equality on the left if and only if PoP1P>.P3 is a parallelogram, and equal- 
ity on the right if and only if Po=P., P1=P3. 


8. The area of polygons. Let A denote the oriented area of the polygon 
Il = (20, 21, - + + , 2-1). Let 2,=x,-+7y,; then 


The sum of the areas of these & triangles being the area of the k-gon, we have 


1 k—1 1 k—1 
(37) A = — >> S(@.241) = — > (2,2r41 — SeBy41). 
2 y=0 44 p=0 


The area A may now readily be expressed in terms of the f.F. coefficients of II. 
Indeed, by (1) we have 


- _ a 8B -. B B_a 
Dy BeBe. = Dy Sadr Serer = Dy Faksor Dy wid 
v a,B,v a,B v 


and by the orthogonality relations (4) we get 
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> 2S = Re > | Ga |? 
v a 


Taking the imaginary parts we obtain, in view of (37), the final expression 


k kl 2 
(38) A =—))|f.|? sin —. 
2 a0 k 


This remarkable formula reveals a few facts at a glance: 

1. The area A is equal to the sum of the oriented areas of the k—1 regular 
k-gons (yy, Colle, - + + , &4—~11I,_1 into which II is analyzed by its finite Fourier 
series (1). For indeed, the oriented area of the polygon Colle = (f{aw;) is visibly 
equal to 


27a 27a 


b—| tel «| tel sin = =| ¢|2 sin 7, 
2 2 
which is the general term of (38). A second proof is obtained if we observe that 
A must reduce to the area of ¢,II, if we assume in (38) that all (2 =0 except ¢,. 
2. The area A depends only on the absolute values |{.| of the f.F. coeffi- 
cients of II and not on their arguments. 
We may finally derive an extremal property of the area. Indeed, from (38) 
we obtain by a now familiar argument 


k 2 2 
A=— 2o| fa? sin Sg (max— sin =). Dl tel 
(39) . ; 
1 Qra\ *! 
= ( max — sin ) >| 2 |? 
a k 0 

If we set 

1 27a 

Y = — max sin ) 


we may conclude that 
k—1 
Asyd le), 
0 


where we have equality if and only if we have equality in (39), which is the case 
if (.=0, except for those values of a for which 38a. =. This proves 


THEOREM 5. LetIlT=PoP; - - + Py_1 be a closed k-gon tn the oriented plane with 
not all vertices coalescent, O a further potnt in the plane. A being the ortented area of 
II, consider the ratzo 


A 


R = ——_—- 
> (OP,)? 
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There are three different cases 
1. If R=4p then 


1 


Rs—) 
2 


IA 


with equality uf and only af our polygon ts 2,= 6,0 =6,0, =Cp1’, with O at the ort- 
gin, 1.e. IL ts a square of center O described p times. 
2. If k=4p+1, we have 


1 . rp 1 T 
RsS— sin = — cos —» 
2 k 2 2k 


with equality tf and only «af II ts the starred k-gon 2,=6pw,, and O 1s tts center. 
3. Ifk=4p+2, we have | 
1 2rp 1 uy 


R Ss — sin — cos —» 
2 2 Rk, 


with equality if and only af II ts of the form 2, =fpwe + ly 1051}, with O at tts center. 

In the particular cases when k=3 and k=4, we have the following state- 
ments: 

Let PoP1P2 be a triangle, O a point in tts plane, then 

V/3 
Area of PoP yP2 <s a ((OPo)? + (OP;)? + (OP2)*), 

with equality uf and only tf the triangle 1s equilateral with O at tts center. 

Let PoP:1P2P3 be a quadrilateral, O a point in tts plane, then 

1 
Area of PoP1P2Ps S ~~ ((OPo)’ + (OP1)* + (OP2)* + OPs)"), 

with equality if and only tf the quadrilateral 1s a square with O at its center. 


9. The isoperimetric inequality for equilateral polygons. We shall now as- 
sume our polygon II = (go, 21, - - + , 2-1) to be equilateral, which means that 


| z4u1 — 2| = a, (v=0,---,k— 1). 
If we denote by L=ka its perimeter, then 
> | sr41 — 2 [2 = ka? = L/h, 
so that by (33) we obtain 
k-1 ry 
L? = >> 4k? sin? - | ¢, |. 
p=1 


On the other hand, by multiplying (38) by 42 tan (1/k) we have 
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(4+ 4 > 4h : Tv | oy Ty r E 
tan—}]A = an — sin — cos —: | ¢,|?. 
k k k k 


y=1 


Notice that the coefficients of | ¢1{? in these two expansions agree; hence if we 
subtract these two equations, those terms cancel and we obtain 


T bal _ mf. om T Ty 
L? — (4: tan) A = >) 4h? sin = (sin — tan — cos *). | cy |? 
k k k k k 


y=2 


Since all coefficients on the right-hand side are positive, this relation proves the 
following last 


THEOREM 6 (Due to J. Steiner). Jf I=PoP1 +--+ Py_11s a plane equilateral 
closed k-gon of area A and perimeter L then 


(40) LD (4: tan “a > 0, 


with equality if and only zf II ts an ordinary regular k-gon. 


The inequality (40) is called isoperimetric because it implies that among all 
equilateral k-gons of given perimeter L (and therefore having all sides equal to 
L/k), the regular k-gon has the largest area. [7 | 


Notes and References 


1. The significance of the finite Fourier series (1) for-the geometry of the triangle (k=3) is 
briefly discussed in the instructive book of Ernesto Cesadro, Elementares Lehrbuch der algebraischen 
Analysis und der Infinitesimalrechnung, Leipzig, 1904. 

2. We denote, as usual, by [x] the greatest integer not exceeding «x. 

3. For purposes of motivation we use here and in the next paragraph terms which are familiar 
from the theory of the Fourier series, a fact which of course in no way presupposes a knowledge of 
Fourier series theory. . 

4. This result may also be phrased in terms of matrices and linear transformations as follows: 
If we denote the linear transformations (1) and (17) by (z) = Q(¢) and (z’) =A (z) respectively, then 
the matrix 07140 assumes the diagonal form 


flo) O +--+ O 
0 wee 0 
Q-149 = . flor) . 
0 0 +++ f(wxa) 
a fact which is readily verified directly. In this form our result is substantially equivalent to a 
theorem of Spottiswoode on cyclic determinants; see Th. Muir, Theory of Determinants, vol. 2, p. 
405. I oWe this last reference to Alfred Brauer. 

5. Martin Rosenman, Problem no. 3547, this MONTHLY, vol. 39, 1932, p. 239. An elegant 
solution was given by R. E. Huston in this MoNnTBLy, vol. 40, 1933, pp. 184-185. 

6. Stated in terms of matrices, our question is to decide if the th power A”, of a given cyclic 
matrix A, tends to a limit as n— ©. This problem was recently solved for an arbitrary square ma- 
trix A of complex elements by R. Oldenburger, Infinite powers of matrices and characteristic roots, 
Duke Mathematical Journal, vol. 6, 1940, pp. 357-361, and A. Dresden, On the iteration of linear 
homogeneous transformations, Bulletin of the American Math. Society, vol. 48, 1942, pp. 577-579. 
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7. A wealth of geometric applications of the Fourier series was given by Adolf Hurwitz in 
his famous paper: Sur quelques applications géométriques des séries de Fourier, Mathematische 
Werke, Basel, vol. 1, 1932, pp. 509-554. The above given derivation of the inequality (40) by means 
of the finite Fourier series is due to W. Blaschke, Kreis und Kugel, Leipzig, 1916, pp. 13-20. 
Blaschke avoids the use of complex numbers, a fact which robs the method of much of its elegance 
and requires a distinction of two cases according to the parity of &. 


MATHEMATICAL NOTES 


EDITED By E. F. BECKENBACH, University of California, Los Angeles 


Material for this department should be sent to E. F. Beckenbach, University of Cali- 
fornia, Los Angeles 24, California. 


ON ALMOST PRIMES* 


P. Erpés 


1. Introduction. D. H. Lehmer [1] and others have studied odd composite 
numbers 2 which behave like primes in that they satisfy the congruence 


2” = 2 (mod n). 


For brevity, we call such numbers almost primes. In a previous note [2] we 
proved that for every k there exist infinitely many square free almost primes 
having k distinct prime factors; this generalizes a result of Lehmer for 3. In 
the present note we estimate from above the number of almost primes less than 
a given limit. 


2. Theorem. Our result is the following. 


THEOREM. Let f(x) denote the number of almost primes <x. Then, for x suffi- 
ciently large, we have 


f(x) < « exp {—4(log x)!/4}. 


Remark. Since the number of primes Sx is asymptotic to x/log x, our 
theorem implies that the number of almost primes Sx is very much less than 
the number of actual primes. 


3. Proof. Let g(m) be the least positive exponent e such that 
2¢ = 1 (mod n). 


We separate the almost primes Sx into two classes Cy and C:. The class C; 
consists of those n’s for which 


g(n) S [exp ((log «)*/*)] = H, 


while C; consists of all the other almost primes Sx. 
The members of C; are divisors of 


* Revised by D. H. Lehmer. 
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H 
P = [J (27 — 1). 
r=1 
Let gi, d2, - - - ,gx be all the prime factors of P. Then the members of C; are in- 
cluded in the class I, of integers Sx having prime factors taken from the set 
gi, -° + gz only. Since 2"—1 has less than 7 prime factors, we have 
H 
(1) k<>orsS H? 
r=1 


We now separate the members of I; into two subclasses I';,; and I'1,2, where 
I',,1 consists of those members of I; which have less than 


1 
W = — (log x)!/? 
9 108 


distinct prime factors. From the fact that if m Sx and if g* divides m, thenas 
(log x)/log 2, it follows from (1) that the number of members of I: is less 
than 


Wok | 
(log x/log 2)” >> (—) < Wk (log x/log 2)”, 
t=1 


a quantity less than x!“ for all sufficiently large x. 

We consider next the class I',,2. Let d(m) denote the number of divisors of m, 
and let v(m) be the number of distinct prime factors of m. If m belongs to T19, 
then 


d(m) = 2°(™ = exp { v(m) log 2} > exp (W/2). 

Hence, if NV is the number of members of I'y,2, we have 
x 
2xlogx>«x > mizs >) =| = >) d(m) = >> dm) = N exp (W/2). 

mae maxLmM man mCI1,2 

That is, we have 
N sS 2x(log x) exp (—W/2). 
Therefore, if x is sufficiently large, the total number of members of C; is less 
than 
1 

(2) «wH4+eN S x'/4 + 2x(log x) exp (—W/2) < x exp {- 30 (log apr , 


We take up now the class C2, which we separate into two classes C2, and C2». 
The class Cy, consists of those members 2 of C2 which have a prime factor p 
such that the greatest common divisor 6 of n—1 and p—1 satisfies 


6 = (n — 1, p — 1) 2 exp ((log x)1/*) = T. 
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In other words, for each member x of C2,1 there is a prime p and an integer m 
such that 


n = pm, p=6t+1, m = 6u-+ 1, x/p =m> 1. 


The last inequality follows from the fact that » is composite. If p and 6 are 
fixed, the number of choices for m is at most x/(5p). Hence the number of mem- 
bers of C21 does not exceed 


Da hL «/(bp)<x% >) DI (8%) < x DD 2log x/8)s-? 


6>T psx db>T t<ax/d 


(3) p=bt+1 
; < 2x(log *)T-! < x exp {—4(log x)1/4}, 


for x sufficiently large. 
Finally we consider the class C2,2. This consists of almost primes 


k 
n = |] 9; 
i=1 
for which 
6; = (n—1,p;-—1) < T, (4=1,2,---, k). 


It is well known that the exponent g(m) divides 
k 
a;—1 
o(m) = |] pi (a: — 1). 
t=1 
Also g(m) divides ~—1 since x is an almost prime. Hence 


k 
HS g(n) S$ (w— 1, 6(m)) S$ IL @—1, 2-1) 5 T*. 
t=1 
That is, 
k 2 (log H)/log T = log T. 
Thus, if M denotes the number of members of C:.2, we have, as before, 


2x log x> >> d(m) = >> 2™ > 2* YY 12 M- QT, 


mS 2x mS ez mC C2,2 
Hence, for x sufficiently large, we have 
M S 2x(log x) exp { —(log 2) log T } 
x exp | —3(log ayia 


IA IIA 


Combining this result with (2) and (3) we have 
f(x) < x{exp (—gy(log «)!/*) + 2 exp (—4(log x)'/4)} 
< x exp (—3(log x)1/4), 


for x sufficiently large. This is our theorem. 
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4. Discussion. By a slightly more complicated argument we could prove 
that, for some positive constant c, 


f(x) < x exp {—c(log «)"/*}; 


but the true order of f(x) seems to be considerably smaller. As far as I know, the 
only estimate for f(x) from below is 


f(x) > C log x, 


which is due to Lehmer. 

Added later. As far as I know the question of the existence of even numbers 
satisfying 2”=2 (mod m) has not been considered. Except for the trivial case 
n=2, I have not succeeded in finding any such even numbers.* By the method 
of this paper it is easy to see that their number S~ is certainly less than x exp 
{—i (log oe) 1/4}, 

References 


1. D. H. Lehmer, On the Converse of Fermat’s Theorem, I, II; this MONTHLY, vol. 43, 1936, 
pp. 347-354; vol. 56, 1949, pp. 300-309. These papers contain references to other work on almost 
primes. 

2. P. Erdts, On the Converse of Fermat’s Theorem, this MONTHLY, vol. 56, 1949, pp. 623- 
624. 


ANGLES WITH RATIONAL TANGENTS** 
T. S. Cau, National Kunming Teachers College 


1. Introduction. The purpose of this note is to show that the class of angles 
having rational tangents, and the class of angles which are rational multiples of 
aw, intersect only in the obvious cases. 


2. Theorem. We shall establish the following result. 


THEOREM. Jf x 1s a rational multiple of 7, and tan x ts rational, then x 1s an 
integral multiple of 1/4. 


3. Proof. Let tan x=q/p. The theorem is trivially satisfied if g=0 or if 
| P| = | q\. Further, without loss of generality, x may be restricted to the first 
quadrant, so that » and g may be assumed positive, integral, unequal, and 
coprime. 

If x=m7/n, then e™=e-”= +1, or 


(cos x + isin #)" = (cos x — isin x)”, 
and 
(p + tq)"/(p? + g?)"!? = (p — tq)"/(p? + 9?) ”!?. 
* Added still later: Lehmer has just informed me that 218=2 mod (161038), (161038 


=2-73-1103). 
** Revised by J. D. Swift. 
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Thus 
(p — ig)” = (p + ig)” = (p — tg + 2ig)” 


= (p= ia (7) 0p - inmaig + - 


+( 0" Je = acai + (aia) 


Therefore (pb—1q) divides (2g7)", and p?-+q? divides (2q)2”. Similarly, p?+4q? 
divides (2p)2" and therefore divides (22"p2", 22%g2") = 22". Then p?-+-q?=25; but 
this is possible in positive coprime integers only when p=q=k =1, a contradic- 
tion. 


4. Corollary. By writing tan mx as a rational function in terms of tan x, the 
reader may verify the following corollary. 


COROLLARY: The equations 


@ nN 
X=) Gane = 


D (-1(7) a = 0 5=(~], n> 2, 


have no rational roots. 


1 
| n> 2,n #4, 


a 
I 
es | 
| = - 
“1! 


and 


A GENERALIZATION OF GAUSS’ LEMMA* 


ALEXANDER AIGNER, Graz, Austria 


1. Introduction. We say that a number belongs to the first half modulo a 


number x if it is congruent mod x to one of the numbers 1, 2, -- - , [((~—1)/2], 
and that it belongs to the second half modulo n if it is congruent mod z to one of 
the numbers [z/2]+1, [n/2]+2,---,2—1. The well-known Gauss’ lemma 


can then be stated as follows: 


A number A ts a quadratic residue modulo an odd prime p if and only tf an even 
number of the terms 


(1) A, 2A, 3A, rn) (p ~ 1)A/2 
belongs to the second half mod p. 
2..Theorem. In this note we shall prove the following result. 


THEOREM: If p is an odd prime and A ts odd, then the number of terms in the 
sequence (1) which belong to the second half mod p ts equal to the number of terms 
which belong to the second half mod 2p. 


* Translated and revised by E. G. Straus. 
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We shall call it a transition whenever multiplication by A transforms a num- 
ber of the sequence 1, 2, - - - , (b—1)/2 into a number of the second half, while 


we shall call it a retention if multiplication by A leaves such a number in the first 
half. 


3. Proof of the theorem. We perform the following one-to-one mapping of 
the sequence 1, 2, - - - (b—1)/2 on itself: 


For O<x< p/4, welet x— 2x. 
For p/4<«< p/2, welet x—p — 2x. 
For the numbers 0<x<p/4 we see that 
Ax =r (mod ), O0<r<p, 
implies 
2Ax = 2r (mod p); 


and hence the number of transitions mod p in the sequence 0<x<p/4 equals 
the number of transitions mod 2 in the image of that sequence. Considering 
the sequence p/4<x<p/2, we see that 


Ax =r (mod p), 0<r<hp, 
implies 
—2Ax = 2p — 2r (mod 29); 
and since Ap=p (mod 2) (it is here that the oddness of A is essential), we 
have 
pb — 2r (mod 2p) for 2r < 4, 


A(p — 2x) = { 
3p — 2r (mod 2p) for 27> bp. 

Hence the number of transitions mod p in the sequence p/4<x<p/2 equals the 

number of transitions mod 2 in the image of that sequence. This completes the 

proof of our theorem. 


4. The quadratic reciprocity theorem. With the help of this generalization 
of Gauss’ lemma we can give a very simple variant to Gauss’ third proof of the 
quadratic reciprocity theorem. We make the following preliminary remarks: 


(1) Just as the evenness or oddness of the number of transttvons determines 
whether or not A is a quadratic residue, so the evenness or oddness of the num- 
ber of retentzons determines whether or not —A is a quadratic residue. 


(2) The number [n/k] is even if and only if 2 belongs to the first half mod 2k. 


In order to count the number of transitions and retentions mod 2 among 
the numbers 1, 2,---, (b—1)/2, we subdivide the interval (0, p/2) by insert- 
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ing the points p/A, 2p/A,---, (A—1)p/(2A). The numbers in the odd num- 
bered subintervals yield retentions while those in the even numbered subinter- 
vals yield transitions. The last subinterval ((A—1)p/(2A), p/2) is an odd or 
even numbered one according as A is of the form 4n-+1 or 4n+3. We shall do 
our counting so as to avoid counting this last interval. That is to say we count 
the transitions if A is of the form 4n-+-1, and the retentions if A is of the form 
4n-+-3. The numbers obtained are 


(2) —[p/A] + [2p/A] — [3p/A] + --- + [CA — 1)p/(24)], 
and 

(3) [p/A] — [2p/A] + [3p/A] —--- + [(A — 1)p/(24)], 
respectively. 


In deciding the evenness or oddness of these sums the signs are immaterial 
(they could all be replaced by + signs); in both cases it depends on whether an 
even-‘or odd number of the terms 


[p/A], [26/A], «++, [(4 — 1)9/(2A)] 


is odd. As remarked above, one of the terms [kp/A | is odd if and only if Rp is in 
the second half mod 24. 

Hence we have the following result. 

If A =4n+1, then A is a quadratic residue modulo the odd prime p if and 
only if (2) is even; that is, if and only if the number of transitions mod 24 in the 
multiplication of 1,2,---,(4—1)/2 by p is even. 

If A =4n+3, then —A is a quadratic residue modulo the odd prime if and 
only if (3) is even; that is, if and only if the number of transitions mod 24 in the 
multiplication of 1,2,---,(4—1)/2 by p is even. 

In particular, if A is an odd prime gq, then the latter condition is equivalent 
to the statement that p is a quadratic residue mod gq. Introducing the Legendre 
symbol (p/q), we can state this as follows: 


If p,q are odd primes, then 


G)-(G) verses 
G)-(0) Ww eoaes 


This latter statement is easily seen to be equivalent to the quadratic rec- 
iprocity theorem. 


and 
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A THEOREM ON THE REMAINDER OF A TAYLOR SERIES* 


G. RuDINGER, Cornell Aeronautical Laboratory, Inc., Buffalo, New York 


Let f(x) be a function for which at least the first derivatives exist. Then, 


n—1 


h h? 
(1) flat i) =f +H s@+— fa) +--+ + - fOD(a) + ty 


(x — 1) 
represents the Taylor expansion of f(x) at the point x =a and for an increment h. 
The remainder r, may be expressed as 


hn 
r, = — f(a +ah) with OSa Hl. 
HW} , 


Therefore, 7, is a function of both a and &, and it may be important to know 
how it varies with a change of either one of these parameters. In reviewing the 
literature, an expression was foundt for the derivative of 7, with respect to a 
only. However, in some recent work, { the sign of the derivative of 7, with respect 
to h was required under the condition that f(x) always had the same sign in 
some interval. A theorem on this derivative was proven and is given below since 
there may also be other applications for it. . 

Since the sign of the derivative of 7, with respect to # may also depend on 
the sign of h, a more compact formulation of the theorem was obtained by find- 
ing the sign of the derivative of 7, with respect to h”. 


TuHEorEM. If the nth derivative of a function f(x) always has the same Sign in 
some tnterval which includes the point x =a, then for any increment h within this 
interval, the derivative of 7, with respect to h” ts of the same sign as f™ (x). 


Proor. Equation (1) may be written as 


n—1 hi 
(2) n= fot ~ LHC, 
Differentiating this with respect to h 
(3) w= pa +h) — Sf) 
— = f'(a — — f(a). 
dh i-1 (i — 1)! 


* The results presented here were obtained in connection with research sponsored by the Of- 
fice of Naval Research. 

{ R. Courant, Differential and Integral Calculus, New Revised Edition, Vol. 1, p. 322, Norde- 
man Publishing Company, Inc., New York, 1942. 

t R. Weatherston and J. V. Foa, Considerations on the selection of the mode of heat addition 
to a gas flowing in a pipe, Cornell Aeronautical Laboratory Report No. DB-605-A-1, May 1949. 
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However, 
a+ BW) =f") $= f"(@) Ho $f) 
1! (n — 2)! 
+ Gop © + Bh) 
or 
n—1 i—1 jr-} 
(4) f@th=d f(a) + ——— f(a + Bh) 


i=1 (4 — 1)! (n — 1)! 
with OS 8 Sl. 
When equation (4) is substituted in equation (3), one obtains 
(5) or = "pena + Bh) 
dh (n — 1)! 
and dividing equation (5) by nh"- yields 
dr, 
d(h”) 
This proves the theorem since f(x) was assumed to be always of the same sign 
in some interval. 


(6) 


1 
=—f(a+ 6h) with OS6S 
Ni 


THE PROBABILITY INTEGRAL 
C. P. Nicnouas and R. C. Yates, United States Military Academy 


The following evaluation requires only a knowledge of elementary calculus 
and thus with reasonable assumptions may be presented at the sophomore level. 
Assuming its existence, let 


a) roe) h 
2 e 
f e-* dx = A, where f = lim . 
0 0 h—- 00 0 


If the curve g=e-” be revolved about the Z-axis, the surface generated is 
g=e-@"+v) with volume: 


V= 4f J e~ (240 dxdy 
0 0 
= 4 f | f md -evdy 
0 0 


= af A-evdy = 4A? 
0 
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But, using the method of hollow cylinders: 
V = 2 f yetdy = mr. 
0 


Thus 


X 


A DIFFERENT APPROACH TO A KNOWN INTEGRAL 
H. L. LEE, University of Tennessee 


The purpose of this paper is to give a new method of determining a known 
integral formula and to show that some integrals are special cases of this more 
general form. This result is obtained without the use of partial fractions or the 
method of completing the square as is generally the case. 

Consider the integral 


kdu 
(a1u -+- b1) (dou -+- be) 


where u=f(x) and a, a2, bi, be and k are constants. It is assumed that 
(a;u-+b1)(aou-+b2) £0. This condition excludes the possibility that a;=),;=0 for 
4=1 or 2. There are two cases to be considered. 


(1) 
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CASE 1. Let 


a, O 
1 *;_ 0. 


ao be 


(a) If ay=a2=0, but 010, 620, the integral (1) is of the simple form 
cfdv. 

(b) If bs =b2=0 and a0, a20, or if a10, 220, 0140 and 20, (1) as- 
sumes the form cf v~2dv. 

CASE 2. Let 


a@y by 
7 0. 


ao be 


(a) If a:=0 or a2=0, then (1) is of the form cf dv/v. 
(b) Suppose a1 0, a20. If (a1u-+01) (aeu-+b2) <0, let ag = —a, and b3 = —)dy, 
so that (1) becomes 


, _ kdu 
° eres) 


where (a3u-+ bs) (a2u-+b2) > 0. There is therefore no loss in generality in assuming 
that (a3¥-+,)(a2eu+b2) >0. 
With this assumption, (1) may be written 


(3) ee (pe 
a10o J (1 -+- C1) (u + C2) 


where ¢,=(b1/a1) and c2=(b2/a2). If the numerator and the denominator of (3) 
are divided by (u-+c,)? and the resulting integral multiplied by —(ce—c) + 
—(¢2—C1), (3) becomes 


b —_ (u + a)? du 
Uu C1 
(4) ee 
0102(C2 — C1) 14+ C2 — Cy 
Uu -+- C1 
When the integration of (4) is performed, the result is 
k C2 — C1 
(5) - ———n(1 4 \+c, 
€102(Co —_ C1) “ut+ Cy 
which may be simplified, by replacing c; and ce by their values, into 
k ayu + b 
(6) —___—_ n —__— + ¢, 
ay by aot + be 


do be 
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where 


k ao 
C = ——— In—+ C’, 


ay by ay 


ao be 
Thus the following formula is obtained 


kdu k QayU -+- by 
(7) f—ooooeee i oo Se te 
(ay + by) (adeu + be) 


ay by Aout -+- bo 
ao be 
The integral. 
du 1 u—a 
J — = —|n +C “=> a 
w—ar Ia uta 
is a special case of (7) with k=1, ai=1, a2 =1, 6; = —a and b.=a. Similarly 
du 1 atu 
J = — In—_ + C a> uv 
a®—u® 2 a-—u 


is a special case of (7). 


ON THE EQUATION OF A LINE 


CAROL S. Scort, St. Petersburg Junior College 


Given a point (x1, yi) and a slope m one usually writes the equation of the 
corresponding line in the form: | 


y— y1 = mx — 11). 


Similarly given two points («1, y1) and (x2, ye) one finds the slope m and applies 
the above formula. Simplification of the resulting expression involves several 
algebraic steps which can be eliminated by the following method of procedure. 

It is well known that for the line 


Ax+ By+C=0 


the slope m=(A/—B). So to find the desired equation, write m in fractional 
form and call its numerator “A” and its denominator “—B.” The value of C can 
be determined mentally from: 


Ax; + Byi +C = 0. 


Examples: Find the equation of the line through (4, —2) with slope 3/5. 
Then 4 =3, B= —5, C= —22. The answer is: 3x —5y—22 =0. 

Find the equation of the line through (2, 6) and (—1, 4). Since m=2/3, 
A =2 and B= —3. Using (2, 6) we find C=14. As an easy check we observe that 
(—1, 4) also satisfies the resulting equation: 2x —3y+14=0. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED By HowarD EVES, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 

E 921. Proposed by R. T. Hood, Beloit College 

Devise a multiple-pan balance, with minimum number of pans, by which 
one can weigh any whole number of pounds using weights which are powers of 
n, na given positive integer. What other amounts can be weighed with such a 
balance? 

E 922. Proposed by Michael Goldberg, Washington, D. C. 

Show that any given triangle can be dissected by straight cuts into four 
pieces which can be arranged to form two triangles similar to the given triangle. 

E 923. Proposed by R. C. Buck, University of Wisconsin 

Show that no polyhedron in three-space can have exactly seven edges, while 
any other integer greater than five is admissible. 

E 924. Proposed by D. J. Newman, New York University 


Find limy.. ” sin (27en!). 


E 925. Proposed by J. B. Kelly, University of Wisconsin 


Is it possible so to weight a pair of dice that the probability of occurrence of 
every sum from 2 to 12 shall be the same? 


SOLUTIONS 
A Cryptarithmic Greeting 


E 891 [1949, 691]. Proposed by Richard and Josephine Andree, University of 
Oklahoma 


Given that E?=H and that each symbol represents a unique digit, find, 
and prove unique, the numerical solution of the following addition problem. 


D@& J 
A NDREE 
S Ek N D 
C HE ER 
Solution by Esther T. Hall, College Park, Maryland. Evidently A =0. Since 
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F?=H, either E=2 and H =4, or E=3 and H=9. In the latter case D+-S+1 
=19, which is impossible as D and S are different. Therefore E=2, H=4, 
D+S=13, D+R=9. Thus D1, 2, 3, 4, 5, 7, 9. From J¥R it follows that 
D #8. Thus D=6, R=3, S=7. As C=N+1, N=8, C=9. The last two columns 
give J=5 and the ampersand = 1. Consequently, the problem has at most one 
solution. It has at least one since the one we found checks as follows: 


6 1 § 

08 63 2 2 
7 2 8 6 

9 42 2 3 


Also solved by Aaron Buchman, W. E. Buker, J. E. Darraugh, B. V. Dean, 
Monte Dernham, William Douglas, Ragnar Dybrik, J. L. Ericksen, B. K. Gold, 
H. E. Gould, M. S. Klamkin, F. T. Kocher, Sydney Kravitz, Elmer Latshaw, 
H. R. Leifer, J. J. Livers, J. B. Mertie, Jr., C. H. Murphy, J. A. Nickel, J. S. 
Nodvik, C. S. Ogilvy, Ingram Olkin, P. W. A. Raine, L. A. Ringenberg, Azriel 
Rosenfeld, C. M. Sandwick, Nathan Schwid, Mary Seybold, Thom Sumner, 
C. W. Trigg, Maud Willey, and Fred Young. 

In reply Dernham sent 


MANY + HAPPY = DAYS‘, 
with P?= M and no zero, and from Trigg came 
TRIGG + SAYS = MERCI 
in seventeen ways, or uniquely if either 7>J>R or TR is an even square. 


Area Property of Isogonic Configuration 


E 892 [1949, 691]. Proposed by J. P. Ballantine and G. E. Ulrich, Univer- 
suty of Washington 

Let T be a given triangle, U the triangle whose vertices are the centroids of 
equilateral triangles described externally on the sides of JT, and V the triangle 
whose vertices are the centroids of equilateral triangles described internally on 
the sides of 7. Show that area T=area U—area V. 


Solution by Roger Lessard, Ecole Polytechnique, Montreal. It is known that 
triangles U and V are equilateral (cf., Johnson, Modern Geometry, p. 221). Let 
A’ and B’ be the centroids of the equilateral triangles described externally on BC 
and CA, and A” and B” the centroids of those described internally. Then, if 
BC=a and CA=b, 

(A’B')? = a?/3 + 2/3 — (2ab/3) cos (C + 60°), 
(A BY”)? = a?/3 + b?/3 — (2ab/3) cos (C — 60°), 
and 
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area U — area V = (4/3/4)(A'B’)? — (4/3/4) (A B")? 
= (ab/2./3) [cos (C — 60°) — cos (C + 60°)] 
= (ab/24/3)(2 sin C sin 60°) 
= (ab sin C)/2 = area T. 


Also solved by Joseph Carlson, F. M. Carpenter, W. B. Clarke, A. L. Ep- 
stein, D. H. Erkiletian, Jr., Albert Furman, Vern Hoggatt, L. M. Kelly, Joseph 
Langr, J. S. Nodvik, J. H. Simester, A. Sisk, C. W. Trigg, and the proposers. 

Trigg pointed out that this problem has previously appeared as problem 358, 
School Science and Mathematics, Jan. 1914, p. 64, and problem 478, National 
Mathematics Magazine, April 1943, p. 317. For a solution by complex coordi- 
nates see problem 3367 [1930, 97 |. 


Limit of a Series 
E 893 [1949, 691]. Proposed by N. J. Fine, University of Pennsylvania 
Find | | 


lim >> (—1)" tan! 42+}, 
Z—1 n=0 
Solution by W. B. Fulks, University of Minnesota. Since the series diverges for 
x >1, the limit can exist only as a left-hand one. Then for x <1 we may write 


ioe) 0 


3 (= 1)" tant tet = D> (1) Yo (Ay tatetmens (2k + 1) 


n=0 n=0 k=0 
= y (—1)*/(2k + 1) D5 (—1) 2x2) Gat | 


k=0 n=0 


for the double integral converges absolutely. The inner sum is easily evaluated, 
and our double sum becomes 


(1) > (—1)Fa2*t1/(2k + 1)(1 + a2 et), 


Designate the sum of series (1) by S(x), and the &th partial sum by S;,(x). Then, 
since the series is an alternating series with numerically decreasing terms, we 
have 


| S(a) — Si(x)| S |e |2*42/(2k + 1)(1 + ao @H) < 1/2(2k + 1). 


This establishes uniform convergence of series (1) for all real x. Hence 


lim 33 (—1)" tan! a?! = S(1) = (1/2) > (—1)*/(2k + 1) 


Z—-1—0 n=0 


= (1/2) tan} 1 = 7/8. 
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Note. For |z| <1, S(z) represents an analytic function whose natural bound- 
ary is the unit circle. For | s| >1, S(z) =S(1/z), and it represents another dzf- 
ferent analytic function whose natural boundary is also the unit circle. These are 
not analytic continuations of each other but they do have the same limiting val- 
ues at =1 and at s= —1. Their infinities are dense on the boundary of the unit 
circle. 

Also solved by P. G. Kirmser, M. S. Klamkin, Roger Lessard, C. S. Ogilvy, 
and L. A. Ringenberg. 


A Minimum Property of the Cube 
E 895 [1949, 692]. Proposed by L. Fejes Téth, Budapest, Hungary 


Let the zzcircle of a convex polygon be defined as the largest circle whose 
interior may lie in the interior of the polygon. Show that the sum of the squares 
of the edges of a convex polyhedron is at least twelve times the square of the 
diameter of the least incircle of the faces. 


Solution by the Proposer. Let f be the number of faces, e the number of edges, 
and +r the radius of the least incircle of the faces of the polyhedron. Consider an 
arbitrary face and an arbitrary side of length s of this face, and let this side sub- 
tend an angle 2a at the center of one of the permissible positions of the incircle 
of the face. Then s= 27 tan a, and the sum to be estimated is 


2e 2e 
S = (1/2) >> s? = 2r?>> tan? a. 


Applying Jensen’s inequality to the function tan? a, 0Sa<7/2, which is convex 
from below, we have 


tan? (xf/2e) S ( x tan? a) 20, 


whence 
S 2 (2r)%e tan? (rf/2e). 
Since eS3(f—2), this leads to 
S = (2r)?3(f — 2) tan? {af/6(f — 2)} = 3(2r)?T({). 


Numerical calculation shows that for f=4, 5, ---,13 we have T(f) = 7(6) =4, 
while for f214, 7(f)>12 tan*(7/6)=4. Hence for any number of faces 
S 2 12(27)?. 


Editorial N ote. It is easily seen that in the relation S2=12(27)?, equality holds 
only for the cube. 

In a manner similar to the above it may be shown that if Z denotes the sum 
of the lengths of the edges of a convex polyhedron, then L 2124/37, equality 
holding only for the regular tetrahedron. Fejes Téth has established another 
lower bound for LZ. In his paper On the total length of the edges of a polyhedron, 
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Det Kongelige Norske Videnskabers Selskab Forhandlinger, Bd. X:XI, Nr. 8, 
pp. 32-34, he has shown that L>10D, where D is the diameter of any sphere 
containing the convex polyhedron. The conjecture here is that the greatest 
lower bound is 12D, the bound being attained only by the cube, but proof of this 
seems difficult. The conjecture has been established for convex polyhedra of 
equiareal faces. In the above paper Fejes Téth has also shown that if the convex 
polyhedron has only triangular faces, then L>14D. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTIONS 
4370. Corrected. Proposed by H. F. Sandham, Trinity College, Ireland 


A’, B’, C’ are points on the opposite sides of a triangle ABC. The circles 
through B’/C’A, C’A’B, A’B'C intersect in M, the Miquel point, whose isogonal 
conjugate is M’. Prove that M’, M are corresponding points under the direct 
circular transformation set up by A, A’; B, B’; C, C’. 


4400. (Originally proposed as 3290 [1927, 491] by J. V. Uspensky.) Repro- 
posed by C. D. Olds, San Jose State College, California 


Every positive root of the equation tan x =x can be expressed as follows: 
x =(p+4)r—6 where 9 is an arbitrary integer 20 and 


6=CoE+ Cif + Cf +--+, 8 = 1/(p + 9). 


The coefficients Co, C1, C2, + - +, are positive rational numbers. Show that, for 
n very large, 


C, = 1271/61 (1/3)a-2/8- (a /2)?"+1(2n + 1)-4/8(1 + on) 
where w,—0 when n—, so that the above series remains convergent even for 
p=0. 
4401. Proposed by Victor Thébault, Tennte, Sarthe, France 


In the triangle ABC for which the cotangent of the Brocard angle is equal to 
2, show that the sides satisfy the relation 
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5(a4 + b4 + ct) = 6(b%c? + c?a? + a7b?). 
Show also that it is impossible for the lengths of the sides to be all integers. 


4402. Proposed by Carl Cohen, Harvard University 


Let the series of functions d1™(x) be defined as 


(1) dl (x) = J “dl (dt /t 


(2) dl (#) = — [ee (1 — t)dt/t [Euler]. 


Show that for |x] <7/2, 


0 


(i) tan «© = >. (2/m)2"[dl@"-) (1) — dl@--) (—1) ]a2"-1, 
(ii) secx=1-+ ix (2/m)?7+1 [dl 2) (—7) — dle» (i) |x?” 


4403. Proposed by J. H. Butchart, Arizona State College 


A necessary and sufficient condition that a hyperboloid of one sheet be an 
altitude quadric (¢.e. any four rulings of one regulus may be altitudes of a tetra- 
hedron) is that any plane section perpendicular to a ruling is an equilateral 
hyperbola. (Compare the Proposer’s note, The altttude quadric of a tetrahedron 
[1940, 383 ].) 

4404. Proposed by Ky Fan, University of Notre Dame 


Determine all positive solutions x of the infinite system of equations 
(1) [[n/x]x — x] =n —1, n= 1,2,3,--- 
The brackets denote, as usual, the greatest integer function. 


SOLUTIONS 
Infinite Series and Product 


4314 [1948, 505]. Proposed by N. J. Fine, University of Pennsylvania 
Prove the identity: 
x a? x8 
a-y G-»a-# d-o9d-a— ay 
1— et x — 6 $ gl — se 


[a — #)(1 — #)(1 — 2%) --- 


1 + 
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Solutton by the Proposer. Let F(z) be defined by 
x2 


xX 
(1) F@) = T+ G-ni-m G-nd-®diomd-w) ? 


where x is a fixed complex number inside the unit circle, and z is a variable ¥x”, 
n=1,2,---.Uponreplacing zg by zx in (1) and subtracting corresponding terms 
it is easy to see that 


x 


(x). 


Now we define the function G(s), 


(3) G(z) = F(z) |] (1 — 2x”). 
nZ1 
G(z) is an entire function of g, and 
(4) G0) =F(0) =14—— + —*__ }... = J — 
7 7 1—-x (1-— s)(1 — x?) aes oe 


Furthermore, from (2) and (3), we see that 

(5) G(z) — (1 — 2x)G(ex) = 2x°G(zx?). 
Assuming, as we may, the expansion 

(6) G(z) = a + aye + agz?+-+--, 


where the a, depend only on x, and equating coefficients of z* in (5), we obtain 
easily 


(7) Qn = — An—1X" n> 0, 


the solution of which is 


1 
(8) Gn = (—1)%x(n?+n)/2q, _ (—1)2a¢(r?+m)/2 TT 


3 
kz1 1 — x* 


by (4). Hence 


(9) Ge) = I] —— 3 (-1) nate age 


kz1 1 — 4* 25 


Now, recalling (3), we have 


(10) F(z) = [I Da (= 1) ralntn) lege, 


pei (1 — x*)(1 — x*z) 220 


Setting z=1, we obtain the required result. 
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It should be remarked that the series in this problem completes a set of well 
known formulas: 
Write [0]=1, [x] =(1—x)(1 —x?) - - - (1—x”); then 


x” 1 
1 — 
@) p> n| kz1 1 — eh 
(ii) sy 
41 = 
Sh [ne igi 1d — 2 
xn 1 
111 = so 
(iii) Ua I Gd ey geht’ 
x” 1 
iv _ —_ —1 moe (m+ m) [2 
(0) n=o [|]? iu (1 — x*)? 2 


The first two are very well known, they probably go back to Euler; (22) is one 
of the famous Rogers-Ramanujan identities; while (zv) is the present problem. 
In much the same way as (zv) we may derive 
nin 1 ; 
(0) > = TD 
n= 0 [2] k2z1 1 — x* nZB0 
which has an interesting interpretation in terms of partition functions. If p(m) 
is the unrestricted partition function, the right member of (v) can be written 
de® 0) (—1)"(N =n’). 
N20 n=0 
On the other hand the left member of (v) is easily seen to generate the number 
of partitions of an integer into parts the largest of which is even, or, by reading 
the conjugate graph, into an even number of parts. Denoting this partition 
function by px(V), we have proved 


(v2) ba(N) = P(N) — DN - 1) 4+ 0(.N - 4) - P(N -9) +:---. 
It would be interesting to see if there is a combinatorial proof of (vz). 


Square Inscribed in Arbitrary Simple Closed Curve 
4325 [1949, 39]. Proposed by Orrin Frink, Pennsylvania State College 


Show that on every simple closed plane curve there are four points which are 
the vertices of a square. 


Solution by C. S. Ogilvy, Trinity College, Hartford. Let mz, or more simply, 
m;, be a system of horizontal straight lines in the plane, some of which cut the 
curve at X; and Xj, or more simply X and X’. Let m,, avoid the curve by pass- 
ing wholly below it, and m,, avoid the curve by passing wholly above it (Jordan.) 
If m, is now moved continuously from position x; to position xe, it will pass 
across the curve, producing two continuous sequences of points of intersection 
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X and X’. In the event of concavities, choose those intersections which allow 
xX and X’ to move continuously along the curve. Thus there will be times when 
the motion of m, and, say, X will be retrograde while accommodating the wan- 
derings of X’; but at all times the motion of all three, and in particular the 
length XX’, will be continuous functions. 

Now let YY’ be the perpendicular bisector of XX’, meeting XX’ in P and 
terminated by its intersections with the curve. There will be an initial (first 
contact) position of m, where Y’P> YP=0, and a final (last contact) position 
where 0= Y’P< YP. But because of the continuous behavior of XX’, YY’ of 
my moves continuously also, and there must be some position of YY’ where 
YP=Y’'P (Bolzano). This means that there is always an inscribed rhombus 
whose diagonals are horizontal and vertical. It follows that there is an inscribed 
rhombus for any slope of the diagonals (replace the word horizontal by parallel 
in the first sentence). 

To continue: either XX’ = YY’, in which case the rhombus is a square and 
the theorem is proved; or XX’ aa Suppose XX’> YY’. Then rotate m, con- 
tinuously through 90° until it reaches the position m,; now XX’< YY’. There- 
fore there must have been an intermediate position of the rhombus (Bolzano 
again) where XX’ = YY’. This is the position of the required square. 


Editorial Note. V. L. Klee refers to a paper (in Russian) by Snirelman, L. G., 
On certain geometrical properties of closed curves, Uspehi Matem. Nauk 10, 34-44 
(1944). See also abstract in Math. Rev., 7, 35 (1946). The case where the curve 
is convex is given by Emch, Some properties of closed convex curves in a plane, 
American Journal of Mathematics, vol. 35, 1913, pp. 407-412. 

Function with Natural Boundary 
4329 [1949, 40]. Proposed by A. W. Goodman, University of Kentucky 


Let 6 be an irrational number, a =e**. Prove that 
f(z) = > ang” 
n=0 
has the unit circle as a natural boundary. 


Solution by R. C. Buck, Brown University. The function f(z) obeys the equa- 
tion 


(1) f(z) — 1 = aaf(a’z). 
f(z) has at least one singularity, 20, on the unit circle. From (1) a0 is also a sin- 
gularity; iterating this, a?”zo is a singularity for m=0, 1, - - -. Since @ is irra- 


tional, these points are everywhere dense on the unit circle, which is conse- 
quently a natural boundary for f(z). If 6 is rational, then f(z) is a rational func- 
tion. 

Also solved by George Piranian. 


RECENT PUBLICATIONS 
EDITED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Association. 


Rank Correlation Methods. By M. G. Kendall, Charles Griffin and Co. Ltd., 
London, 1948. 8-+160 pp. 18s. 


In writing this small volume the author has set a pattern that points the 
way towards the solution of a difficulty that is frequently encountered by per- 
sons using statistical methods in analyzing experimental data. In most publica- 
tions an attempt is made to cover the whole field of statistical methods in one 
or two volumes. As a result many statistical methods receive such limited at- 
tention that a research worker using such a source either is unaware of the full 
power of the technique being considered or is not adequately informed as to the 
limitations and restrictions that must be considered when applying the tech- 
nique. By limiting the material covered in the text to a single concept the author 
has been able to include most of the available theory relating to rank correlation 
as well as to include numerous and varied illustrative examples. Among the top- 
ics considered by the author are: the general theory of rank correlation, tied 
ranks, tests of significance, the problem of m rankings, partial rank correlation, 
and paired comparisons. 

Each phase of the rank correlation problem.is treated in two chapters. The 
first chapter is expository in nature and considers the subject from a nontech- 
nical approach, while the second chapter contains the derivations of the formulas 
and the proofs of the propositions that were used in the expository chapter. 
Since the nontechnical chapters are entirely self-contained, the book should be 
of value to the research workers in applied fields especially in psychology and the 
social sciences. Students of statistical theory should find the book of interest 
since the technical chapters contain many interesting applications of the mathe- 
matical tools and devices one so often finds of use in developing the theory asso- 
ciated with statistical concepts. 

Although the book on the whole is very well written, there are a few minor 
weaknesses that might be noted. The text contains an adequate number of il- 
lustrative examples; however the lack of any sets of exercises for the student 
affects the usefulness of the publication as a text book. One at times encounters 
difficulty in following the argument used in the development of the theory be- 
cause of the complexity of the notation. It may be that no better notation can 
be developed, but one cannot help but feel that there is a lot to be gained 
through an improved notation. The author has confused his terminology with 
regard to the size of a probability value. In fact, after defining his term “small” 
and “very small” on page 40, he misuses the expressions in two illustrations that 
follow the definition. 
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The book is written in a style that makes it interesting reading and should 
find wide acceptance by workers in both the applied and theoretical field of 
statistics. 

C. F, Kossack 


Analytic Geometry. By A. L. Nelson, K. W. Folley, and W. M. Borgman. New 
York, The Ronald Press Company, 1949. 8+215 pages. $3.00. 


The authors suggest that this book is to be used by undergraduates as a 
“preparation for the calculus rather than as a study of geometry.” While one 
cannot separate the two concepts entirely yet it can be said that this book does 
satisfy the goal of the authors. 

Unusual attention is given to the idea of directed line segments, which nat- 
urally make the x2—x1; concept more reasonable to the student. Very wise use 
of time and effort is devoted to the geometric meaning of the abscissa and 
ordinate before such topics as division of line segments, slope of a line, and the 
angle between two lines is discussed in the first chapter. On page 19, the fig- 
ures explaining the fact that perpendicular lines have negative reciprocal slopes 
seem more involved than necessary even though the effort is commendable. 

Throughout the book no work has been spared in making the geometric ex- 
hibits as attractive and meaningful as possible. In fact, those near the end of 
the book showing the ellipsoid, as well as those of the hyperboloids of both one 
and two sheets are excellent. Prospective calculus students will gain so much 
from these drawings that they should feel at.home when the mechanics of the 
calculus is studied. 

The definition of a graph (page 49) is stated with elegance. A chapter on 
graphs of single valued algebraic functions followed by one on single valued 
transcendental functions precede the study of the chapter on the circle, after 
which follows the conic section chapter. The reviewer is impressed with the in- 
clusion of the topic concerning the graph of the general conic section by means 
of the method of the addition of two ordinates, before consideration of the 
transformation of coérdinates is met. The latter is relegated to the last chapter 
just before solid analytics is reached. Since students often lose themselves in the 
graphing of conic sections by use of coérdinate transformation methods, many 
instructors will welcome the arrangement of this text. 

In Chapter VIII one finds appropriate emphasis given to loci and their equa- 
tions. This topic is closely tied up with the usual proofs of the theorems on plane 
geometry by use of analytic methods. 

While tables of natural and exponential functions, as well as those of natural 
and common logarithms appear, it would please some students and instructors 
to have a short résumé of algebraic and trigonometric formulae available some- 
where in the text. The chapters are concise, well written, and sprinkled with 
stimulating graphs. Answers to odd problems are given with the problems. 

The publisher seems to have done as an acceptable job as have the authors. 

W. R. HuTCHERSON 
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Calculus. By L. L. Smail, New York, Appleton-Century-Crofts, 1949. 16-592 
pages. $4.50. 


It is a stated aim of the present book to pay greater attention than usual to 
the careful formulation of the fundamental definitions and to the meanings of 
the basic concepts of calculus. The author has indeed attempted to write a 
superior book by introducing more preciseness and rigor than is customary. To 
a considerable degree the author has succeeded in carrying out his laudable pur- 
pose. 

One of the features of the book is the introduction of a chapter on deriva- 
tives and one on the definite integral immediately after the differentiation of 
algebraic functions and before the differentiation of transcendental functions. 
Another feature is the inclusion of carefully chosen examples illustrating con- 
cepts, definitions, and theorems as well as methods. The exercise lists, which 
occur at the end of almost every article, are outstanding. Answers are given in 
the back of the book for the odd-numbered exercises. 

Professor Smail’s book appears to be very teachable and should prove a wel- 
come addition to the small class of acceptable calculus texts. 

R. G. HELSEL 


The Life and Works of Herbert Ellsworth Slaught. By H. J. Dark. Bureau of Pub- 
lications, George Peabody College for Teachers, Nashville, Tenn. 1948. 
4+152 pages, and frontispiece. $2.25. 


This volume is a thoroughly documented account of the many and varied 
activities of Professor Slaught in educational affairs and in mathematical or- 
ganizations in the United States. We find in Chapter II a brief outline of the 
main facts of his life. The 40 pages of Chapter III are devoted to a description 
of his activities and methods as a teacher, both at Peddie Institute and at the 
University of Chicago, including his extra-classroom activities. The mathemati- 
cal texts he wrote or edited are listed in Chapter IV, together with a number of 
comments on their purpose and value. This chapter also includes a brief account 
of Slaught’s work as an editor of this MONTHLY from 1907 to 1937. In Chapter 
V we find an extensive account of the role Slaught played in the Central Asso- 
ciation of Science and Mathematics Teachers, the American Federation of 
Teachers of the Mathematical and the Natural Sciences, the American Mathe- 
matical Society, the National Committee on Mathematical Requirements, the 
National Council of Teachers of Mathematics, and especially in the Mathemati- 
cal Association of America. This chapter is really an amazing commentary on 
the extraordinary vigor and vision of the man. The last two chapters are brief 
summaries, and there is an extensive bibliography. The many friends and ad- 
mirers of Professor Slaught will find much of interest in this volume. It is written 
in the spirit of an enthusiastic tribute. The author naturally does not claim to 
have covered his subject completely, but the array of accomplishments described 
here is certainly inspiring, and surprising even to one who knew Professor 
Slaught over a number of years. 

L. M. GRAVES 


428 RECENT PUBLICATIONS [June, 


Freshman Mathematics. By Slobin and Wilbur. Third Edition Revised by C. V. 
Newsom 15+559 pages. Rinehart and Co., 1949. $5.00. 


This book is a second revision of the book bearing the same title by H. L. 
Slobin and W. E. Wilbur. Its aim is to impart to the student “a real under- 
standing of the fundamental principles” and appreciation of “the values of 
these subjects vocationally and culturally.” 

That this is an admirable objective is axiomatic and if a book does not 
achieve complete success in this respect it may still be an excellent textbook. 
In the humble opinion of the reviewer—humble because of his own shortcomings 
and doubts as a teacher—the book falls quite short of its avowed aim, as far as 
the first section is concerned. It is probably true that there is no unanimity 
among teachers as to what constitutes “fundamental concepts and principles” 
of freshman mathematics. Some of the most fundamental ideas are either not 
mentioned at all or stated very briefly or misstated. I recall hearing the late 
J. H. M. Wedderburn make the statement that the division transformation for 
polynomials is the fundamental theorem of elementary algebra; without it the 
work with rational algebraic expressions is hollow. It is not mentioned in the 
book under review. In the definition of polynomials it is stated that the ex- 
ponents must be positive integers (p. 24). This is obviously a bad slip, but there 
is no mention of the zero polynomial and of the important fact that no degree is 
attached to it. It seems that the authors were trying to simplify and clarify 
the ideas they wanted to present and thus introduced “restricted” definitions 
which in some instances only confuse the issue. This is—again in the reviewer’s 
humble opinion—regrettable particularly in case the general and correct formu- 
lation is just as simple and economical of mental effort. 

The second and third sections dealing with Trigonometry and Analytic Ge- 
ometry are exceptionally good. It would almost seem that they were written by a 
different author or authors. The material on Trigonometry is well selected and 
clearly presented; the solution of triangles is not over emphasized and the 
analytical part of the subject is given clearly and accurately so that a student 
can see the real value of Trigonometry. 

The part dealing with Analytic Geometry is equally well done. The reviewer 
would like to see more time and space devoted to parametric equations, but that 
of course is a matter of taste. This is one of the few elementary books on the 
subject that discuss the problem of finding all points of intersection of two curves 
given in polar coédrdinates. The part dealing with Solid Analytic Geometry is of 
necessity rather brief but it is clear and very much to the point. The chapter on 
curye fitting is a very welcome addition to an elementary textbook and will no 
doubt be stimulating, both to the student and to the teacher. There is a number 
of tables and a bibliography that enhance the value of the book; the type is 
clear and I noticed only one misprint (page 71, line 8: + instead of =). 
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The reviewer can only hope that some day soon the first section of this book 
will be rewritten with the same care, good taste and discrimination that char- 
acterize the last two sections; for then it will be an outstanding book on “Fresh- 
man Mathematics.” 

M. S. KNEBELMAN 


Klassische Funktionentheorie. Teil II. By H. Behnke and F. Sommer. Aschen- 
dorffsche Verlagsbuchhandlung, Munster Westf. 1948. 217+16 pp. DM 6. 


The material of this book was prepared from lectures of H. Behnke with the 
editorial help of F. Sommers. The entire volume is devoted to the study of 
Riemann surfaces and the uniformization theory. Although the material is 
neither new nor complete, the presentation is in a very readable style—a style 
which prefers clearness to conciseness. 

The book begins with a general introduction to Riemann surfaces. The 
postulates are made understandable by numerous examples. An analytic func- 
tion having a compact Riemann surface is said to be an algebraic function. It is 
shown that such functions satisfy an irreducible algebraic equation and con- 
versely. A function meromorphic on the Riemann surface belonging to an alge- 
braic function A(z) is said to belong to the function field of A(z). It is shown 
F(z) isa function of the field of A(z) if and only if F(z) can be expressed as a ra- 
tional function of z and A(z). In fact if the Riemann surface of A(z) has n-sheets 
then the functions 1, A, ---, A”! form an algebraic basis over the field of 
rational functions of z for the function field of A(z). The results of this theory are 
applied to Abelian integrals and algebraic curves. 

The second half of the book is devoted to uniformization theory. A function 
t=h(P) is called a uniformization mapping for a Riemann surface R if it is a 
schlicht mapping of the universal covering surface of R onto a simply connected 
domain D of the #-plane. The necessary machinery is first developed concerning 
normal families of meromorphic and schlicht functions, the Koebe distortion 
theorem, and universal covering surfaces. The existence of a uniformization 
mapping is then established and the Riemann surfaces are classified according as 
the normalized domain D is the unit circle, the open plane, or the closed plane. 
To each automorphism of the covering surface which leaves R invariant, there 
corresponds a bilinear transformation in the t-plane which leaves z=h71(¢) in- 
variant (where z is the point of R underlying P). By definition h~1 is an auto- 
morphic function on D under the above group of automorphisms. A final section 
is devoted to automorphic functions. Here the author discusses the problem of 
finding,a function which has a given Riemann surface for its associated Riemann 
surface. 

R. S. PHILLIPS 


CLUBS AND ALLIED ACTIVITIES 
EDITED By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1948-1949 
Mathematics Club, Adelphi College 


The members of the Mathematics Club of Adelphi College heard three guest 
speakers during 1948-49. The speakers and their topics were: 

Methods and models, by Col. Robert Beard of Mount Vernon, New York 

Methods and models, by Lt. Col. R. C. Yates of West Point 

The number e and the law of continuing growth, by Dr. Howard Fehr of Co- 
lumbia University 

The Hofstra College chapter of Kappa Mu Epsilon attended the meetings 
at which Colonel Beard and Dr. Fehr spoke. 

Field trips were taken to the home of Rutherford Boyd at Leonia, New Jer- 
sey to see some of his artistic work and to the Brookhaven National Laboratory 
at Upton, New York. 

The officers for 1949-50 are: President, Katherine Engler; Secretary-Treas- 
urer, Sylvia Krasner. 


The Hall Mathematics Society, Lafayette College 


During the academic year 1948-49, the Hall Mathematics Society held six 
meetings. The programs for these meetings were: 

The game of nim, by George Veronis 

An appraisal of the life and work of Descartes, by William McLean, Professor 
of Mechanics 

Applications of mathematics to satling, by Karl Larsen, Professor of Physics 

Electrical integrator, by Hugh Davidson, research physicist at the General 
Analine Corporation and founder of the idea for the integrator 

Symposium on various earth maps, by George Veronis, Donald McIntyre, 
Robert Koch and Alexander McKittrick 


The relationship of logic and mathematics, by George Clark, Professor of 
Philosophy. 


Pi Mu Epsilon, Hunter College 


The topic of the Hunter College Chapter of Pi Mu Epsilon for the year 
1948-49 was Highlights in the history of mathematics as reflected in some of the 
monumental books. Papers presented during the first semester were: 

The mathematics of ancient Babylonia, by Elaine Traub 

The mathematics of ancient Egypt, by Estelle Rosen 

Pythagoras and the Pythagorean School, by Helen Sarfaty 

Euclid, by Sarah Kaplan 
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A ppollonius, by Gloria Hoffman 

Archimedes, by Marian Boykan 

Dtophantus, by Ruth Roberts 

Ptolemy, by Shirley Kurman. 

Papers delivered during the second semester were: 

Number notations and arithmetics of ancient Babylonia and Egypt, by Arlene 
Withrow 

Number notations and arithmetics of ancient Greece, Rome, and India, by Mir- 
iam Rosenberg 

The algebra of the Hindus, by Janis Resnick 

Algebra in the Arab world, by Caryl Klein 

Galileo Galilet, by John Keiper 

René Descartes, by Angeliki Demetriades 

Gottfried Wilhelm Leibnitz, by Rita Challenger 

Isaac Newton, by Josephine Guaragna. 

Guest speaker at the fall initiation dinner was Prof. Carl Boyer of Brooklyn 
College who delivered an address entitled The greatest analytic geometer. At the 
spring initiation dinner the speaker was Prof. Richard Courant of New York 
University whose topic was Existence and construction in mathematics. 

Officers for the year were: President, Josephine Guaragna; Corresponding 
Secretary, Estelle Rosen (1st term) and Ruth Roberts (2nd term); Recording 
Secretary, Rita Challenger; Treasurer, Arlene Withrow; Faculty Director, Miss 
Carolyn Eisele. ' 


Mathematics Club, University of British Columbia 


Papers were presented to the Mathematics Club of the University of British 
Columbia by undergraduate members at eight meetings held on the campus 
in the evening. The titles and authors of the papers are in the order of presenta- 
tion: 

Linear difference equations of the first degree, by P. C. Gilmore 

Cardinal numbers, by J. L. McGregor 

Theory of quaterntons, by H. Harris 

A proof of Minkowsky’s theorem, by R. A. Macauley 

Introduction to the theory of Lebesque integration, by P. Cuttle 

Group theory, by G. B. Kyle 

A qualitative method for some differential equations of mechanics, by P. C. 
Gilmore 

The soluiton of cubic and quartic equations, by K. D. Hage. 

A special speaker to the club was Professor Maslow of the department of 
philosophy of U.B.C. The topic of his lecture was Mathematical logic. Each meet- 
ing was followed by an informal discussion period while refreshments were 
served. 

An interesting year for the club is being planned by the new president, Robin 
Thornton. Included in his plans are informal meetings to be held at the homes 
of members, adding social interest to the academic nature of the club. 
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Mathematics Club, Hunter College 


Student papers presented at meetings of the Mathematics Club of Hunter 
College were: 

Euclid, by Evelyn Margoe 

fTypocycloid and epicycloid, by Patricia Cohen 

Babylonian mathematics, by Elaine Traub 

The birth of algebra, by Helen Smith 

Center of gravity, by Marian Boykan 

Stellar motions, by Flora Johns. 

Faculty talks were: 

Fermat's last theorem, by Prof. Marie Whelan 

Mathematical induction, by Prof. Marie Whelan 

The slide rule, by Prof. Hobart Bushey 

The concept of curve, by Prof. Jewell H. Bushey. 

The club had two supper parties during the year at the Roosevelt House, 
and in addition held a theatre party and a boat ride. , 

The officers for the year were: President, Dorothy Carli; Vice-President, 
Gloria Bullock; Treasurer, Helen Smith; Secretary, Doris Cohen. 


Mathematics Club, United States Naval Academy 


During the year 1948-49, the Mathematics Club of the United States Naval 
Academy arranged for two extra-curricular series of lectures and conferences 
given by members of the department of mathematics, as follows: 

Modern algebra, by Prof. J. C. Abbott and*Prof. T. J. Benac 

Advanced calculus, by Prof. H. K. Sohl. 

The club also held a series of informal evening meetings, the feature of which 
was a group of discussions and lectures on The mathematical foundations of poten- 
tial theory. 

For the coming year the club plans to have a larger number of guest lecturers 
and thus vary and supplement its program. 


Pi Mu Epsilon, University of Alabama 


Two university-wide competitive mathematics examinations featured the 
activities of the Alabama Alpha chapter of Pi Mu Epsilon this year. In the ad- 
vanced section R. C. Asquith was judged the winner while W. D. Driggers was 
second. In the elementary division Walter Wilson won first prize and D. K. 
Gleason was second. In both classifications the winners received twenty dollar 
prizes while the runners-up won ten dollars. 

Prizes were also awarded for the best student papers presented before the 
chapter during the year. Twenty dollars was won by Ann Lutz who spoke on 
A refinement for linear interpolation and Jack Caldwell won ten dollars for his 
paper entitled The abacus. Other papers included: 

The life of Fourver, by Mrs. Charlotte Speight 
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Fourier Sertes, by Mrs. Martha Weeks 

Mathematical mayhem, by Frank Butler | 

Plane areas by complex integration, by Prof. J. D. Mancill 

Some mathematical applications of the cathode ray oscilloscope, by Robert 
Whitehurst. 

The social activities of the chapter were high-lighted by a Christmas party 
and a spring picnic. 

The officers for 1949-50 are: Director, Mr. Neal Rowell; Vice-Director, 
Frank Butler; Treasurer, Bean Green; Secretary, Dr. H.S. Thurston; Publicity 
Chairman, Clyde Wiley; Librarian, Dr. J. D. Mancill; Social Chairman, Miss 
Susie Lee Ward. 


NEWS AND NOTICES 
EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


INTERNATIONAL CONGRESS OF MATHEMATICIANS 


The Association is sponsoring an exhibit of all types of mathematical models 
at the International Congress of Mathematicians which will be held at Harvard 
University on August 30-September 6, 1950. Mathematicians are encouraged to 
send lists of items for exhibit and requests for approximate space allotments to 
Lieutenant Colonel R. C. Yates, Department of Mathematics, West Point, 
New York. 


SUMMER MEETING OF THE NATIONAL COUNCIL 


The Tenth Summer Meeting of The National Council of Teachers of Mathe- 
matics will be held at The University of Wisconsin, August 21, 22, and 23. Mem- 
bers of the Association are welcome at all sessions, and registration fees for As- 
sociation members are the same as for members of The National Council. 
Papers on problems of teaching mathematics in the first and second college 
years and on teacher education programs will be presented by H. G. Ayre, West- 
ern Illinois State College; Aaron Bakst, New York University; J. G. Bowker, 
Middlebury College; Henriette Brudos, North Dakota State Teachers College; 
C. H. Butler, Western Michigan College of Education; F. N. Fisch, Colorado 
College of Education; Elinor B. Flagg, Illinois State Normal University; M. L. 
Hartung, The University of Chicago; E. R. Heineman, Texas Technological 
College; J. S. McNair, Canal Zone Junior College; H. V. Price, State University 
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of Iowa; Vera Sanford, New York State Teachers College at Oneonta; J. H. 
Zant, Oklahoma A & M College. 

Requests for rooms in University Residence Halls should be addressed to 
J. R. Mayor, North Hall, Madison 6, Wisconsin. 


INSTITUTE FOR TEACHERS OF MATHEMATICS 


The Institute for Teachers of Mathematics which is sponsored by the Asso- 
ciation of Teachers of Mathematics in New England will be held at Tufts Col- 
lege, Medford, Massachusetts on August 22-29, 1950. 

The program will include speakers on the latest developments in pure mathe- 
matics and others on applications of mathematics. There will also be discussion 
groups on methods of teaching and an abundance of recreation. 

For more information write to Janet S. Height, Wakefield High School, 
Wakefield, Massachusetts or Albert Norris, Milton Academy, Milton, Massa- 
chusetts. 


PERSONAL ITEMS 


Dean Gillie A. Larew of Randolph-Macon Woman’s College represented the 
Association at the inauguration of President O. W. Wake of Lynchburg College 
at Lynchburg, Virginia, on April 25, 1950. 

Professor C. N. Moore, University of Cincinnati, served as the representa- 
tive of the Association at the Convocation commemorating the Centenary of 
the Founding of the University of Dayton. 

Professor J. R. Musselman of Western Reserve University has been ap- 
pointed as the representative of the Association on the Council of the Ameri- 
can Association for the Advancement of Science for 1950-51. 

Professor H. S. M. Coxeter of the University of Toronto has been awarded 
the Tory Medal by the Royal Society of Canada. 

Professor Henry Wallman of Massachusetts Institute of Technology who is 
now on leave at Chalmers Institute of Technology in Gothenburg, Sweden, has 
been made a foreign member of the Royal Swedish Academy. 

Professor K. P. Williams of Indiana University has received a special mention 
award from the publishing trade for his book Lincoln Finds a General; also, he has 
been awarded a gold medal by New York University’s Society of Libraries. 

Dr. Iacopo Barsotti of the University of Rome and Princeton University has 
been appointed to an associate professorship at the University of Pittsburgh. 

Professor P. F. Byrd of Fisk University has accepted a position as research 
scientist with the National Advisory Committee on Aeronautics. 

Professor S. S. Chern of the Institute for Advanced Study has been ap- 
pointed to a professorship at the University of Chicago. 

Dr. Peter Chiarulli of Brown University has been appointed to an assistant 
professorship at Carnegie Institute of Technology. 

Associate Professor Lester Dawson of Adams State College has accepted an 
assistant professorship at Colorado Agricultural and Mechanical College. 
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Dr. Werner Fenchel of the Technical University of Denmark has been ap- 
pointed to a visiting professorship at the University of Southern California. 

Mr. A. G. Hansen has been appointed to an instructorship at the University 
of Maryland. 

Associate Professor R. G. Helsel who is now Acting Head of the Department 
of Mathematics of Ohio State University has been promoted to a professorship 
and named Head of the Department, effective July 1, 1950. 

Dr. P. J. Kelly of the University of Southern California has received an 
appointment to an assistant professorship at the Santa Barbara College of the 
University of California. 

Dr. M. S. Kramer of the University of Illinois has been appointed to an as- 
sistant professorship at the New Mexico College of Agriculture and Mechanic 
Arts. 

Associate Professor M. Z. Krzywoblocki of the University of Illinois has been 
promoted to a professorship. 

Dr. J. P. Nash of the Kimberly-Clark Corporation is now Research Assistant 
Professor at the University of Illinois. 

Professor B. C. Patterson, head of the Department of Mathematics of 
Hamilton College, has been appointed President of Washington and Jefferson 
College. 

Miss Ruth E. Porter of Berea College has been appointed to an assistant 
professorship at John Brown University, Siloam Springs, Arkansas. 

Associate Professor E. L. Post, City College of the City of New York, has 
been promoted to a professorship. 

Professor C. J. Rees who has been serving as director of graduate studies of 
the University of Delaware has been appointed to the first deanship of the 
School of Graduate Studies, effective July 1, 1950. 

Assistant Professor R. W. Shephard of New York University has accepted a 
position with the Rand Corporation, Santa Monica, California. 

Professor J. G. Van der Corput, University of Amsterdam, will spend the 
academic year 1950-51 at Stanford University. 

Professor R. J. Walker of Cornell University has been appointed Chairman 
of the Department of Mathematics, effective July 1, 1950. 

Assistant Professor W. R. Wasow of Swarthmore College is on leave and is 
serving as mathematician at the Institute for Numerical Analysis of the Na- 
tional Bureau of Standards. 


Mr.’R. T. Duffner died on March 22, 1950. 

Professor Emeritus J. A. Eiesland of West Virginia University died March 
11, 1950. He was a charter member of the Association. 

Dr. E. D. Hellinger, visiting professor of mathematics at [linois Institute of 
Technology, died on March 28, 1950. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
115 persons have been elected to membership by the Board of Governors on 


applications duly certified: 


H. L. ALDER, Ph.D. (California) Asst. Profes- 
sor, University of California, Davis, Calif. 

H. W. ALEXANDER, Ph.D.(Princeton) Profes- 
sor, Adrian College, Mich. 

P. N. ARMSTRONG, Student, University of Ne- 
braska, Lincoln, Nebr. 

E. L. ArnorF, M.S.(Case) Grad. Asst., Cali- 
fornia Institute of Technology, Pasadena, 
Calif. 

LuciIEN BaGNETTO, M.S.(Louisiana) Asst. 
Professor, Harding College, Searcy, Ark. 

JEAN M. Batpwin, Student, Carleton College, 
Northfield, Minn. 

JoHN BENDER, Student, Rutgers University, 
New Brunswick, N. J. 

K. S. BERGMAN, Student, Gonzaga University, 
Spokane, Wash. 

S. D. BERKow1Tz, Student, Columbia Univer- 
sity, New York, N. Y. 

H.F. Biascu, Student, Hofstra College, Hemp- 
stead, N. Y. 

ROBERT BreEuscH, Ph.D.(Freiburg) Asso. 
Professor, Amherst College, Mass. 

W.E. Brices, M.A.(Colorado) Part-time In- 
structor, University of Colordao, Boulder, 
Colo. 

RICHARD CROWLEY CAMPBELL, A.M. (Pennsyl- 
vania) Asst. Professor, U.S. Naval Post- 
graduate School, Annapolis, Md. 

LEONARD CaRLITz, Ph.D. (Pennsylvania) Pro- 
fessor, Duke University, Durham, N. C. 

C. R. Carr, A.M.(Michigan) Teaching Fel- 
low, University of Michigan, Ann Arbor, 
Mich. 

Mona Cascio, 171 Rogers Avenue, Brooklyn, 
N. Y. 

W. R. CasHEN, M.A.(U.of Washington) Asst. 
Professor, University of Alaska, College, 
Alaska 

GEORGE CassEB, B.S.(Chicago) Instructor, 
St. Mary’s University, San Antonio, Texas. 

T. E. CHEATHAM, JR., Student, Purdue Univer- 
sity, Lafayette, Ind. 

S. S. CuHERN, D.Sc.(Hamburg) Professor, 


University of Chicago, II]. 

A. J. Corteman, Ph.D.(Toronto) Lecturer, 
University of Toronto, Ont. 

ESTHER CoMmEGys, Ph.D. (Radcliffe) Asst. Pro- 
fessor, University of Maine, Orono, Maine. 

JoAnn M. Cummine, B.S.(Mt. St. Vincent) 
Grad. Asst., Marquette University, Mil- 
waukee, Wis. 

K. B. Cummins, M.A.(Bowling Green State) 
Teacher, New Washington High School, 
Ohio. 

J. F. Dariine, A.B.(Cornell) 11 W. Grant 
St., Woodstown, N. J. 

L. C. Dawson, M.A. (Wichita) Asst. Profes- 
sor, Colorado A. and M. College, Fort Col- 
lins, Colo. 

A.S. Day, Ph.D.(Yale) Asst. Professor, Wes- 
leyan University, Middletown, Conn. 
Luis pE GreEIrF B., Civ.Eng. (Universidad Na- 
cional de Colombia) Professor, Facultad 

de Minas, Medellin, Colombia. 

ANNIE L. Dicks, A.M.(South Carolina) Pro- 
fessor, Columbia College, S. C. 

R. J. Dickson, JRr., B.S.(Stanford) Grad. As- 
sistant, California Institute of Technology, 
Pasadena, Calif. 

A. R. DrDonato, Student, Duquesne Univer- 
sity, Pittsburgh, Pa. 

RaGNAR Dysvik, Cand.Real(Oslo) Lektor, 
Levanger kommunale hogre almenskole, 
Norway. 

R. D. Epwarps, M.A.(Pittsburgh) Instruc- 
tor, University of Pittsburgh, Pa. 

P. G. Encstrom, Student, Bethany College, 
Lindsborg, Kansas. 

H. D. FeLpman, Student, Rutgers University, 
New Brunswick, N. J. 

E. R. Finck, Jr., Student, St. Mary’s Univer- 
sity, San Antonio, Texas. 

R. M. FREEBoRN, A.B. (Whittier Coll.) In- 
structor, Mark Keppel High School, Al- 
hambra, Calif. 

Leona Freeman, B.A.(Hunter Coll.) Teacher, 
Stitt Jr. High School, New York, N. Y. 
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C. B. GERMAIN, Student, College of St. Thomas 
St. Paul, Minn. 

LEON GOLDSTEIN, Staff Member, Division of 
Industrial Cooperation, Massachusetts In- 
stitute of Technology, Cambridge, Mass. 

W. A. Gotomsk1, M.S.(Marquette) Grad. 
Asst., Marquette University, Milwaukee, 
Wis. 

CLEM GRABNER, JR., M.A.(Indiana) Asst. 
Professor, Madison College, Harrisonburg, 
Va. 

EMIL GROSSWALD, M.S.(Bucharest) Asst. In- 
structor, University of Pennsylvania, Phil- 
adelphia, Pa. 

L. C. Hitu, B.S.in Ed.(Miami U.) Grad. Stu- 
dent, Miami University, Oxford, Ohio. 
HILDEGARDE Horeni, M.A.(Minnesota) In- 
structor, State Teachers College, Mankato, 

Minn. 

R. J. JAEGER, JR., Student, Hofstra College, 
Hempstead, N. Y. 

P. B. Jounson, Ph.D.(C.I.T.) Asst. Profes- 
sor, Occidental College, Los Angeles, Calif. 

L. G. Jones, M.A. (Oregon) Grad. Asst., Uni- 
versity of Oregon, Eugene, Ore. 

Joun Kaiser, M.A.(Ohio U.) Asso. Profes- 
sor, Kent State University, Ohio. 

RAYMOND KASSLER, Student, Brooklyn College, 
N. Y. 

J. B. Ketty, Ph.D.(M.I.T.) Instructor, Uni- 
versity of Wisconsin, Madison, Wis. 

T. W. KELLY, B.S.(C.1.T.) Project Engineer, 
Holloman Air Force Base, Alamogordo, 
N.M. 

Mrs. EVELYN K. KINNEY, M.A. (Illinois) Head 
of Math. Dept., Ferrum Junior College, 
Va. 

J. N. P. LAwRENCcE, Student, Johns Hopkins 
University, Baltimore, Md. 

L. H. N. Lee, M.S.(Minnesota) Instructor, 
University of Minnesota, Minneapolis 
Minn, 

T. D. Linc, M.S. (Texas) Grad. Student, Uni- 
versity of Texas, Austin, Texas. 

K.L. LoEwen, A.B. (Tabor Coll.) Grad. Asst. 
Katisas State College, Manhattan, Kansa. 

R. W. Lone, M.A.(Washington & Jefferson) 
Instructor, New York University, N. Y. 

D. B. LowpEns.LaGErR, B.A.(St. John’s Coll.) 
Grad. Student, University of Virginia, 
Charlottesville, Va. 

M. J. Lowery, A.B. (Northeastern S.C.) Asst. 
Instructor, University of Missouri, Colum- 
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bia, Mo. 

R. A. LurBurrow, B.A.(Berea) Grad. Asst., 
Purdue University, Lafayette, Ind. 

Jan Luvxx, Teacher, Technical College of Ant- 
werp, Belgium. 

Harry Matison, Ph.D.(Princeton) Teacher, 
Los Angeles City College, Calif. 

Mrs. Rutu H. McCuure, M.S. (Illinois) 103 
E. Vanderbilt Dr., Oak Ridge, Tenn. 

D. C. McCunz, B.S.(Wooster) Grad. Asst. 
Purdue University, Lafayette, Ind. 

R. K. MEANY, Student, Purdue University, La- 
fayette, Ind. 

R. B. MERRILL, Student, Purdue University, 
Lafayette, Ind. 

MARTIN MILGRaAM, Student, Brooklyn College, 
N. Y. 

D. W. Moomaw, Student, University of Ne- 
braska, Lincoln, Neb. 

NatHan Morrison, A.B.(Brooklyn Coll.) 
Principal Actuary, N. Y. State Division of 
Placement and Unemployment Insurance 
New York, N. Y. 

C. E. Mouton, B.A.(Miami U.) Grad. Stu- 
dent, University of Rochester, N. Y. 

E. A. NEwBurG, Student, Purdue University, 
Lafayette, Ind. 

Morris NEwMAN, M.A.(Columbia)  Instruc- 
tor, University of Delaware, Newark, Del. 

N. O. Nivzs, M.S. (St. Lawrence) Asst. Pro- 
fessor, U.S. Naval Academy, Annapolis, 
Md. 

W. G. Norton, B.S. in Ed.(Vermont) Re- 
search Engineer, Carbide & Carbon, Oak 
Ridge, Tenn. 

MARrGHRITA L. ONEIL, B.A.(Bryn Mawr) Cal- 
culator, Towers, Perrin, Forster & Crosby, 
Philadelphia, Pa. 

Mrs. MARIANNE S. OTTO, M.S. (Marquette) 
Instructor, Marquette University, Mil- 
waukee, Wis. 

W.N. PALMER, Student, N. Y. State College for 
Teachers, Albany, N. Y. 

S. R. PETERSON, M.A.(Columbia) Instructor, 
University of New Hampshire, Durham, 
N. H. 

C. A, PursEL, M.A. (Southern California) In- 
structor, California State Polytechnic Col- 
lege, San Luis Obispo, Calif. 

ANN T. RErp, Student, Duke University, Dur- 
ham, N.C. 

G. W. REITWIESNER, A.B.(N.Y.U.) Mathe- 
matician, Aberdeen Proving Ground, Md. 
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HyMEN Rensin, M.A.(Columbia) Lecturer, 
City College of the City of New York, 
N. Y. 

Dorotuy G. RENzEMA, M.S. Michigan) In- 
structor, College of Wooster, Ohio. 

H. Q. Rotrs, M.A.(Kansas) Instructor, 
Washburn University, Topeka, Kansas. 

H. L. Roypen, M.S.(Stanford) Grad. Stu- 
dent, Harvard University, Cambridge, 
Mass. 

Pincus Scuus, Ph.D. (Dropsie Coll.) Instruc- 
tor, University of Pennsylvania, Philadel- 
phia, Pa. 

B. L. Scuwartz, M.S.(Carnegie) Grad. Stu- 
dent, Brown University, Providence, R. I. 

C. H. W. SEpGEwick, Ph.D.(Brown) Profes- 
sor, University of Connecticut, Storrs, 
Conn. 

R. E. Sagar, B.A.(Syracuse) Assistant, Tri- 
ple Cities College, Endicott, N. Y. 

SISTER MariE Grace, M.S.(Catholic U.) 
Vice-President, Barry College, Miami, Fla 

J. K. SLoaTMAN, JR., B.S.(Union) Lt. Cmdr., 
United States Navy. 

E. C. Situ, Jr., B.S.(Stanford) Teaching 
Assistant, Stanford University, Calif. 

P. O. Steen, M.A.(Wyoming) Asst. Profes- 
sor, University of Wyoming, Laramie, Wyo. 

ALEXANDER STRASSER, M.S. in Ed. (C.C.N.Y.) 
Physicist, U. S. Bureau of Mines, Pitts- 
burgh, Pa. 

Cuoy-TaK TaaM, Ph.D.(Harvard) Asst. Pro- 
fessor, University of Missouri, Columbia, 
Mo. 

G. H. M. Tuomas, M.S.(Wisconsin) Grad. 
Student, University of Wisconsin, Madi- 
son, Wis. 

R. B. Tuomas, Jr., Student, Gonzaga Univer- 
sity, Spokane, Wash. 

D.B.TiLLotson, A.M.(Boston U.) Asst. Pro- 
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fessor, Northwest Nazarene College, 
Nampa, Idaho 

D. V. TRuEBLOop, B.S.(U. of Washington) 
Engineer, Pacific Tel. & Tel. Co., Seattle, 
Wash. 

W. V. VILKELIs, Student, Rutgers University, 
New Brunswick, N. J. 

M. J. VitousEK, B.S.(Stanford) Grad. Stu- 
dent, Stanford University, Calif. 

Tuomas WAINWRIGHT, B.S.(Montana) 621 S. 
Grand, Bozeman, Mont. 

ANNIE M.WHITNEY, Ph.D. (Pennsylvania) In- 
structor, University of Pennsylvania, Phil- 
adelphia, Pa. 

MiILpRED M. WIKER, M.A.(Maryland) 4304 
12th Place N.E., Washington 17, D. C. 

T. F. Wicpanks, M.A. (Louisiana) Professor, 
Southwestern Louisiana Institute, Lafay- 
ette, La. 

B. B. Writutams, B.A.(Howard Payne) In- 
structor, Howard Payne College, Brown- 
wood, Texas. 

J. C. Witson, B.S. (Oklahoma A & M) Grad. 
Fellow, Oklahoma A & M College, Stillwa- 
ter, Okla. 

R. J. Woop, B.S. (St. Mary’s U.) Instructor, 
Edison High School, San Antonio, Texas. 

J. W. WriGut, Student, University of Mary- 
land, College Park, Md. 

Max Wyman, Ph.D.(C.I.T.) Asst. Professor, 
University of Alberta, Edmonton. 

F. R. Yett, B.S.(Texas) Teaching Fellow, 
University of Texas, Austin, Texas. 

D. M. Youn, Jr., M.A.(Harvard) Research 
Assistant, Harvard University, Cam- 
bridge, Mass. 

R. A. ZEMLIN, Student, College of St. Thomas, 
St. Paul, Minn. 

ALBERT ZUCKER, Student, City College of the 
City of New York, N. Y. 


DECEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA- 
VIRGINIA SECTION 


The regular fall meeting of the Maryland-District of Columbia-Virginia 
Section of the Mathematical Association of America was held at American 
University, Washington, D. C., on Saturday, December 10, 1949. Professor L. 
M. Kells, the Chairman of the Section, presided at both the morning and 
afternoon sessions. 

Sixty-five persons registered their attendance at the meeting, including the 
following forty-six members of the association: R. P. Bailey, R. H. Bing, W. 
E. Bleick, R. S. Burington, H. H. Campaigne, Randolph Church, G. F. Cramer, 
C. H. Frick, B. C. Getchell, Michael Goldberg, R. A. Good, E. C. Gras, D. W. 
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Hall, A. G. Hansen, S. B. Jackson, Walter Jennings, Sidney Kaplan, L. M. 
Kells, Evelyn M. Kennedy, H. L. Kinsolving, B. J. Lockhart, M. H. Martin, 
Florence M. Mears, Joseph Milkman, T. W. Moore, F. D. Murnaghan, Paul 
Nesbeda, W. H. Norris, M. W. Oliphant, F. M. Pulliam, O. J. Ramer, C. H. 
Rawlins, R. W. Rector, J. M. Rice, V. N. Robinson, Irvin Roman, W. G. 
Rouleau, S. W. Saunders, W. F. Shenton, Vivian E. Spencer, C. F. Stephens, 
Feodor Theilheimer, P. D. Thomas, John Todd, P. M. Whitman, Clement 
Winston. 

The spring meeting of the section will be held during May, 1950. The place 
and exact date will be announced at a later time. 

The following papers were presented: 

1. A Sturmian separation theorem, by Professor C. Gras, United States Naval 
Academy. 

Consider = ¢u-+¢oKu’ and V=y,u+y2Ku’, where u is a solution of the differential equation 


d(Ku’) /dx =Gu. The properties of the zeros of ® and W are readily obtained by use of vector alge- 
bra, rather than resorting to the Ricatti differential equation. 


2. Nonlinear transformations of divergent and slowly convergent sequences, by 
Mr. Daniel Shanks, Naval Ordnance Laboratory, introduced by the Secretary. 


An analogy between mathematical sequences and the transients of linear systems is developed. 
Through each 2K +1 consecutive values of the sequence A, one passes a continuous function of the 
form B+ ly aie. The series of exponentials either converges to, diverges from, or is asymptotic 
to, the constant B. An explicit formula for B in terms of the A, is given, and this forms the basis 
of several nonlinear sequence-to-sequence transforms A,—B,. The first order transform (K = 1) is 


A, — AnstAn—t 
2An — (Angst — An-1) 


If iterated, this transform is very useful for obtaining numerical results. The transforms are applied 
to a variety of convergent and divergent sequences. Some theorems concerning these transforms, 
and some relations to the Padé Table, Thiele’s Reciprocal Differences, and Gauss’ Numerical Inte- 
gration, are indicated. 


B, = 


3. Mathematical requirements for the personnel of a computing laboratory, by 
Dr. R. F. Clippinger, Aberdeen Proving Ground, introduced by the Secretary. 


In order to operate the modern computing machine for maximum output, a staff of perhaps 
twenty mathematicians of varying degrees of training is required. There is currently such a short- 
age of persons trained for this work, that machines are not working full time. With the number of 
machines building or projected it is probable that within ten years, two thousand persons will be 
required in this work. Since this is a substantial fraction of all professional mathematicians in the 
country, Dr. Clippinger urged increased attention to the phases of mathematics which are essential 
for such, work. This would include, among other topics, emphasis on differential equations, particu- 
larly general existence theorems, numerical analysis, and such algebraic topics as matrices and the 
inversion of matrices of high order. It was also urged that work in coding, i.e. specific discussion of 
techniques of preparation of problems for machines, be introduced. A course of this nature is cur- 
rently being conducted at the Aberdeen Proving Ground. 


4. On the minimum in a sequence of random variables, by Dr. M. L. Juncosa, 
The Johns Hopkins University, introduced by the Secretary. 


Let &:=ming<n Xn, n=1, 2,-- +, where {Xx} are mutually independent random variables 
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whose respective distribution functions are { F,(x) }. Previous work of Gnedenko (Annals of Math., 
1943) on identically distributed X;’s is extended to Xz’s with different distributions. With some 
natural restrictions on { F,(x)} some necessary and sufficient conditions for the stability and also 
relative stability of {£} are given. The limiting distribution of (f:—@z)/b. where {an>0} and 
{bn} are suitable sequences of constants, is investigated. The chief result is that limiting distribu- 
tions much more general than Gnedenko’s three classes now appear. The limiting distribution in 
case Fi,(x*) = F(axx¢-+ 6.) is also examined. Finally, in the case of positive random variables X;, con- 
ditions on { F,(x)} are given in order for the limiting distributions of £/an to be of the form 1—e™. 
(This work’appears in The Duke Mathematical Journal, Dec. 1949.) 


5. Rouleties in gas dynamics, by Prof. M. H. Martin, University of Maryland. 
This was an invited address. 


The classical construction due to Prandtl and Meyer for supersonic flow of a polytropic gas 
around a corner is extended from isentropic flows to anisentropic flows. For isentropic corner flow, 
it is well known that the hodograph of the flow is an epicycloid. This epicycloid is generated by roll- 
ing a circle of radius s externally on the circleg=r where r=c, s=(1—c)/2, ¢ =Vy—1/Vy+1 =crit- 
ical speed. 

For anisentropic flow the hodographs are generated by rolling a circle of radius | s| on a circle 
of radius 7, and are described by a point fixed on a radius of the rolling circle at a distance ¢ from its 
center. Here 


1+ _ A + 90) go — ¢) po iT, 


r= ; S ? 
go + c? 2(go + ¢?) 2 


where go is a parameter restricted to the unit interval 0<qo<1. Depending on the value selected 
for go, the hodograph will be a hypotrochod, circle, epitrochoid, epicycloid, or limagon. In particu- 
lar, for 0<qo<c, the hodograph curve crosses the sonic circle g=c, and the corner flow in the physi- 
cal plane affords an example of transonic flow. 


S. B. Jackson, Secretary 
MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The thirtieth regular meeting of the Southern California Section of the 
Mathematical Association of America was held at Immaculate Heart College, 
Hollywood, California on Saturday, March 11, 1950. Professor H. R. Pyle, 
Chairman of the Section, presided. 

The attendance was one hundred and six, including the following seventy-one 
members of the Association: L. J. Adams, O. W. Albert, E. F. Beckenbach, 
Lulu Bechtolsheim, May M. Beenken, Clifford Bell, C. M. Bell, Jr., H. F. 
Bohnenblust, Herbert Busemann, W. D. Cairns, L. M. Coffin, Myrtie Collier, 
F. E. Cothran, P. H. Daus, R. P. Dilworth, D. C. Duncan, Arthur Erdélyi, 
Ruth A. Fish, W. B. Fulks, S. I. Gass, B. K. Gold, Jr., J. W. Green, C. J. A. 
Halberg, Jr., A. F. Herbst, R. B. Herrera, M. R. Hestenes, R. E. Horton, J. M. 
Howell, D. H. Hyers, C. G. Jaeger, P. B. Johnson, G. R. Kaelin, Samuel 
Karlin, P. J. Kelly, A. J. Kempner, Cornelius Lanczos, Ella E. Lausman, L. C. 
Lay, Margaret B. Lehman, Fred Marer, D. W. Matlack, G. F. McEwen, F. R. 
Morris, W. H. Myers, J. A. S. Neilson, J. B. Nelson, D. J. Peterson, W. T. Puck- 
ett, H. R. Pyle, R. L. Rauch, E. C. Rex, J. M. Robb, R. M. Robinson, R. W. 
Shephard, Sister Rose Gertrude, Samuel Skolnik, I. S. Sokolnikoff, D. V. Steed, 
Robert Steinberg, J. D. Swift, T. E. Sydnor, W. I. Thompson, V. C. Throck- 
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morton, C. W. Trigg, D. D. Wall, Jean B. Walton, R. L. White, A. L. White- 
man, B. R. Wicker, R. L. Wilder, G. M. Wing. 

At the business meeting the following officers were elected for the next aca- 
demic year: Chairman, Herbert Busemann, University of Southern California; 
Vice Chairman, W. H. Glenn, Jr., John Muir College; Program Committee, R. 
E. Horton (Chairman), P. J. Kelly, P. A. White, and the Acting-Secretary W. 
T. Puckett, ex-officio; Acting-Secretary, W. T. Puckett, University of Cali- 
fornia at Los Angeles. The next meeting was scheduled for March 10, 1951 at 
Whittier College, Whittier, California. 

The following program was presented: 


1. Models useful for mathematical instruction, by Mrs. Margaret B. Lehman, 
University of California at Los Angeles, Mr. D. W. Matlack, North American 
Aviation, Inc., Mr. C. J. A. Halberg, Pomona College, and Mr. L. C. Lay, 
John Muir College. 


The models exhibited were left on display during the social hour which preceded the program: 
and during the noon intermission. Mrs. Lehman stressed the desirability of making models with vis- 
ibility in mind. Mr. Matlack exhibited twenty models representing various stellated forms of the 
rhombic triacontahedron, and thread models of the tangent and binormal surfaces of the “baseball 
curve” lying on a sphere. Mr. Halberg stressed certain aspects of the construction of models using 
the newer plastics. Mr. Lay exhibited a number of slides constructed by students in classes in 
analytic geometry. 


2. Problems sections in American mathematical magazines, by Mr. C. W. 
Trigg, Los Angeles City College. 

The speaker discussed the problem departments of this MONTHLY, School Science and Mathe- 
matics, and Mathematics Magazine, with particular reference to their composition, contributors, 
recurrent problems, and unsolved problems. He distributed mimeographed copies of unsolved 
problems from this MONTHLY and Mathematics Magazine, and urged the listeners to join the ranks 
of “problem solvers.” 


3. Convexity and related notions, by Professor J. W, Green, University of 
California at Los Angeles. 


In this invited hour address, the definitions and some fundamental properties of convex sets 
and convex functions were outlined, and a number of generalizations of these notions were dis- 
cussed, together with some of the problems arising under these definitions. Considerable interest 
was shown in the subject, and the discussion lasted for some time after the talk was given. 


4. Fixed points, by Professor R. L. Wilder, University of Michigan. 


Professor Wilder gave an exposition of theorems and problems concerning fixed points, and 
their applications, which presupposes no knowledge of topology. 


5. Quadratic congruences and quadratic reciprocity, by Professor A. L. White- 
man, University of Southern California. 


Making use of Gauss sums, the speaker presented a simple derivation of the classical formula 
for the number of solutions of the congruence 


ti ta tee + x, = @ (mod f). 
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Lebesgue’s proof of the law of quadratic reciprocity was given as an application. 


6. Asymptotic series, by Professor Arthur Erdélyi, California Institute of 
Technology. 


In this expository paper Euler’s series 1—-1!c-+4+2lx?-—3l3+ ... was taken as a point of de- 
parture for a brief introduction to semiconvergent and asymptotic series. The speaker contrasted 
the operational and arithmetic points of view, and showed how such series can be made useful. 


7. The M.A. degree in mathematics as offered at San Jose State College, by Dr. 
W. H. Myers, San Jose State College. 


The speaker announced an extension of the graduate program at San Jose State College to 
include the granting of the M.A. degree in mathematics. This accredited college, whose enrollment 
exceeds 8000, has been on the approved list of the Association of American Universities since before 
the war. The fifth year of work leading to the California General Secondary Teaching Credential is 
already available here. . 

The Master’s Degree in mathematics is for school service, and candidates must already possess 
or simultaneously qualify for one of the several California credentials. For admission, students must 
have undergraduate majors in mathematics with a B average over the final two years. The M.A. 
program within the Mathematics Department is administered by a committee of eight faculty 
members, all holding Ph.D. degrees, representing teaching experience at twenty-one colleges and 
universities throughout the country. The degree requires completion of a graduate year with 20 
semester units in graduate mathematics courses, including the thesis. Students may specialize in 
advanced algebra, analysis, higher geometry, or the teaching of mathematics. Adequately pre- 
pared students can complete the M.A. degree and the general secondary teaching credential at San 


Jose State College in one summer and the following school year. 


P. H. Daus, Secretary 


CALENDAR OF FUTURE MEETINGS 


International Congress of Mathematicians, Cambridge, Massachusetts, 


August 30—September 6, 1950. 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS 

INDIANA 

IOWA 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIPPI 

MARYLAND- DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA, Duluth Branch of University of 
Minnesota, October 7, 1950. 

Missour!, Central College, Fayette, Spring, 
1951. 

NEBRASKA 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

OHIO 

OKLAHOMA 

PaciFic NORTHWEST, University of Washing- 
ton, Seattle, June 16, 1950. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocky MOUNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Whittier College, Whit- 
tier, March 10, 1951. 

SOUTHWESTERN 

TEXAS 

Upper NEw YoRK STATF 

WISCONSIN 


by Wilham L. Hart 


ELEMENTS OF ANALYTIC GEOMETRY 


Brief to teach and brief to learn, this new Hart text offers a restricted 
core of content which is thorough and complete in explanations of theory, 
illustrative examples, and problem materials. For freshmen who have 
studied college algebra and trigonometry, this text provides the content 
in plane and solid analytic geometry which is essential as preparation 
for calculus, and for the applications of analytic geometry itself in engi- 
neering, the physical sciences, and statistics. 229 text pages. $2.75. 


INTRODUCTION TO 
COLLEGE ALGEBRA, REVISED (1947) 


This text provides a review of elementary algebra and a complete, 
mature treatment of intermediate algebra. The final chapters present 
logarithms, a simple treatment of selected topics from the theory of equa- 
tions, a minimum introduction to determinants of any order without 
emphasis on theory, permutations, combinations, and probability. In- 
tended for students who require instruction in all fundamental algebraic 
skills as a part of a first course in algebra. 272 text pages. $2.75. 


D. C. HEATH AND COMPANY 


285 Columbus Avenue 
BOSTON 16, MASSACHUSETTS 


Announcing Publication 


First Course in Probability and Statistics 
JERZY NEYMAN, University of California, Berkeley 


This brilliant work by an outstanding theoretical statistician presents the 
basic concepts of modern statistical theory on an elementary level. By em- 
phasis on essentials and by concrete and simplified examples, it successfully 
teaches statistics and probability to undergraduates. Numerous unique illus- 
trations of problems taken from fields of general interest and research and 
helpful tables, graphs, and diagrams are included. 


July 1950 352 pages Probable price $4.00 


OTHER IMPORTANT TEXTS 


College Algebra 


EDWARD A. CAMERON and EDWARD T. BROWNE 
University of North Carolina 


1949 406 pages $3.00 


Mathematics of Finance, Combined Edition, 


Including Commercial Algebra 


CLIFFORD BELL, University of California, Los Angeles 
LOVINCY J. ADAMS, Sania Monica City College 


1949 568 pages $3.90 


COMMERCIAL ALGEBRA—1949 245 pages $2.75 
MATHEMATICS OF FINANCE—1949 263 pages $2.75 


Analytic Geometry, Revised Edition 


CHARLES H. SISAM, Colorado College 
1949 304 pages $2.40 


Arithmetic for Teacher-Training Classes 
Third Edition 


E. H. TAYLOR, Eastern Illinois State College 
CLIFFORD N. MILLS, Illinois State Normal University 


1949 441 pages $3.00 


HENRY HOLT AND COMPANY 257 Fourth Avenue, New York 10 


for a sound mathematics background 


PLANE AND SPHERICAL TRIGONOMETRY, Rev. 


Joun A. Nortucott, Emeritus Professor of Mathematics, Columbia 


A thorough revision of a text widely used over the past fifteen years. New 
problems have been added, carefully selected and graded as to difficulty, and 


exercises have been improved. 234 pp. + 94 pp. tables., $3.50. Without tables, 
$2.50. 


RINEHART MATHEMATICAL 
TABLES, FORMULAS, & CURVES 


Haroitp Larsen, Albion College 


A collection of tables, formulas, and curves based on an extensive survey of 
mathematicians and engineers to determine a text of maximum usefulness. 264 
pp-, $1.50. An alternate edition at $1.00 contains the tables only. 


PLANE TRIGONOMETRY 


WitiiaM K. Morrity, Johns Hopkins University 


Introduces a simpler method for finding the functions of any angle and employs 
problems in elementary physics, engineering, and navigation in order to illustrate 
the applications of trigonometry to these sciences. Adaptable for use in the brief 
as well as the more extensive course. 245 pp., $2.50. 


THE SCIENCE OF CHANCE: 
FROM PROBABILITY TO STATISTICS 


Horace C. LEVINSON 


A clearly written book which takes the student through the fundamentals of 
probability theory by analyzing games of chance. Concepts thus developed are 
then applied to problems in business and government, with special attention 
to good and bad statistics and methods of distinction. 348 pp., $2.00. 


Please write for complimentary examination copy 


0 232 madison ave. 
RINEHART & CO. “new yor, 16 


Brink’s 


ALGEBRA: COLLEGE COURSE 


Offering a complete and rich course in college algebra, this logically presented and 
explicitly worded text is adaptable to courses of various lengths and purposes. Through- 
out the book there is an immediate application of principles to problems with a large 
number of illustrative examples. $2.35 


COLLEGE ALGEBRA 


This book presents all the material in Brink’s Algebra: College Course with a thorough 
review of high-school higher algebra. It is especially designed for students who have 
previously had only two semesters of high-school algebra. $2.60 


INTERMEDIATE ALGEBRA 


This book, which presents by itself the review of high-school higher algebra included 
in Brink’s College Algebra, is designed for students who have had only one year of high- 
school algebra and who desire preparation for strictly college mathematics or for work 
in statistics, physics, or other sciences. The emphasis is on logical thinking and exact 
statement. . $1.75 
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DIFFERENTIAL ALGEBRA 
By 
J. F. RITT 


Professor of Mathematics, Columbia University 


American Mathematical Society 
Colloquium Publications Vol. 33 
viii +- 184 pp. $4.40. 1950 


The body of algebra deals with the operations of addition and multiplication. To these 
may be adjoined differentiation. There results a theory in which algebra and analysis, 
without fusing, play coordinate roles, On the algebraic side, polynomials and algebraic 
manifolds become special instances of differential polynomials and algebraic differential 
manifolds. One obtains thus an enlarged algebraic phylum, in which classical entities 
appear as evolutionary predecessors of entities of more complex structure. For instance, an 
irreducible polynomial has for manifold a single irreducible hypersurface. The manifold 
of an irreducible differential polynomial may have several irreducible components; one 

, of them is the general solution. Differential algebra throws strong light on such analytical 
matters as the singular solutions of algebraic differential equations and the order of a system 
of such equations, 

The present book sets forth a considerable part of what has thus far been contributed to 
differential algebra. Concrete algebra and some knowledge of existence theorems are, 
essentially, the requirement put on the reader. An appendix presents questions for investi- 


gation. 
Order from 


AMERICAN MATHEMATICAL SOCIETY 
531 West 116th Street New York 27, N.Y., U.S.A. 


— Jwo New Publicatons — 


An Important Contribution— 


THE ANATOMY OF MATHEMATICS 


By R. B. Kersuner, The Johns Hopkins University, and L. R. Witcox, Illinois Institute of 
Technology. 


ticians today. This book has been prepared to serve a two-fold purpose: (1) to fill a long- 
existing need for a treatise on the axiomatic method; (2) to be used as a reference source 
for workers in those sciences which are increasingly employing the results and techniques of 
abstract mathematics. It introduces the reader to the ideas and methods that pervade modern 
mathematical research, and aims to bridge the gap that presently obtains between classical and 
modern approaches. 420 pages, $6.00 


COLLEGE ALGEBRA 


By Ear.e B. Mitek, Illinois College, and Rosert M. Turatt, University of Michigan. 


Pe the first time, a study on a subject that is creating considerable interest among mathema- 


FIRST year college text designed to prepare the student who proposes to make a career of 
mathematics or of some science where a thorough knowledge of mathematics is indis- 
pensable. The method of exposition attempts to avoid the complexity of the too advanced 

text on the one hand, and the sterility of the over-simplified presentation on the other. Subject 
matter follows traditional lines except in a few places where modern trends in higher mathematics 
suggest additions which simultaneously increase utility and simplify theory. 493 pages, $3.75 


Othor Publications From Our List 
INTERMEDIATE ALGEBRA FOR COLLEGES 


By Earte B. Miter, Illinois College. Written primarily for students who have had only one 
year of algebra in high school. 361 pages, $2.50 


INTRODUCTION TO ANALYTIC GEOMETRY 
AND THE CALCULUS 


By H. M. Dapourian, Trinity College (Conn.). For use in a combined course of Analytic 
Geometry and the Calculus such as is offered for liberal arts students not majoring in mathe- 
matics. 246 pages, $3.25 


PREPARATORY BUSINESS MATHEMATICS 


By Lioyp L. Smauw, Lehigh University. Gives preparation for subsequent courses in mathe- 
matics of finance, insurance and statistics, for college students in business administration. 


244 pages, $2.75 
ELEMENTARY STATISTICS 


By H. Levy and E. E. Premet, both of the Imperial College of Science, London. Provides a 
thorough grounding in statistics. Treatment requires only a moderate knowledge of mathematics. 


184 pages, $2.25 
LENGTH OF LIFE— 4 Study of the Life Table 


(NEWLY REVISED EDITION) by Lovuts I. Dusuin, the late ALFrep J. LorKa, and MortIMEr 
SPIEGELMAN, all of the Metropolitan Life Insurance Company. Traces and interprets the progress 
made in health and longevity from earliest times to the present day. 379 pages, $7.00 


THE RONALD PRESS COMPANY 
15 East 26th Street, New York 10, N.Y. 


CALCULUS AND ITS APPLICATIONS 


By Raymond D. Douglass and Samuel D. Zeldin, Massachusetts 
Institute of Technology 


This book, written primarily for the student in engineering or science, gives clear 
understanding of the principles involved in the calculus, trains him in their proper 
usage in the solution of engineering and science problems, and covers the calculus 
program in a much shorter time than other texts. Topics have been restricted to 
essentials; problems demanding extensive technique have been avoided, and 


proofs have been kept to a minimum. 


Published 1947 569 pages 5/2” x 8" 


COLLEGE MATHEMATICS, A First Course 


By William Elliott, Duke University; and E. Roy Miles, Research 
Engineer, Glenn L. Martin Co. 


This text is built on the belief that a student taking only one year of college mathe- 
matics should acquire a knowledge of the essentials of several traditional mathe- 
matics subjects. It presents the essentials of college algebra, plane trigonometry, 
an introduction to plane analytic geometry, and differential and integral calculus 


in one book, unifying the subjects and preventing an overlapping of material. 


Published 1940 396 pages 6” x 9” 


ELEMENTARY THEORY OF EQUATIONS 


By William V. Lovitt, Colorado College 


Well organized material, clearly written throughout, completely solved illustrative 
examples, carefully phrased definitions and theorems—these are among the many 
factors which contribute to this text's excellence. Designed to provide the solution 
of numerical equations and the location of the interval of a root, this text makes 
the theory of equations available to those who have completed a one-semester 
course in Analytic Geometry, and who have not had Calculus. The material deals 
with algebraic equations, and with sets of linear equations. The author has also 
introduced a few simple transcendental equations to show the generality and 


power of Newton's method of solution. 


Published 1939 237 pages 6” x 9” 


Send for your copies today! 


PRENTICE-HALL, ING. «== 70 FIFTH AVENUE, NeW YorK 11, NY. 


ANALYTIC GEOMETRY AND CALCULUS 


By Harotp J. Gay, Edited by Raymond K. Morley, Worcester Polytechnic Insti- 
tute. 524 pages, $5.00 


Dealing initially with the algebraic functions of analytic geometry and calculus, the 
first half of the book gives the essentials of analytic geometry and differential and integral 
calculus with simple applications of both. Then, logarithmic and trigonometric func- 
tions are introduced, with their graphs, derivatives, and integrals to treat solid analytic 
geometry and further calculus, including elementary differential equations. 


VECTOR AND TENSOR ANALYSIS 
By Harry Lass, University of Illinois. 347 pages. $4.50 


A basic textbook for college juniors and seniors, the purpose of the text is to acquaint 
the student with the methods and tools of vector and tensor analysis as applied to 
geometry, mechanics, electricity, hydrodynamics and the theory of relativity, and to 
prepare him for more advanced work in theoretical physics. Many useful examples 
and exercises are included to supplement the text. 


ELEMENTS OF ORDINARY DIFFERENTIAL EQUATIONS 


By MicuareL GoLoms and M. E. Suanxs, Purdue University. [International Series 
in Pure and Applied Mathematics. 356 pages, $3.50 


This new text is for use in the usual first course in differential equations, but also 
contains sufficient material to permit its use in a more advanced course or a full year 
course. The chief aim is to stimulate student imagination and at the same time to 
inculcate correct mathematical thinking. Many techniques not often found in text- 
books are included. 


FOURIER TRANSFORMS 
By Jan N. Sneppon, University of Glasgow. In press 


In this text a distinguished British mathematician presents a wealth of useful material, 
brought together in book form for the first time. The standard subject matter of Fourier 
Series and operational mathematics is extended to cover a great variety of applications 
to problems in engineering and physics. The exposition of the theory will appeal 
equally to pure and applied mathematicians, 


HIGH SPEED COMPUTING DEVICES 
By EncInEERING ResEarcH AssocIiATEs. In press 


Introduces the reader to the general character of computing machines and the arithmetic 
techniques employed in using them. Shows the basic circuits used to perform various 
functions in a computing machine, and the relationship between machine capabilities 
and the required mathematical tools. Intelligible and up to date, this book will aid 
the reader in deciding which particular type of computing machine is adaptable to 
his particular problem. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 
330 WEST 42no STREET, NEW YORK 18, N. Y. 


Recent math texts 


Plane and Spherical 


Trigonometry By RIBTZ, REILLY & WOODS 


This well-known text for standard courses is now revised with particular atten- 
tion to the abundant problem material. The main features of previous editions 
are retained, with changes in the exposition made only where classroom ex- 
perience warrants. Published in April. With tables—$3.00. Without tables —$2.75, 


Primer of 
College Mathematics By JOHN F. RANDOLPH 


This important new book provides a unification of college algebra, trigonometry, 
and analytic geometry with an introduction to calculus. An especially notable 
feature is a review of high school algebra as incidental to combinations, permuta- 
tions and probability. The text is adaptable to a wide variety of courses. Published 
in April. $4.75. 


Arithmetic 
for Colle ges By HAROLD D. LARSEN 


Designed for prospective elementary school teachers, this text offers a careful 
study of theory and practice of arithmetic from a mature point of view. A 
thorough, clear treatment of approximate numbers and computation is especially 
notable. Numerous short methods are described, and methods of checking are 
emphasized. Published in April. $3.75. 


Elements of 
Analytic Geometry, 3rd Edn. By CLYDE E. LOVE 


This established text by a well-known author in the field now appears in a 
revised and enlarged edition. Containing abundant material for a full year course, 
it is also readily adaptable to the semester course. Two new chapters deal with 
the elementary transcendental functions. Published in March, $2.75 
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THE FIRST TRANSLATION OF EUCLID’S ELEMENTS INTO 
ENGLISH AND ITS SOURCE 


R. C. ARCHIBALD, Brown University 


1. Introductory. Note 74 of my recently published Outline of the History of 
Mathematics, sixth edition, January, 1949, was as follows: “The first English 
edition of Euciip’s Elements was brought out at London in 1570, under the 
name of Sir HENRY BILLINGSLEY, later sheriff and Lord Mayor of London. (For 
the small part which BILLINGSLEY may have had to do with the translation see 
A. DEMorGANn, British Almanac and Companion for 1837, pp. 38-39 of Com- 
panion.) It contained ‘a very fruitfull Praeface’ by JoHN DEE, a man of great 
erudition; see W. F. SHENTON, ‘The first English Euclid,’ Am. Matu. Montuty, 
v. 35, 1928, pp. 505-512.” 

Not long after my Outline was published I discovered that this Note was 
mortifyingly inadequate in a work professing to present an up-to-date scholarly 
presentation of known facts in the field treated. 

Happening to handle the Mathematical Gazette, v. 31, I found in the first 
number, Feb., 1947, that the frontispiece was a reproduction of the title-page of 
Billingsley’s translation and in the note, “The first English Euclid,” on the op- 
posite page, the following sentences occur: “Perhaps because of Dee’s notoriety, 
a good deal of credit for this translation has often been given to him, as for in- 
stance by DeMorgan, and also to an Augustinian friar, Whytehead, who appears 
to have been resident with Billingsley for a time. But, according to Rouse Ball, 
the copy of the Greek text of Theon’s Euclid which Billingsley used, contains 
notes, comments and emendations in his own hand which make it clear that 
whatever may have been contributed by Dee and Whytehead the main work 
was done by Billingsley himself.” 

I then turned to W. W. R. Batt, A History of the Study of Mathematics at 
Cambridge, Cambridge, 1889, pp. 22-23, where I found the following: “In pre- 
paring this [English translation] he had the assistance both of Whytehead and 
of John Dee. In spite of their somewhat qualified disclaimers, it was formerly 
supposed that the credit of it was due to them rather than to him, especially as 
Whytehead, who had fallen into want, seems at the time when it was published 
to have been living in Billingsley’s house. The copy of the Greek text of Theon’s 
Euclid used by Billingsley has however been recently discovered, and is now 
in Princetown College, America;! and it would appear from this that the credit 
of the work is wholly due to Billingsley himself. The marginal notes are all in 
his writing, and contain comments on the edition of Adelhard and Campanus 
from the Arabic and conjectural emendations which shew that his classical 
scholarship was of a high order.” 


2. DeMorgan statements. Before indicating what are some of the principal 
statements of the Halsted Note let us quote portions of DeMorgan statements 


1 In the footnote there is a reference to G. B. Haustep, “Note on the first English Euclid,” 
Amer. Jn. Math., v. 2, 1878, pp. 46-48. 
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in the Companion. “The principal work of Dee is the translation of Euclid, 
which appeared with his preface in 1573 [sic]. We call it his, though it is univer- 
sally stated (and by himself* among others) to have been made by Sir Henry 
Billingsley. Considering that he wrote the preface, the notes, and the transla- 
tion of the book of Mohammed of Badgad [sic] on the division of surfaces, 
which was published with the second edition; that he had lectured on Euclid 
in various places, and left behind him MSS. on the subject, and in particular 
‘Instructions and Annotations upon Euclid’s Elements’; considering, also, that 
the name of Sir H. Billingsley is not mentioned in the preface to his own Euclid; 
we imagine that the translator was a pupil of Dee, who worked under general, if 
not special, instructions, and executed the more mechanical part of the under- 
taking. ... This translation of Euclid was either made from the Greek, or cor- 
rected by the Greek, as is evident from comparing the early Latin versions and 
the Greek text with it. As there may be some dispute about the degree in which 
Greek was studied in England at the period of which we write, we shall annex one 
sentence of comparison, namely, the Greek text of the enunciation of the fourth 
proposition of the first book, the Latin of Campanus, and the English of Billings- 
ley ... Latin of Campanus (Editions of 1482, 1491, and 1516).” 

Apart from the incorrect date given as the year of publication of Billingsley’s 
Euclid, other inaccuracies may be pointed out. 

DeMorgan states that Dee wrote “the Notes” for Billingsley’s translation, 
whereas Dee’s only notes are a few in connection with Books X—XIII of the 
Elements. Indeed, Dee in his autobiographical tracts distinctly states that, be- 
sides the introduction, he only contributed ‘divers and many Annotations and 
Inventions mathematicall added in sundry places of the aforesaid English 
Euclide after the tenth booke of the same’ (Miscellantes of Chetham Soc., v. 1, 
no. 5, 1851, p. 73; also Remains, v. 24). The complete list of references for Dee’s 
notes is folios 255 verso, 306, 311 recto, book X; 325 verso—326, 329 verso, 337 
recto, 346-347, 348 verso, 349, 352, book XI; 356 verso—357, 359-362, 371, 376, 
380, 381 verso, book XII; 391-394 recto, 395, 397 verso, book XIII. 

DeMorgan states that Dee wrote “the translation of the book of Moham- 
med of Bagdad,” whereas he merely published a Latin manuscript which he 
had in his library; see R. C. ARCHIBALD, Euclid’s Book on Division of Figures, 
Cambridge, 1915. 

DeMorgan writes “considering .. . that the name of Sir H. Billingsley is not 
mentioned in the preface to his own Euclid.” Why should it be when his name 
as translator is on the title page and each of the immediately following pages of 
the preface is headed: “The Translator to the Reader”? 

DeMorgan wrote: “As there may be some dispute about the degree in which 
Greek was studied in England at the period of which we write ..., ” and he 
then quotes from a Greek edition of Euclid of 1703, 133 years later! 

DeMorgan refers to a second edition of Billingsley’s work; it will presently 
appear that there was no such edition. 


* In the list of his works, in his apologetical letter to the Archbishop of Canterbury. 
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DeMorgan states: “This translation [Billingsley’s] was made from the 
Greek, or corrected by the Greek.” It will presently appear that the translation 
was made from the Latin. 

DeMorgan cites Campanus Latin editions of Euclid to fortify his argument. 
Since Billingsley used an entirely different Latin edition, based on translations 
from both the Greek and Arabic, the whole argument of DeMorgan falls to 
pieces. 


3. Halsted. It was Professor Halsted who, 71 years ago, apparently first 
made known in print (at the reference given above) that the volume or volumes 
of which Billingsley made use, in preparing his English Euclid, were located in 
the library of Princeton University. Halsted concludes his article as follows: 
“By reading what he has done, it immediately appears that . . . the corrections 
he has actually made sufficiently prove his scholarship and render entirely un- 
necessary DeMorgan’s suppositious aid from Dr. Dee, while, on the other hand, 
they establish the conclusion about the translation to which DeMorgan’s sa- 
gacity had led him, that ‘It was certainly made from the Greek, and not from 
any of the Arabico-Latin versions’.” 

“To the one sentence of comparison in proof of this published by DeMor- 
gan, Billingsley’s autograph indications would enable me to add as many as any 
one desired, but’suffice it to say, that the definitions of the Eleventh Book are 
alone entirely decisive.” 

That these statements are wholly unreliable shall presently appear. 


4. Sidney Lee. In Lee’s biography of Billingsley in the Dictionary of Na- 
tional Biography (DNB) the following erroneous statement occurs: “His original 
was the Latin version attributed to Campanus, which had been first printed in 
1482, and again in 1509.” 


5. John Aubrey. In Aubrey’s famous Brief Lives, edited from the Original 
Manuscripts and with an Introduction by O. L. Dick, London, 1949, p. 89, we 
find in the biographical notes on John Dee, “His Picture in a wooden cutt is at 
the end of Billingsley’s Euclid.” This erroneous statement is also made in the 
DNB biography of Dee, 1888. Professor Shenton has well pointed out that this 
portrait is of John Day, the printer of Billingsley’s volume. See J. JOHNSON, 
Typographia, v. 1, London, 1824, p. 540, where it is stated that, this woodcut 
bearing the date 1562, is a portrait of Day and “perhaps the earliest of an an- 
cient printer, which can be depended upon as genuine.” See also J. AMEs, 
Typographical Antiquities, v. 1, London, 1785, p. 647. 


6. The Billingsley volumes. The Librarian of Princeton University most 
graciously allowed these precious volumes to be sent to Brown University for 
my use. 

Before describing one of these volumes it seems desirable to correct many 
prominent writers concerning the first Latin translation of Euclid’s Elements, 
which was made from the Arabic, about 1120, by an Englishman, ADELHARD (or 
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Athelhard or Aethelhard) of Bath.t Many historians state that CAMPANO (usu- 
ally called Campanus) of Novarra, a mathematician, astronomer and medical 
man, made the first translation of Euclid’s Elements from the Arabic and that 
his manuscript was published at Venice in 1482. This translation, made 150 
years after that of Adelhard, was not independent of the first translation. The 
definitions, postulates and axioms, and the 364 enunciations are word for word 
identical in Adelhard and Campanus. . . . Campanus may have used Adelhard’s 
translation and only developed the proofs by means of another redaction of the 
Arabian Euclid... . It seems most probable that Campanus stood to Adelhard 
somewhat in the relation of a commentator, altering and improving his trans- 
lation by means of other Arabic originals. (Quoted from T. L. Heath, A History 
of Greek Mathematics, v. 1, Oxford, 1921, p. 362-364.) It is interesting that this 
same point of view is expressed in Enciclopedia Italiana, v. 1, 1929, article 
“Adelardo.” 

The first translation of Euclid’s Elements from the Greek (a Theonine ms.) 
into Latin was made (after 7 years of labor) by BARTOLOMEO ZAMBERTI (b. 
1473), and published at Venice in 1505. His animus against Adelhard-Campanus 
appears in a number of notes. The first printed edition of the Greek text was 
brought out at Basle (I. Hervagius, printer) by Stmon GrRYNAEUS (d. 1541) in 
1533. Combined with this 268-page work is a separately paged (115 pp.) PRo- 
CLUS commentary, in Greek, on the first book of Euclid’s Elements. 

The first of the editions giving Adelhard-Campanus’s and Zamberti’s trans- 
lations in conjunction was brought out at Paris in 1516. (I now quote from 
Heath’s edition of Euclid.) “The idea that only the enunciations were Euclid’s, 
and that Campanus was the author of the proofs in his edition, while Theon was 
the author of the proofs in the Greek text, reappears in the title of this edition; 
and the enunciations of the added Books XIV, XV, are also attributed to Euclid, 
HyYpsIcLEs being credited with the proofs. .. . The arrangement of the proposi- 
tions is as follows: first the enunciation with the heading Euclides ex Campano, 
then the proof with the note Campanus, and after that Campani additio, any 
passage found in the edition of Athelhard-Campanus’s translation but not in the 
Greek text; then follows the text of the enunciations translated from the Greek 
with the heading Euclides ex Zamberto, and lastly the proof headed Theo ex 
Zamberto. There are separate figures for the two proofs. This edition was re- 
issued with few changes in 1537 and 1546 at Basel (apud Iohannem Hervagium), 
but with the addition of the Phaenomena, Optica, Catoptrica, etc.” 

Of this 1546 edition there was (according to RICCARDI) an “unauthorized” 
edition of 1558. It is a copy of this volume, owned by Billingsley and filled with 
manuscript notes, which was basic in preparing the manuscript for his English 
Euclid. 


t There is a brief sketch of Adelhard by R. ADAMSON in Dict. Nat. Biog., v. 1, 1885. There is 
also the comparatively recent full-length biography: F. BLIEMETZRIEDER, Adelhard von Bath. 
Blatter aus dem Leben eines englischen Naturphilosophen des 12. Jahrhunderts und Bahnbrechers einer 
Wiedereweckung der griechischen Antike. Eine kulturgeschichtliche Studie. Munich, 1935, viii, 395 p. 
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The title of this volume is as follows: Evclidis Mega- | rensis mathematici 
clarissimi | Elementorum geometrico- | rum libri XV. | Cum expositione Theonis 
in priores XIII @ Bartholomaeo | Zamberto Veneto latinitate donata, Campani 
in | omnes, & Hypsiclis Alexandrini tn du- | os postremos. | Hits adiecta sunt 
Phaenomena, Catoptrica & Optica, | deinde Protheorta Marint, & Data. | Pos- 
tremim uerd, Opusculum de Leui & Ponderoso, | hactenus non uisum, eiusdem 
autoris. | [design reproduced in this article, in the illustration with the auto- 
graph, “Henricus Billingsley.” ] Cum priuilegio Caesareo. | Basileae, Per Ioan- 
nem Her- | uagium, & Bernhardum Brand, Anno | M.D. LVIII. It contains 
537 folio pages. The six-page preface by Philip Melanchthon is dated Witten- 
berg, August, 1537. 


FTenescus Sa Pil | mp oy 


Cum priuilegio Cafareo. 


BASILEAE, PERIOANNE MM HER- 
uaginm, ex Bernhardum Brand, Anno 
MD.LPIIS 


There are many notes in margins evidently written by the person whose au- 
tograph is on the title page. At some time since the volume was originally used 
by Billingsley it has been rudely trimmed, probably when bound with another 
volume; in this way many of the manuscript notes are badly mutilated. 
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The other volume bound with the 1558 work is the 1533 Greek editio prin- 
ceps to which we referred above. That this volume was also briefly used by 
Billingsley at some time is shown by slight manuscript notes in his handwriting, 
on pages 5—9, in connection with propositions 6-8, 13, 17, of the first book of the 
Elements. All the other 374 pages of the volume seem to be as clean as when they 
first came from the printer. The manuscript notes are of no importance. Hence 
further consideration of Billingsley’s Greek edition of Euclid’s Elements may 
be omitted. We shall presently report in some detail on his Latin edition. 


7. Princeton and the 1558 volume. When or whence this most interesting 
volume became the property of Princeton University or Princeton College or 
the New Jersey College is unknown, but it would seem as if the Greek volume 
at least might have been in the College library for 135 years or more; for, on the 
fly leaf is: “Editio Princeps. Rare & Dear. P.L.,” written doubtless by Dr. Philip 
Lindsley, Librarian in the College from 1812 to 1824. Hence since this Librarian 
knew the cost of the volume it may well have been acquired during his period of 
office. Lindsley’s ms. Catalogue of books in the College Library (made in 1821) 
includes this volume. Assuming that the two Billingsley volumes were bound 
together at this time, and assuming further that the volume had been acquired 
even in 1812, Halsted’s statement in 1879 that Princeton had the volume “for 
nearly a century, perhaps longer” is not by any means checked. The librarian 
of today has no such information. The Lindsley Catalogue makes no reference 
to the 1558 volume. 

The present binding of the volume was put on in 1923. There is reason to 
surmise first, that the binding (of the two volumes in one, bound together pre- 
vious to this date), had become so unsatisfactory, it was then replaced; sec- 
ondly, that no trimming of the edges then occurred. The present accession num- 
ber in the volume was given in 1892. 

Whether or not Halsted was the first to discover (in print) the special inter- 
est of the volume because of Billingsley’s signature is uncertain. On the inside 
cover of the new binding is pasted an anonymous undated, and unidentified 
periodical clipping, entitled “An archaeological treasure,” which reveals the 
facts. The initials “J.T.D.” are added in ink at the end of the clipping. It has 
been surmised that these initials probably refer to Joun T. DUFFIELD (d. 1901) 
who was at Princeton a tutor in Greek (1845-47), and a member of the mathe- 
matics department (1847-98). One sentence of the article is: “It has been in 
the Library for at least half a century, but the fact that it at one time belonged 
to the first translator of Euclid into English does not seem to have been known 
until a few years ago.” 


8. The manuscript notes in the 1558 volume. The notes commence with the 
correction of a single Greek letter in Zamberti’s discussion of book I, proposition 
9 of the Elements, on page 14, and end with more than a dozen corrections of the 
text in proposition 9 of the Phaenomena on page 491. In the Elements, books 
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I-XV, there are notes on 256 pages, 21 of these being on the Adelhard-Cam- 
panus text, and 235 on material in Zamberti’s Latin translation from the Greek. 
Hence there was a slight show of reason for scholars surmising that Billingsley’s 
translation was from a Greek original, although in reality it was from a Latin 
translation of a Greek source. 

The notes consist, practically wholly, of corrected misprints in letters, 
words, phrases, of deletions, phrase and word substitutions, additions of letter 
to figures,—such as every careful student would ordinarily make. All of these 
notes occur in connection with propositions. The only commentary on a defi- 
nition is where, in book XI, the omission of a definition of a tetrahedron is noted; 
this makes the last sentence quoted above from Halsted appear as a decided 
mental lapse. Not a single note is concerned with setting forth original supple- 
mentary ideas. All of these were reserved for record in the so-called “transla- 
tion,” consideration of which, with reference to the Latin original, we shall now 
take up. 


9. The 1558 and 1570 volumes. The title-page of Billingsley’s work is repro- 
duced in facsimile in Professor Shenton’s interesting article referred to above 
[as well as in the Mathematical Gazette], and the Billingsley preface is quoted 
in full. The plan “to translate, and set abroad some other good authors, both 
pertaining to religion (as partly I have already done) and also pertaining to 
the Mathematicall Artes,” referred toin the concluding lines of the preface, was 
never carried out, according to Lee, in DNB. 

The preface is immediately followed by a large John Dee folding plate, of 
size 34.7 X41.6 cm. in the Brown Univ. copy, “the Groundplat of my Mathe- 
maticall Preface” ; this Preface occupies the next 46 pages. Then follow 464 folios 
928 pages of a finely printed English edition of the Elements with beautifully 
designed initial letters throughout. The large D, at the beginning of Dee’s 
“fruitfull Praeface” seems to contain his coat of arms. 

The Billingsley volume is by no means merely a translation of parts of the 
1558, but as the title page states: “Whereunto are annexed certaine Scholies, 
Annotations, and Inuentions, of the best Mathematiciens, both of time past, 
and in this our age.” For example, the writings of the following authors are 
quoted: Apollonius, Archimedes, Barlaam, Boetius, Campanus, Dee, Eudoxus, 
Flussates, Hypsicles, Jordanus Nemorarius, Montaureus, Oenopides, Orontius, 
Pappus, Pelitarius, Plato, Proclus, Pythagoras, Regiomontanus, Sceubelius, 
Thales, Theodosius, Timeus. Thus in this single volume was brought together 
all the earlier and current commentary of importance. The print and appear- 
ance of the work was also worthy of its contents, and no pains were spared to 
represent everything in the clearest and most perfect form—a truly monumental 
work. 

It is noticeable that the names of Theon and Zamberti are not included in 
the list of authors given above. But the explanation of this is that the Theon- 
Zamberti text was the one translated as fundamental—the one to which other 
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discussions were added. Thus the true Greek phrases, which DeMorgan noted, 
were preserved. Just this procedure would also be expected from the mass of 
manuscript corrections of the Theon-Zamberti text in the 1558 volume. 


10. Authenticity of the Billingsley volumes. In order to check that the auto- 
graph and notes were actually in the handwriting of the former Lord Mayor of 
London, I procured from the British Museum photostat copies of two letters 
written by the Lord Mayor in 1587 and 1591 [Landsdowne Mss. 62, f. 41 and 
67, f£. 213]. The comparison of the notes with the writing of these letters was 
conclusive in showing that they were written by the same person. 


11. Euclid Editions by Billingsley 1570, and Leeke & Serle 1661. In the 
passage by DeMorgan which we quoted above from the Companion he refers 
by indirection to the following work as a “second edition” of that by Billingsley: 
Euclid’s | Elements | of | Geometry. | In XV. Books: | With a supplement of 
divers Propositions | and Corollaries. | To which is added, a Treatise of Regu- 
lar Solids, | By Campane and Flussas. | Likewise | Euclid’s Data: | And Mari- 
nus his Preface | thereto annexed. | Also a Treatise of the Divisions of Superficies 
ascribed to | Machomet Bagdedine, but published by Commandine, at the | re- 
quest of John Dee of London; whose Preface to the said Treatise | declares it to 
be the Worke of Euclide, | the Author of these Elements. | Published by the Care 
and Industry of | John Leeke and George Serle, students | in the Mathematicks. 
| London: | Printed by R. & W. Leybourn, for George | Sawbridge at the Bible 
upon Ludgate-hill, MDCLXI. [44 p.+folding plate+6 p.]+650 p.+1 p., Er- 
rata. 

Although this title-page refers to “XV Books” of the Elements the authors 
give “The sixteenth Element of Euclide,” pages 490-522. This last page con- 
cludes with “The End of the Sixteenth Element of Euclide, added by Flussas.” 
These books are practically identical in the two volumes. In each case this six- 
teenth book is followed by “A brief treatise added by Flussas” (folio verso 458— 
folio recto 463 in Billingsley, with which the volume concludes except for errata 
and colophon), (pp. 523-532 in Leeke & Serle). 

The brief treatise of Flussas here quoted was from the edition of the Ele- 
ments published at Paris in 1566, by Franciscus Flussates Candalla (Francois 
de Foix, Comte de Candale, 1502-1594). Two of the figures given here, showing 
how two Archimedean semiregular solids P2= (83, 64), P7= (203, 125), may be ob- 
tained by folding two pieces of appropriately cut paper are of special interest. 
On folios 320 verso—322 verso of Billingsley, similar figures are indicated for the 
five regular solids, but these do not appear in Leeke & Searle. Are these the 
earliest presentations of such figures? The answer to this question is in the nega- 
tive. All of these figures and more of the Archimedean semi-regular solids were 
pictured by ALBRECHT DURER in his Anderweysung der Messung mit dem Zirckel 
und richtscheyt in Linten, ebenen und gantzen Corporen, Niirnberg, 1525, in the 
fourth book on regular bodies. See MAx STECK, Diéirers Gestalilehre der Mathe- 
mattk und der bildenden Kiinste. Halle, 1948, pp. 64-74. 
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The first part of the Leeke & Serle volume (L. & S.) contains a dedication 
(2 p.); Dee’s preface as in Billingsley (42 p.+folding plate); “To the Reader” 
(3 p.); “An account of the author according to ancient philosophers” (3 p.). 
Then begins the presentation of the Elements. 

In the Billingsley volume (B.) each of the 16 books was preceded by an 
introduction and statement and discussion of definitions. In Books 2, 8, 9, 
L. & S. has no introductions or definitions and in the case of most of the other 
books these parts were appreciably shorter; in every case but for Book 12 the 
forms of statements were quite different. In exceptional manner L. & S. discus- 
sion of definitions in Book 1 extends to 17 p. as against 12 in B. 

In Book 2, B. gave in connection with each proposition the numerical com- 
mentary of Barlaam the 14th century monk (later an abbot and a bishop) edited 
with Latin translation by Dasypodius in 1564. L. & S. put all of this Barlaam 
exemplification at the end of their Book 2. 

The three kinds of lines in figures throughout L. & S. are explained as follows: 
“the greater black lines stand for, and denote the Data, or things given, the 
lesser black lines the things required, and the pricked lines serve for the Con- 
structions and Demonstration; the like method is also observed in the Circular 
lines given and required.” It is further stated in “To the Reader”: “that the 
explications of the things given and required, are comprehended in the words of 
the Proposition, by means of the correspondent letters relating to the several 
parts of the Schemes, in such sort, as the Propositions may be read with them, 
or without them, and so by this means the Demonstrations are much abbrevi- 
ated.” Such editing is of course wholly foreign to Greek form. 

The wording of proofs in L. & S. and B. are usually entirely different. L. & S. 
practically never give any secondary discussions of proofs. 

Summing up, we may say that it is wholly improper to state, as DeMorgan 
does, that the L. & S. volume is a second edition of B. It is simply an independ- 
ent, and inferior, edition of the Elements in the preparation of which L. &. S.— 
the obscure “students in Mathematicks”—perhaps consulted B. constantly. 

The remaining two works of L. & S., not in B. are the first English editions of: 
(a) Euclid’s Data (pages 533-600, pages 533-539 being “A commentary or 
Preface written by the Philosopher Marinus); and (b) A Book of Divisions of 
Superficies, ascribed to Machomet Bagdedine. This book, pp. 601-650, has a 
special title-page dated 1660. This work was translated from the Latin edition 
of 1570 published by Dee & Commandinus. 

Two other English editions of the Data were in editions of Euclid’s Elements 
published by ROBERT Simson (1687-1768), Glasgow, 1756, and by THomas 
HASELDEN, in an edition of Isaac BARROW (1630-1677), London, 1732. Of each 
of these works there were many other editions. 

To the list of Corrigenda for my Outline of the History of Mathematics, sixth 
edition, noted in this MONTHLY, v. 56, Aug.—Sept. 1949, the following may now 
be added: 
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P. 13, line 22, for 26 as, read an 

P. 13, line 23, for Diophantine equation, read Diophantine quadratic equa- 
tion 

P. 33, line 7, for CAMPANUS, read ADELHARD-CAMPANUS 

P. 38, line 28, add: And in his Tratté du Triangle A rithmetique, 1665, is a good 
statement of the method of mathematical induction 

P. 59, line 28, for 303, read 302 

P. 61, note 46b, line 3, for 1932, read 1944, and for TAER, read THAER 

P. 64, note 75, line 2, for earliest mathematical, read earliest Greek mathe- 
matical 
. 71, note 123, line 4, interchange the values of x and y 
. 82, note 201, line 9, for Levi S. Smith, read Levi B. Smith 
. 88, line 4, for MALMKE, read MAHNKE 
. 90, note 238, line 3, delete Z.d. 

. 94, note 259, for 1948, read 1918 

98, line 1, for Suppl. Revue, read Suppl. Elemente d. Mathemattk, or Revue 
. 104, after Adelard of Bath (12th cent.), add 33, 

. 107, for Erastosthenes, read Eratosthenes 

. 110, for Malmke, read Mahnke, and put after Magowan 

. 113, for Smith, L. S., read Smith, L. B., and for TaAER [46b], read THAER 
[46, b] and put after Terquem. 

In the Index the following dates of death may be added: Engebach, 1946; 
Nunn, 1944; Ruska, 1949; Simons, 1949; J. W. A. Young, 1948. 

To note 208 the following paragraph may be added: 

In June 1915 Dr. GEorGE A. PLImPToN presented to, and installed in, the 
Delta Kappa Epsilon House at Amherst College a portrait of Sir Isaac Newton, 
and a fireplace made of wood and bricks taken from the Newton residence re- 
ferred to above as supplying the Babson Institute “foreparlor.” The Amherst 
Newtoniana are now in the library of the Fraternity House, and a view of them 
is given on the last page of Memorial Rooms at Amherst College, 1937. 


aciaMacMecBaMaMacMaclacliec 


SOME NUMERICAL METHODS FOR SOLVING SYSTEMS 
OF LINEAR EQUATIONS 


A. S. HOUSEHOLDER, Oak Ridge National Laboratory 


Recent papers have exhibited the basic identity of some apparently distinct 
numerical methods of solving linear systems (see the list of papers at the end). 
It seems worth-while to note such basic identities since the single general prin- 
ciple under which the methods can be subsumed may well suggest others, and 
while one may agree with von Neumann and Goldstine [10], Bodewig [1], and 
others that the Gaussian method of elimination is the best direct method in gen- 
eral, special circumstances will often indicate special methods. We shall there- 
fore attempt to summarize and unify some of these methods. 


1. Direct methods. Laderman [7] and Dwyer [3] recommend the use of the 
“Square-rooting” method of Choleski for symmetric matrices. Bodewig [1] 
states, von Neumann and Goldstine [10] imply, that this is in reality identical 
with the Gaussian method of elimination. If the equations are, in matrix form, 


(1) An = y, 
and A is symmetric, one seeks a triangular matrix L such that 
(2) A=U'L, 


the prime denoting transpose. The columns of Z are determined sequentially 
so that in the zth column at most the first 4 components are non-null. These are 
chosen so as to give the correct scalar products with the previous 7-1 vectors and 
the correct length, as fixed by the first a components of the zth column of A. In 
this form square roots occur, but by an obvious modification one can replace this 
decomposition by | 


(3) A = M'DM, 


where J is triangular with units along the diagonal, while D? is a diagonal 
matrix. This is the form achieved by von Neumann and Goldstine by Gaussian 
elimination. The point of the decomposition is, of course, the ready invertibility 
of triangular and of diagonal matrices. 

Fox, Huskey and Wilkinson [4] describe a method of orthogonal vectors 
which they assert to be identical with the “escalator” method of Morris. Their 
method is the following: One seeks a set of vectors x;, which are mutually orthog- 
onal with respect to A as a metric tensor. This is to say that if X is the matrix 
whose columns are the x;, then 


(4) X'AX = D2, 


where D? is a diagonal matrix. One then expresses the required vector x as a lin- 
ear combination of the columns of X; that is, 
(5) x= Xw. 

453 
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This is readily done once X is found, since the Equations (1) have clearly be- 
come 


(6) AXw = y, 
and by (4) 
(7) Dw = X'y, 
In fact, 

w= D*X'y 


and therefore, by (5), 
(8) x= XD-?*X’'y. 


Now the orthogonal vectors x; can be chosen by orthogonalizing any set of in- 
dependent vectors, but a natural choice is the set of coordinate vectors. If these 
vectors are orthogonalized in sequence, then the matrix X is triangular, and, 
since it is clear that the matrix product in (8) multiplying y is A—!, the relation 
of this method to those of Gauss and Choleski is exhibited. 

Bodewig [1] attributes to Schmidt what amounts to an adaptation of Cho- 
leski’s method to equations with a non-symmetric matrix, and Turing [9] has 
also made such an adaptation. The method of orthogonal vectors can be ex- 
tended immediately if one orthogonalizes, in the ordinary sense, the column vec- 
tors of the matrix A. Thus if these column vectors are @1, @2, - + - , one chooses 
a to be the first vector, one replaces a2 by a combination of a: and a» that is 
orthogonal to a1, and so on. These multipliers form a triangular matrix X whose 
diagonal elements are all units, and such that 


(9) (AX)'(AX) = D*. 
One uses (5) again so that the equations become 
(10) AXw = ¥y, 
whence 
D?w = X'A’y, 
w= D-*X’'A’y, 
(11) x = XD *X'A'y. 


Note that X is triangular, and that X’A’ is the transpose of the matrix of or- 
thogonalized vectors. 
This is, of course, the result one would arrive at from solving 


(12) A'An = A'y 


by the method of orthogonal vectors, except that the actual formation of the 
matrix product A’A is unnecessary. Moreover, the normal equations in correla- 
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tion theory are of the form (12) in which generally A is a rectangular matrix hav- 
ing more rows than columns. Approached in this fashion the equations can be 
solved without having to be written explicitly. 

The method of orthogonal vectors is, in a sense, the inverse of the method of 
Choleski, since one factorizes A~! rather than A, and the foregoing extension to 
non-symmetric matrices is the extension of the method of orthogonal vectors. 
In the Schmidt extension of Choleski’s method as described by Bodewig, one 
orthogonalizes the rows, rather than the columns of A, so that the triangular 
matrix X is such that 


(13) XAA'X' = D*. 
If 

A’X'w = % 
so that 

AA'’X'w=y 
then 

D*w = Xy 
and 
(14) x = A'X’D?Xy. 


2. Successive approximations. If the matrix A is positive definite we may 
adopt it as the metric tensor. The equations (1) may be interpreted as relating 
the contravariant representation x to the covariant representation y of the same 
vector, the latter being given, the former required. Suppose x is some approxi- 
mation to x. One seeks an approximation xt) which is to be in some sense bet- 
ter and so that the sequence approaches x as a limit. The vector whose contra- 
variant representation is x) has Ax”) as its covariant representation, and it 
differs from the required covariant representation by an amount 


(15) y(p) = yo Ax), 


This we may call the covariant representation of the pth residual. If w is the 
contravariant representation of any vector whatever that is not parallel to the 
residual, then we may project the residual orthogonally on this arbitrary vec- 
tor, adjoin the projection to x™ to get xt), and have remaining a residual 
r+) that is surely smaller than 7). 

To do this one forms x)-++Au and asks that \ be such that wu is orthogonal to 
the difference between the vectors whose representations are \u and r: 


u(rjAu — r'P)) = 0 
A= wr?) /y' Au. 
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For uniformity we shall write, then, 
(16) NOP) = 4 (P)!p (2) /y (2) Ay), 
(17) (Pt) = lp) 4 (Py (P), 


and the sequence so defined will converge to x unless, perhaps, one happened to 
make some peculiar choice of the sequence u“), 

In principle any prescription for choosing a sequence of vectors u would lead 
to a method of successive approximations. In the method of steepest descent (8) 
one chooses 


(18) uP) = yp). 


In a sense this choice is optional. One would like, of course, to take the vector 
whose covariant representation is 7”), but one needs the contravariant repre- 
sentation of that vector, and finding this is equivalent to solving the equation. 
Hence one uses instead the vector whose contravariant representation is 7), 
The more nearly orthogonal the base vectors, the more perfect is the choice. 
But of course if the vectors were orthogonal the matrix A would be diagonal 
and the equations no trouble in the first place. 

In the Gauss-Seidel iteration, one chooses for the vectors u the coordinate 
vectors taken in rotation, from the first through the last and back to the first. 
In the method of relaxation one again chooses the coordinate vectors but not in 
any specified order. One examines at each stage the components of 7), and if 
the kth component is largest, one chooses the kth coordinate vector for u™). One 
could think of many other possibilities, but probably none so easy to apply. 

Adaptation of this basic idea to non-symmetric matrices is almost immedi- 
ate. One now uses the identity matrix as the metric tensor and considers the 
space of row vectors of A, or the space of column vectors. Bodewig describes two 
methods, one due to Kaczmarz and one to Cimmino, both using the space of 
row vectors. The equations then represent hyperplanes, and one seeks their in- 
tersection. 

By the method of Kaczmarz, one passes from any approximation x) to 
xt) by projecting the point x) orthogonally on one of the hyperplanes. Actu- 
ally the projection can be made on any hyperplane through x, i.e. on a plane 


(19) wAx=u'y 


where zw is an arbitrary column vector. Since u’A is normal to the plane, the 
projection is 


(20) oP) + Ay = get, 
where d is so chosen that «7+» lies in the plane (19): 
ul A(x¢?) -. A!) _ u'y 


AWAA'u = uly — WAL® = Y’r®), 
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Hence 
(21) A = wr?) /y'AA'u. 


If u is one of the coordinate vectors, \ is one component of the residual divided 
by the sum of squares of the coefficients of the corresponding equation. These 
sums of squares could all be calculated in advance and each step in the sequence 
should be fairly simple. 

The method of Cimmino consists in reflecting x into each hyperplane. 
Then x) and its reflections all terminate on a single hypersphere about x, and 
the centroid of these points, with any associated set of non-negative weights, lies 
within this hypersphere and defines x?t), The method of Kaczmarz (as Bodewig 
remarks) becomes a special case of this when two weights only are taken non-null 
and equal. 

A. de la Garza has described a method based upon the space of column vec- 
tors of A. In this picture, the equations to be solved required the resolution of 
the vector y along the m column vectors of A, and the components of x are the 
required multipliers. Any approximate set of multipliers x) will yield a vector 
Ax) deviating from y by 


yp) = y —_ Ax), 


Then if u is an arbitrary set of multipliers, one seeks an optimal improvement of 
the form du: 


ylptl) = x (p) + NY. 


The optimal improvement is, of course, the orthogonal projection of r‘) on the 
vector Au: : 


u'A'(r’?) — hAu) = 0, 
(22) A= r?)'Au/u'A'Au. 


Again the simplest choice for u is a coordinate vector, in which case the denomi- 
nator is now a sum of squares of a column. This method has the disadvantage of 
bringing the matrix A into the numerator for \. It has, however, the decided 
advantage of requiring the adjustment of only one component of x, when u is 
a coordinate vector. In Kaczmarz’s method, it is to be noted, every component 
of x‘) is adjusted by an amount proportional to its coefficient in one of the equa- 
tions. The multiplier \ provides the constant of proportionality. 


3. Inversion of matrices. In principle y could be a matrix of any number of 
columns and x a matrix of an equal number of columns, and the foregoing meth- 
ods could be applied to the simultaneous solution of all the sets represented. In 
equation (16), for example, \ would bea row vector to multiply on the right 
of u‘?), Hence y could be the identity matrix, in particular, and x is then A—!. In 
practice, however, it is probably better to observe the following: In the Gauss- 
Seidel method, the adjustment at any stage consists in solving one of the equa- 
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tions exactly for the corresponding x component, using the current estimates for 
the other components. The result of a complete cycle of such operations, pass- 
ing from the first to the last of the equations in order, can be expressed in the 
form 


(23) Aix?) = y — Agxl?), 
where 
(24) A = A, + Ao, 


A,» being the triangular matrix of supra-diagonal elements, A; the matrix of 
diagonal and subdiagonal elements. Then A, is triangular, non-singular, and 
readily inverted. Hence it is probably advantageous to write 


(25) g(Ptn) = Arly — Ap lAgal) 


whenever y is a matrix of several columns, and, more particularly, whenever 
y=TI and A! is required. Applied to this case, if C® is any approximation to 
A-!, one can now write the sequence 


(26) CH) = API — AC), 


It is immediately suggested that other decompositions such as (24) might be 
made, where one would require only that A, be easily inverted. In fact, one 
method that is used sometimes, to advantage when IBM equipment is availa- 
ble, is to take for A: the matrix of diagonal elements of A1, A» containing the 
off-diagonal elements. This amounts to making a complete cycle as in Gauss- 
Seidel except that the corrections are not incorporated until the cycle is com- 
plete. 

We shall not follow this line any farther since the geometry tends to get lost 
in the analysis. Reference should be made to Hotelling [5, 6], and to Bodewig 
[1] who rediscovers some of Hotelling’s results. 


4. Conclusion. This does not exhaust the list of either direct methods or 
methods of successive approximation. In particular Bodewig [1] describes sev- 
eral methods of the latter type for which the geometry is not apparent. More- 
over, the fact that two methods may be demonstrably identical in principle 
does not necessitate that the sequence of numerical operations will be the 
same, and von Neumann and Goldstine [10] have emphasized the non-com- 
mutativity of some of the “pseudo-operations.” Nevertheless, an appreciation 
of the significance of the arithmetic operations should be of assistance in adapt- 
ing a method to the individuality of the problem in hand. 
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THE GENERALIZED LEIBNIZ FORMULA 
C. J. COE, University of Michigan 


1. Introduction. In 1695 and 1696 Leibniz and Johannes Bernoulli carried 
on a correspondence in the course of which they agreed on the symbol / for the 
integral and on d” for the differential of the mth order. This latter symbol ap- 
peared in the famous letter of Leibniz to Bernoulli dated October, 1695, in 
which Leibniz pointed out the analogy between powers of a sum and differ- 
entials of a product, and stated the formula now known as the Leibniz formula 
for the nth derivative of the product of two functions. He also pointed out that 
integrals of the mth order can be regarded as differentials of the (—z)th order 
[1]. 

A little later in a letter to Wallis [2] dated May 28, 1697 Leibniz ag&in 
briefly mentioned this “marvelous analogy” (Et notavi mirabilem analogiam rela- 
tionts inter differentias et summas) but did not there carry the idea further. It was 
not until several years later that the formula was first printed in the publications 
of the Berlin Academy [3]. 

In the present note the formula is extended to differential operators with 
constant coefficients, both direct and inverse, and given a noninductive proof 
which in a sense explains Leibniz’ analogy. Various applications are developed, 
including a systematic foundation of the theory of linear differential equations 
with constant coefficients. 


2. Direct operators. Let D*u indicate the mth derivative with respect to x 
of any sufficiently differentiable function, u(x). If then an operator of the form, 


(1) a;D + b;, 1=1,2,---, 7, a;, b; independent of x, 
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is applied to u and then another operator of this form is applied to the result, 
and so on, it is easily established that the final result is the same as if these 
operators had been formally multiplied and the result applied to u. In fact,these 
operators obey the associative and distributive and exponential laws of algebra, 
and may be added and multiplied exactly as if they were algebraic quantities. 

Similarly, if w(s) and v(é) are respectively sufficiently differentiable functions 
of the two independent variables s and #, we may indicate partial derivatives of 
the product uv by Diuv =0*uv/ds*, and Djuv =0"uv/dt". Then if operators of the 
form, 


(2) aD, + 0:De. + c, 1= 1,2,-+-, mn, a;, b;, c; independent of s and #, 


are, as above, successively applied to uv, they obey the same laws of algebra 
and may be added and multiplied exactly as if they were algebraic quantities. 
In fact, since wu and its derivatives are independent of #, while v and its deriva- 
tives are independent of s, this statement is a consequence of the former. 


3. Generalized Leibniz formula for direct operators. Let f(D) be an integral 
rational function of the above operator D of the degree 1, which is to be applied 
to the product u(x)v(x) of two functions of x. We shall do this by first regarding 
u and v as respective functions u(s) and v(¢) of two independent variables, s and f, 
and then later make the change of variables identifying s and ¢ with x; s=t=x. 
With the above notation and this change of variables, we have 


Duv = wu + uDv = (Di + De)uv 
and with the aid of the principles of §2 we may write 


(3) f(D)uv = f(Di + Do)uw = f { (D1 — a) + (D.+ a) | uv, a independent of x. 


We now apply the algebraic identity, - 
h h? hn 
f(h + k) = f(k) + 7 + a7 fF) Se ait MA 


to the operator f { (Di1—a)+(D2+a) I obtaining 
Dy, - 


2 
7 f"(Di +a) ++: 


a 
f'(Da + a) + 


(Di — a) 
(Duo = 4f(Ds + a) + Ono 
(4) : 


1 (Di - a) 


fF (De + a) uD, 
and on the setting s=¢=x in the right member, we find that 
D—-a ; (D — a)? 

rr u-f'(D + a)v + a PO + a)v 


(D — a)” 
fee $4 f(D + a)p, 


n! 


f(D)uv = u-f(D + abu + 


(5) 
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which is the Generalized Leibniz Formula for Direct Operators. 
For f(D) = D* and a=0 this becomes the usual form of the Leibniz formula 
for the mth derivative of a product, that is, 


(1 — 1) 


n 
Duy = u- Dv + nDa- Dy + D*u-D"*y + +++ + Du-v, 


the coefficients being those of the binomial theorem. 


4. Special properties of direct operators. Equation (5) is especially useful in 
certain cases. Thus if u =e, then (D—a)u=0, and the entire second member 
of equation (5) vanishes except the first term. We thus obtain for direct op- 
erators the important Formula for Exponential Shift, namely, 


(6) f(D)e%*0 = e%f(D + a)v. 


By expressing cos wx and sin wx in exponential form and applying the above 
formula we may derive the analogous Formula for Trigonometric Rotation, 
f(D) cos wx-v = cos wx-fi(D)v — sin wx-fo(D)v, 
(7) 
f(D) sin wx-v = sin wa-fi(D)v + cos wx: fo(D)z, 


where f; and fe are defined by the identity, f(D+wt) =f:(D) +7fo(D). 
If u=eP(x), in which P(x) is an integral rational function of x of degree p, 
by application of formula (6) and then formula (5) we have, 


f(D)e%*P(x)o(x) = ef(D + a)P(x)o(2), 


P' 
(8) f(D) e**P(x)v( x) = ees} PID + a)v + 7 fe 4 a)v doe. 


P&®) 
+ wreceiaed + ajah 


For v=1 this reduces to, 


’ ” p) 
f(D)e** P(x) = e% {io)P + a Pi + re PU feve et a pooh 
and for a=0 and P(x) =x?, we find 
p(p — 1) 


f(D) %?0(x) = x?f(D)v + pur f'(D)v + — eP—2f"" (D)v + +++ + f) (D)o, 
the coefficients being those of the binomial theorem. 
Evidently formula (8) may be extended to f(D) cos wx P(x)v(x) and to 
f(D) sin wx P(x)v(x) by the procedure used in developing equations (7). 
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5. Application to homogeneous linear equations with constant coefficients. 
The general solution of the homogeneous linear differential equation with con- 
stant coefficients, 


(9) fD)y = 9, 
is easily deduced from equation (5). Let 7 be a root of multiplicity m of the 
characteristic equation, f(r) =0. Then f(D), f(D), ---, f(D) all have the 


factor D-r and yield zero when operating on e’*. Also if P(x) is an arbitrary in- 
tegral rational function of x of degree m—1, 


P(x) = Cot Cin + Cox? +--+ + Cm 14"), 


then D™, D™t!, .- +, D* all yield zero when operationg on P(x). Thus in equa- 
tion (5) with a=0, if we take v=e’, the first m terms on the right vanish; and 
if we take u= P(x), the remaining terms likewise vanish and, hence, 


(10) y = Plx)er 

is a solution of equation (9) involving m independent arbitrary constants. The 
sum of the solutions thus obtained from the various roots of the characteristic 
equation will thus involve a number of independent arbitrary constants equal 
to the sum of the multiplicities of the roots of the characteristic equation and 
hence equal to the order of the given equation (9). It is thus the general solu- 
tion. 


6. Inverse operators. If f(D) is an integral rational function of D, then we 
agree to indicate by, 


1 
(11) y(x%) = Ab) 
any function y(x) satisfying the equation, 
(12) f(D) y(%) = u(x). 


The function y(«) indicated by the inverse operation {1/ f(D) } u(x) is thus not 
unique, but the difference between any two possible determinations is a solu- 
tion of the corresponding homogeneous equation, f(D)y(x) =0. A statement 
that two inverse operators are equal is admissable in solving equation (12) if the 
statement is reducible to an identity by the application of f(D) to both mem- 
bers. It follows that inverse operators in D may be transformed exactly as if 
they were algebraic quantities, since the direct operators are known to possess 
this property. 

However, when an inverse operator, not a factor of 1/f(D), occurs in an al- 
gebraic transformation of 1/f(D), it is necessary that the same determination 
of this inverse operation be employed wherever it occurs, as otherwise there is 
no assurance that these terms would cancel properly if f(D) were applied. This 
obvious requirement is often overlooked [4]. 
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With the definitions and notation of §2 we may, as above, define 


1 
(13) (s, t) = ———- u(s) 0(2) 
89 = FD) 
as any solution of the differential equation, 
(14) f(D1, D2) Ws, #) = u(s)o(Z) 


in which f(D,, De) is an integral rational function of Di and De, and s and ¢ are 
two independent variables. Since u(s) and its derivatives and integrals play the 
tole of constant factors in operations with De, while v(¢) and its derivatives and 
integrals play a like role in operations with D,, it follows that the conclusions of 
the above paragraphs also apply here, and the operator 1/f(D1, De) may be 
modified in form by algebraic operations subject to the precaution mentioned 
above. 


7. Generalized Leibniz theorem for inverse operators. Now let 1/f(D) be an 
inverse operator which is to be applied to the product u(x)u(x) of two functions 
of x. Asin §3, we first regard u and v as respective functions u(s) and v(¢) of two 
independent variables s and #, and then after any desired algebraic transforma- 
tions, set s=/=x. For to prove that 


1 1 
(15) WD) u(x)o(x) = 7D, + Dy u(s)v(t), 


we have merely to observe that the two members yield the same result when 
operated upon by the respective direct operators, f(D) and f(Di+ D2), which 
are equivalent under this change of variables. 

For greater generality let us consider the operation, 


P(D) 
Q(D) 


in which P(D) and Q(D) are integral rational functions of D of degrees p and 
g, respectively. We introduce the variables s and t, as above, and write 


F(D)u(x)o(*) = u(x)o(x), 


F(D) _ PWD. + Dz) ; 
(. u(x)v(x) = O(D: + Ds) u(s)v( ). 


We expand P and Q in successive powers of Di;—a, a constant, as in equation 


(4), 


(D, — a)? 


“ P'(Dz + a) + _ PMDa + a) +o 


Dy — 
P(D; + D2) = PD. + a) + i 


+ ae P‘)(Dy + a) 
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Dy— a (D, — a)? 
Q(Di + D2) = Q(WD2 + a) + Tr Pa + +] — 0"(Da + a) +. 


(D1 — a)2 
+ ——_—— 9) (Dz + a) 
q! 
and perform the indicated division, obtaining the algebraic identity 


P(D; + De Dy — 
F(D) = Ftd AD, + 0) + 


Ax(D>o + 
Q(D: + D:) Orta) 
(Di — a)? 
+ Ae + a) fee 
(D, — a)r-1 
—_————— . A,_1(D 
+ (n _ 1)! i( a+ a) 
4 (D, —_ a)” R,(P1, Dz») 
n! Q(D, + Dz) 
where 
P P’O — PO’ 
dene, 4a POR 
Q Q? 


and in which R, involves D,—a only in positive integral powers of degree not 
greater than the larger of the two numbers p—z and g—1. Regarded as an al- 
gebraic identity in D,, the last or remainder term on the right vanishes together 
with its first »—1 derivatives for D;=a, and consequently the polynomial of the 
(1—1)th degree in D,, represented by the other terms on the right, must pos- 
sess the same value and first »—1 derivatives as F(D,+D,) for Di=a. Thus, 


A,(D2 + a) = F™ (Dy, + a), a= 0,1,2,---,w-—1 


and on setting s=t=x, we have the Generalized Leibniz Theorem for Inverse 
Operators, that is, 


F(D)uv = “-F(D + av +—  : F’(D + a)v 
_, = a> 
a u-F’(D+aju+--- 
(16) | 
(D — a)”! _ 
GoD ny ue (D + a)v 


(D, — a) "R,(D1, De) 
r n10(D) fa 
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8. Special properties of inverse operators. The remainder term in equation 
(16) generally becomes complicated for large values of ”, but in certain impor- 
tant cases it takes a simple form. Thus if u=e%, then (D—a)u=0 and the en- 
tire second member of equation (16) vanishes with the exception of the first 
term. Formulas (6), (7) and (8) previously proven for direct operators now fol- 
low at once for inverse operators, F(D), by the same argument as before. 

In the special case, F(D)=1/D, a=0, of equation (16) we have, R,z= 
n!/(— D2)" and the equation yields the familiar Formula for Iterated Integration 
by Parts, namely, 

1 1 


1 1 1 
— yy = u-—v — Du-—9 D*u-— 9 —D)"—ly-—— 9 
ptt De ob + (Dt — 


vif do} 


As one more special case we might mention an analogous formula for double 
iterated integration by parts, similarly obtained, 


(17) 


1 1 1 1 
a, WY = wv — 2Du-— 9 3D*u-— 9 n(—D)"—4- v 
D? D? D8 r D4 Fons Fa Dr! 
roo 1)" (n+ 1)D" j + yD™*1y. 1 9 
D2 n u- Den v n, Dera tf 


If in equation (17) we take u=(b—x)"/n!, then u and all its derivatives ex- 
cept the wth vanish for x=), and (—D)"u=1. And if we choose for (1/D™)z, 
m=1, 2, -, m+1, that determination vanishing for x =a, then all the terms 
in the second member of equation (17) except the last vanish both for x =a and 
x =b, and we have | 


1 (o — x)" 
(18) 5 oe] = Sao] 


With a slight change in notation and exchange of members, this is the well 
known Reduction Formula, 


f lf- - i f(Hn41)EXn410%y +++ dK, = {--=- “)” f(x)dx. 


9. Application to nonhomogeneous linear equations with constant coeffi- 
cients. A particular integral of the special differential equation, 


f(D)y = e* P(x), 


in which P(x) is an integral rational function of x of degree #, is readily obtained 
from the generalized Leibniz theorem for inverse operators. Assuming first that 
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f(a) +0, we have merely to write equation (8) for the inverse operator F(D) 
=1/f(D) in the special case v=1 developed in §4, 
/ ”" (p) 
F(a) | F(a) FLO pooh, 
p! 


(19) FD)er*P(x) =e {P(a)P + P+ SO pr 4 


and the desired integral is obtained. 
If, however, f(D) is of the form, f(D) = (D—a)"(D), ¢(a) #0, then we have 


1 1 1 
F(D) = —— = ———— 8 (D), here D) =-——- 
=D Da ae OP) where BD) = 


Hence by property (6), 


1 
F(D)e**P(x) = ®(D)e* Da P(x) = D)ePOr™, 
in which negative superscripts on P indicate integration. We have now merely 
to write equation (19) with @ for F and P~™ for P, 


F(D)e**P(x) — eer} (0) Pom 4 =P —m) 4 = a Pm 4. 


(20) 


© P)(q) \ 
+ ————_ Pir-™ >, 
p! 


and the desired integral is obtained. Evidently equation (19) is merely the spe- 
cial case of equation (20) for m=0. In applying equation (20), any individual 
terms of lower degree than m may of course be dropped, as they will appear in 
the complementary function. 

Evidently the above solution may be extended to equations of the type, 


f(D) y = cos wx: P(x), f(D)y = sin wx- P(x) 
by the device employed in developing equation (7). 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL 
COMPETITION 


L. E. BUSH,* College of St. Thomas 


The following results of the tenth annual William Lowell Putnam Mathe- 
matical Competition, held March 25, 1950, have been determined in accordance 
with the constitution of the Competition. This Competition is supported by the 
William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam 
in memory of her husband and is held under the auspices of The Mathematical 
Association of America. 

The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of California Institute of Technology, Pasadena, California. The 
members of the team were J. Brody, H. A. Forrester, R. S. Pierce; to each of 
these a prize of forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Harvard College, Cambridge, Massachusetts. The members of 
the team were Marvin Minsky, Gerhard Rayna, Ariel Zemach; to each of these 
a prize of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of New York University, New York, New York. The members of 
the team were Sol Ciolkowski, Donald Newman, Elaine Weiss; to each of these 
a prize of twenty dollars is awarded. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of the University of Toronto, Toronto, Ontario, Canada. The 
members of the team were J. P. Mayberry, R. J. Semple, R. O. Skinner; to each 
of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, were J. P. Mayberry, University of Toronto; Z. Alexander Melzak, Mc- 
Gill University; J. W. Milnor, Princeton University; Donald Newman, New 
York University; R. J. Semple, University of Toronto. Each of these will receive 
a prize of fifty dollars. 

The five succeeding persons ranking highest in the examination, named in 
alphabetical order, were R. E. Cutkosky, Carnegie Institute of Technology; 
D. B. Gillies, University of Toronto; R. S. Pierce, California Institute of Tech- 
nology; André Robert, Laval University; Ariel Zemach, Harvard College. To 
each of these a prize of twenty dollars is awarded. 

The following teams, named in alphabetical order, won honorable mention: 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania, the members of 
the team being R. E. Cutkosky, John S. Nodvik, Douglas H. Shaffer; City 
College of New York, New York, New York, the members of the team being 
Arnold Benson, Herman Hanisch, Harold Widom; Cornell University, Ithaca, 
New York, the members of the team being Carl S. Herz, Michael Horowitz, 
Walter Meyer; McGill University, Montreal, Quebec, Canada, the members of 
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the team being Arthur K. Kerman, Earl L. Lomon, Z. Alexander Melzak. 

Eight individuals were given honorable mention. The names are listed in 
alphabetical order: H. A. Forrester, California Institute of Technology; George 
Gioumousis, Polytechnic Institute of Brooklyn; Michael Horowitz, Cornell 
University; R. Sherman Lehman, Stanford University; Paul Martin, Harvard 
College; Gerhard Rayna, Harvard College; William F. Reynolds, College of the 
Holy Cross, S. A. Zwick, California Institute of Technology. 

The following is a list of all colleges and universities which entered teams in 
the Competition: Amherst College, Brooklyn College, California Institute of 
Technology, Carleton College, Carnegie Institute of Technology, City College 
of New York, College of the Holy Cross, College of St. Thomas, Columbia 
College, Cornell University, Fordham College, Harvard College, Iowa State 
College, Laval University, Massachusetts Institute of Technology, McGill Uni- 
versity, McMaster University, Montana State College, New York University, 
Occidental College, Polytechnic Institute of Brooklyn, Princeton University, 
Providence College, Purdue University, Queen’s University, Rockford College, 
St. Francis College, St. John’s College of St. John’s University, Stanford Uni- 
versity, Swarthmore College, University of British Columbia, University of 
Buffalo, University of California, University of Detroit, University of Minne- 
sota, University of Oregon, University of Puerto Rico, University of Rochester, 
University of Toronto, Ursinus College, Yale University. 

The following additional colleges and universities entered individual con- 
testants only: Antioch College, College of St. Francis, Incarnate Word College, 
Saint Joseph College, State Teachers College (Mankato, Minnesota), United 
States Naval Academy, University of Arkansas, University of California, Uni- 
versity of Chicago, University of Oklahoma, University of Omaha, University 
of South Carolina, University of Wyoming, West Virginia Wesleyan College, 
Xavier University. 

A total of 223 undergraduates representing 56 institutions took part in the 
Competition. 

Participants in the Competition were given the following lists of problems. 


Part I. THREE Hours 


(Answer the questions in any order and by any method. Show all of your work in logical sequence 
and indicate your answers clearly. No tables or other books may be used. Use the right hand pages of 
your examination booklet for your solutions, use the left hand pages for scratch work. Cross out any work 
which you do not wish to have considered. Partial credit may be given on a question, even when the solu- 
tion ts not completed.) 


1. For what values of the ratio a/b is the limacon r=a—)d cos 6 a convex curve? 


(a>b>0) 
2. Answer both (a) and (b). Test for convergence the series 
1 1 1 1 
(a) ———- + ——— + Oo HE ee tt 


log (2!) | log (3!) _ log (4!) log (n!) rn 
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1 1 1 
(b) —-+ —~4+—__ + --- 4+ 


CO O3V™OCm ++ 
3 3Y3 3V/3W/3 BV 3/3 +--+ Y3 
3. The sequence Xo, X1, X2, -- - is defined by the conditions 
Xn— 2n — 1)Xn 
Xo = a, x, = 0, tnt. = sat for n 2 1, 
n 


where a and bd are given numbers. Express lim,.. %, concisely in terms of a 
and 0. 
4, Answer either (a) or (b). 

(a) Ina right prism with triangular base, given the sum of the areas of three 
mutually adjacent faces (that is, of two lateral faces and one base), show 
that these faces are of equal area and perpendicular to each other when 
the volume attains its maximum. 


(b) Show that 


++ x ~ x? 1. 
13-5 13°57 a 
: -f e~ FIdt, 
1454744 
2 2:4 2-4-6 


5. A function D(n) of the positive integral variable x is defined by the following 
properties: D(1) =0, D(p) =1 if p is a prime, D(uv) =uD(v)+vD(u) for any 
two positive integers u and v. Answer all three parts below. 

(a) Show that these properties are compatible and determine uniquely D(x). 
(Derive a formula for D()/n, assuming that n= p{'p;? - - - pr* where 
pi, po, °° *, pe are different primes.) 

(b) For what values of 2 is D(n) =n? 

(c) Define D?(n) =D[D(n) |, etc. and find the limit of D”(63) as m tends to 
00 , 

6. Each coefficient a, of the power series 


Ay + a1% + ax? + age? +--+ = f(x) 


has either the value 1 or the value 0. Prove the easier of the two assertions: 
(a) If f(0.5) is a rational number, f(x) is a rational function. 
(b) If f(0.5) is not a rational number, f(x) is not a rational function. 


Part II. THREE Hours 


(Answer the questions in any order and by any method. Show all of your work tn logical sequence 
and indicate your answers clearly. No tables or other books may be used. Use the right hand pages of 
your examination booklet for your solutions, use the left hand pages for scratch work. Cross out any work 
which you do not wish to have considered. Partial credit may be given on a question, even when the solu- 
tion ts not completed.) 


1. In each of ~ houses on a straight street are one or more boys. At what point 


470 THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION [September, 


should all the boys meet so that the sum of the distances that they walk is as 

small as possible? 

2. Two obvious approximations to the length of the perimeter of the ellipse with 
semi-axes a and db are 7(a+0) and 27(abd)!/2. Which one comes nearer the truth 
when the ratio b/a is very close to 1? 

3. In the Gregorian calendar: 

(a) years not divisible by 4 are common years; 

(b) years divisible by 4 but not by 100 are leap years; 

(c) years divisible by 100 but not by 400 are common years; 

(d) years divisible by 400 are leap years; 

(e) a leap year contains 366 days; a common year 365 days. Prove that the 
probability that Christmas falls on a Wednesday is not 1/7. 

4. The cross-section of a right cylinder is an ellipse, with semi-axes a and 8, 
where a>0. The cylinder is very long, made of very light homogeneous ma- 
terial. The cylinder rests on the horizontal ground which it touches along the 
straight line joining the lower endpoints of the minor axes of its several cross- 
sections. Along the upper endpoints of these minor axes lies a very heavy 
homogeneous wire, straight and just as long as the cylinder. The wire and the 
cylinder are rigidly connected. We neglect the weight of the cylinder, the 
breadth of the wire and the friction of the ground. 

The system described is in equilibrium, because of its symmetry. This 
equilibrium seems to be stable when the ratio 0/a is very small, but unstable 
when this ratio comes close to 1. Examine this assertion and find the value 
of the ratio b/a which separates the cases of stable and unstable equilibrium. 

5. Answer either (a) or (b). 

(a) Given that the sequence whose mth term is (s,+25,41) converges, show 
that the sequence {s,} converges also. 

(b) A plane varies so that it includes a cone of constant volume equal to 
wa*®/3 with the surface the equation of which in rectangular coordinates 
is 2xy =2?. Find the equation of the envelope of the various positions of 
this plane. 

‘State the result so that it applies to a general cone (that is, conic sur- 
face) of the second order. 

6. Consider the closed plane curves C; and C,, their respective lengths | C,;| and 
| C.|, the closed surfaces S; and S,, and their respective areas |.S;| and | S.|. 
Assume that C; lies inside C, and S; inside S,. (Subscript stands for “inner,” 
o for “outer.”) Prove the correct assertions among the following four, and 
disprove the others. 

(a) If C; is convex, | C;| S| C.|. 

(b) If S; is convex, |.Si| S| SQ]. 

(c) If C, is the smallest convex curve containing C;, then | C,| < | C; | . 

(d) If S, is the smallest convex surface containing S;, then |.S.| <| Sj]. 

You may assume that C; and C, are polygons and S; and S, polyhedra. 

(Why ?) 


MATHEMATICAL NOTES 
EpiteD By E. F. BECKENBACH, University of California, Los Angeles 


Material for this department should be sent to E. F. Beckenbach, University of Cali- 
fornia, Los Angeles 24, California. 


ON THE GREEN FUNCTION OF A STAR-SHAPED THREE DIMENSIONAL 
REGION 


S. E. WARSCHAWSKI, University of Minnesota 
1. Introduction. In 1931 J. J. Gergen! proved the following theorem. 


THEOREM. Suppose the region D in the (x, y, %)-space ts star-shaped with re- 
gard to the origin O, and that g(x, y, 2) ts the Green function of D with pole at O. 
Then at every point in D—O the square of the gradient (Vg)? =¢+¢+ 22 satisfies 
the condition 


2 
(1) (Vg)? = 5 +0, Ga Ve EP ER, 


the inequality holding throughout D—O, unless g—1/r=0. Furthermore, for every 
posttive constant c, the region determined by the inequality g>c 1s star-shaped with 
respect to O. 


The function g(P) = g(x, y, 2) is the Green function of first kind of Laplace’s 
equation, if the latter exists. If this is not the case, then g(P) denotes the “ex- 
tended Green function,” which is defined as follows:? Let Da (n=1, 2, +--+) bea 
sequence of regions such that: (4) 0€ D,CDns1CD, (it) the D, exhaust the re- 
gion D, (47) the Green function g,(P), with pole at O, exists for each D. Then 
for every PED, lima.sogn(P) =g(P) exists, uniformly in any closed bounded 
subset of D; g(P) is the extended Green function of D. This function always ex- 
ists, is independent of the choice of the sequence D,, and it coincides with the 
Green function in the ordinary sense, if the latter exists. 

In the following we give a short, elementary proof of Gergen’s theorem. 

2. Proof. Let \ be a constant, 0<X<1. The function 

h(P) = et Nt (AP is the point (Ax, Ay, Az)) 


is harmonic for PCD, including the point O, if properly defined at O, since 


(1 —AA(P) = 7 + o(P) — [— 4+ roP) = »(P) — dv(AP), 


1 Note on the Green function of a star-shaped three dimensional region, American Journal of 
Mathematics, vol. 42 (1931), pp. 746-752. 

2 See, for example, O. D. Kellogg, Recent progress with the Dirichlet Problem, Bulletin of the 
American Mathematical Society, vol. 32 (1926), pp. 601-625. See in particular p. 604. 
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where v(P) is harmonic in D. 
We assume at first that the Green function of D exists in the proper sense. Then 
lim g(P) =0 as P approaches any boundary point P» of D. Hence 
Ag(APo) 


lim h(P) = — 2" <0, 
P—Po 1—A 


By the principle of the maximum we have, therefore, for any PED, 


P) — »9s(AP 
(2) g(P) — AQP) <0 
1— 2X 
Both statements of the theorem follow at once from (2). If g(P) >c>0, then 
by (2) we have 


g(P) 


gAP) 2 —— > > C; 


C 
d 
that is, with P, the point A\P, 0<) <1, is also in the region g>c; the region g>c 


is star-shaped with respect to O. 
To prove (1) we let, for fixed PED, (P#O), \—1 and find, from (2), 


rg(P) — rrg(rAP) _ O(rg) 


im < 0, 
hot r(1 — dA) Or |p 
or 
Og 
g + y-—— Ss 0, 
Or 
whence 
g og | og 
r Or Or 
since 
0g 


x y 2 
ote te | <|Vg|. 
7 7 7 


Or 


If the equality in (1) holds for just one point Py)€D, then g=1/r. For since 
0(rg)/dr is $0 and harmonic in D, it must be identically equal to 0, if it vanishes 
at an interior point Po of D. Thus? 


0 
gro aot av. t yoy + 0, = 0, PED, 
r 


Hence v(Q) =0. But since v= g—1/r7 is non-positive in D (this is also true when 


* This is merely a repetition of Gergen’s argument, Joc. cit.,! p. 751 (bottom of page). 
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g is the extended function of Green), the fact that v(O) =0 implies v(P) =0, 
g(P)=1/r. 


3. The general case. In order to prove the theorem in the case that only the 
extended function of Green exists, it is sufficient to show that (2) remains valid 
when g(P) is the latter function. Assume at present that D is bounded. For a 
fixed X, 0<A <1, let D(A) denote the region consisting of all points AP(Ax, dy, 
Az), where P(x, y, 2) is in D. Since D is star-shaped and bounded, the closure 
D(A) of D(A) is contained in D. Let D, be a sequence of regions lying in D used 
in the definition of the extended Green function g(P) of D. For sufficiently large 
n, Dn D(A), so that, in particular, for PE Dz, we have NPC Dp. Let gn(P) de- 
note the (proper) Green function of D,. Then 


&n(P) _ Agn(AP) 


hy(P) = 


is harmonic in D,, and it follows just as above that h,(P) $0 for every PGDn. 
Now we keep P fixed and let n—; since lim ns». gan(P) =g(P), we obtain (2), 
valid for every PED and every \, 0<A <1. 

If D is not bounded, let A, be the intersection of D with the sphere x?+ y?+ 2? 
<Ri, n=1,2,--+, where R,— © as n—o. Denote by Ya(P) the Green func- 
tion (extended or proper, if it exists) of A, with pole at O. Then it is easily seen‘ 
that, for PED, PO, we have 


lim n(P) = g(P), 


where g(P) is the function of Green of the unbounded region D. Since each A, is 
star-shaped with regard to O and bounded, (2) holds, with y, in place of g, for 
PCA,, and therefore, as n— ©, we see that (2) is true also for the case that D 
is not bounded. 


ON ANALYTIC MAPS OF CIRCLES INTO CONVEX REGIONS 
H. SHNIAD, University of Southern California 
1. Theorem. In this note we shall establish the following result. 


THEOREM. Let a function w=f(z) have the properties that it ts analytic in the 
open unit circle and that the map of the unti circle ts contained in a convex region R. 
Then the map of the circle | z| Sr(r<1) ts contained in a convex region obtained by 
deforming R homothetically, with respect to the map of the origin, in the ratio 
2r/(r+1). 

4 Let D. be a sequence of regions which is used in the definition of the Green function g(P) 


of D. We may assume that D “CAn (7=1,2,---). If gn(P) i is the (proper) Green function of D* 
with pole at O, then lim,,., g.(P) =g(P). Furthermore, since DC A,CD, we have 


fn (P) Ss Yn(P) s g(P), 
so that limn.,,, yn(P) =g(P). 
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2. Proof. Without loss of generality we may assume that f(0)=0. Let 
w=u-+div. Then the function hg(x, y) =u cos ¢@+vsin ¢ has a maximum h(¢), the 
support function for the convex hull H of the map f(U) of the open unit circle 
U. If the convex hull H contains the half ray from the origin in the direction ¢o, 
then h(¢o) is infinite. For each fixed ¢, we have that hg(x, y) is harmonic and 
that hg(0, 0)=0. We consider the function g(z) =2z/(z+1), which maps the 
open unit circle onto the half plane R(w) <1 and maps zero onto zero. Since the 
maximum of the real part of g(z) on | z| =r is 2r/(r+1), it follows that for every 
value ¢@ the inequality | 2| <r implies that hg(x, y) S [2r/(r+1) |z(). If we de- 
fine S(@) as the support function for the region R and h,(@) as the support func- 
tion for the map of the circle | z| <r, then we have h,(¢) S [27/(r+1) ].S(). For 
more details concerning the ideas of the proof, see Pélya and Szegé.* 


3. The extreme case. That 27/(r-+1) is the best possible ratio may be seen 
directly by taking f(z) =22/(z+1). 

In addition, for the functions w=(s—a)/(az—1), ({a| <1), mapping the 
unit circle onto the unit circle, the hypotheses of the theorem apply if the region 
R is taken as the open unit circle. The best deformation ratio for each of these 
functions is ({a| +1)r/(|a|r-+41). Since the least upper bound of these ratios 
for |a| <1 is 2r/(r+1), we have obtained the best possible ratio, even if we are 
restricted to bounded convex regions. 

If the region R is symmetric with respect to the map of the origin, then the 
deformation ratio can be improved to (4/7) (arc tan r).* 


CONFORMAL MAPPING OF THE INTERIOR OF AN ELLIPSE 
ONTO A CIRCLE 


GABOR SZEG6, Stanford University 


This mapping can be found in the paper of H. A. Schwarz, Uber einige Ab- 
bildungsaufgaben, Journal fiir die reine und angew. Mathematik, vol. 70 (1869), 
pp. 105-120; Gesammelie Abhandlungen, vol. 2, pp. 65-83. (See, in particular, 
pp. 77-78.) The mapping function given by Schwarz appears in terms of a Ja- 
cobian elliptic function. Our purpose is to deal with this problem in an ele- 
mentary way. Later we shall compare our result with that of Schwarz. 


1. We assume that the given ellipse E is in the complex z-plane, with foci 
at +1 and with semiaxes a and }, a>), a?—b?=1. We introduce a second com- 
plex variable w defined by the elementary mapping 


(1) 22= w+ wt, 
It is well known that the circle | 2 | =R=a-+b, R>1, is transformed into E. We 
denote by 


(2) a’ = f(z) = cy + cop? +--- , C1 > 0, 


* Pélya and Szegé, Aufgaben und Lehrsatze aus der Analysis, Berlin, Springer, 1925, vol. 1, 
pp. 106, 139, and 140. 
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the mapping function in question, so that f(z) is schlicht in the interior of # and 
|f(z)| =1 on E. Hence 


(3) F(z) = log [f(2)/z] 


is regular in the interior of EZ (real at z=0). The function F(z) can be expanded 
in a series of Tchebychev polynomials 7,(z) defined by 


(4) 2T.(z) = w™ + w-*. 


For this theorem, see for instance Picard, Tvazté d’ Analyse, 3rd edition, vol. 2, p. 336. It fol- 
lows immediately from the fact that the function F($(w-++w!)) is single-valued and analytic in the 
circular ring 


R1<|w| <R 


and remains unchanged if we replace w by w. Hence it can be expanded in a Laurent series 


F((w + w)) = D> daw”, 


in which d_n»=dn. 


We write: 
(5) log fe) = 3 AnTn(8). 
2 n=.0 


Obviously A, is real. 


2. Let | w| =R, w= Re'*, Taking real parts on both sides of (5) we have, 
since | f(z)| =1, 


2 00 R* + R-" 
log ——- = log —__—__—_—- = )) An, ————— co ng. 
| 2 | | Rei + R-le-ie | n=0 2 
Now 
] ] ? +1] 
og -—__—____——- = log — + log —__—_—___ 
ST Re + Rie) RR 1 + Re 2 | 
2 
= log — + ® log ——_—__——_ 
oR Lt R28 
2 ee) — 1)” 
=log—+ >) (7) R-** cos 2nd. 
R n=l nN 


Comparing this with (5) we find 
an —2n — 1)” 
ket k™ = (—1)" Ro", 


2 
6 Ao = log Aon , , 
(—1)"  2R-% 


Aon —_——_—_—— 
n Rn + R72 


Am—1 = 0; nm=1,2,3,--- 
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Hence the following representation of the mapping function arises: 


— 1)” 2R-2n 


n RE REO 


(7) log x = log =+h- 


The first coefficient ¢1 of f(z) is 79°, where ro is the “inner radius” of the ellipse 
with respect to the origin. In view of the relation 


Ton(0) = (—1)", 
we obtain 
2 R-2n 
8 lo log — — —_—____—— 
(8) Sto = og > — n Rm R20 


Incidentally, the “outer radius” of the ellipse is 
R 
= 3(¢+ b) = rh 


and from (8) we see that 70 <?. 


3. The function 


1 

(9) G = Flo tT ate 08 
is the classical Green function of the interior of Z with respect to the origin. We can prove in the 
customary way (forming the conjugate of G) that the mapping z’=/f(z) carries over the interior of 
& in a schlicht manner onto | 2’ | <1. Another, direct procedure would be the following. 

We want to show that if z describes the boundary of E, 2’ describes the unit circle |z’| =1 
exactly once and in the same direction. (Then we apply the argument principle.) For this purpose 
we form the imaginary part of (7): 


§ log fle) = Flog s+ FE _g ry 
Oo = Oo n 
BI &# nal n Re + -+ R7-2n an\3 
Re‘? +- R-\¢-i¢ (—1)* QR-20n Re — R-wn | 
40 = Slog ——,- a> os a a a sin 2n¢, 
gy Re? — R-¢-‘?) — ke 
ie log f(z) = Set DR ++ 20 (— 1) oe 2n cos 2nd. 
The first term on the right-hand side can be written as follows: 
1 — R-2,-2%¢ © 
(11) Ni Ss 7 a) =1-+ 2d, (—1)"R-* cos 2n¢, 
so that 


2 
a 5, 8 log fe =142% (- 1)" are np 


= jim 14205 (- 1)” 


2. sp TR cos 2nd). 


1950] MATHEMATICAL NOTES 477 


We define a by e%* = R? and use the formula 


v °- COS ax 

13 —— = f ———— J 
(13) cham Jo ch(x/2) 
so that 

2 1 1 ° cos NaXx 
14. | —_——_—_— =(0,1,2,--- 
(14) Rn + R-2" = ch (new) = @rdo~— ch (4/2) *s ” rae 
Hence 


if” ax = 
45) 1+ 2 (—1)" pr gs Rom cos 2nd = - =f cha/dD (1 + 2d (—p)” CoS nax COS 2ne ) 
--f _ ae I 4) >0 
QerJq ch (%/2) \1 + 2p cos (ax + 26) + p? 1+ 2p cos (ax — 26) + p? 

4. Finally we compare our main formula (7) with the formula of Schwarz 
given in the paper quoted above. As to the elliptic and theta functions occurring 
below, we use the notation of Whittaker & Watson, Modern Analysis, American 
edition, 1943. 

Introducing the notation 


(16) w= et(r/2—2) = {ein z = cos (1/2 — x) = sin x, 
we find 

z 2R-* 
(17) log ” = log — + ~ — ————— os 2x. 


n=1 nN R?*” + R- an 


But according to a formula of Jacobi (Fundamenta Nova, p. 99; Whittaker & 
Watson, p. - Example 3): 


2R-4* 2Kx 

(18) y — -——.— cos 2nx = log sn — log (2q1/4) + § log k — log sin x 

n=1 1 1 + R* 
where 
(19) R-4 = ¢. 
Consequently 

f(z) 2 2Kx 

log —— = log — — log (2g'/4) + § log k — log sin x + log sn 

(20) sin R 


This is the formula of Schwarz. For the sake of completeness we quote the 
well-known expressions for the modulus & in terms of q: 
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(=): (OS -+- 2q9/4 +- 27/4 -+- o 8 ) 


(21) Os 1+ 2¢ + 2qg*+ 2¢°+::: 
_ ua(~ +@)A+ gd + 9°) --- ). 
(1+ g@i+@)(l+q*)-:-: 
Also 
(22) K = 3063 = gr(1 + 2g + 2q* + 29¢° +--+ ?? 


= gr((1 — 1 — g)(1 — 9%) --- CL + gl + 9%) + 9’) ++ + 4, 


2K\—} 
(110 28) op 
Tv 


= (2gi4 + 2q9/4 + 2g%/4 +... )-U1 + 2g + 2qt + 2q9 +--+) 
_ 1 — 2¢ + 2qt — 2q°+.--- 
7 2qil4 — 3-299/4 + 5-2q25/4 — ... 
_ i (a ) 
agle\(1 — g*)(1 — gi(a— g++ F 0 


A NOTE ON THE POISSON KERNEL 


To 


A. E. Taytor, University of California, Los Angeles 
1. Introduction. The Poisson kernel in two dimensions is defined by 
1—?? 


1 P(r, 0) = ———______ 
() 7 4) 1 — 27 cos 6+ 7? 


The purpose of this note is to give an interesting, and perhaps new, proof of the 
formula 


Ir 


2a J 


(2) P(r, 6)d0 = 1, O<r<1. 


2. Proof. We observe first of all that if we denote the integral on the left in 
(2) by F(r), the function of 7 so defined is continuous when 0$7 <1. Also, it is 
immediately clear that F(0) =1. 

Now let us write 


1 T 1 yay 
F(r) = — f P(r, 6)d0 + — J Ply, «de. 
QT 0 21 w 


Making the substitution x =@-++7 in the second integral, and then combining the 
two integrals, we find 


1 ™ 1 — r4 
F(r) = —{ eg 
wJo (1 +77)? — 4r? cos? 6 
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Next we observe that 
(1 + 17)? — 4r? cos? 6 = 1 — 27°(2 cos? 6 — 1) + 74, 
and that 2 cos? @—1=cos 26. Hence, setting ¢= 20, we find 
F(r) = + wor 4g = Fir’), 
2rJo 1-— 2r*cos¢d+r74 
By repeated applications of this last result we see that F(r)=F(r*), 
n=1,2,---. Therefore, if O0S7r<1, we have 


F(r) = lim F(r*") = F(0) = 1; 


thus (2) is proved. 
Finally, we observe that F(r) = — F(1/r) if 0<r1. From this result and (2) 
we infer the formula 


27 


27 J 9 


P(r, 0)dd = — 1, 1<~r. 


CLASSROOM NOTES 


EpITED By C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Penna. 


ON INTEGRATION BY PARTS 
T. E. Sypnor, Pasadena City College 


If fdx/x log x is integrated by parts using u=1/log x and dy=dx/x in 
Ju dy=uv— fv du+c the well-known but maddening identity 0 =0 results. 

More generally the method of integration by parts of f f:(x) fe(«) dx becomes 
useless if f:(x) J fo(x) dx=K (constant). Such integrals, however, can easily be 
integrated, for this condition implies that: 


fa(x) = — Kft («)/(fi(x))*. 
So 


f fila)fa(a)dx = — Kf ft (x)dx/fi(x) = — K log fi(x) + C. 
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SYNTHETIC TECHNIQUE FOR PARTIAL FRACTIONS 
J. P. BALLANTINE, University of Washington 
In the March 1950 issue of this Montuty, M. R. Spiegel showed by a clever 
device how to reduce the tedium of resolving a particular rational function into 


partial fractions. I also deviate from the standard procedure. By my method, 
the computation for the same function appears as follows: 


3% + 1 _ A 1 R(x) 
(x—2(2?+a+)? 2-2 °°” 


where R is a rational function of x whose denominator does not contain the fac- 
tor x—2, and A is seen to be 1/49. 
First solve the equation for R(x): 


R(x) = = _se 


The notations N, B, and T, short for numerator, binomial and trinomial, are 
merely to explain the following synthetic computation. 


T? = 1 42 +43 +2 41 
¢-T? = 1 42 43 £42 +4 0 
eT? = 1 42 43 #42 «44 0 0 
T= 1 43 #46 #47 ~ «+6 +3 +1 
49(34 +1) = 147 +49 
N=-1 -3 -6 —-7 -6 +144 +48(2 

—-2 -10 -—32 -—78 —168 —48 

N/B=-1 -5 ~-16 ~—39 -84 —-24 (-1 ~—-1 


+1 +4 +11 +424 
+1 +4 411 +424 
—-1 -4 -11 —24 / —49 0 


The last step was a quadratic synthetic division, by «?-++-x-++1. When dividing 
by x—r, the divisor is written as merely 7, so when dividing by x?—rx—s, the 
divisor is written as merely +7 +s. 

The last two numbers, —49 and 0, are the coefficients of the remainder, 
namely —49x-+0. The quotient is —x*—4x?—11x—24. The process, continues, 
without break: 
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~1 -4 -11 -24 (-1 -1 


+3 
1 +3 
—-1 -3/ -7 -2!1 
—x-—3 — 7% — 21 — 494 
R(«) = ———_— + —_—_ . 
49T 49T? 49T3 


This is the final answer, except for the term 1/49 (x—2). 


ON SPACE FRAMES AND PLANE TRUSSES 


H. E. GouEEn, Syracuse University 


The theory of statically determinate trusses and space frames as usually 
given in textbooks on mechanics* is difficult for students beyond the necessary 
difficulty of any mathematical discipline. An understanding of the general 
theory of systems of linear algebraic equations in m unknowns, and the proper 
definition of “statically determinate,” will, in the opinion of the author, lead 
to a better understanding of this subject matter. The following discussion is be- 
lieved an improvement. 

For definitions of a statically determinate space frame and statically deter- 
minate plane trusses, we use the following: 

A space frame is statically determinate if and only if the compression in all 
members and the reaction forces necessary to support the frame in equilibrium 
as a rigid body in space are uniquely determined for any arbitrary space load- 
ing from the set of space equilibrium conditions, three at each joint of the 
frame. 

A plane truss is statically determinate if and only if the compressions in all 
members and the reaction forces necessary to support the truss in equilibrium 
as a rigid body in the plane are uniquely determined for any arbitrary plane 
loading from the set of plane equilibrium conditions, two at each joint of the 
truss. 

In space the condition that the resultant force is zero at the kth joint yields 
three linear equations 


>, ank; = — X ky 
I > Baki = — Vu, 
> Vink: = — Zi, 


in which a, 8x, and yu, are the direction cosines of the ith force (either reaction 
force or bar compression force) at the kth joint if the ith force isconcurrent with 
that joint and are otherwise taken 0, while Xz, Vz, and Z, are the X, Y, and Z 


* See for example Timoshenko and Young, Statics, first edition, New York, McGraw-Hill 
(1937), Chapters II, V, and VII. 
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components of the loading force at the th joint. 
In the plane truss the equilibrium conditions at each joint are two in num- 
ber. They are 


>, Onl, = — Vy 
>, Bis = — X;, 


in which a, and §., are the sine and cosine respectively of the angle which the 
ith force makes with the X-axis at the Ath joint, if it is concurrent with the kth 
joint and zero otherwise, while X;, and Y; are the X and Y components of the 
loading at the Ath joint. 

To support a rigid body in space three restraints are necessary to locate a 
point, two more to locate a line, and one more to prevent rotation about that 
line. Against each restraint, there will be a reaction force if the body is to be in 
equilibrium. In each member of the frame the bar force at one end is equal and 
opposite the force at the other end. Hence there are m unknown bar forces and 
six unknown reaction forces. We assume that these are 7 joints. 

Thus the system (I) is a system of 37 equations in m+6 unknowns. If we 
note that the right hand sides of (I) are arbitrary and appeal to the theorem that 
the system > 7.1 @ux,=c1 (¢=1, 2, - + +, m) has unique solution for x1, x2, «+: , 
%, for arbitrary c; if and only if m=n and the linear forms >|7.1 a4, are linearly 
independent, we have the result, proved in most textbooks by considering only 
simple frames, that a necessary condition for a space frame to be statically de- 
terminate is that | 


Il 


m= 37 — 6. 


Likewise since two restraints are necessary to locate a point in a plane and 
one more to prevent rotation about that point, there will be three unknown re- 
action forces at the supports of a plane truss and together with the m unknown 
bar forces there will be m+3 unknowns in the system of 27 equations (II). Thus 
in a plane statically determinate truss we must have 


m= 27 — 3. 


If the condition m = 37—6 is fulfilled for a space frame and if relative motion 
of any two joints of it is impossible, then it is statically determinate. For since 
relative motion is impossible there must exist solutions of the 37 equilibrium 
equations for arbitrary loading. Since there is a solution for arbitrary loading 
the equations must be consistent for arbitrary right hand sides and since the 
number of equations is equal to the number of unknowns there must be unique 
solution for each loading. Hence, by definition, the frame is statically deter- 
minate. Likewise in the plane, a truss is statically determinate if m=27—3 and 
relative motion of any two joints is impossible. 

Thus in particular any simple frame or simple truss is statically determinate. 
More complicated structures must be analyzed by more complicated methods. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITED By Howarp EVES, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 

E 926. Proposed by H. L. Lee, University of Tennessee 

Show that there exist arithmetic progressions with integral terms such that 
the sum of the squares of four consecutive terms is a 2*th power of an integer, k 
a non-negative integer. 

E 927. Proposed by J. H. Braun, Illinois Institute of Technology 

In a regular polygon of 2~-++1 sides all the diagonals are drawn. Find, as a 
function of 7, the total number of triangles of all shapes and sizes thus formed. 

E 928. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given a tetrahedron ABCD and a point O. Denote by A’, B’, C’, D’ the 
intersections of AO, BO, CO, DO with the corresponding faces of the tetra- 
hedron, and set x = AO/A'O, y=BO/B’'O, 2=CO/C'O,/ t= DO/D'O. Show that 


ayst = 3—-2(ex+ ytett) + (oy t xe + vt + ys + yt + at). 
E 929. Proposed by H. S. Shapiro, Massachusetts Institute of Technology 


Given three non-concurrent straight lines 1, J2, 13 in the plane. Let 7’; denote 
reflection in /; and set T=7,7273. Show that T? is a translation. 


E 930. Proposed by Gordon Ratsbeck, Bell Telephone Laboratories 
If 


(etn) = Dae, 


t=1 j=0 
show that 
= a1 — a3 + ag—--* 
> tan7! 7; = tan7} 
i=1 dg — Gg -+ dg — +s 
and 
a1+ Ag+ ap *: 
>> tanh-! 7; = tanh-? —————_—___—__ 


t=1 Qo + ag + a +-:> 
483 
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SOLUTIONS 
E 884 [1950, 264]. Correction 


The last sign in the quintic given in the note to the solution of this problem 
should be + instead of —. 


Necklace Permutations 


E 28 [1933, 175]. Proposed by H. D. Ruderman, Manhattan High School of 
Aviation Trades, New York, N. Y. 


Given m marbles of which m, are of a first color, mz: of a second color, m3 of a 
third color, and so on to m, of an n-th color, all arranged in a circle. Determine 
the number of different arrangements possible if we can start from any point 
and move in either direction around the circle. 


Solution by H. S. Grant, Rutgers University. This is essentially the problem 
of determining the number of “necklace” permutations, the solution to which 
appeared in On a formula for circular permutations, Mathematics Magazine, 
Jan.—Feb. 1950, pp. 133-136. If P denote the number of circular permutations, 
x the number of odd mi, j, k,l, - - - the subscripts for the odd m;, and the modi- 
fied Kronecker delta 6j,,... is defined as 1 when x is any one of a, 0, ¢,---, 
and as 0 otherwise (including the case in which there is no subscript), the 
formula is 


P/2 + do12[(m — 8; — 282) /2]!/2 T] [Omi — Sinr---)/2] b 
i=l 
The formula for P was found in the solution to Problem 519, National Mathe- 
matics Magazine, April 1944, pp. 276-287, and also in the solution to E 678 
[1946, 101]. This formula is given below, D denoting the greatest common di- 
visor of the m;’s, ¢(d) Euler’s ¢-function, and the summation is to be taken over 
all divisors d of D: 


P= (1/m) > o@ | (n/a) / TL onda) |. 


The reader is also referred to a paper by R. E. Allardice, On a problem in permu- 
tations, Proceedings of the Edinburgh Mathematical Society, vol. 8 (1890), pp. 
64-69. This problem had been suggested by Professor Chrystal. 

Also solved by Octave Levenspiel. 

For a special case of this problem see E 599 [1944, 472]. 


Lines Cutting Off One-third the Area of a Triangle 
E 774 [1947, 281]. Proposed by Norman Anning, Ann Arbor, Michigan 


Consider points on the median of a triangle. Through the centroid no straight 
line can be drawn which will cut off one-third of the area. Through a point four- 
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fifths of the distance from vertex to base, four such lines can be drawn. Find 
points on the median at which the number of possible lines changes. 


Solution by Vern Hoggatt, Oregon State College. The following solution is 
largely compounded from the partial results sent to the editor by Free Jamison 
and C. S. Ogilvy. It is a pleasure to acknowledge the assistance furnished by 
these results. 

Using oblique cartesian coordinates let the vertices A, B, C of the triangle 
be (0, 5), (a, 0), (0, 0). Choose the median through A and consider first a line 
that intersects the side to which the median is drawn and one of the other sides, 
say the y-axis. The equation of the chosen median is 


(1) x = (ab — ay)/2b6. 


The equation of the line passing through (az, 0) and (0, 0/37), and consequently 
cutting off one-third of the area, is 


(2) x = (arb — 3ar*y)/bd. 
The equation of another line cutting off one-third of the area is 
(3) x = (2arb — 3ar*y)/20. 


Solving (1) and (2) simultaneously we find y/d=(1—27r)/(1—6r7?), which 
has a maximum of (3—+/3)/6 when r=(3++/3)/6. As r varies from 1/2 to 
(3+4/3)/6 to 1, y/b varies from 0 to (3—+/3)/6 to 1/5. Thus, if z is the frac- 
tional part of the median from the vertex to the intersection of (1) and (2), we 
have z=1—y/b, and for z= (3+-+/3)/6 there is one line, for (3-+4+/3)/6<2S4/5 
there are two lines, and for 4/5<zS1 there is one line. The same results may be 
obtained by letting the line intersect the third side of the triangle, whence the 
above number of lines under each condition is to be doubled. 

Solving (1) and (3) simultaneously we find y/b=(1—2r)/(1—37?), which is 
a single-valued function of 7 with no turning-point maximum or minimum be- 
tween 7=2/3 and r=1. The end-point minimum at r=1 gives y/b=1/2, and 
r=2/3 gives y/b=1. Thus for 0S2S1/2 there are two lines. 

Now choose another oblique cartesian frame of reference so that the vertices 
A, B, C are represented by (0, 0), (c, 0), (0, 6). The equation of the median 
through A is now 


(4) x = cy/b, 

and we have, for lines analogous to lines (2) and (3), 
(2’) x = (crb — 3cr*y)/d, 

(3’) x = (2erb — 3cr*y)/20. 


We now have z=2y/b. 
Solving (4) and (2’) simultaneously we find 2y/b =2r/(1+-3r?), which has a 
maximum of +/3/3 at r=1+/3/3, since 7 must be non-negative. At r=1 and 
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r=1/3, 2y/b=1/2, and consequently at s=+/3/3 there is one line, and for 
1/2 S$2S/3/3 there are two lines. The lines corresponding to z=1/2 are the 
same as those found previously. 

Solving (4) and (3’) simultaneously we find 2y/b=4r(2 +37"), which has a 
maximum of »/6/3 at r= +/6/3 and has a value of 4/5 atr=1 and r=2/3. So we 
may conclude that for s=+/6/3 there is one line, and for 4/5<zS+/6/3 there 
are two lines. The lines corresponding to z=4/5 are the same as those found 
previously. 

Combining results we have: 


value of zg number of lines 


0OS2< 73/3 
z= /3/3 
/3/3 <2 < (3+ V/3)/6 
z= (3+ /3)/6 
(3 + V3)/6 <2 < 6/3 
/6/3 
/6/3 <2 81 
Also solved by W. E. Brooke, Free Jamison, Roger Lessard, C. S. Ogilvy, 
and Prasert Na Nagara. Most of these solutions were incomplete. 
Jamison pointed out that an interesting allied problem would be to deter- 


mine through what part of the area of a triangle it is impossible to draw a line 
which will cut off one-third of the area of the triangle. 


2 
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The Generalized Steiner-Lehmus Problem 
E 863 [1949, 263]. Proposed by W. O. Pennell, Exeter, N. H. 


Ifa>0, B>0,a+8<7,0<k<1,then a= £ isa necessary and sufficient con- 
dition for 


sin a sin (ka + 8) = sin B sin (kB + a). 


III. Solution by D. J. Price, University of Malaya, Singapore. Set 6= (a+) /2 
and ¢=(a—)/2 and substitute in the equation. One obtains 


sin (0 + ¢) sin [(1 + &)@ — (1 — &)¢] = sin (6 — 4) sin [(1 + 2)0 + (1 — 2)e] 
which simplifies readily to 

sin (1 + k)@ cos (1 — k)d cos #9 sing = cos (1 + &)6 sin (1 — &)d sin 6 cos ¢. 
One trivial solution, 6 =0, is excluded by the condition 0<@<7/2. On the other 


hand —7/2<@<7/2, and therefore there is a solution ¢=0, ora=. Apart from 
these we must have 


[tan (1 + k)0]/tan 9 = [tan (1 — &)¢|/tan . 
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Now the expression on the right can take only values in the range 0 to 1—kR, 
whereas that on the left must lie outside the range 0 to 1+. These ranges can- 
not overlap, within the imposed limits, and therefore no non-trivial solution is 
possible. 

Note: The two previous solutions [1950, 37] contain oversights. Solution I 
is invalidated because the equation is not an identity for all k within the given 
range. It must be shown that no values of k are possible for there to be any solu- 
tion other than a=8. | 

In solution II the expression (k-+2)(8+-a)/2 can exceed 7, thus making the 
left side of the final equation positive, and removing the contradiction used in 
the proof. 


Space Analogue of a Theorem by Reynolds 
E 894 [1949, 691]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let perpendiculars through vertex A of tetrahedron ABCD to the faces ABC, 
ACD, ADB cut the circumsphere of ABCD in B’, C’, D’ respectively. Show that 
the volumes of the polyhedra A-B’C’D’-B, A-B'C'D’-C, A-B’'C'D’-D are equal 
to that of ABCD. 


Editorial Note. In the above problem the proposer intended to extend to the 
tetrahedron a property of the triangle given by B. Reynolds, Nouvelles Annales 
de Mathématiques, 1884, question 1501, p. 494. The analogy, however, is incor- 
rect. A correct analogy, subsequently pointed out by the proposer, is to draw 
perpendiculars to the edges AB, AC, AD of the tetrahedron to meet the circumsphere 
again in B’, C’, D’ respectively. Then the volumes of the polyhedra A-B'C'D'-B, 
A-B'C'D'-C, A-B'C'D'-D are equal to that of the given tetrahedron. To establish 
this it suffices to observe that B’, C’, D’ are diametrically opposite B, C, D, re- 
spectively, and triangles BCD, B’C’D’ are congruent and in parallel planes. 

A generalization of the corrected analogy is suggested by taking B’, C’, D’ as 
the reflections of B, C, D in an arbitrary given point P. For example, P may be 
taken as the center of a quadric surface circumscribing ABCD, and the above 
analogy is then the case where the quadric surface is the circumsphere of ABCD. 

Although the problem as originally stated is not true in general, it is certainly 
true if the tetrahedron ABCD is trirectangular at A. 


A Congruence Related to Wilson’s Theorem 
E 896 [1950, 34]. Proposed by F. J. Duarte, Caracas, Venezuela 
If » is an odd prime show that 
[1-3-5--- (p — 2)|? = (—1)+*)/? (mod 9). 
Solution by Kirk Stewart, College of Puget Sound. Since 
1-3-5-++ (p — 2) = (1 — p)(3 — p) ++ (—4)(—2), (mod 9) 
it follows that 
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[1-3-5 +++ (p — 2)]? = (1)(—2)(3)(—4) «+ (P-— DL #) 
= (p — 1)!(—1)®-9? (mod 9). 


But, by Wilson’s theorem, 
(p — 1)! = — 1 (mod 9), 
so that 
[1-3-5 +++ (p — 2))? = (—1)(—1)@-Y = (-1) PF (mod 9). 


Also solved by A. W. Boldyreff, J. L. Brenner, D. H. Browne, B. B. Gresham, 
F. D. Grogan, B. F. Hadnot, H. T. LaBorde, H. E. Lee, Roger Lessard, Prasert 
Na Nagara, L. C. Mathewson, G. W. Medlin, Ingram Olkin, L. A. Ringenberg, 
Alex Rosenberg, P. J. Schillo, N. C. Scholomiti, N. T. Seely, Jr., R. E. Shafer, 
E. P. Starke, Alfred Sylvester, Margaret Willerding, and R. V. Andree’s Num- 
ber Theory Class at the University of Oklahoma. 

M. S. Klamkin and J. D. Swift pointed out that this problem expresses a 
result due to C. F. Arndt, Archiv Math. Phys., 2, 1842, pp. 32, 34-35, and is 
also a special case of a formula due to M. Vecchi, Periodico di Mat., 16, 1901, 
pp. 22-24. See pp. 276-277 of Dickson’s History. 

Brenner also found the following related results: Let u be the number of 
quadratic non-residues of p between 1 and p/2 inclusive. If p is a prime of the 
form 8m—1, then 


1:3-5-+-+ (p — 2) = (—1)**" (mod 9), 
and if p is a prime of the form 8m—5, then 
1-3-5--- (6 — 2) = (—1)” (mod 9). 
Discarding Cards 
E 898 [1950, 34]. Proposed by N. S. Mendelsohn, University of Manitoba 


A pack of N cards is disposed of as follows. The top card is placed at the 
bottom of the deck, the next card is discarded, the third card is placed at the 
bottom, the fourth discarded, etc., this process being carried on until there is 
only one card left. Let f(V) be the position of this card, from the top, in the 
original arrangement of the deck. Prove that 


f(N) = 2N — QUog,Ni+1 4. 4, 
where [x] denotes, as usual, the largest integer not greater than x. 


Solution by Roger Lessard, Ecole Polytechnique, Montreal. When the selected 
card is on top there must be 2” cards in the pack, and conversely. This is easily 
seen from the fact that if we reverse the process, then for every card brought 
from bottom to top another card must first be brought in. Thus when the se- 
lected card makes a complete cycle the number of cards is doubled. 
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Now let there be 27S N <2”*! cards in the pack. The selected card will first 
come on top when NV —2” cards have been discarded to bring the pack down to 
2”, and the same number of cards have gone to the bottom. As 2(V— 2") cards 
have been taken from the top, the position of the selected card at the beginning 
was then 


f(N) = 2(N — 2")+ 1 = 2N — 241 4+ 1. 


But ~ Slog, N<un+1, whence x= [log, N], and the theorem is established. 
Note that if N=aia2 - - - a,in the scale of 2, a,=1, then f(.V) =aad3 - «+ a,a1. 
Also solved by Prasert Na Nagara, P. J. Schillo, N. C. Scholomiti, N. T. 

Seely, Jr., and the proposer. 


Edttorial Note. What is the solution to the corresponding problem where 
every rth card is discarded ? It would seem to depend on the solution of the dif- 
ference equation 


f(N) = r+ f(V — 1), mod VX, 


where f(1) =1 and 0</f(NV) SN. Does any theory exist for such types of differ- 
ence equations? 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITED By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposer, of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4405. Proposed by Paul Erdis, Princeton University 


Let x1, %2, - + - be a sequence of real numbers, x,;>c>0. We assume that 
they approach all their limit points from below. Then, for any A, there is only a 
finite number of solutions of the equation 


ioe) 
A= > QEXk; 
k=1 


where the a; are positive integers. 
A special case occurs if 0<x,<xe<--+:. 
The case x, = 1—2-* was communicated to the Proposer by R. A. Rosenbaum. 
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4406. Proposed by H. J. Zimmerberg, Rutgers University 
Show that the most general linear differential equation 


n 


2d. 4[p(x) Diy = f(x), 

i=0 
where p(x) is of class C’ and the a; are constants with a,0, which is reducible 
to the case of constant coefficients by a transformation of the independent vari- 
able is the generalized form of Euler’s equation, wherein p(x) is linear in x. 


4407. Proposed by N. A. Court, University of Oklahoma 


If four conics are circumscribed about the faces of a tetrahedron (T) in such 
a way that at each vertex of (7) the three tangents to the three conics passing 
through that vertex are coplanar, then the four conics lie on a quadric surface. 


4408. Proposed by M. R. Spiegel, Rensselaer Polytechnic Institute 


Prove that (1) is positive or negative according as the integer 7 is even 


or odd. 
4409. Proposed by Fritz Herzog, Michigan State College 


Given a power series f(x) =aix-+-a2x?+a3x3+ + - - with real coefficients. It is 
assumed that at least one of the coefficients a,, n= 2, is different from zero and 
that the radius of convergence R is positive or infinite. Show that there exist 
constants un, O<u,<R, such that >)n(—1)"un converges but >-n( —1)"f(un) 
diverges. 

SOLUTIONS 


A Circle Configuration 
4313 [1948, 505]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Two perpendicular chords AB, CD of a circle (OQ) intersect at a point P in- 
side the circle. There are eight circles (O1), (Oz), (Os), (O4), (Or ), (Oz ), (O28), (OZ) 
tangent to both chords and also to the circle (O), the first four exteriorly, the 
last four interiorly, and such that (O;) and (O/ ) lie in opposite quadrants formed 
by the given chords. (1) The sum of the squares of the distances 0:0/ , 0.04, 
O303 , O40’ is independent of the position of P, and the products (0107 )(0;04 ) 
and (O20:')(O.0/) are equal. (2) The radical axes of the circles (01), (O/), 
(O3), (Og ) taken in pairs and those of the circles (Oz), (Oz), (Os), (O/) taken in 
pairs, intersect one another in thirty-six points of which twelve are on the circle 
(O), four of these coinciding with the vertices of the square whose diagonals are 
parallel to AB and CD. 

Solution by the Proposer.* We choose a rectangular codrdinate system Oxy 
so that the equation of APB is y=yo, and that of CPD is x=xo, with 0<x? 
+y¢<r?, where 7 is the radius of circle (0). Let also 7; and r{ be the radii of 


* Translated and condensed by W. E. Byrne, Virginia Military Institute. 
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circles (O;) and (O/ ), and let their centers be O;: (x:, y;) and O/ : (x/, y/). To fix 
the figure in mind suppose that under the auxiliary coérdinate system PX Y 
with 


w= a+ (X-VyvV2, y= yt (X4+ Y)/V2, 
the X Y coérdinates of O1, Oo, Oz, Os, O, Oo', Os, Os are: 


0,nV2), — (r2V2,0), 0, ~reV8), (rev, 0), 
(0, -ri v2), (—r7¢ V2, 0), (0, r3 V2), (71 V2, 0). 
To determine, for example, (%2, ye) and 72, we have 
to = Xo — Xo, ro = V2 — Yo, te + 9 = (r+ rs) . 
Elimination of x, and ye gives a quadratic whose positive root is 
ry = 1 — Bo — ot V2[r? — (xo + yo)r + Hoyo]. 
Similarly, 
r= to — yo tr t+ V2[r? + (%0 — yor — Xoyo], 
ri = —Ho + yo — 7+ V2[7? + (a0 — y0)r — xoyol, 
ry = ty + yo — r+ V2[r? — (40 + yor + xoyol. 


The calculations for the other circles are of the same type. From them we obtain 


0,07 = 16[r? + (0 — ya)r — xoyol, 
Ont = 16[r? — (x0 + yo)r + xoyol, 
= 16[r? — (x0 — yo)r — aoyol, 

0.0L = 16/7? + (x9 + yo)r + xoyol. 


Hence we have 
0:01 + 0.01 + 0,02 + 0,07 = 647’, 
which is independent of the position of P, and 
Or01 0x08 = 256(r' — x)(r — yo) = 0001 0,01. 


For the second part of the problem it is convenient to designate by L(1, 1’), 
L(1, 3), L(2, 4), etc., the radical axes of the corresponding pairs of circles. 
There are six radical axes for the circles (Oz), (Os), (Oz), (Od) taken in pairs 
and six radical axes for the circles (01), (O3), (Oi), (Os) taken in pairs. Their 
intersections give 36 points. A clue as to how to match them to obtain the 
twelve points on (O) may be had by considering the limiting case where P coin- 
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cides with O, as the figure is simple to sketch and continuity enables us to re- 
duce the number of calculations. 

We find that Z(1, 1’), £(3, 3’), Z(2, 2’), L(4, 4’) meet in the vertices of a 
square inscribed in (Q), which is also true for P coincident with O. The remain- 
ing eight points cited as being on (QO) are obtained from the two sets: 


L(2,4), = £(2", 4’), £1, 3’), L(1’, 3); 
L(2', 4), L(2, 4"), Li, 3), LCi’, 3’). 


To save space a process of verification is indicated without giving the details 
of all the calculations. To find, for example, the intersection of Z(1, 1’) and 
L(2, 2’) we note the equations 


L£(1, 1‘): VY = (n — ri{)/2/2, 
L(2, 2’): X = (rg — rd )/24/2, 


which, with the values for the radii as previously given, show that the intersec- 
tion (X, Y) is (0, 7). 
Also solved by Joseph Langr. 


Editortal Note. The Proposer notes that the analogous proposition for three 
dimensional space is true, using a sphere with three mutually perpendicular 
planes through an interior point. Langr refers to a previous solution of his, 
published in Mathesis, VIII, 1908, question 1660, p. 173. 


Area Within Simple Closed Plane Curve 
4320 [1948, 641]. Proposed by V. F. Ivanoff, San Francisco 


Let f(s, 6) =0 be the intrinsic equation of a simple closed curve; s is the length 
of arc of the curve, measured from a fixed point Po to any point P, and ¢ is the 
angle between the tangent lines at P and Po. Find the area enclosed by the curve. 


Solution by Mary Payne, Michigan State College. Construct a Cartesian co- 
ordinate system with the origin at Po, x-axis in the direction of the slope of the 
curve at Po, and y-axis directed so that s is measured from FP» in the direction 
of the positive x-axis. Then ¢ is numerically equal to the inclination of the tan- 
gent. Let us take ¢, however, to be the angle between the tangent directed in 
the direction of increasing s and the positive x-axis. Then ¢ will take on all values 
between 0 and 27. We regard f(s, 6) =0 as being solved for 6=@(s). 

Now we take a rectangular strip parallel to the x-axis and between the y-axis 
and a point on the curve at a distance s from the origin (measured along the 
curve). The base of this strip is /§ cos @(#)dé, and the altitude is sin @(s)ds. Hence 


the total area is 
L 8 
f sin $(s) | J Cos (at | ds, 
0 0 


where L is the total length of the curve. 
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The correctness of this formula is obvious for a curve which is always con- 
vex, and nearly obvious if any line parallel to the x-axis intersects the curve in 
at most two points. If, however, a line parallel to the x-axis intersects the curve 
in more than two points, the interpretation of ¢ given above is necessary to 
make the formula true. The area will be positive if ¢ >0 for small s and negative 
if 6 <0 for small s. 

Also solved by C. S. Ogilvy and the Proposer. 


Editorial Note. Ogilvy obtained the formula 


1 
7 f {sing f cos dds — cos d f sin ds ds, 
8 


which is a direct consequence of the familiar theorem 


1 
A= = | (say — ydx). 
2Js5 


Divisibility in a Sequence of Integers 
4330 [1949, 40]. Proposed by Paul Erdés, Syracuse University 


Let a1<a2< +--+ bean infinite sequence of integers. Prove that there exists 
either an infinite subsequence in which no integer divides another or an infinite 
subsequence where each integer is a multiple of the preceding one. 


I. Solution by R. S. Lehman, Stanford University. In the given sequence con- 
sider all integers each of which divides no other integer in the sequence. If the 
number of these is infinite, they are the required subsequence having the prop- 
erty that no member divides any other. If they are finite in number, remove 
them and all of their divisors from the sequence. The remaining integers will 
then form an infinite sequence in which each integer divides at least one other 
in the sequence. From this sequence we can select an infinite subsequence in 
which each integer divides the following. If d, is chosen to be an integer in the 
subsequence, we can select any multiple of b, appearing in the sequence to be 


byt. 


IT. Solution by G. A. Hedlund, Yale University. C. Visser (Proceedings of the 
Royal Academy of Amsterdam, 1937, p. 359) has proved the following theorem: 
Let there be given an infinite sequence of arbitrary elements. Suppose that in every 
infinite subsequence there exists at least one system of n different elements that has a 
certain property P. Then there exists an infinite subsequence in which every system 
of n different elements has the property P. 

To solve the proposed problem, suppose that in every infinite subsequence of 
the given sequence of integers a1<a,< - - - some integer divides some other. 
Apply Visser’s Theorem with ~ =2 and with two integers said to have property 
P if and only if one divides the other. We infer that there must exist a subse- 
quence such that each 0; divides 0,41. 
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III. Solution by R. C. Buck, University of Wisconsin. The proposed conclu- 
sion follows at once from a simple result of lattice theory. The positive integers 
form a lattice Z under divisibility. A subset S of Z is called free if no distinct 
pair of elements of S is ordered. Rephrasing the proposed problem, we must 
show that any infinite subset A of Z contains either an infinite chain or an in- 
finite free subset. This is true of any partially ordered infinite set A in which 
the set of all elements below any element is finite. The proof is as follows. Sup- 
pose that A has no infinite free subset. Choose any maximal free subset Ao of A. 
This is a finite set, and every other element of A is above or below some element 
of Ao. Hence, there is an element ao of Ao such that infinitely many elements of 
A lie above it. From these, choose a maximal free subset A; this is again finite, 
and contains an element a; above which are infinitely many elements of A. 
Proceeding thus, we generate an infinite chain ap<ai< - 

Also solved by Harley Flanders, John Kelly, Burnett Meyer, and N. L. 
Rabinovitch. 


RECENT PUBLICATIONS 


EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 115th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Assoctation. 


Intermediate Algebra for Colleges. By P. R. Rider. The Macmillan Company, New 
York, 1949. 10-+242 pages. $2.75. 


In the preface the author states, “This book is designed for college students 
who have had one year of high school algebra. It is considerably simpler than 
Rider’s College Algebra, but the methods of presenting the material are those 
which have proved successful in that book. The explanations are set forth 
principally by the use of illustrative examples which bring out the principles 
involved. The student can follow these examples much more easily and with a 
better understanding than he can read more abstract discussions. If he works 
through them carefully he grasps the meaning of the underlying mathematics 
with greater facility. This is particularly true in an elementary course. 

“A summary is provided at the end of each chapter. It is hoped that these 
summaries will prove helpful to the student. 

“There is a liberal supply of carefully chosen exercises. These are not too 
difficult, yet some of them offer a challenge to the brighter student. Answers to 
the odd-numbered exercises are to be found at the back of the book, answers to 
the even-numbered are printed in a separate pamphlet.” 

The author has carried out his intentions very well. The definitions are care- 
fully stated, duly noting the restrictions. The illustrative examples are numer- 
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ous and well chosen, but perhaps the outstanding feature of the book is the 
wealth of well graded exercises, and the excellent and abundant collection of 
worded problems. The exercises at the end of the chapter on ratio, proportion, 
and variation are especially good. The summaries of definitions and procedures 
which appear at the end of each chapter should be very useful to the students. 

This reviewer would have welcomed an introductory chapter with a large 
selection of simple exercises on permutations, combinations, and probability. 
Such an addition would have enhanced the value of the book for pre-medical 
students, as well as have provided a use for the included chapter of five pages 
on the binomial formula. 

This carefully written book is undoubtedly one of the best in its field. The 
excellent printing and the balanced and uncrowded arrangement of the ma- 
terial on each page contributes greatly to the attractiveness of the book. 

K. C. SCHRAUT 


Techniques of Statistical Analysis. By the Statistical Research Group, Colum- 
bia University, Applied Mathematics Panel, Office of Scientific Research 
and Development. Edited by Churchill Eisenhart, M. W. Hastay, and W. A. 
Wallis. New York and London, McGraw-Hill Book Company, Inc., 1947. 
14+473 pages. $6.00. 


According to the preface, written by W. A. Wallis, Director of Research, the 
Statistical Research Group at Columbia University was organized July 1, 1942, 
and was disbanded soon after the end of the war. The senior scientific staff con- 
sisted of seventeen members and Wallis says that each of these, together with 
five members of the junior scientific staff, had an influence on the book. There- 
fore, the general excellence of the work is not surprising and it is difficult for 
this reviewer to find any points for criticism. 

In order to help the Army, Navy, Office of Scientific Research and Develop- 
ment, and others, with their statistical problems, it was necessary for various 
members of the Statistical Research Group to investigate the merits of existing 
statistical techniques and, in some cases, to develop new ones. This book serves 
as a record of a part of that work. Its complete title, Selected Techniques of Sta- 
tistical Analysis for Scientific and Industrial Research and Production and Man- 
agement Engineering, properly describes the nature of the volume and the areas 
in which it could be most useful. 

The seventeen thought-provoking chapters of the book were prepared by 
nine different authors. The chapters vary in length from eight to ninety-two 
pages and each treats a different topic. However, the book is surprisingly well 
unified because of exceptionally fine work by the editors and others responsible 
for its form. 

Each chapter is preceded by a table of contents and ended by a good list of 
references. Notation is uniform and care has been taken in recording its meaning. 
Figures and tables follow a uniform pattern. Early in each chapter there is a 
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description of the type of practical problem which might have given rise to the 
investigation under discussion and, in many of the chapters, there are detailed 
solutions for specific examples. The book closes with an unusually complete in- 
dex. No effort has been spared to put the content into as usable a form as pos- 
sible. 

The book has a few rather obvious misprints. The proof of one theorem (pp. 
409-10) seems faulty. This reviewer does not agree with the author of chapter 
three regarding the reason for the use of range in statistical quality control. 
However, these are minor matters and do not alter the reviewer’s opinion that 


this is an excellent book. 
E. G. OLpDs 


Solid Analytic Geometry. By Adrian Albert. New York, McGraw-Hill Book 
Company, Inc., 1949. 10+162 pages. $3.00. 


The author’s apparent chief aim in this book, namely, to present the study 
of analytical geometry of space by means of the theory of vectors and matrices 
is a laudable one. He begins the book by an exposition of vectors in m-space and 
obtains as consequences the usual formulas concerning lines and planes in 
ordinary space. In the third chapter he gives an elementary treatment of 
curves and surfaces, and this is followed in the fourth chapter by a brief treat- 
ment of spheres. The fifth chapter, which covers the usual discussion of quadric 
surfaces and their classification, is followed by a useful and elegantly written 
chapter on the theory of matrices which is necessary for the reading of the re- 
mainder of the book. This chapter treats solutions of systems of linear equations, 
the characteristic equation of an m-rowed square matrix, and the orthogonal 
reduction of a symmetric matrix. With this background an excellent presenta- 
tion of rotation of axes and the orthogonal reduction of a real quadratic form 
are afforded in the seventh chapter. 

Some of the material of Chapter 8 on spherical coordinates is novel for a 
textbook on solid geometry. It contains the development of formulas for paral- 
lax corrections in the spherical coordinates incident to translation of the 
rectangular axes. Planar rotations are named by the terms pitch, roll, or yaw 
according as the x, y, or 2 axis is left invariant in the rotation. A general rota- 
tion matrix is shown to be expressible as the product of a pitch matrix, a roll 
matrix, and a yaw matrix, and the relations of the elements of the rotation 
matrix to the angles of the planar rotations are given. Gnomonic projections 
and charts are treated in the remainder of the chapter. 

In the final chapter a brief discussion of projective geometry is given by the 
use of matrices. Besides consideration of invariant points, a concise and rigorous 
demonstration of the invariance of the cross ratio of four points under a projec- 
tive transformation is included. 

The reviewer is of the opinion that the chief fault of the volume, as a textbook 
on solid analytical geometry, lies in the paucity of stimulating problems on 
geometry. For instance, merely finding a sphere through four points is not much 
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fun, but arriving at necessary and sufficient conditions under which two circles 
lie on the same sphere, or working out the locus of the center of a sphere with 
one degree of freedom would afford more interest and information for the stu- 
dent. The triviality of many sets of exercises could be reduced by the introduc- 
tion of a few good problems which would require more of the student than 
mere substitution of numbers into formulas or routine computation. The word 
locus is not mentioned in the book. At least, it is not in the index! A set of 
answers to exercises is not supplied. 

The printing and format are excellent. The following errors or misprints 
were noticed. On page 27, the peculiar statement (a, b, c) =(0, 0, 0) appears. 
Read gz for ¢ in f(x, y, c) on page 32. On page 36, reference should be to (22) 
instead of (21). One should read “consisting of all points” on page 43. The x in 
the denominator in equations (2) on page 54 should be read as a. 

This is a useful addition which all teachers of solid analytical geometry 
should read and assimilate. Whether they should use it as a textbook depends 
upon their point of view. Certainly, the student can gain much valuable in- 
formation in algebra by use of the book. 

C. E. SPRINGER 


On the Theory of Stochastic Processes and Their A pplication to the Theory of Cos- 
mic Radiation. By N. Arley, New York, Wiley, 1949. 240 pages. $5.00. 


Let x«(¢) be for each time ¢20 a random variable which can take on only in- 
tegral values. Suppose that the (conditional) probability of a transition from m 
at timer ton at time s>r is thesameas the conditional probability of this transi- 
tion if x(¢) is also prescribed at times before 7. In physical language we speak of a 
system which at time ¢ is in some state denoted by an integer x(¢); the system 
jumps from state to state; the distribution of states after a given jump depends 
on the state just before the jump, but not on previous states. Analytically the 
process is determined by the probability pnan(r, s) of a jump to state m at time s 
from the state m at time r. If P(r, s) is the matrix of these transition probabili- 
ties itis shown that P(r, t) = P(r, s)P(s, t) ifr<s<t, and this functional equation 
dominates the analytical work. 

Processes of this type have been applied in many ways in recent years. For 
example x(t) can be taken to be the number of radioactive disintegrations of 
atoms of some substance that have occurred between times 0 and #; x(¢) can be 
taken as the number of individuals (say bacteria or elementary physical par- 
ticles) at time ¢ in a population which grows by fission as modified perhaps by 
deaths; x(¢) can be taken as the fortune (in dollars) at time ¢ of a stock market 
speculator or the salary (in cents) at time ?# of a university professor. In each case 
of course the situation must be analyzed to check the appropriateness of the 
mathematical model. 

The matrix A(s) with @mn(s) =(0/0t) P(s, t) (for t=s) has a simple physical 
interpretation; dm,(s)ds is for mn the probability at time s of a transition from 
m ton in time ds and 1+dmmn(s)ds is the probability of remaining at m. In many 
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applications the matrix A(s) is known from theoretical considerations or can be 
estimated from observations, and the transition probabilities P(s, ¢) can then be 
determined, for example, by solving the system of differential equations 


Op(s, t 
LSP = = AP, 1 
Os 
in s for fixed ¢, or the system 
Op(s, t 
oot = P(s, AC) 


in ¢ for fixed s. In both cases the initial conditions are determined by the fact 
that A(r, r) should be the identity matrix. 

The author gives a survey of these stochastic processes, examining in detail 
the best known special cases: the Poisson process in which only jumps from m to 
m-+1 are possible and Qmm4i(s) =const.; the birth process suggested by individ- 
uals dividing independently of each other at random times into pairs which then 
further divide, and so on, so that the number of individuals at time ¢ can again 
only jump from m to m-+1, and @nm41= const. m; the Polya process, which con- 
tains both of these as special cases, and for which again only jumps from m to 
m-+1 are possible with Qmm41(s) =A(1+0m/1+ Nt) where d and ) are preassigned 
constants. Multi-dimensional processes, in which x(t) is a vector, are also dis- 
cussed. 

The strictly mathematical section occupies only about one third of the book. 
The rest of the book contains the application of these stochastic processes to 
cosmic ray cascade showers, in which moving elementary particles generate 
other particles in the course of their motion, the new particles generate more, and 
so on, until the process dies out as the particles lose energy. Several stochastic 
models of this process have been proposed, all of the type described above. The 
author analyzes these models and proposes another, together with a computa- 
tional technique. The difficulty of the problem is increased by the fact that only 
the crudely unrealistic models lend themselves to easy numerical computation. 

This is not the place to evaluate the author’s contribution to physics, even 
if the reviewer were qualified to do so. In any event, the book, which is the 
author’s doctor’s thesis, contains a useful discussion of special stochastic process- 
es of the type described above (Markov processes with a finite or enumerable 
state space). These processes arise in many applications, and most of the mate- 
rial on them has not been readily available. The book’s coverage of these process- 
es is not exhaustive, and does not claim to be. The stress is on the application 


to the cascade problem. 
J. L. Doos 


Correction. In the May, 1950, issue of this MONTHLY the number of pages in 
Plane and Spherical Trigonometry by M. Richardson was erroneously given as 
15-+138 pp. It should have read 15+343 pages. 


CLUBS AND ALLIED ACTIVITIES 
EDITED By L, F. OLLMaAnn, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS 1948-1949 
Mathematics Club, Oberlin College 


The Mathematics Club of Oberlin College had a very successful year, the 
high spots of which were the Christmas Party and the Annual Banquet. In- 
corporated into the program were several talks by various professors, outside 
the Mathematics Department, on the importance of mathematics in their re- 
spective fields. The speakers and their topics were: 

Mathematics and logic, by Joseph Solomon 

Magic squares, by Benson Scheff 

Paper-folding geometry, by Anne Johnson 

Micro-wave optics, by Prof. Wade Ellis 

Unicursal curves, by Marjorie Ireland 

Poincare’s model of hyperbolic geometry, by Robert Keesey 

Mathematical molecules, by Prof. J. A. Campbell 

Seventeen-sided polygon, by William Cook 

Nine-point circle, by Janet Brown 

Transformations and topology, by Emery Thomas 

Mathematical calculators, by Jeanne Taylor 

Theory of finite groups, by William Kossler 

The golden section, by Patricia Mott. 

Prof. F. W. Reed of Ohio University spoke on the topic of Linear sines and 
cosines at the Annual Banquet. 

The officers during the year 1948-49 were: President, Emery Thomas; Vice- 
president, Joseph Solomon; Secretary-Treasurer, Evelyn Schmidt and Benson 
Scheff; Social Chairman, Anne Johnson; Publicity Chairman, Jeanne Taylor; 
Faculty Advisor, Prof. R. W. Wagner. 


Kappa Mu Epsilon, Washburn Municipal University 


The Kansas Delta Chapter of Kappa Mu Epsilon meets regularly on the 
second Thursday of each month. Some of the special topics during the school 
years were: 

Some famous problems in mathematics, by Prof. G. B. Price 

The part that Kappa Mu Epsilon may play in the rehabilitation of patients at 
Winter General Hospital, by Dr. H. H. Wagenheim, of the Menninger Founda- 
tion 

Probability, by Mr. T. D. McAdam 

Logic and finite geometry, by Mr. K. E. Lake 

Some inequalities, by Dr. Robert Schatten 
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An Initiation Dinner and other social meetings were held during the year. 

In April, the Kansas Delta Chapter was host to the National Biennial Con- 
vention of Kappa Mu Epsilon held in Topeka. 

The officers for the school years 1949-50 are: President, L. L. Johnson; 
Vice-president, Mary McCullough; Secretary, Donna Lee Simmons; Treasurer, 
Steve Powell; Sponsor, Miss Laura Z. Greene; Corresponding Secretary, Miss 
Margaret E. Martinson. 


Mathematics Club, Queens College 


Papers presented to the Queens College Mathematics Club during 1948-49 
were: 

Quaternions, by Prof. J. M. Feld 

Statics in n-space, Prof. Leon Cohen 

Surfaces, By Nick Roescher 

Fields and differential fields, by Prof. H. W. Raudenbush, Jr. 

Words, by Miss Jean Hirsh. 

Officers for last term were: President, Nick Rescher; Vice-president, Ger- 
trude Nissenbaum; Secretary, Dolores Lehrman; Sponsor, Mr. A. B. Brown. 


The Mathematics and Physics Club, College of St. Thomas 


Papers presented to the Mathematics and Physics Club of the College of St. 
Thomas during the year 1949-50 included: 

Topology, by Dr. G. K. Kalisch, Professor of Mathematics, University of 
Minnesota 

Energy production in the stars, by Dr. G. Blass, Professor of Physics 

Effects of the atom bomb on human beings, by Dr. J. Ryan, Chief of Medicine, 
St. Joseph’s Hospital, St. Paul, Minnesota. 

Other activities of the Club included attendance at a meeting of the Mendel 
Forum Club, of St. Catherine’s College, at which Mr. F. A. Gifford, Meteorolo- 
gist at Northwest Airlines, spoke on The effect of climate on certain aspects of 
human life. 

A number of films were also shown during the year. 

The officers for the year 1949-50 are: President, Stephen Dickenson; Vice- 
president, Richard Zemlin; Secretary, Clarence Germain; Treasurer, Marcus 
McEllistrem; Moderator, Dr. Laurence Sheridan. 


Pi Mu Epsilon, Carnegie Institute of Technology 


Some of the papers presented at the monthly meetings of the Pennsylvania 
Epstlon Chapter of Pt Mu Epsilon during 1948-49 were: 

Classical problems in geometry, by Prof. J. H. Neelley. 

Complex numbers and quaternions, by Visiting Professor F. D. Murnaghan of 
Carnegie Institute of Technology and Professor at the Istituto Technico Aero- 
nautica of Brasil. 

Science and art in the Italian renaissance, by Visiting Professor Enrico Bom- 
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piani of the University of Pittsburgh and Professor at the University of Rome. 

Mathematical logic, by Visiting Professor E. R. Lorch of Carnegie Institute of 
Technology and Professor at Columbia University. 

At the annual banquet, thirty-seven persons were initiated, of which thir- 
teen were undergraduates, eight were graduates, and sixteen were faculty mem- 
bers. 

The officers for 1949-50 are: Director, R. C. DiPrima; Vice-Director, D.H. 
Shaffer; Secretary; W. H. Warner; Treasurer, F. B. Smith; Faculty Adviser, 
Prof. J. B. Rosenbach; Executive Committee, Richard Cutkosky, Robert Mc- 
Kelvey, and William Simon. 


Mathematics Club, Collinsville, Illinois, Township High School 


Titles of talks given before the Collinsville Township High School Mathe- 
matics Club include: 

Transfinite numbers—a discussion of infinity, by Dick Stowe 

Ancient methods of multiplication, by Dorothy Keck 

Solutions of some problems from the Stanford University Mathematics Competi- 
tion for high schools, by Don Bitzer 

Euler’s totient, by Mel Lieberstein 

Some mathematical puzzles and jokes, by Fred Malone 

The four-color problem and its extension to the torus, by George Rupprecht 

The use of mathematics in music, by Earl Cooley. 

The Club sponsors a “Problem of the Week” bulletin board and has suc- 
ceeded in getting the entire school interested in many of the problems proposed 
there. It also sponsors weekly chess nights. 

The officers are: President, Douglas Phillips; Vice-president, Ivan Vurgener; 
Secretary, Ethel Rowland; Sponsor, Mel Lieberstein. 


Mathematics Club, University of Dayton 


Biweekly meetings were held at which members of the Club presented the 
following papers: 

The exact value of p1, by Daniel J. Groszewski 

The history and computation of p1, by Robert Hennessey 

The application of differential equations in chemical kinetics, by George 
Moon 

Interpolation, by Thomas Riney 

The solution of a right triangle without the aid of trigonometric tables, by 
George Oberer 

The set of trrational numbers, by Demetrius Zonars 

The mechanics of impact, Richard Segers 

The paradox and tts place, by Donald Moore 

Methods of summation by the calculus of finite differences, by Thomas Beckert 

Mathematical probability applied to games of chance, by Richard Bieden- 
bender. 
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Faculty papers presented during the year were: 

Potnts of intersection of concentric circles, by Dr. K. C. Schraut 

How much does a can of tomatoes weigh?, by Prof. C. G. Peckham 

Continued fractions and matrices, by Prof. J. S. Frame of Michigan State 
College. | 

Several excursions were taken to the University of Cincinnati and the club 
was host to the Annual Colloquium of the National Mathematics Honor Society 
for Secondary Schools. 

Dr. Frame spoke at the annual dinner at which time an award was given to 
Thomas Beckert for having presented the most interesting paper during the 
second term. 

Officers during the year were: President, George Moon; Vice-President, John 
Quinlisk; Secretary, Joseph Schell; Treasurer, Jorge Nunez; Publicity Secretary, 
Richard Segers and Robert Hennessey. 


Kappa Mu Epsilon, Kansas (Pittsburg) State Teachers College 


Kansas Alpha chapter of Kappa Mu Epsilon held four open meetings at 
which the following talks were presented: 

Mathematics and civilization, by Prof. J. A. G. Shirk 

Inevitability of scientific discovery, by Norval Phillips 

Development of commercial mathematics, by Mary Morrison 

Reports of Kappa Mu Epsilon conveniton, by Everett Ard and James Helmert 

Report of National Council meeting, by Helen Kriegsman. 

A combined meeting with the Physical Science Club was held for viewing in- 
dustrial films on the Production and uses of electric power, and on Special uses of 
glass tn electric insulation. 

Three Kappa Mu Epsilon keys were awarded to the three seniors making the 
highest scholastic record in mathematics. They were awarded to Norval Phil- 
lips, Mary Dell Morrison, and James Pike. 

Officers for 1948-49 were: President, Norval Phillips; Vice-President, Ever- 
ett Ard; Secretary, Mary Dell Morrison; Treasurer, William Sellers; Corre- 
sponding Secretary, Prof. J. A. G. Shirk; Faculty Sponsor, Dr. R. G. Smith. 


NEWS AND NOTICES 


EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news tiems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submiited at least two months before publication can take place. 


PRELIMINARY ACTUARIAL EXAMINATIONS, PRIZE AWARDS 
The winners of the prize awards offered by the Society of Actuaries to the 
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nine undergraduates ranking highest on the score of Part 2 of the 1950 Prelim- 
inary Actuarial Examinations are as follows: 

First Prize of $200 

Mattuck, Arthur P., Swarthmore College 

Additional Prizes of $100 

Dempster, Arthur P., University of Toronto 
Haslam, M. Brent, The University of Buffalo 
Hudek, Paul R., University of Minnesota 

Jamieson, J. Rae, University of Toronto 

Leff, Milton M., The University of Western Ontario 
Milnor, John W., Princeton University 

Reynolds, William F., College of the Holy Cross 
Walter, John R., University of Toronto 

The Society of Actuaries has authorized a similar set of nine prizes for the 
1951 examinations on Part 2. 

The Preliminary Actuarial Examinations consist of the following three ex- 
aminations: 

Part 1. Language Aptitude Examination. 

(Reading comprehension, meaning of words and word relationships, 
antonyms, and verbal reasoning.) 

Part 2. General Mathematics Examination. 

(Algebra, trigonometry, coordinate geometry, differential and inte- 
gral calculus.) 

Part 3. Special Mathematics Examination 

(Finite differences, probability and statistics.) 

The 1951 Preliminary Actuarial Examinations will be prepared by the Edu- 
cational Testing Service and will be administered by the Society of Actuaries at 
centers throughout the United States and Canada on May 18, 1951. The closing 
date for applications is March 15, 1951. 

Detailed information concerning the Examinations can be obtained from: 
The Society of Actuaries, 208 South LaSalle Street, Chicago 4, Illinois. 


FIRST NATIONAL CONGRESS OF APPLIED MECHANICS 


The First National Congress of Applied Mechanics will be held on June 11- 
16, 1951, at Illinois Institute of Technology, Chicago, Illinois. The general chair- 
man of the Congress is Professor L. H. Donnell of Illinois Institute of 
Technology. 

Papers for presentation at the Congress must be submitted before April 14, 
1951, and should constitute original research in applied mechanics, which in- 
cludes kinematics, dynamics, vibrations, waves, mechanical properties of ma- 
terials and failure; stress analysis elasticity, plasticity; fluid mechanics; thermo- 
dynamics. Papers should not be longer than 5,000 words. They will be grouped 
by subject and one half hour will be allotted for presentation and discussion of 
each paper. 
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PERSONAL ITEMS 


The John Simon Guggenheim Memorial Foundation has granted awards in 
mathematics to the following: Dr. J. H. Bigelow, Institute for Advanced Study; 
Professor Samuel Eilenberg, Columbia University; Associate Professor N. E. 
Steenrod, Princeton University; Dr. R. P. Boas, Jr., executive editor of Mathe- 
matical Reviews, Cambridge, Massachusetts; and Associate Professor Philip 
Hartman, Johns Hopkins University. 

Mr. C. J. A. Halberg, Jr., who has been an instructor in mathematics during 
the past year at Pomona College, has been awarded the Honnold Fellowship by 
Pomona College. 

Professor S. B. Jackson of the University of Maryland represented the Asso- 
ciation at the Conference on Cultural and Educational Relations with Japan 
held at Washington on May 25, 1950, under the auspices of the Commission on 
the Occupied Areas. 

Alabama Polytechnic Institute announces the following: Assistant Professor 
J. C. Eaves, University of Alabama, has been appointed to an associate pro- 
fessorship; Dr. Ernest Ikenberry of Louisiana State University, Dr. Nathaniel 
Macon of the University of North Carolina, Dr. A. J. Owens, University of 
Florida, and Dr. W. A. Rutledge, University of Tennessee, have been appointed 
to assistant professorships; Mr. H. W. Burnette and Mr. R. K. Butz of the 
University of Georgia, Mr. J. G. Cox, Alabama Polytechnic Institute, and Mr. 
V. E. Dietrich, Purdue University, have been appointed to instructorships. 

Colorado College makes the following announcements: Professor W. V. 
Lovitt, head of the Department of Mathematics has retired; Assistant Professor 
J. S. Leech of the University of Chicago has been appointed Professor of Mathe- 
matics and Head of the Department of Mathematics. 

Denison University reports: Professor F. B. Wiley, chairman of the Depart- 
ment of Mathematics, has retired with the title of Professor Emeritus and has 
accepted the position of Chairman of the Mathematics Department of Ashland 
College; Associate Professor Chosaburo Kato has been promoted to the position 
of Professor and Chairman of the Department of Mathematics; Assistant Pro- 
fessor Marion Wetzel has been promoted to an associate professorship. 

De Paul University announces: Dr. John DeCicco of Illinois Institute of 
Technology has been appointed Professor and Chairman of the Department of 
Mathematics; Dr. W. B. Caton, Washington State College, has been appointed 
to an assistant professorship. 

Oberlin College announces the following: Assistant Professor Wade Ellis and 
Assistant Professor E. P. Vance, chairman of the Department of Mathematics, 
have been promoted to associate professorships. 

At Pratt Institute: Mr. F. S. Beckman and Mr. R. J. Kohlmeyer have been 
promoted to assistant professorships. 

Reed College and Swarthmore College announce the following exchange of 
professors: Professor R. A. Rosenbaum of Reed College will be a member of the 
faculty of Swarthmore College during the year 1950-1951 and Assistant Pro- 
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fessor P. W. Carruth of Swarthmore College will join the faculty of Reed Col- 
lege for the year. 

Rutgers University announces the following promotions: Associate Profes- 
sors H. S. Grant, E. R. Ott, M. S. Robertson to professorships; Assistant Profes- 
sor C. R. Phelps to an associate professorship; Dr. R. M. Cohn to an assistant 
professorship. 

University of Arizona announces the following appointments: Dr. D. G. 
Duncan, University of Michigan, and Dr. L. E. Payne, Iowa State College, to 
assistant professorships; Mr. B. R. Cato, Jr. of Duke University and Mr. V. A. 
Kramer, University of Chicago, to instructorships. 

At the University of Delaware: Professor G. C. Webber has been promoted 
to the position of Chairman of the Department of Mathematics; Assistant Pro- 
fessor R. F. Jackson has been promoted to an associate professorship. 

Mr. M. R. Bates of Union College has accepted a position as mathematician 
at the Bell Aircraft Company, Buffalo, New York. 

Dr. R. P. Boas, Jr., executive editor of Mathematical Reviews, has been ap- 
pointed to a professorship at Northwestern University. 

Assistant Professor H. K. Brown of Northeastern University has been pro- 
moted to the position of Associate Professor of Mechanical Engineering and has 
been appointed Director of Engineering Graduate Study. 

Professor Lamberto Cesari is on leave from the University of Bologna and 
has been appointed to a visiting professorship at Purdue University. 

Associate Professor C. H. Denbow of the United States Naval Postgraduate 
School has been appointed to a professorship at Ohio University. 

Professor Nat Edmonson, Jr., of Johns Hopkins University has a position now 
with the Fairchild Engine and Aircraft Corporation, Oak Ridge, Tennessee. 

Mr. G. W. Evans, II, of New York University has accepted a permanent 
position with the Argonne National Laboratory, Chicago, Illinois, as an associ- 
ate mathematician. 

Professor William Feller of Cornell University has been appointed Eugene 
Higgins Professor of Mathematics at Princeton University. 

Dr. Sze-tsen Hu has been appointed to an assistant professorship at Tulane 
University; during the academic year 1950-1951 he will be on leave of absence 
and will be a member of the Institute for Advanced Study. 

Associate Professor F. Burton Jones of the University of Texas has been 
appointed to a professorship at the University of North Carolina. 

Professor E. S. Kennedy of the American University of Beirut, Lebanon, is 
on leave and has accepted a Rockefeller Fellowship at the Institute for Advanced 
Study. 

Professor W. I. Layton of State Teachers College, Frostburg, Maryland, has 
been appointed Head of the Department of Mathematics of Stephen F. Austin 
State Teachers College, Nacogdoches, Texas. 

Professor J. C. C. McKinsey of Oklahoma Agricultural and Mechanical 
College has accepted a position as mathematician at the Rand Corporation, 
Santa Monica, California. 
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Professor L. L. Merrill of Clarkson College of Technology has been pro- 
moted to the position of Chairman of the Department of Mathematics; he is 
also serving as a consultant for the Stromberg Carlson Company, Rochester, 
New York. 

Miss Elsie C. Muller has been appointed to an instructorship at LaSalle- 
Peru Township High School and Junior College, LaSalle, Illinois. 

Dr. J. H. Mulligan, Jr., of Allen D. DuMont Laboratories, Inc. has been 
appointed to an assistant professorship of electrical engineering at New York 
University. 

Professor W. R. Murray of Franklin and Marshall College has been ap- 
pointed to an associate professorship at Wagner College. 

Associate Professor Ivan Niven of the University of Oregon has been pro- 
moted to a professorship. 

Assistant Professor G. G. Roberts of Berea College has been promoted to an 
associate professorship. 

Professor J. B. Rosenbach, assistant head of the Department of Mathe- 
matics, Carnegie Institute of Technology, has been promoted to the position of 
Head of the Department of Mathematics. 

Professor A. C. Schaeffer of Purdue University has been appointed to a pro- 
fessorship at the University of Wisconsin. 

Mr. D. J. Smith of the University of Notre Dame has accepted a position 
with the Royal-Liverpool Group of Insurance Companies, New York, New 
York. 

Mrs. Dorothy M. Stone of Manchester, England, has been appointed Mary 
Whiton Calkins Visiting Professor of Mathematics at Wellesley College for the 
year 1950-1951. 

Mr. H. J. Vandort is now Assistant Rector, Grace Episcopal Church, Grand 
Rapids, Michigan. 

‘Professor Abraham Wald, chairman of the Department of Mathematical 
Statistics, Columbia University, gave a series of lectures on the theory of sta- 
tistical decision functions at the Naval Ordnance Test Station, April 3-7, 1950. 

Dr. J. V. Wehausen has been appointed Executive Editor of Mathematical 
Reviews. 

Professor R. L. Wilder of the University of Michigan was visiting lecturer 
at the University of Oregon for the week May 15-20, 1950. 


Professor Constantin Carathéodory of Munich, Germany, died February 2, 
1950. 

Mr. B. H. Lowe of the University of Akron died on April 24, 1950. 

Professor Raleigh Schorling, University of Michigan, died on April 22, 1950. 

Professor J. A. G. Shirk of Kansas State Teachers College died April 15, 
1950. He was a charter member of the Association. 

Mr. G. M. V. Tryon of Fenton, Michigan, died May 1, 1950. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for a three- 
year term beginning July 1, 1950 by a mail vote of the membership of the Asso- 
ciation in the Sections indicated: 


Illinois 

Iowa 

Louisiana- Mississippi 

Maryland-District of 
Columbia-Virginia G. R. CLEMENTs, U.S. Naval Academy 

Michigan J. S. FRAME, Michigan State College 

R 


A. E. GAuLT, Bradley University 
E. N. OBERG, University of Iowa 
T. A. BICKERSTAFF, University of Mississippi 


Minnesota . H. CAMERON, University of Minnesota 
Philadelphia G. E. Raynor, Lehigh University 
Southern California C. G. JAEGER, Pomona College 

Texas E. H. Hanson, North Texas State College 


Great interest is shown by our members in these elections for Sectional Gov- 
ernors. In eight of the nine Sections more than half of those eligible to vote cast 
their votes in time to be counted. The highest percentage of votes cast was 70 
per cent in the Louisiana-Mississippi Section. 

It should also be noted that each vote is important in these elections. In the 
case of two Sections, the elected Governor received one more vote than the 
losing candidate. In the case of a third Section where there were more than two 
nominees, the winning candidate received two more votes than two other candi- 
dates who were tied for second place. 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing 119 persons have been elected to membership by the Board of Governors on 


applications duly certified: 


L. J. ABBEDUTO, Student, Illinois Institute of 
Technology, Chicago, III. 

WALTER ABRAMOWITZ, Student, Polytechnic In- 
stitute of Brooklyn, N. Y. 

R. L. ApEy, Student, Oregon State College, Cor- 
vallis, Ore. 

KANHAVALAL AGGARWAL, B.A.(Panjab) Pro- 
prietor, Messrs. Hariram Aggarwal & Sons, 
Majith Mandi, Amritsar, India 

A. N. AwEART, A.M.(Harvard) Instructor, 
West Virginia State College, Institute, 
W. Va. 

L. W. Axers, M.A.(Kansas) Asso. Profes- 
sor, Central Missouri College, Warrens- 
burg, Mo. 


W. H. Bar TEts, B.S. in E.E. (Michigan S.) As- 
sistant Electrical Engineer, Board of Water 
and Light Commission, Lansing, Mich. 

ALEXANDER BasiL, Student, Hofstra College, 
Hempstead, N. Y. 

D. C. BENson, Student, Pomona College, Clare- 
mont, Calif. 

Jonas BERARU, B.A.(U.C.L.A.) Research As- 
sistant, North American Aviation, Inc., 
Downey, Calif. 

GERALD BERMAN, M.A.(Toronto) Teaching 
Fellow, University of Toronto, Ont. 

A. F. Bernot, Student, Cooper Union, New 
York, N. Y. 
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C. C. BRAUNSCHWEIGER, Student, Alfred Uni- 
versity, N. Y. 

H. O. Bremer, B.A.(Hofstra) 46—21 156 
Street, Flushing, N.Y. | 

E. B. BripGrortH, A.B.(Duke) Grad. Stu- 
dent, University of Chicago, Ill. 

M. D. R. Brown, Student, University of Kan- 
sas, Lawrence, Kans. 

MARGUERITE A. Brown, Student, Carleton 
College, Northfield, Minn. 

C. N. CamMporraAno, B.S.(Rutgers) Grad. Stu- 
dent, Rutgers University, New Brunswick, 
N. J. 

Dorotuy I. CARPENTER, M.A. (Michigan) In- 
structor, Denison University, Granville, 
Ohio. 

R. E. Carroiit, M.S.(Illinois) Instructor, 
Emory University, Ga. 

B. R. Cato, Jr., A.M.(Duke) 2032 Greenway 
Avenue, Charlotte, N. C. 

I. J. CHErry, B.S.(Oregon S.C.) Grad. Stu- 
dent, Oregon State College, Corvallis, Ore. 

H. J. Cueston, Jr., M.A.(Maryland)  In- 
structor, Montgomery Junior College, 
Bethesda, Md. 

P. F. CLemens, M.A.(New York S.C.T., Al- 
bany) Instructor, Rensselaer Polytechnic 
Institute, Troy, N. Y. 

M. J. CLEVELAND, M.S.(Florida) Instructor, 
University of Florida, Gainesville, Fla. 

H. M. Cocuran, Col., U.S. A., 101 Miramonte 
Avenue, Palo Alto, Calif. 

D. A. DoncE, Student, University of Kansas, 
Lawrence, Kans. 

R. F. Duric, Student, Kent State University, 
Ohio. 

JaMEs EastcoTt, Student, McMaster Univer- 
sity, Hamilton, Ont. 

C. C. Fartu, Student, University of Kentucky, 
Lexington, Ky. 

H. M. FeLpMaN, Ph.D.(Washington U.)  Lec- 
turer, Washington University; Teacher, 
Board of Education, St. Louis, Mo. 

A. M. FrverHERM, M.S.(Iowa) Instructor, 
Iowa State College, Ames, Iowa. 

F. H. Fisuer, A.B.(Washington & Jefferson) 
Teaching Fellow, West Virginia Univer- 
sity, Morgantown, W. Va. 

W. L. Frank, Student, Illinois Institute of 
Technology, Chicago, Ill. 

R. F. GaBriEL, M.A.(Columbia) Instructor, 
St. Francis College, Brooklyn, N. Y. 
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W. V. Gamzon, M.A.(U.C.L.A.) Teacher, 
Washington Jr. High School, Long Beach, 
Calif. 

ROBERT GARFUNKEL, Student, Rutgers Uni- 
versity, New Brunswick, N. J. 

IstpORE GOLDMAN, B. of M.E. (Cooper Union) 
Mechanical Engineer, New York Naval 
Shipyard, Brooklyn, N. Y. 

W. T. GRAYBEAL, A.M. (North Carolina) Asst. 
Professor, Emory and Henry College, Em- 
ory, Va. 

J. E. Harstrom, M.A.(Minnesota) Instruc- 
tor, University of Minnesota, Duluth, 
Minn. 

W. C. Hamitton, Student, Oklahoma A. and 
M. College, Stillwater, Okla. 

J. B. Hansen, Student, Harvard University, 
Cambridge, Mass. 

L. H. Harris, Student, Polytechnic Institute of 
Brooklyn, N. Y. 

L. L. Hetms, Student, Bradley University, Pe- 
oria, Ill. 

N. K. Hersu, M.A.(Kansas) Instructor, Tu- 
lane University, New Orleans, La. 

R. J. Heyman, Student, Illinois Institute of 
Technology, Chicago, Ill. 

P. A. Htnricus, Student, Hofstra College, 
Hempstead, N. Y. 

R. V. Hoce, M.S.(U. of Iowa) Instructor, 
State University of Iowa, Iowa City, Iowa. 

N. C. Hoover, M.A.(Kansas) Instructor, 
Washburn Municipal University, Topeka, 
Kans. 

Davip Horwitz, Student, Illinois Institute of 
Technology, Chicago, Ill. 

L. N. Howarp, Student, Swarthmore College, 
Pa. 

EpwAarpD KEEGAN, B.S.(Kansas 8.T.C.) Grad. 
Student, Kansas State Teachers College, 
Pittsburg, Kans. 

R. A. KENNEDY, Student, Illinois Institute of 
Technology, Chicago, Ill. 

Don KirkHAM, Ph.D.(Columbia) Professor, 
Iowa State College, Ames, Iowa. 

J. D. E. Konuauser, B.S.(Penna. State) In- 
structor, Pennsylvania State College, State 
College, Pa. 

Jacop Korevaar, Ph.D.(Leiden) Visiting 
Lecturer, Purdue University, Lafayette, 
Ind. 

S. B. KRAMER, Student, Polytechnic Institute 
of Brooklyn, N. Y. 
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H. C. KRanzer, Student, New York Univer- 
sity, N. Y. 

K. E. LAKE, Student, Washburn University, 
Topeka, Kans. 

A. S. LEE, Jr., Student, Southern Methodist 
University, Dallas, Texas. 

FERNAND LEMAY, Student, Laval University, 
Quebec, P. Q. 

KENNETH LeEwis, B.P.(Toronto) Asst. Pro- 
fessor, University of Florida, Gainesvile, 
Fla. 

J. W. Linpsay, Instructor, Texas Technological 
College, Lubbock, Texas. 

DorotHy K. Looney, Student, Regis College, 
Weston, Mass. 

I. J. Lowe, Student, Cooper Union, New York, 
N. Y. 

A. W. Matt, A.B.(Clark) Instructor, St. 
Lawrence University, Canton, N. Y. 

A. P. Matruck, Student, Swarthmore College, 
Pa. 

C. H. McCatt, Jr., Student, George Wash- 
ington University, Washington, D. C. 


Jessie McLean, M.S.(Washington U.) 
Teacher, Harris Teachers College, St. 
Louis, Mo. 


K. W. McVoy, Jr., Student, Carleton College, 
Northfield, Minn. 

BERT MENDELSON, B.A.(Columbia) Grad. 
Assistant, University of Nebraska, Lin- 
coln, Nebr. 

R. J. MIHALEK, Student, Illinois Institute of 
Technology, Chicago, III. 

BENJAMIN MITTMAN, Student, Illinois Institute 
of Technology, Chicago, ITI. 

J. A. Moraes, M.A.(Florida) Instructor, 
University of Florida, Gainesville, Fla. 

J. H. MuLiican, JRr., Ph.D.(Columbia) Asst. 
Professor, New York University, N. Y. 

T. A. NEwrTon, B.S. (Colorado A.& M.) Grad. 
Student, University of Georgia, Athens, 
Ga. 

H. A. OsBorn, A.B.(Princeton) Teaching 
Assistant, Stanford University, Calif. 

A. J. Owens, M.S.(Iowa) Grad. Student, 
University of Florida, Gainesville, Fla. 

W. D. Paxton, Jr., Student, Pomona College, 
Claremont, Calif. 

A. F. Payton, Student, Rutgers University, 
New Brunswick, N. J. 

J. M. Prxe, B.S.(Kansas S.T.C.) Grad. Stu- 
dent, Kansas State Teachers College, Pitts- 
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burg, Kans. 

W. P. Rerp, Ph.D.(Pittsburgh) Asst. Pro- 
fessor, U. S. Air Force Institute of Tech- 
nology, Wright Field, Ohio. 

G. A. REILLY, B.S.(St. Mary’s) Clerk, Ameri- 
can Hospital and Life Insurance Co., San 
Antonio, Texas. 

T. L. REyNo tps, M.A.(North Carolina) Grad. 
Student and Part-time Instructor, Uni- 
versity of North Carolina, Chapel Hill, 
N. C. 

AupREY I. Ricuarps, M.A.(Columbia)  In- 
structor, Utica College, N. Y. 

W. J. Risster, A.M. (New Jersey S.T.C.) In- 
structor, State Teachers College, Frost- 
burg, Md. 

VirGINIA E. RosBerts, M.A.(Texas Tech.) 
Instructor, Texas Technological College, 
Lubbock, Texas. 

J. M. RoBertson, B.S.(Clemson) Part-time 
Instructor, University of Florida, Gaines- 
ville, Fla. 

SAUL RoseEN, Ph.D.(Pennsylvania) Asst. Pro- 
fessor, Drexel Institute of Technology, 
Philadelphia, Pa. 

D. T. Ross, Student, Oberlin College, Ohio. 

F. E. Ross, A.B.(Kentucky) Part-time In- 
structor, University of North Carolina, 
Chapel Hill, N. C. 

J. D. RUTLEDGE, Student, Swarthmore College, 
Pa. 

Mrs. RutH ScHOLTEN, M.A.(Drake) In- 
structor, South Dakota State College, 
Brookings, S. D. 

D. W. SEIBEL, B.S.(Denison) Grad. Assist- 
ant, Kent State University, Ohio. 

HAROLD SHNIAD, Ph.D.(U.C.L.A.)  Instruc- 
tor, University of Southern California, Los 
Angeles, Calif. 

L. G. SIGLER, Student, Oklahoma A. and M. 
College, Stillwater, Okla. 

SISTER AUGUSTINE Marta, Ph.D. (Fordham) 
Principal, The Mary Louis Academy High 
School, Jamaica, N. Y. 

SistER M. Irma, M.A.(Michigan) Instruc- 
tor, Siena Heights College, Adrian, Mich. 

W. R. SMYTHE, JR., Student, Rollins College, 
Winter Park, Fla. 

E. S. SPIEGELTHAL, Student, Washington 
Square College, New York University, 
N. Y. 

J. A. STANDERFER, B.A.(N. Texas S.C.) Grad. 
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Assistant, North Texas State College, Den- P. A. Waite, Ph.D.(Virginia) Asso. Profes- 


ton, Texas. sor, University of Southern California, Los 
C. E,. Stewart, Student, Illinois Institute of Angeles, Calif. 
Technology, Chicago, Ill. J. A. Wrison, M.S.(Case) Asst. Professor, 
R. “ Srewarn Mn (vale) cssistant Yale Baldwin-Wallace College, Berea, Ohio. 
niversity, INew Maven, Conn. _L. Wil Student. Wabash Coll Cc . 
E. O. Stroset, A.B.(Pennsylvania) Statis- J ordeille lad. cee OBE MON 
tician, United Nations, Lake Success, 


L. M. WINER, Student, Swarthmore College, 
N. Y. Pa 


E. A. Trapxa, A.B.(Rochester) Grad. In- 
structor, University of Rochester, N. Y. W. H. Winnis, Student, Iona College, New 
Rochelle, N. Y. 


GEORGE TROTZUK, Automobile Engineer, Chrys- ; 
ler Corporation, Detroit, Mich. HERBERT WOLF, M.A. (North Carolina) Grad, 
O. L. Wapxrns, Jr., B.E.E.(Florida) Elec- Student, University of North Carolina, 


tronic Scientist, White Sands Proving Chapel Hill, N. C. 
Grounds, Las Cruces, New Mexico. A. W. WoRTHAM, M.S. (Oklahoma A. & M.) 


R. E. Watters, B.A.(Akron) Grad. Student, Instructor, Oklahoma A. and M. College, 
Kent State University, Ohio. Stillwater, Okla. 

L. E. Warp, Jr., A.B. (California) Grad. Fel- F. M. Yanari, Student, George Pepperdine 
low, Tulane University, New Orleans, La. College, Los Angeles, Calif. 

BuRTON WENDROFF, Student, New York Uni- J. W. Younc, M.A.(Florida) Instructor, Uni- 
versity, N. Y. versity of Florida, Gainesville, Fla. 


JANUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The twelfth annual meeting of the Northern California Section of the Mathe- 
matical Association of America was held at the University of California, Berke- 
ley, on Saturday, January 28, 1950. Professor H. M. Bacon, Chairman of the 
Section, presided. 

The attendance was seventy-six including the following forty-seven members 
of the Association: H. A. Arnold, H. M. Bacon, G. A. Baker, T. J. Bass, Jr., 
Alice K. Bell, B. A. Bernstein, M. T. Bird, Elizabeth W. Brownell, A. C. 
Burdette, K. L. Cooke, M. A. Dernham, Brother Dominic, Roy Dubisch, Hazel 
E. Eggett, E. B. Eilertsen, G. C. Evans, E. A. Fay, S. A. Francis, C. M. Fulton, 
W. H. Gregory, W. R. Hanson, C. A. Hayes, Jr., Marjorie Ley Hoffman, Mary 
Thayer Huggins, D. W. Hullinghorst, Free Jamison, J. L. Kelley, Helena G. 
Kusick, D. H. Lehmer, Sophia McDonald, E. D. Miller, F. R. Morris, W. H. 
Myers, Andrewa Noble, C. D. Olds, George Polya, Edris Rahn, E. S. Robbins, 
E. B. Roessler, Kathyrn B. Rolfe, J. B. Rosser, Falka G. Sturges, Mary V. 
Sunseri, Irving Sussman, Edwin Tabor, L. A. Walker, A. R. Williams. 

At the business meeting the following officers were elected for the coming 
year: Chairman, S. A. Francis, San Mateo Junior College; Vice-Chairman, 
D. H. Lehmer, University of California, Berkeley; Secretary-Treasurer, E. B. 
Roessler, University of California, Davis; Representative on the California 
Journal of Secondary Education, Ruth G. Sumner, Oakland High School. 

By invitation of the Section, Professor A. W. Tucker of Princeton Univer- 
sity gave an address during the morning session. 

The program consisted of the following papers: 


1. On the birectangular quadrilateral, by Professor C. M. Fulton, University 
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of California, Davis. 


A complete set of formulas for a birectangular quadrilateral in hyperbolic plane geometry is 
obtained by a simple method. Using Cartesian coordinates, these formulas quite naturally lead to 
the familiar expressions for arc length and area. They also give the “slope,” —ctna=sech yDzy. 


2. The M.A. degree in mathematics as offered at San Jose State College, by 
Professor W. H. Myers, San Jose State College. 


A description of the content of this paper has been printed in this MONTHLY in the report of 
the March 1950 meeting of the Southern California Section of the Association. 


3. Let us teach guessing, by Professor George Pélya, Stanford University. 


It has been said very often, and certainly with good reasons, that teaching mathematics should 
be used as an opportunity to teach demonstrative reasoning. In the speaker’s opinion, teaching 
mathematics should also be used as an opportunity to teach plausible reasoning. Inductive reason- 
ing is a very important kind of plausible reasoning; (non-mathematical) induction means (roughly) 
guessing a general law from particular instances, and testing it by examining further particular in- 
stances. Many important mathematical results have been discovered by induction, especially in 
the theory of numbers. In his classes, the speaker tries, with appropriate suggestive questions, to 
make the students discover inductively the law by themselves. The speaker gave a practical dem- 
onstration of how this is done. 


4. Games of strategy, by Professor A. W. Tucker, Princeton University. 


Two persons play the following game a large number of times. Each chooses independently one 
of the ten numbers 1, 2, - - - , 10, and the two chosen numbers are then compared: the chooser of 
the higher number pays the chooser of the lower number one penny or vice versa, according as 
the difference between the numbers is odd or even—there being no payment if the numbers are the 
same. Problem: What long-run “strategy” should each player formulate to protect himself on the 
average against loss? Solution: Each should choose the nine numbers 1, 2, - - - , 9 at random with 
equal frequencies, and never choose 10. If the game is varied by making the payoff two pennies 
when the difference is even, it turns out that the optimal strategy consists in choosing 8, 9, 10 
(only) at random with relative frequencies 1:2:1. These are simple examples of two-person zero-sum 
games (see von Neumann and Morgenstern, The Theory of Games and Economic Behavior, Princeton, 
1943). The main theorem for such games is that there always exist optimal strategies for the two 
players, a strategy for the one player that maximizes his minimum expectation, and a strategy for 
the second player that minimizes his maximum risk, the max-min equaling the min-max. A proof 
of this fundamental theorem has recently been found within a direct extension of the algebra of 
simultaneous linear equations to simultaneous linear inequalities. 

Discussions for the general reader of economic and military implications of von Neumann’s 
theory of games have been given by Oskar Morgenstern in the Scientific American, May 1949, pp. 
22-25, and by John McDonald in Fortune, June 1949, pp. 100-110. Other references are: R. A. 
Fisher, Mathematical Gazette, 18 (1934), pp. 294-297; R. Bellman and D. Blackwell, Proceedings of 
the National Academy of Science, 35 (1949), pp. 600-605; and various authors, Annals of Mathe- 
matics Study No. 24 (1950). 

This paper arises from work conducted under Office of Naval Research Contracts at Prince- 
ton and Stanford Universities. 


5. Note on elementary function theory, by Professor J. L. Kelley, University 
of California, Berkeley. 
A proof of a form of the Cauchy theorem is given which, though precise, avoids topological 


assumptions. 
The basic lemma: If f has a continuous complex derivative in an open set G, and P, a func- 
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tion on the unit square with values in G, has piecewise continuous second partial derivatives, 


then: 


- J TPG, t) |P.(s, f)dt = f {¢'[P(s, 2) |Pu(s, )P.(s, 2) + f[P(s, t) Puls, ) } dt 


= f[P(s, ) Pals, #) - 


This lemma implies directly that deformation of a path p in a domain where f is analytic does 
not change the value of /, f(z)dz if either: (a) the end points of p are fixed under the deformation; 
or (b) the deformation is by means of closed curves. 

These two rules, together with the following obvious statement, are sufficient for all ordinary 
calculations with contour integrals. If p and q are paths, and the end point of p is the beginning 
point of g, and if pg is the path obtained by traversing first p and then q, then 


J Sleds = i fla)de + i fla)de. 


6. A classroom note, by Professor C. D. Olds, San Jose State College. 


The author discusses an interesting connection between E. T. Whittaker’s method for find- 
ing the roots of power series (see, for example, this MONTHLY, vol. 49, 1942, p. 462), and some of the 
recent modifications of Newton’s method (H. S. Wall, this MontTHLY, vol. 55, 1948, p. 90). In 
particular, the approximate formula given by Wall for finding the z-th root of a positive number 
is obtained directly from the first two terms of Whittaker’s formula. 


7. A slant on the problem of crossed ladders, by Professor H. A. Arnold, Uni- 
versity of California, Davis. 


Two ladders of lengths a and } connect the bases of parallel vertical walls, z units apart, with 
points at heights x and y on the opposite walls. They cross at height unity and at distance / from 
the “y wall.” It is required to find z. It is shown that 

l 1 y-tIl 
— = =; y—-e= Ph —ae=K; x+y = xy. 


Set x ty=4u, y—x=v. Then w4=1+(K?/256) (1/u*), a form suitable for computation by succes- 
sive substitutions. Finally, v=y —x = (¥?—x?)/(y+«) =K/4u, and x and y may be computed from 
uw and v. 

E. B. ROESSLER, Secretary 


MARCH MEETING OF THE MISSOURI SECTION 


The Missouri Section of the Mathematical Association of America met at 
Washington University in St. Louis on Friday afternoon, March 24, 1950, and 
Saturday morning, March 25, 1950. Professor G. W. Ewing presided at the 
Friday session, and Professor C. W. Mathews, Chairman of the Section, pre- 
sided at the Saturday session. 

Sixty persons were in attendance including the following thirty-four mem- 
bers of the association: F. L. Barrow, S. Louise Beasley, L. M. Blumenthal, E. 
W. Bold, S. S. Cairns, J. L. Collins, Mary L. Cummings, R. E. Ekstrom, G. M. 
Ewing, E. A. Goodhue, Franklin Haimo, F. F. Helton, I. I. Hirschman, Jr., C. 
A. Johnson, L. O. Jones, Lois Karr, R. E. Lee, Walter Leighton, Ella Martha, 
C. W. Mathews, Jr., R. R. Middlemiss, Marie A. Moore, R. M. Rankin, Francis 
Regan, P. R. Rider, Sister Mary Teresine, R. L. Snider, W. L. Stanley, W. J. 
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Thron, Choy-Tak Taam, W. R. Utz, Jr., W. A. Vezeau, Margaret F. Willer- 
ding, W. D. Williams. 

The following officers were elected for the coming year: Chairman, F. F. 
Helton, Central College; Vice-Chairman, L. O. Jones, William-Jewell College; 
Secretary-Treasurer, Margaret F. Willerding, Harris Teachers College. It was 
announced that the 1951 meeting will be held at Central College in the spring of 
1951. Following the Friday afternoon meeting, tea and coffee were served in the 
Lounge of the Women’s Building. 

The following papers were presented: 


1. The geometry of polyhedra, by Professor S. S. Cairns, University of Illi- 
nois. 


Professor Cairns was a guest speaker. His paper was expository, and contained a few simple 
and, for the most part, old results concerning the structure of polyhedra. Despite their simplicity, 
these results are not widely known, partly because they are out of the main current of traditional 
geometry, and partly because they are special cases of more general theorems, proved by relatively 
sophisticated methods. Some of the interest in them stems from the fact that they are denials of 
plausible statements. Thus, for example, no polyhedron exists with exactly seven edges, though 
all other numbers greater than five are possible. No polyhedron exists all of whose faces have more 
than five edges. If none of the faces of a polyhedron are triangular, then some vertex belongs to ex- 
actly three faces. No polyhedron has an odd number of odd-sided faces. These and related results 
were established by elementary arguments, well within the grasp of a high school student. 


2. Notes on Martin’s ergodic function, by Professor W. R. Utz, University of 
Missouri. 


This paper will be published in a subsequent issue of this MONTHLY. 


3. Symmeiry in four dimensions, by Mr. E. W. Bold, St. Louis University 


Basic ideas involving the geometry of four dimensions are explained, after which definitions 
concerning symmetry with respect to a point, line, plane, and hyperplane are considered. Theorems 
on symmetry in four dimensions are developed by methods of analysis situs. In particular, theorems 
on perpendicular and coincident elements, as well as those on parallel elements, are discussed. 


4. Hurwitz polynomials in engineering mathematics by Professor Herman 
Betz, University of Missouri, introduced by the Secretary. 

The purpose of this paper is to call attention to the great importance of Hurwitz polynomials 
in questions of stability arising from engineering problems. It is shown how the well known Hur- 


witz criteria or their equivalent may be obtained for those cases which engineers are mostly con- 
cerned with, using however, quite elementary methods which are well within the grasp of engineers, 


5. Distribution law of the product of two variables independently distributed in 
Pearson's type I laws, by Mr. John S. Hagen, St. Louis University, introduced 
by the Secretary. 

Two variables x and y are known to be independently distributed according to Pearson’s Type 
I laws. In the joint frequency function of x and y, the substitution y=Z/x is made, and the variable 
x is integrated out, giving a function of the product xy. The conditions under which the series in 
f(Z) is finite, the general appearance of the curve, and some of the properties of the functions, are 
discussed. 
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6. On quasi-analytic functions of analytic functions, by I. I. Hirschman, Jr., 
Washington University. 

In the theory of quasi-analytic functions it is sometimes necessary to obtain bounds on the 
derivatives of f[g(x) ] from bounds on the derivatives of f and g separately. Several theorems of this 


type are presented. It is shown in particular that if g is analytic, and if we possess information con- 
cerning the behavior of g(x) in the complex plane, then very precise estimates may be found. 


7. A method of untformizing grades, by Marlow Sholander, Washington 
University, introduced by the Secretary. 
The speaker presented a description of the method which has been used with some success at 


Washington University in multiple section mathematics courses, to reduce the probability that two 
students with different instructors receive grades incommensurate with their ability and effort. 


MARGARET F. WILLERDING, Secretary 


APRIL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The April meeting of the Metropolitan New York Section of the Mathe- 
matical Association of America was held at the City College of the College of 
the City of New York, New York, on Saturday, April 1, 1950. The Chairman 
of the Section, Professor B. P. Gill, introduced President Wright, and presided 
at the business meeting which preceded the afternoon session; the High School 
Vice-Chairman, Mr. Alan Wayne, presided at the morning session; the Col- 
legiate Vice-Chairman, Professor L. F.Ollmann, presided at the afternoon session. 

One hundred and ten persons attended the meeting, including the following 
sixty-seven members of the Association: M. W. Al-Dhahir, Brother Bernard 
Alfred, R. C. Archibald, F. C. Beckman, Samuel Borofsky, C. B. Boyer, Paul 
Brock, A. B. Brown, J. H. Bushey, J. J. Clark, T. F. Cope, W. H. H. Cowles, 
P. M. Curran, I. A. Dodes, J. N. Eastham, W. H. Fagerstrom, H. F. Fehr, 
B. P. Gill, G. C. Helme, A. J. Hoffman, E. Marie Hove, T. R. Humphreys, Solo- 
mon Hurwitz, L. C. Hutchinson, Alto C. Juelich, C. J. Kaufman, L. S. Kennison, 
G. A. Keyes, H. S. Kieval, R. J. Kohlmeyer, H. C. Kranzer, C. H. Lehmann, 
D. R. Lintvedt, E. R. Lorch, D. M. MacEwen, V. S. Mallory, D. May Hickey 
Maria, F. H. Miller, A. J. Mortola, D. S. Nathan, M. A. Nordgaard, Eugene 
Odin, C. S. Ogilvy, L. F. Ollmann, O. L. Phillips, W. L. Pickard, E. L. Post, 
Walter Prenowitz, J. J. Quinn, Moses Richardson, Selby Robinson, H. D. 
Ruderman, John Salerno, Abraham Schwartz, Aaron Shapiro, James Singer, 
M. G. Smith, C. G. Solky, E. P. Starke, Mildred M. Sullivan, Annita Tuller, H. E. 
Wahlert, Alan Wayne, W. W. Winnis, J. M. Wolfe, H. N. Wright, H. J. Zim- 
merberg. 

The following officers were elected for the coming year: Chairman, Brother 
Bernard Alfred, Manhattan College; Collegiate Vice-Chairman, James Singer, 
Brooklyn College; High School Vice-Chairman, I. A. Dodes, Stuyvesant High 
School; Secretary, H. S. Kieval, Brooklyn College; Treasurer, Aaron Shapiro, 
Midwood High School. Professor W. H. Fagerstrom, Chairman of the Com- 
mittee on Prizes and Awards, reported on the progress of the Committee and on 
the forthcoming High School Contest sponsored by the Section. Complete de- 
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tails of the contest will appear in this MONTHLY. 

Dr. H. N. Wright, President of The City College, welcomed the people at 
the meeting, and then the following papers were presented: 

1. What is mathematical functionality? by Dr. Barnett Rich, Richmond Hill 
High School (introduced by Mr. Alan Wayne). 


In this paper, the author condensed material contained in his dissertation, which pertained 
especially to the problems of what constitutes the domain of the subject matter of functionality, 
and how the basic concepts of functionality or relational variability may be applied to the teaching 
of mathematics, and utilized further in the teaching of science. The main points treated in the 
paper concern: (1) The use of a new symbol, namely €x), for the ratio of any two ordered values of 
a variable; (2) A comparison of the similarity of the uses of the new symbol €x) to those of A x; (3) 
The approach to functionality through the use of three-variable relationships of the simplest op- 
erational character, such as z=xy, z=x-+y, and z-+x"; (4) The emphasizing of sense change and 
variation in the teaching of both mathematics and science; (5) Continuity in the instruction of 
functionality from the elementary school to the college. 


2. Inequalities and convex bodies, by Professor E. R. Lorch, Columbia Uni- 
versity. 


Basic to the development of analysis are certain inequalities such as those of Cauchy-Schwartz, 
Holder, and the triangle inequality. The relation between inequalities and the theory of convex 
bodies has been known since the time of Minkowski. However, the classic theory merely has ex- 
istential force, and does not give methods for actual computation. This paper presents precise 
and analytically transparent methods for the derivation of all inequalities of this type. The pro- 
gram is based on a new definition of convexity in which the notions of differentiability, homo- 
geneity, definite quadratic form, and one-to-one transformation play a dominant role. It is shown 
that bodies which are convex in the classic sense may be approximated arbitrarily closely by those 
of our type. This circumstance makes it possible to reconsider every problem on convexity along 
lines in which these new techniques apply. 


3. What mathematics should a high school teacher know? by Professor H. F. 
Fehr, Teachers College, Columbia University. 


Teacher examinations in large cities demand a knowledge of advanced mathematics of little 
use in high school teaching. State certifications require from zero to twenty semester hours of math- 
ematics; college major requirements vary from eighteen to forty-six semester hours. Commission 
reports recommend study beyond the calculus and in the physical sciences. The changing purpose 
of high school instruction demands other mathematical knowledge than traditional preparatory 
mathematics. Beyond high school subjects the teacher must know analytic geometry, advanced 
algebra, the calculus, foundations of modern mathematics, and applications and the history of 
what he teaches. There is special need for professionalization of high school mathematics, that is, a 
study from an advanced view-point, and from many avenues of approach, of the high school 
content. The high school teacher must be a scholar within his field, not necessarily beyond it. 


4. What makes a good problem? by Professor E. P. Starke, Rutgers Uni- 
versity. 


Several possible characteristics of a “good” problem are proposed, discussed briefly, and 
illustrated by selections from the problem departments of this MONTHLY and other journals. A 
good problem meets one or more of the following requirements: it may extend old results or open 
up a new field of interest; it may be nicely adapted to develop facility and ingenuity for its solu- 
tion; it may force out into the open certain misunderstandings or inadequacies; it may have an 
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unexpected and surprising conclusion; it may require the invention of new methods of attack; or 
it may possess a wide range of appeal, perhaps through being dressed up in picturesque language. 
A real need exists for more good problems both for class practice and for the pages of the problem 
departments. 


5. Analog compuiers, by Mr. A. Goetz, Arma Corporation (introduced by 
Mr. Eugene Odin). 


The speaker stressed the role of the machine computer with regard to its utility in the solu- 
tion of present day problems. He classified the computers into several types, and chose the auto- 
matic electromagnetic analog computer for closer examination. The components of such a device 
were enumerated. A review of the operations of arithmetic, calculus, and function generation was 
made, and illustrations of various instrumentations of the operations of addition, subtraction, 


multiplication, division, differentiation, integration, and function generation were given. 
The speaker then developed the block diagram of a computer to solve the simple geometric 
problem of a plane triangle where two sides and the included angle are known and the length of 


the other side is required. 


The hope was expressed that the dissemination of information regarding the capabilities of 
the analog computer would result in its application in fields as yet unexplored. 


JAMES SINGER, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3—4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MountTaIn, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
ILLINOIS, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20-21, 
1951. 

KANSAS 

KENTUCKY, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
December 9, 1950. 

METROPOLITAN NEw YORK, Spring, 1951. 

MIcHIGAN, East Lansing, March 24, 1951. 

MINNESOTA, Duluth Branch of University of 
Minnesota, October 7, 1950. 

Missour!I, Central College, Fayette, Spring, 
1951. 

NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 

NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 


Ouro, April 21, 1951. 

OKLAHOMA, Oklahoma City, November 13, 
1950. 

Paciric NORTHWEST, State College of Wash- 
ington, Pullman, June 15, 1951. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocky Mountain, Colorado State College of 
Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and 
Peabody College, Nashville, Tennessee, 
March 16-17, 1951. 

SOUTHERN CALirorniA, Whittier College, Whit- 
tier, March 10, 1951. 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

Texas, Southern Methodist University, Dallas, 
Spring, 1951. 

UprER NEw York SraTE, Hamilton College, 
Clinton, Spring, 1951. 

WISCONSIN, Carroll College, Waukesha, May, 
1951. 


Distinguished Macmillan Texts 


PRIMER OF 
COLLEGE MATHEMATICS 


By John F. Randolph 


Representing a unification of College Algebra, Trigo- 
nometry and Analytical Geometry, this text has been 
enthusiastically received since its publication in the 
Spring. One professor says, ". . . my first reaction to 
the book is that it is the finest thing of its kind.’ Still 
another teacher reports that “this is an interesting and 
well-constructed text. The choice of material and the 
manner of presentation are discriminating and re- 
freshing in their divergence from the traditional.” 


$4.75 


A SHORT COURSE IN 
DIFFERENTIAL EQUATIONS 


By Earl D. Rainville 


“An excellent text written with interest and clarity 
of style... .”— numerous, well-chosen exercises’ —and 
“exceptionally clear’ are just a few reactions from pro- 
fessors who have used this book, Furnishing an intro- 
duction to the subject for those who have completed 
a course in calculus, the book places emphasis on the 
careful development and execution of methods for 
solving differential equations. $3.00 


PLANE AND SPHERICAL 
TRIGONOMETRY | 


By Moses Richardson 


This book presents a full treatment of plane and spheri- 
cal trigonometry adaptable to long or short courses 
with various emphases. Stress is laid on accurate expla- 
nations of fundamental concepts, and on reasonable 
justification and motivation of the techniques. One 
professor commented, ‘Standard information on the 
subject is presented from an unusual and illuminative 
point of view.’’—“‘It is excellent, both as a teaching 
text and a reference volume,” reported another 
teacher. $3.40 


Fhe Wacmuilan Company 60 Fifth Avenue 


New York 11, N.Y. 


by William L. Hart: 


ELEMENTS OF 
ANALYTIC 
GEOMETRY 


BRIEF TO TEACH AND BRIEF TO LEARN, 
this new Hart text offers a restricted core of 
content which is thorough and complete in ex- 
planations of theory, illustrative examples, and 
problem materials. For freshmen who have 
studied college algebra and trigonometry, this 
text provides the content in plane and solid 
analytic geometry which is essential as prepara- 
tion for calculus, and for the applications of 
analytic geometry itself in engineering, the 
physical sciences, and statistics. 


229 text pages $2.75 


D. C. HEATH AND COMPANY 


285 Columbus Avenue Boston 16 


Among the reviews and comments on 


CALCULUS 
By Lloyd L. Smail, Lehigh University 


“Mr Smail is to be recommended for the remarkable manner in which he 
accomplishes his purpose. Greater attention than usual has been applied to the 
care with which fundamental definitions are formulated. . . . It is the use of 
these well-drawn definitions and illustrations together with straightforwardness 
throughout the book that are the substance of Mr. Smail’s contribution to a 
subject that is flooded with literature already .. . 

“This book will logically find its primary use as a first course of instruction 
in Calculus since it treats all of the topics usually associated with such a course. 
It is equally suitable for use with liberal arts students and with students of 
science and engineering ... 

“Well-chosen sets of illustrative examples are included throughout the book 
to aid the student in improving his techniques and to test his understanding 
of the concepts discussed. An appendix containing formulas for use in differentia- 
tion and integration; formulas from algebra, geometry, and trigonometry; and 
numerical tables form a useful addition to the text material. All these factors 
in addition to the handsome cloth binding, very reasonably priced, make this a 
worthwhile volume to possess.”—Eugene M. Gettel, Yale Scientific Magazine 


Large 8vo 592 pages £4.50 
° 125th 


ANNIVERSARY 


_ 1825-1950 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street New York 1, New York 


Four Outstanding College Texts 
COLLEGE ALGEBRA ESSENTIALS OF PLANE 


Fulmer-Reynolds 


A short course notable for clear, concise 
presentation of fundamentals. Reviews 
elementary algebra; treats theory of equa- 
tions. Explains and illustrates at once all 
definitions and basic processes. Fresh, 
varied problems. 


ELEMENTS OF 
MATHEMATICAL ANALYSIS 


Urner-Orange 


Teaches college mathematics as a unified 
whole; introduces calculus early. Drills in 
algebraic techniques; shows need for 
analytic geometry; supplies all funda- 
mentals of trigonometry. Wide range of 
problems with practical applications. 


TRIGONOMETRY 
Rosenbach-W hitman-Moskovitz 


A brief course giving thorough knowledge 
of fundamentals and stressing essential 
processes. First teaches definitions, theor- 
ems and proofs; then supplies illustrative 
examples and problems. Unusually com- 
plete tables. 


DIFFERENTIAL EQUATIONS 
Powell-Wells 


A first course in solving elementary differ- 
ential equations. Presents general methods 
of solving with various special methods 
falling under the general headings. Many 
exercises and applications. 


Please Ask for Descriptive Circulars 


GINN AND COMPANY 


New York 11 Atlanta 8 Dallas 1 Columbus 16 


Toronto 5S 


Boston 17 Chicago 16 


San Francisco 3 


ALGEBRAIC CURVES 
by Robert J. Walker 


This book provides an introduction to the new methods in algebraic geometry 
which have been developed in the last 25 years, In presenting algebraic tech- 
niques, the underlying geometry is emphasized, thus aiding the beginning 
student of algebraic geometry. In order to minimize technical difficulties and 
concentrate on new ideas, the book considers only the theory of curves, but 
introduces generalizations to higher dimensions as exercises. The study 1s 
carried as far as the culmination of the classical theory in the theorem of 
Riemann-Roch. The first two chapters supply background knowledge of algebra 
and projective geometry; the remaining four cover the elementary theory 
of curves, their transformations, and their birational variants. 

216 pages $4.00 


No. 13, Princeton Mathematical Series 


FUNCTIONAL OPERATORS 
by John von Neumann 


VOLUME I: MEASURES AND INTEGRALS 
VOLUME II: GEOMETRY OR ORTHOGONAL SPACES 


Volumes I and II are a revised edition of lectures on operator theory given 
at the Institute for Advanced Study in 1937-1938. Volume I is introductory 
in character and gives an account of measure and integrator theory in a general 


form with a discussion of its main applications. 
In Volume II the author describes in detail the geometry of orthogonal 


spaces and gives an account of bounded operator theory. 


Nos. 22 & 23 in the Annals of Mathematics Studies 
Volume I, 261 pages, $3.50 
Volume Il, 107 pages, $2.25 


PRINCETON UNIVERSITY PRESS PRINCETON, N. J. 


By Dirk J. Struix, Px.D. 
Professor of Mathematics, 
Massachusetts Institute of Technology 


A new text for courses in differential geometry. 
Interesting historical notes and discussion of 
the literature of differential geometry are in- 
cluded. 

Unusually graphic illustrations aid student un- 
derstanding. 

Answers to problems, and hints for solution, are 
included in the text. 

New problems, not found in other books, are 
of unusual interest. 

Basic fundamentals are stressed and theorems 
are carefully stated. 


The concise presentation employs vector meth- 
ods and the discussion is lively and readable. 


CLASSI 


graduate level. 


June 1950 
c. 256 pp. 6” x 9” 104 illustrations, $6.00 


CAL MECHANICS 


By HERBERT GOLDSTEIN, PuH.D., Harvard University 


A new text for courses in mechanics on the senior- 


Fundamental aspects are emphasized and the 


May 1950 


c. 400 pp. 
6” x 9” 


80 illustrations 
$6.50 


SEND FOR YOUR EXAMINATION COPY TODAY! 


presentation is designed to furnish the student with 
classical mechanics in the formulations most appro- 
priate to the study of modern physics, especially 
quantum mechantes. 

Special attention is paid to the Poisson bracket 
formulation, since it is the first step in the formal 
development of quantum mechanics. 

An introduction is given to the variational prin- 
ciple formulation of the theory of classical fields, 
of great importance for the theory of elementary 
particles. 

Selected problems designed as extensions of the 
text discussion are included. 


ADDISON-WESLEY PRESS INC., Cambridge 42, Mass. 


PLANE AND SPHERIGAL TRIGONOMETRY, Rev. 
John A. Northcott, Columbia University 


“This is a well set-up text. I like .. . the efficient manner in 
which the author introduces the general angle and the funda- 
mental relations. The second chapter gives good drill on func- 
tions of special angles and continues in a smooth and natural 
way with the reduction of functions. The third chapter with 
its study of radian measure and its excellent graphical work 
is a delight .. .” Professor Julia Wells Bowen, Connecticut 
College 


234 pages plus 94 pages of tables, $3.50 
ALTERNATE EDITION WITHOUT TABLES $2.50 


FRESHMAN MATHEMATICS 


Slobin & Wilbur, revised by C. V. Newsom, Assistant 
Commissioner for Higher Education, New York State 


This book proposes to present algebra, trigonometry, and 
analytical geometry so that the student may have a real 
understanding of the fundamental principles and processes 
involved and of the values of these subjects vocationally and 
culturally. Special attention has been given to the readability 
of the material; text provides approximately 2500 graded 


problems. 559 pp., $5.00 


RINEHART MATHEMATICAL 
TABLES, FORMULAS, & CURVES 


Compiled by Harold Larsen, Albion College 


“This set of tables which is to serve as a handbook for mathe- 
matics students and for other computers in engineering, 
physics and allied fields, meets the demands and requirements 
for such work in more than satisfactory fashion.” AMERI- 
CAN MATHEMATICAL MONTHLY. 264 pp., $1.50. An 


alternate edition, containing tables only, is available at $1.00 


write for 
complimentary 
examination 
copies 


RINEHART 
& COMPANY 


232 madison ave. 


new york 16, n.y. 


COLLEGE TEXTS 


ADVANCED CALCULUS FOR ENGINEERS 


By Francis B. Hildebrand, Massachusetts Institute of Technology 


This new text offers the technical student a background of applied calculus essential 
to the understanding and appreciation of new developments in his field. The principal 
aim of the author is to present necessary facts and methods in an integrated 
manner. This helps the student discover facts through his own reasoning with a 
minimum of unimportant distractions. Questions of mathematical rigor in which 
the technical student has only academic concern are not unduly stressed. In those 
cases, however, where a rigorous proof is omitted, the result is precisely stated 
and limitations which are practically significant are emphasized. 


Published 1949 594 pages 5%" x BY)" 


COLLEGE ALGEBRA 


By Moses Richardson, Brooklyn College 


This popular tex? contains all the material of a traditional college algebra course, 
with some special features added. These include the introduction chapter on the 
number system of algebra, the work on interpolation and curve fitting, and a proof 
of the theorem on partial fractions. 


Rigorous proofs are used whenever possible. When this seems beyond the capacity 
of the student, it is clearly pointed out that the discussion presented does not 
constitute a proof. However, more proofs than are usuaily included are given 
correctly; only a few commonly incorrect ones are omitted. 


Flexible organization of material allows freedom in adapting the text to course 
needs, and sections which may be omitted without disturbing the continuity have 
been starred. 


Published 1947 472 pages 6" x 9” 


BASIC MATHEMATICS FOR 
GENERAL EDUCATION 


By H. C. Trimble, Frank C. Bolser, and Thomas L. Wade, Florida 
State University 


The unifying theme of this new book is that mathematics is a language for expressing 
certain sorts of ideas. The application of this language to many flelds is emphasized 
in an attempt to sell the beginning student on its importance for him. Discussions 
are limited to issues apt to be most interesting and useful to a college student. 
Essentials are thoroughly covered without wandering off into specialties of interest 
to only a few studenis. Questions and problems by chapters deal with applications 
in various fields. 


Published 1950 313 pages 5%" x 8%" 


Send for your copies today! 


PRENTICE-HALL, ING. 70 Firth AVENUE, NEW YORK 11, N.Y. 


FUNDAMENTALS OF THE CALCULUS 
By Donatp E. Ricumonp, Williams College. 233 pages, $3.00 


An excellent short text designed for freshman courses in calculus, The book enables the liberal 
arts student who elects one year of college mathematics to acquire some feeling for mathematical 
thinking by presenting the material with as much attention to logical clarity as possible. It also 
provides sufficient knowledge of the calculus to furnish an adequate background for courses in 
physics, using exponentials and trigonometric functions. 


CALCULUS AND ANALYTIC GEOMETRY 
By C. T. Hotmes, Bowdoin College. 416 pages, $4.75 


Designed for a combination course in which the concepts and techniques of the calculus are the 
main objectives. Although calculus is emphasized, the essentials of analytic geometry are pre- 
sented in sufficient detail for a subsequent major. The concept of integration is introduced early 
in the text. 


ELEMENTS OF ORDINARY DIFFERENTIAL EQUATIONS 
By Micuaet Gotoms and M. E. SHanxs, Purdue University. 356 pages, $3.50 


This new text is for use in the usual first course in differential equations, but also contains 
sufficient material to permit its use in a more advanced course or a full year course. The chief 
aim is to stimulate student imagination and at the same time to inculcate correct mathematical 
thinking. Many techniques not often found in textbooks are included. 


INTERNAL BALLISTICS OF ROCKETS 
By R. N. Wimprsss, Industrial Engineers, Inc., Los Angeles, California. 214 pages. $4.50 


In general most of the experimental data presented in this book is primarily concerned with the 
utilization of solventless-processed double-base smokeless powder in artillery rockets of relatively 
short burning time, although there is some information regarding motors of longer burning time 
(up to one minute) and those using other solid propellants. Ignition, nozzle design, heating of 
the motor walls, and testing methods are also covered. 


MATHEMATICS; QUEEN AND SERVANT OF SCIENCE 


By Ertc Tempre BELL, California Institute of Technology. In press 


This is the absorbing story of the developments in pure and applied mathematics from the 
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equal to a given value. 23, 69. 

JAMES, G. On the solution of al- 
gebraic equations with rational 
coefficients. 31, 283. 

GARVER, R. A reading list in the 
elementary theory of equations. 
40,77. 

STERNBERG, W. J. On polynomials 
with multiple roots. 52, 440. 

WaLLace, A. D. A theorem in 
elementary mathematics. 55, 639. 


ALGEBRAIC INVARIANTS 


and an application to evectants. 
11, 81, 108. 

TuHuRsToON, H. S. Jacobians of the 
seminvariants S; of a binary p-1c. 
40, 33. 


WALKER, L. C. Linear covariants 
of the binary, quadratic and 
cubic. 10, 259. 

GLENN, O. E. A method of trans- 
vection in the actual coefficients, 


ANALYSIS 


(Also see Calculus, Calculus of Variations, Complex Variable, Conformal Map- 
ping, Continuum, Differentiation, Differential Equations, ‘‘e’’, Functional Equa- 
tions, Functions, Indeterminate Forms, Infinite Products, Integral Equations, 
Integration, Limits, Maxima and Minima, Mean Value Theorem, Numbers—Irra- 
tionality and Transcendence of, Polynomials, Series, Variable—Definition of, 
Vectors.) 


Morse, M. What is analysis in the 
large? 49, 358. 


HILDEBRANDT, T. H. Outlines of 
research: general analysis. 32, 
344. 


APPLIED MATHEMATICS 


(Also see Artillery, Astronomy, Biology, Finance, Mechanics, Optics, Physics and 

Engineering, Social Science.) 

PuiLtuips, H. B. Applied mathe- 
matics. 50, 307. 

BuRINGTON, R. S. On the nature 
of applied mathematics. 56, 221. 


SYNGE, J. L. Postcards on applied 
mathematics. 46, 152. 

Fry, T. C. Industrial Mathematics. 
Supplement to 48. 


ARITHMETIC 
(Also see Algebra, Number Theory.) 
CuurcHu, A. Tests of divisibility by 
7, 13, and 17. 12, 102. 


McCu.tey, W. S. Note on criteria 
of divisibility. 47, 223. 


Divisibility, Tests for 


Heat, W. E. Some divisibility tests. 
4,171. 
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WAGNER, R. W. An application of 
the remainder theorem. 54, 106. 
Jones, P. S. The remainder theorem. 

54, 410. 


Division (Also see Greatest Common 


Divisor and Least Common 
Multiple.) 


ELLwoop, J. K. Remarks on divi- 
sion. J, 47. 

Jupson, C. H. Remark on division 
of concrete number. J, 68. 

SmITH, D. E. Note on Mr. EIl- 
wood’s remarks on division. J, 74. 

ELLwoop, J. K. More remarks on 
division. J, 116. 

BRADBURY, W. F. 
division.” 1, 248. 

MiILier, G. A. Dividing by zero. 
14, 49. 

KEMPNER, A. J. Concerning the 
smallest integer m/ divisible by a 
given integer 2. 25, 204. 

Curtiss, D. R. Solution of a prob- 
lem in skeleton division. 29, 211. 

Romic, H. G. Early history of divi- 
sion of zero. 31, 387. 

DepERICcK, L. S. ‘‘Long’’ division. 
33, 143. - 

Warp, M. A simplification of cer- 
tain problems in arithmetical 
division. 35, 9. 

Warp, M. A correction. 39, 28. 


“Remarks on 


Extraction of Roots (Also see Con- 
tinued Fractions.) 


KELLoGcG, A. N. Empirical formulae 
for approximate computation. 4, 
35. 

ALEY, R. J. A device for extracting 
the square root of certain surd 
quantities. 4, 204. 

Monsanto, J. M. Teorema. 6, 31. 

EmcyH, A. Two hydraulic methods 


to extract the mth root of any 
number. 8, 10. 

Jounson, A. C. The cube root of a 
binomial surd. 20, 307. 

James, G. A rapid method of ap- 
proximating arithmetic roots. 31, 
471, 

Barrow, D. F. On taking square 
roots of integers. 31, 482. 

LEHMER, D. H. On the use of the 
calculating machine for cube and 
fifth roots. 32, 377. 

LEHMER, D. H. A cross-division 
process and its application to the 
extraction of roots. 33, 198. 

DEDERICK, L. S. A modified method 
for cube roots and fifth roots. 33, 
469. 

UsPpENSKY, J. V. Note on the com- 
putation of roots. 34, 130. 

DUNKEL, O. A note on the computa- 
tion of arithmetic roots. 34, 366. 

Newton, R. F. A simple derivation 
of Hutton’s formula for the com- 
putation of roots. 34, 368. 

Roman, I. Calculation of numerical 
roots. 38, 320. 

KALBFELL, D. C. On a method for 
calculating square roots. 41, 504. 

Escott, E. B. Rapid method for 
extracting a square root. 44, 644. 

CRAWFORD, W. S. H. Square roots 
from a table of cosines. 50, 190. 


History of Arithmetic 


RIcHARDSON, L. J. Digital reckon- 
ing among the ancients. 23, 7. 
Cajori, F. Sexagesimal fractions 
among the Babylonians. 29, 8. 
THORNDIKE, L. The arithmetic of 

Jehan Adam, 1475 A.D. 33, 24. 
GaNpz, S. Did the Arabs know the 
Abacus? 34, 308. 
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Evans, G. W. The Greek idea of 
proportion. 34, 354. 

Datta, B. On the origin and de- 
velopment of the idea of “per 
cent.” 34, 530. 

GINSBURG, J. On the early history 
of the decimal point. 35, 347. 

Datta, B. The science of calcula- 
tion by the board. 35, 520. 

GANGuLI, S. The Indian origin of 
the modern place-value arith- 
metical “notation. 39, 251, 389; 
40, 25, 154. 


History of the Word ‘‘Root” 


GANDZ, S. On the origin of the term 
“root.” 33, 261. 

Datta, B. On méla, the Hindu term 
for “root.” 34, 420. 

Ma, C. C. The origin of the term 
“root”? in Chinese mathematics. 
35, 29. 

GaNpz, S. On the origin of the term 
‘“root.”’ Second article. 35, 67. 

Datta, B. On the origin of the 
Hindu terms for ‘‘root.’’ 38, 371. 


Large Numbers (Also see Instruments 
—Calculating Machines.) 


Dickson, L. E. On the factorization 
of large numbers. 15, 217. 

Unter, H.S. Multiplication of large 
numbers. 28, 447. 

LEHMER, D. N. On the multiplica- 


tion of large numbers. 30, 6/7. 

BALLANTINE, J. P. Note on the mul- 
tiplication of long decimals. 30, 
68. 
Tuomeson, D. W. On the multipli- 
cation of large numbers. 30, 69. 
VAN ORSTRAND, C. E. Note on cer- 
tain practical problems which re- 
quire the use of extended values 
of mathematical functions. 32, 
247. 

Leumer, D. H. Euclid’s algorithm 
for large numbers. 45, 227. 


Unclassified 


ELLwoop, J. K. Number and frac- 
tions. 3, 263. 

Harris, R. A. Numerals for sim- 
plifying addition. 12, 64. 

Cius Topic. Arithmetical prodi- 
gies. 25, 91. 

CLtus Topic. The 
P’an. 27, 180. 

BENNETT, A. A. Some arithmetic 
operations with transfinite or- 
dinals. 28, 427. 

VANHEE, L. The arithmetic classic 
of Hsia-Hou Yang. 31, 235. 

Forp, L. R. Fractions. 45, 586. 

BALLANTINE, J. P. Note on frac- 
tions. 46, 227. 

CuHapwick, W. B. On placing the 
last digit first. 48, 251. 


Chinese Suan 


ARTILLERY 


(Also see Mechanics—Trajectories.) 


WHITTEMORE, J. K. Firing data. 25, 
360. 

BuRINGTON, R. S. The mil as an 
angular unit and its importance 
to the Army. 48, 188. 


BurINGTON, R. S. Bibliography on 
artillery. 50, 404. 

WALKER, R. J. An artillery prob- 
lem. 54, 33. 
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ASTRONOMY 
(Also see Mechanics—Two Body Problem, Navigation.) 


GRIDLEY, A. L. The nebular hypoth- 
esis. 1, 224. 

DooLiTTLe, E. The construction of 
the sun’s path. 2, 223 

STONE, O. An elementary deriva- 
tion of the law of gravitation as 
applied to planetary motions. 2, 
301. 

Matz, F. P. Astronomical determi- 
nation of the time of Thales. 2, 
314. 

—— Note on the solar eclipse of 
May 28th. 7, 147. 

ZERR, G. B. M. A problem in as- 
tronomy. 3, 232. 

Matz, F. P. The radius of the ter- 
restrial spheroid. 8, 116. 

BEAL, W. O. A geometric interpreta- 
tion of the function F in hyper- 
bolic orbits, corresponding to that 
of the eccentric anomaly E in 
elliptic orbits. 20, 52. 


MacMiitian, W. D. The growth 
of the solar system. 26, 326. 

HENDERSON, A. Is the universe 
finite? 32, 213. 

Das, S. R. Coordinates used in 
Hindu astronomy. 35, 535. 

Das, S. R. The equation of time 
in Hindu astronomy. 35, 540. 

Hopkins, L. A. On the density of 
an oblate spheroidal planet and 
the motion of a satellite. 36, 465. 

RicHERT, D. H. A note pertaining 
to Kepler’s third law. 38, 521. 

Levi-Civira, T. The secular effect 
of tides on the motion of planetary 
systems. 41, 279. 

SIEGEL, C. L. On the modern de- 
velopment of celestial mechanics. 
48, 430. 

BUCHANAN, H. E. Some recent re- 
sults in the problem of three 
bodies. 45, 76. 


ASYMPTOTES 
(See Higher Plane Curves, Curve Tracing.) 


BIBLIOGRAPHY 


ALEY, R. J. Bibliography of the 
history of geometry; also a list of 
mathematical periodicals. J, 42. 

Haustep, G. B. Encyklopaedie der 
mathematischen wissenschaften. 6, 
7. 

HatsteD, G. B. The collected 
mathematical papers of Arthur 
,Cayley. 6, 59. 

NEwcomes, S. An account of Pro- 
fessor Runkle’s mathematical 
monthly. 10, 130. 

GOODSPEED, E. J. The Ayer papy- 
rus. 10, 133. 


YounGc, J. W. A. Concerning the 
bibliography of mathematics. 10, 
186. 

MILLeR, G. A. Library aids to 
mathematical study. 14, 193. 

HALSTED, G. B. Facsimile editions 
of John Bolyai’s science absolute 
of space. 17, 31. 

MiLuer, G. A. Some useful mathe- 
matical books beyond elementary 
calculus. 19, 63. 

MILLER, G. A. Mathematics in the 
New International Encyclopedia. 
24, 106. 
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BIOLOGY 


A list of mathematical books 
for schools and colleges. 24, 368. 

MILLER, G. A. The obsolete in 
mathematics. 24, 453. 

CLtusB Topic. The oldest mathe- 
matical work extant. 25, 36. 

MILLER, G. A. Mathematical en- 
cyclopedic dictionary. 25, 383. 

SmitH, D. E. The first work on 
mathematics printed in the new 
world. 28, 10. 

ANNING, N. Mathematical articles 
in encyclopedias. 28, 439. 

KaRPINSKI, L. C. The Ziwet col- 
lection. 28, 484. 

Cow _ey, E. B. An English text on 
mathematics written about 1810. 
30, 189. 

Dickson, L. E. Should book reviews 
be censored? 30, 252. 

Ertts, W. C. The ten most im- 
portant mathematical books in 
the world. 30, 318. 

SmitH, D. E. In the surnamed 
chosen chest. 32, 287, 393, 444. 
A suggested list of mathe- 

matical books for junior college 
libraries. 32, 462. 
Smi1TH, D. E. The twentieth anni- 


versary of ‘‘Scientia.”’ 34, 317. 

The  Rhind mathematical 
papyrus. 34, 445. 

SmiTH, D. E. A source book in the 
history of mathematics. 35, 280. 

SHENTON, W. F. The first English 
Euclid. 35, 505. 

The  Rhind 
papyrus. 36, 409. 

ARCHIBALD, R. C. New mathemat- 
ical periodicals. 38, 436; 39, 185. 

BELL, E. T. A suggestion regarding 
foreign languages in mathemat- 
ics. 40, 287. 

Readings in the literature on 

teaching with special references to 

mathematics. 42, 472. 

Books for clubs. 44, 656; 45, 
44; 45, 183; 45, 245; 45, 317; 45, 
385; 45, 688; 49, 117. 

CiLusB Topic. First printed mathe- 
matical books. 47, 108. 

A selected list of mathematics 

books for colleges. 48, 600. 

The Alien Book Republication 
Program. 51, 110. 

Hicains, T. J. Biographies and col- 
lected works of mathematicians. 
51, 433; 56, 310. 


mathematical 


BIOLOGY 


Rreep, L. J. The mathematics of 
biometry. 27, 409. 

RicHarps, O. W. The mathematics 
of biology, 32, 30. 

Harris, J. A. The fundamental 
mathematical requirements of biol- 
ogy. 36, 179. 


Dantzic, T. AND Kemp, W. On 
genetic equilibrium. 36, 248. 

BucHANAN, H. E. A mathematical 
theory of the transmission of suc- 
cessive impulses through a muscle. 
37, 219. 


CALCULATING MACHINES 


(See Instruments, Mathematical.) 
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CALCULUS 


(Also see Differentiation, Indeterminate Forms, Integration, Limits, Maxima and 


Minima, Mean Value Theorem, Series.) 


General 


BALLANTINE, J. P. What is a cal- 
culus? 29, 213. 


History 


Cius Toric. Historical items per- 
taining to the calculus. 46, 233. 


Pedagogy 


DvuRELL, F. Application of the new 
education to the differential and 
integral calculus. J, 15, 37. 

Lyte, J. N. The first differential 
co-efficient of a circle. J, 303. 

Heaton, H. Infinity, the infinites- 
imal, and zero. 5, 224. 

Forp, W. B. The teaching of the 
calculus. 17, 77. 

GRAHAM, B. Some calculus sugges- 
tions by a student. 24, 265. 

Rretz, H. L. On the teaching of the 
first course in calculus. 26, 341. 

BENNETT, A. A. On the treatment 
of maxima and minima in cal- 
culus texts. 31, 293. 

BALLANTINE, J. P. Note on the in- 
troduction of integral calculus 
into a college course in solid 


geometry. 32, 252. 

Woops, R. How can interest in cal- 
culus be increased? 36, 28. 

WreEN, F. L. anD GARRETT, J. A. 
The development of the funda- 
mental concepts of infinitesimal 
analysis. 40, 269. 

Ewrnc, G. M. On the definition of 
inflection point. 45, 681. 

ReaD, C. B. Dual usage of the term 
“rate of change.”’ 46, 643. 

Brown, A. B. To text-book writers 
—and readers. 47, 375. 

Movutton, E. J. Comments on the 
preceding paper. 47, 381. 

WuiTMaN, E. A. The use of models 
while teaching triple integration. 
48, 45. 

LANGE, L. Geometrical aspects of 
the power function. 49, 248. 

WuitTMAN, E. A. The film—A triple 
integral. 49, 399. 

MENGER, K Methods of presenting 
eand 7. 52, 28. 

MacDvuFFeE, C. C. Objectives in 
calculus. 54, 335. 

MENGER, K. Are variables necessary 
in calculus? 56, 609 


CALCULUS OF VARIATIONS 


(Also see Maxima and Minima.) 


DRESDEN, A. An example of the 
indicatrix in the calculus of varia- 
tions. 14, 119, 143. 

Buss, G. A. A method of deriving 
Euler’s equation in the calculus of 
variations. 15, 47. 

Mugs, E. J. Some inverse problems 


in the calculus of variations. 20, 
117. 

Riper, P. R. Concerning an illustra- 
tion of a certain necessary condi- 
tion in minimizing a definite 
integral with discontinuous inte- 
grand. 24, 134. 
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RIDER, P. R. An intrinsic equation 
solution of a problem of Euler. 
24, 420. 

DUNKEL, O. A determination of the 
curve minimizing the area en- 
closed by it and its evolute. 28, 
15. 

DuNKEL, O. Integral inequalities 
with applications to the calculus 
of variations. 31, 326. 

RHODES, C. E. A problem in the 
calculus of variations. 37, 63. 

BIERMAN, P. AND Simmons, H. A. 
A calculus of variations problem 
whose extremals are parabolas. 
38, 67. 

GravEs, L. M. A proof of the 
Weierstrass condition in the cal- 


culus of variations. 41, 502. 

MANCILL, J. D. A proof of the corner 
conditions in the calculus of varia- 
tions. 43, 68. 

Buss, G. A. The evolution of prob- 
lems of the calculus of variations. 
43, 598. 

McFar.an, L. H. Note on-the prob- 
lem of Lagrange of the calculus 
of variations. 44, 236. 

Buiss, G. A. The calculus of varia- 
tions for multiple integrals. 49, 
77. 

BLANKINSHIP, W. A. The curtain 
rod problem. 50, 186. 

ADLER, C. F. An isoperimetric prob- 
lem with an inequality. 52, 59. 


CALENDARS 


Roman, I. Relating to adjustable 
calendars. 22, 241. 

Morris, F. R. The theory of per- 
petual calendars. 28, 127. 

FRANKLIN, P. An arithmetical per- 
petual calendar. 28, 262. 


CLUBS 


Books for Clubs (See Bibliography.) 


Pi Mu Epsilon 


Fort, T. Pi Mu Epsilon mathe- 
matical fraternity. 34, 479. 


Slides and Films 


—— Slides for clubs. 45, 548. 

—— Slides and films for clubs. 46, 
A51. 

Hopper, G. M. Mathecinematics. 
47, 565. 


Topics 


The oldest mathematical work ex- 


VaIL, W. H. Uncle Zadock’s rule 
for obtaining the dominical letter 
for any year. 29, 397. 

Netson, W. K. Dominical letter 
and perpetual calendars. 31, 389. 


tant. 25, 36. 

Geometrography and other methods 
of measurement of geometrical 
constructions. 25, 37. 

Arithmetical prodigies. 25, 91. 

Ptolemy’s theorem and formulae of 
trigonometry. 25, 94. 

Paper folding. 25, 95. 

Women as mathematicians and as- 
tronomers. 25, 136. 

The binary scale of notation, a Rus- 
sian peasant method of multi- 
plication, the game of Nim and 
Cardan’s rings. 25, 139. 

The logarithmic spiral. 25, 189. 
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Golden section. 25, 232. 

A Fibonacci series. 25, 235. 

Euler integrals and Euler’s spiral— 
sometimes called Fresnel inte- 
grals and the clothoide or Cornu’s 
spiral. 25, 276. 

Geometry of four dimensions. 25, 
316. 

Constructions with a double-edged 
ruler. 25, 358. 

The cattle problem of Archimedes. 
25, 411. 

The number 7. 26, 209. 

Codes and ciphers. 26, 409. 

The Chinese Suan P’an. 27, 180. 

Finite geometries. 28, 85. 

Functional equations. 32, 428. 

Fiedler’s cyclography. 32, 517. 

The pasturage problem of Sir Isaac 
Newton. 33, 155. 

Theorem of Bang. 33, 224. 

La courbe du dtable. 33, 273. 

A home made mathematics exhibit. 
40, 555. 

Development of present day num- 
erals. 43, 99. 

Calculating machines. 43, 99; 46, 
233; 47, 106. 

Four color problem. 43, 181. 

The polar planimeter. 46, 45. 

The history of American mathe- 
maticians. 46, 233; 47, 107. 

The origin of various mathematical 


terms and symbols. 46, 233; 47, 
107. 

Historical items pertaining to the 
calculus. 46, 233. 

Numerals and number systems. 46, 
234. 

Mathematics in the ancient world. 
46, 234. 

History of algebra. 46, 234; 47, 107. 

Symbolic logic. 46, 289. 

Maps and map projection. 46, 650. 

Magic squares and circles. 47, 106. 

Nomographs. 47, 106. 

Constructions with compasses alone. 
47, 107. 

American mathematicians. 47, 107. 

Mathematics in certain countries. 
47, 107, 108. 

First printed mathematical books. 
47, 108. 

Mathematics and art. 47, 108. 

Mathematics and music. 47, 108. 

Scholars in other fields—interest in 
mathematics. 47, 108. 

Notes on famous mathematicians. 
47, 109. 

Proportional representation and pref- 
erential voting. 47, 484. 

Forecasting the population of the 
U.S. 47, 484. 

Mathematics and defense. 47, 484. 

Apportionment of representatives. 
47, 484; 49, 115. 


CODES AND CIPHERS 


CiuB Topic. Codes and ciphers. 26, 
409. 

Hitt, L. S. Cryptography in an 
algebraic alphabet. 36, 306. 

Hitt, L. S. Concerning certain 
linear transformation apparatus 


of cryptography. 38, 135. 
FRIEDMAN, W. F. AND MENDEL- 
SOHN, C. J. Notes on code words. 
39, 394. 
A bibliography of cryptog- 
raphy. 50, 345. 


COMPLEX NUMBERS 


COMPLEX NUMBERS 


Definitions and Properties 


Cajori, F. Historical note on the 
graphic representation of imagi- 
naries before the time of Wessel. 
19. 167. 

LEFSCHETZ, S. A direct proof of de 
Moivre’s formula. 23, 366. 

Jounson, W. W. The complex 
quantity in elementary algebra. 
26, 295. 

Wess, H. E. Complex numbers in 
advanced algebra. 27, 411. 

Un_Ler, H. S. On the numerical 
value of 2%. 28, 114. 

ARCHIBALD, R. C. Historical notes 
on the relation e “7/2 =2%, 28, 
116. 

ALLEN, E. S. Definitions of imagi- 
nary and complex numbers. 29, 
301. 

McCLenon, R. B. A contribution 
of Leibnitz to the history of com- 
plex numbers. 30, 369. 


imaginary points. 2, 182. 

GREENWOOD, G. W. Representation 
of real and imaginary loci in the 
same plane. 11, 105. 

BENNETT, A. A. The imaginary 
points of geometry. 29, 145. 

WINGER, R. M. Infinite and imagi- 
nary elements inalgebraand geom- 
etry. 29, 290. 

Fort, T. Infinite and imaginary 
elements in algebra and geome- 
try. 30, 255. 

Wiiuiams, W. L. G. The infinite 
and imaginary in algebra and 
geometry: a reply. 30, 384. 

WINGER, R. M. Infinite and imag- 
inary elements in algebra and 
geometry: reply to criticisms. 3/, 
383. 

SMAIL, L. L. Some geometrical ap- 
plications of complex numbers. 
36, 504. 

SCHELKUNOFF, S. A. A note on 
geometrical applications of com- 


Geometrical Applications plex numbers. 37, 301. 


HoLpen, W. The realization of 


COMPLEX VARIABLE, FUNCTIONS OF 
(Also see Conformal Mapping.) 


BAKER, A. L. Diagrammatic proof 
of the condition of functionality 
in complex functions. 7, 240. 

SNYDER, V. Models of the Weier- 
strass sigma function and the 
elliptic integral of the second kind. 
9, 121. 

CARMICHAEL, R. D. On the theory 
of functions of a triple variable. 
16, 41. 

FRUMVELLER, A. F. The graph of 
F(X) for complex numbers. 24, 409. 

Rees, E. L. Relating to the graph 


of Y=f(X) for complex variables. 
25, 128. 

KEMPNER, A. J. Concerning greatest 
and least absolute values of ana- 
lytic functions. 25, 201. 

MILLER, N. A graphical aid in the 
study of functions of a complex 
variable. 27, 354. 

Watsu, J. L. A certain two-dimen- 
sional locus. 29, 112. 

MILLER, N. A corollary to Cauchy’s 
integral formula. 35, 134. 
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MILLER, F. H. Some curious geo- 
metric properties connected with 
polygenic functions. 37, 67. 

FeLp, J. M. On the geometry of 
clocks. 37, 368. 

STREETMAN, F. AND Forp, L. R. A 
certain polynomial expansion. 38, 
198. 

BRAND, L. Non-analytic functions 
of a complex variable. 40, 260. 
WatsuH, J. L. Note on the behavior 
of a polynomial at infinity. 43, 

461. 

SEWELL, W. E. On the polynomial 
derivative constant for an ellipse. 
44, 577. 

HamILTon, H. J. A theorem on 
subsequences. 44, 586. 

HiILLe, E. On the absolute conver- 
gence of polynomial series. 45, 
220. 

LANGE, L. On a three-dimensional 
presentation of functions of a 
complex variable. 46, 190. 

Sapowsky, M. A tetrahedral Rie- 
mann surface model of a closed 
finite locally-Euclidean two-space. 
46, 199. 

BEEK, J., JR. A method for obtain- 
ing a conjugate function. 46, 587. 

SEWELL, W. E. The derivative of a 
polynomial on further arcs of the 


complex domain. 46, 644. 

BECKENBACH, E. F. Space analogs 
of function-theoretic results. 47, 
199. 

BARTEN, H. J. A note on tetrahedral 
Riemann surface models. 47, 221. 

TUCKERMAN, B. Comment on Mr. 
Barten’s note. 47, 222. 

WESTERN, D. W. An extension of 
the Laurent expansion. 48, 444. 
WEINSTEIN, A. The spherical pen- 
dulum and complex integration. 

49, 521. 

Min, S-H. Non-analytic functions. 
51, 510. 

Martin, W. T. Functions of several 
complex variables. 52, 17. 

Pytze, H. R. AND BaRKER, B. M. 
A vector interpretation of the 
derivative circle. 53, 79. 

Wippver, D. V. A simplified ap- 
proach to Cauchy’s integral theo- 
rem. 53, 359. 

BERGMAN, S. Models in the theory 
of several complex variables. 53, 
495, 

Zorn, M. A. Approximating sums. 
54, 148. 

De Cicco, J. Functions of several 
complex variables and multi-har- 
monic functions. 56, 315. 


CONFORMAL MAPPING 


(Also see Physics, Aerodynamics.) 


CARVER, W. B. The poles of finite 
groups of fractional linear sub- 
stitutions in the complex plane. 
18, 27. 

WEAVER, W. Conformal representa- 
tion, with applications to prob- 
lems of applied mathematics. 39, 
448. 


McSHANE, E. J. On the Osgood- 
Carathéodory theorem. 44, 288. 
WatsuH, J. L. On the circles of curva- 
ture of the images of circles under 

a conformal map. 46, 472. 
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CONTINUED FRACTIONS 


CONTINUED FRACTIONS 


McKinney, T. E. Concerning sim- 
ple continued fractions. 10, 241. 
GARVER, R. A square root method 

and continued fractions. 39, 533. 
BRADSHAW, J. W. Continued frac- 
tions and modified continued frac- 
tions for certain series. 45, 352. 
LEHMER, D. H. Note on an absolute 
constant of Khintchine. 46, 148. 
LEIGHTON, W. Proper continued 
fractions. 47, 274. 
WaLL, H. S. A continued fraction 


related to some partition formu- 
las of Euler. 48, 102. 
BRADSHAW, J. W. Modified con- 
tinued fractions. 49, 513. 
BARBourR, J. M. Music and ternary 
continued fractions. 55, 545. 
WaLL, H. S. Note on a periodic 
continued fraction. 56, 96. 
FRAME, J. S. Continued fractions 
and matrices. 56, 98. 
Ocitvy, C. S. Geometry of the 
square root of three. 56, 172 


CONTINUITY 
(See Functions—Continuity.) 


CONTINUUM 


Reppick, H. W. A point’s visit to 
the linear continuum. 19, 6. 

Hitt, L. S. Concerning Hunting- 
ton’s Continuum and Other Types 
of Sertal Order. 24, 345. 

BENNETT, A. A. Semi-serial order. 
37, 418. 

WEAVER, T. AND Suckau, T. A 


remark on Dedekind cuts. 39, 
413. 

GO6ODEL, K. What is Cantor’s con- 
tinuum problem? 54, 515. 

Jounston, L. S. Denumerability of 
rational number system. 55, 65. 

Niven, I. Note on a paper by L. S. 


Johnston. 55, 358. 


CONVEX SETS, CONVEX CURVES, CONVEXITY 


Bai, N. H. On ovals. 37, 348. 

Dings, L. L. On convexity. 45, 199. 

Botts, T. Convex sets. 49, 527. 

HapwiGErR, H. Nonseparable con- 
vex systems. 54, 583. 


CuRRIE, J. C. Cassini ovals asso- 
ciated with a second order matrix. 
55, 487. 

KLEE, V. L., JR. A characterization 
of convex sets. 56, 247. 


DESCRIPTIVE GEOMETRY 


RoEvVER, W. H. Graphical con- 
structions for a function of a func- 
tion and for a function given by 
a pair of parametric equations. 
23, 330. 

Emcu, A. A problem in perspective. 
24, 379. 

RoeEvER, W. H. Descriptive geom- 
etry and its merits as a collegiate 


as well as an engineering subject: 
25, 145. 

Loria, G. On certain constructions 
of descriptive geometry. (extracts 
from letters to W. H. Roever) 26, 
45. 

BALLANTINE, J. P. A mathematical 
treatment of perspective. 31, 90. 

ROEVER, W. H. Some frequently 
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overlooked mathematical prin- 
ciples of descriptive geometry. 
41, 142. 

S1sAmM, C. H. Pohlke’s theorem in 
four dimensions. 44, 231. 

Emcyu, A. Note on Pohlke’s theo- 
rem. 44, 234. 

RoeEVER, W. H. Meaning and func- 
tion of a picture. 44, 521. 


RokEvER, W. H. Analytic treatment 
of perspection with bearing on 
picturization. 45, 278. 

LiTTLE, N. An analytical study of 
perspective drawings of quadric 
surfaces. 48, 175. 

CAMPBELL, W. B. Descriptive geom- 
etry as used in the slaughter 
house. 52, 327. 


DETERMINANTS 


(Also see Matrices.) 


Circulants 


VANDIVER, H. S. Applications of a 
theorem regarding circulants. 9, 
96. 

MeEtTz_LER, W. H. Some vanishing 
aggregates connected with cir- 
culants. 27, 11. 

Canpy, A. L. Cyclic operations on 
determinants. 30, 113. 


Exercises 


Murr, T. A budget of exercises on 
determinants. 29, 10. 

Murr, T. A second budget of exer- 
cises on determinants. 3/1, 264. 


Expansion of Determinants 


STETSON, O. S. Note on the expan- 
sion of devertebrate determinants. 
11, 166. 

Dicxson, L. E. Expressions for the 
elements of a determinant in 
terms of the minors of a given 
order. Generalization of a theorem 
due to Studnicka. 12, 217. 

STOUFFER, E. B. Expressions for the 
general determinant in terms of 
its principal minors. 35, 18. 

McDonoueu, D. L. On the expan- 
sion of a certain type of de- 
terminant. 38, 556. 

STOUFFER, E. B. Expression for a 


determinant in terms of five 
minors. 39, 165. 

WILLIAMSON, J. The expansion of 
determinants of composite order. 
40, 65. 

Bourain, D. G. The diagram meth- 
od for determinant expansions. 
43, 344. 


Higher Dimensional Determinants 


STETSON, O. S. On the expansion of 
devertebrated three dimensional 
determinants and the extension of 
Cayley’s expansion theorem. /3, 
76. 

LEHMER, D. H. The # dimensional 
analogue of Smith’s determinant. 
37, 294. 

OLDENBURGER, R. Higher dimen- 
sional determinants. 47, 25. 


History 


MILLER, G. A. On the history of 
determinants. 37, 216. 


Infinite 


SHuaw, A. A. H. von Koch’s lemma 
and its generalization. 38, 188. 
GoopMAN, A. W. The number of 
terms in the expansion of an 

infinite determinant. 55, 419. 
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Maximum Value 


Stmmons, H. A. Note on the upper 
limit to the value of a determi- 
nant. 34, 300. 

BELLMAN, R. A note on determi- 
nants and Hadamard’s inequa- 
lity. 50, 550. 

WILLIAMSON, J. Determinants whose 
elements are 0 and 1. 53, 427. 


Special Determinants 


Hume, A. A proposition in de- 
terminants. 3, 235. 

Dicxkson, L. E. Factors of a certain 
determinant of order six. 9, 66. 
STETSON, O. S. A short proof for 
the number of terms in a de- 
terminant which are independent 
of the elements of the principal 

diagonal. 12, 84. 

MeETZLER, W. H. On a determinant 
each of whose elements is the 
product of k factors. 7, 151. 

Fite, W. B. Certain factors of the 
group determinant. 1/3, 51. 

PascaL, E. On a certain class of 
determinants. 22, 154. 

Wiuiams, K. P. Relating to some 
determinants connected with the 
Bernoulli numbers. 23, 263. 

MetTz_er, W. H. Note on a certain 
class of determinants. 25, 113. 

Murr, T. Note on Lagrange’s like- 
producing quadrinomial]. 25, 340. 

BAKER, R. P. Some determinants in 
the theory of developables. 38, 
439. 

BEAVER, R. A. Vanishing aggregates 
of determinants and their rela- 
tionships. 39, 266. 

OAKLEY, C. O. A note on determi- 
nants. 39, 589. 

OLDENBURGER, R. Transposition of 
indices in multiple-labeled de- 


terminants. 41, 350. 

Bourain, D. G. Positive determi- 
nants. 46, 225. 

KLEE, V. L., JR. On completing a 
determinant. 54, 96. 

Taussky, O. A recurring theorem 
on determinants. 56, 672. 


Symmetric and Orthosymmetric De- 
terminants 


Dicxson, L. E. A generalization of 
symmetric and skew-symmetric 
determinants. 10, 253. 

DingEs, L. L. Evaluation of the de- 
terminant | 1/(r-+s—1)!|. 30, 196. 

Nassau, J. J. Evaluation of the 
determinant |1/(r+s—J)!|. 31, 
341. 

NassAU, J. J. Concerning a theorem 
in determinants. 34, 424. 

PARKER, W. V. On symmetric de- 
terminants. 41, 174. 


Unclassified 


Rusk, W. J. Note on the zth deriva- 
tive whose constituents are func- 
tions of a given variable. 12, 85. 

BAKER, R. P. On the identical rela- 
tions between the determinants 
of an array. 13, 1. 

BAKER, R. P. Interpretations of the 
identical relations between the 
determinants of an array. 13, 30. 

BENNETT, A. A. On the definition of 
determinants. 31, 343. 

BENNETT, A. A. The notion ‘‘matrix 
of a determinant.” 32, 182. 

MURNAGHAN, F. D. The generalized 
Kronecker symbol and its ap- 
plication to the theory of de- 
terminants. 32, 233. 

Price, G. B. Some identities in the 
theory of determinants. 54, 75. 
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DIFFERENCE EQUATIONS 


CARMICHAEL, R. D. The present 
state of the difference calculus 
and the prospect for the future. 
31, 169. 

DUNKEL, O. Solutions of a prob- 
ability difference equation. 32, 
354. 

Fort, T. The Sturm and Fourier- 
Budan theorems and mixed dif- 
ferential-difference equations. 33, 
194, 

SHOHAT, J. A. On the asymptotic 


expressions for Jacobi and Le- 
gendre polynomials derived from 
finite-difference equations. 33, 
354. 

Forp, L. R. Cows and cosines. 46, 
586. 

LINFIELD, B. Z. On the explicit 
solution of simultaneous linear 
difference equations with con- 
stant coefficients. 47, 552. 

Ott, E. R. Difference equations in 
average value problems. 5/1, 570. 


DIFFERENTIAL EQUATIONS 


Adjoint 

RAINVILLE, E. D. Adjoints of linear 
differential operators. 46, 623. 

McFaruan, L. H. The adjoint of a 
linear differential equation. 5/, 
580. 

BRAND, L. The Lagrange identity as 
a unifying principle. 52, 499. 

ZIMMERBERG, H. J. The adjoint of 


Euler’s linear differential opera- 
tor. 56, 332. 


General 


LANGER, R. E. What are eigen- 
werte? 50, 279. 


Integrating Factors 


FIELD, P. Note on the differential 
equation dy+P(x,y)dx=0. 42, 
315. 

Curtis, H. B. Note on integrating 
factors. 49, 610. 


Linear Differential Equations (Also 
see Operators.) 


Heat, W. E. Expression of Rie- 
mann’s P function as a definite 
integral. 7, 155. 


EPSTEEN, S. An elementary account 
of the Picard-Vessiot theory. 9, 
249, 

EPSTEEN, S. Determination of the 
group of rationality of a linear 
differential equation. 10, 4. 

FINKEL, B. F. Note on finding the 
complementary function of a lin- 
ear differential equation with con- 
stant coefficients when the auxil- 
lary equation has equal roots 13, 
33. 

HOWLAND, L. A. Note on the deriva-. 
tive of the quotient of two 
Wronskians. 18, 219. 

SLOBIN, H. L. Note on Lambert’s 
method of solving linear differen- 
tial equations. 19, 190. 

PENNELL, W. O. A new method for 
determining a series solution of 
linear differential equations with 
constant or variable coefficients. 
33, 293. 

TAMARKIN, J. D. Some geometric 
illustrations for the elementary 
course in differential equations. 
35, 27. 

OLbs, E. G. A note on the linear dif- 
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ferential equation of the first 
order. 35, 306. 

TAMARKIN, J. D. Remark on the 
note .‘“‘Some geometric illustra- 
tions for the elementary course in 
differential equations.”’ 35, 306. 

SCHAFFERT, R. A discussion of the 
general linear differential equation 
of the second order, d*y/dx? 
+Pdy/dx+Qy=R, in which P, 
Q, and R, are functions of x. 
39, 187. 

BeENTON, T. C. Homogeneous linear 
differential equations of the sec- 
ond order. 40, 346. 

Hau, D. W. An algorithm for the 
determination of the constants in 
the solution of linear differential 
equations. 55, 422. 

KNEBELMAN, M. S. The Wronskian 
for linear differential equations. 
56, 252. 

Curry, H. B. Certain basic theo- 
rems on linear differential equa- 
tions. 56, 398. 


Numerical and Graphical Integration 


RunNING, T. R. A graphical solu- 
tion of the differential equation 
of the first order. 20, 279. 

MiLtneE, W. E. Numerical integra- 
tion of ordinary differential equa- 
tions. 33, 455. 

KHOLODOVSKY, E. A. Graphical in- 
tegration of differential equations 
in a polar coordinate system. 37, 
231. 

Mitne, W. E. On the numerical 
solution of a boundary value 
problem. 38, 14. 

MILn_E, W. E. On the numerical in- 
tegration of certain differential 
equations of the second order. 40, 
322. 


RANKIN, A. W. On the average-slope 
method of solving differential 
equations. 45, 461. 

MILNE, W. E. Note on the numerical 
integration of differential equa- 
tions. 48, 52. 

MILNE, W. E. The numerical in- 
tegration of y’’+g(x)y=f(x). 49, 
96. 


Operators 


Ror, E. D. Two developments. 4, 
82. 

MacInnes, C. R. A note on the 
solution of linear differential equa- 
tions. 20, 278. 

MURNAGHAN, F. D. The duty of 
exposition with special reference 
to the Cauchy-Heaviside expan- 
sion theorem. 34, 234. 

SALKOVER, M. The homogeneous 
linear differential equation with 
constant coefficients. 37, 524. 

HutTcuHinson, C. A. An operational 
formula. 40, 482. 

Dow, H. E. An operational form- 
ula. 41, 94. 

Parapiso, L. J. AND CAMERON, R. 
H. A method of solving the linear 
differential equation with con- 
stant coefficients. 41, 296. 

Poritsky, H. Heaviside’s opera- 
tional calculus—its applications 
and foundations. 43, 331. 

Hutcuinson, C. A. Note on an 
operational formula. 44, 371. 

HutcuHinson, C. A. Another note 
on linear operators. 46, 161. 

RAINVILLE, E. D. The factorizaton 
of certain second order polynomial 
differential operators. 48, 519. 

Curry, H. B. The Heaviside opera- 
tional calculus. 50, 365. 
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Britton, J. R. Modern operational 
calculus for undergraduates. 56, 
295. 

DENBow, C. H. A note on differen- 
tial equations. 56, 683. 


Partial Differential Equations 


Cajyori, F. The early history of 
partial differential equations and 
of partial differentiation and inte- 
gration. 35, 459. 

BELL, E. T. A Laplacian equation. 
39, 515. 

Jounson, L. H., Jr. The Cauchy 
problem for Laplace’s equation in 
three dimensions. 42, 65. 

MANCILL, J. D. On the solutions of 
a certain class of partial differen- 
tial equations. 48, 541. 

CARRIER, G. F. The spaghetti 
problem. 56, 669. 


Particular Integrals 


CoBLeE, A. B. Concerning a method 
for finding a particular integral. 
26, 12. 

MANNING, H. P. ‘Concerning a 
method for finding a particular 
integral.’’ 26, 113. 

ConkwriGut, N. B. The method of 
undetermined coefficients. 41, 228. 

Fort, T. The method of unde- 
termined coefficients. 51, 462. 

SMILEY, M. F. The trial integral 
method. 54, 159, 409. 

Court, L. M. A note on a method 
6f Lord Rayleigh. 56, 547. 


Pedagogy 


MENGER, K. On the teaching of 
differential equations. 5/1, 392. 
FARNELL, A. B. On the solutions of 
linear differential equations. 54, 

160. 


Jounson, R. A. Linear differential 
equations. 54, 410. 

FARNELL, A. B. A rejoinder. 55, 426. 

REYNOLDs, J. B. Teaching note on 
repeated roots in linear differen- 
tial equations. 55, 494. 


Singular Solutions 


Licut, G. H. The use of the dis- 
criminant in finding the singular 
solution of f(x,y,p) =0. 35, 529. 


Sturm’s Theorems 


Davis, H. T. The use of an existence 
theorem in developing the prop- 
erties of the sine and cosine. 30, 
19. 

Fort, T. The Sturm and Fourier- 
Budan theorems and mixed dif- 
ferential equations. 33, 194. 

KAMKE, E. A new proof of Sturm’s 
comparison theorems. 46, 417. 


Systems of Differential Equations 


Pierce, A. B. Sufficient condition 
that two linear homogeneous dif- 
ferential equations shall have 
common integrals. 10, 65. 

ScCHOTTENFELS, I. M. Note on the 
necessary condition that two linear 
homogeneous differential equa- 
tions shall have common integrals. 
10, 257. 

UNDERWOOD, F. A method of solv- 
ing a determinate system of or- 
dinary linear differential equa- 
tions. 38, 9. 

PIERCE, J. Solutions of systems of 
linear differential equations in the 
vicinity of singular points. 43, 
530. 

CRAMLET, C. M. Linear differential 
equations with constant coeffi- 
cients. 45, 162. 
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FRAME, J. S. On the explicit solution 
of simultaneous linear differential 
equations with constant coeff- 
cients. 47, 35. 


Unclassified 


KUNSTADTER, R. H. A method of 
integrating certain differential 
equations of the first order and 
nth degree. 2, 225. 

Davis, H. T. The Euler differen- 
tial equation of infinite order. 
32, 223. 

Esty, T. C. Note on the integra- 
bility of the differential equation 
Pdx+Qdy+ Rdz=0. 33, 120. 

Da.ton, J. P. On the integration of 
a certain type of first order dif- 


ferential equation. 35, 189. 

Hurwitz, S. Algebraic first integrals 
of algebraic differential equations. 
37, 185. 

WILDER, C. E. A discussion of a 
differential equation. 38, 17. 

LASLEY, J. W., JR. On Monge’s dif- 
ferential equation. 43, 284. 

RAINVILLE, E. D. Necessary condi- 
tions for polynomial solutions of 
certain Riccati equations. 43, 473. 

WuyBurn, W. M. Over and under 
functions as related to differential 
equations. 47, 1. 

PuHetes, C. R. “Integration by 
parts”’ as a method in the solution 
of exact differential equations. 56, 
335. 


DIFFERENTIAL GEOMETRY 


Curves 


DEAN, G. R. Note on center of 
curvature. 8, 45. 

Honey, F. R. Determination of the 
radius of curvature of the cycloid 
without the aid of the calculus. /2, 
103. 

KeLLocc, O. D. Two theorems in 
the geometry of continuously 
turning curves. 15, 100. 

WHuitTEmMorRE, J. K. The effect of 
change of scale on curvature. 30, 
22. 

Wiuiams, A. R. The curve whose 
curvature is everywhere the same 
as that of its pedal. 32, 121. 

Dorwart, H. L. Anoteon Bertrand 
curves. 35, 478. 

KIMBALL, B. F. A problem in dif- 
ferential geometry. 37, 480. 

FeLp, J. M. Analytic curves for 
which the chord equals the arc. 
41, 543. 


KuInE, M. Note on _ elementary 
vector analysis and on an applica- 
tion to differential geometry. 43, 
555. 

CoMENETz, G. Kasner’s invariant 
and trihornometry. 45, 82. 

DeCicco, J. Differential geometry 
in the Kasner plane. 53, 305. 


Curves on Surfaces 


Emcu, A. Note on the loxodromic 
lines of the torus. 6, 136. 

Emucu, A. Note on the loxodromics 
of the sphere. 6, 233. 

Emcu, A. Closed loxodromics of the 
torus. 9, 277. 

FEDERICO, P. J. Conjugate lines on 
a surface. 36, 77. 

KIMBALL, B. F. A note on the dif- 
ferential equations of geodesics. 
36, 89. 

CoLEMAN, A. J. Curves on a surface. 
47, 212. 
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HaAmILton, H. J. Notes on curvature 
of curves and surfaces. 47, 613. 
Warp, L. E. Geodesics and plane 
arcs on an oblate spheroid. 50, 
423. 

SPRINGER, C. E. Union torsion of a 
curve on a surface. 54, 259. 


Projective Differential Geometry 


LANE, E. P. Projective differential 
geometry. 40, 568. 

Witcox, L. R. An application of a 
theorem of Sylvester. 51, 270. 


Surfaces 


Hume, A. Meridian and transverse 
sections of helicoids of uniform 
pitch. 9, 123. 

Moore, C. L. E. A substitute for 
Dupin’s indicatrix. 24, 456. 

REYNOLDS, J. B. Vector analysis of 
a surface. 30, 374. 


CajorI, F. Generalizations in geom- 
etry as seen in the history of de- 
velopable surfaces. 36, 431. 

YATES, R. C. The description of a 
surface of constant curvature. 38, 
573. 

Ecan, M. F. The rotation-vector 
in elementary differential geom- 
etry. 39, 210. 

RICHMOND, C. A. Repeating designs 
in surfaces of negative curvature. 
44, 33. 

JAEGER, C. G. A class of surfaces 
applicable to the sphere. 46, 410. 

Courant, R. Soap film experiments 
with minimal surfaces. 47, 167. 

Sapowsky, M. A. Equiareal pat- 
terns. 50, 35. 

DE Cricco, J. Geodesic perspectiv- 
ities upon a sphere. 54, 142. 

BECKENBACH, E. F. Some convexity 
properties of surfaces of negative 
curvature. 55, 285. 


DIFFERENTIATION 


(Also see Maxima and Minima.) 


Derivatives—General 


Matz, F. P. Professor Sylvester’s 
reciprocants. J, 383. 

Macnig, J. Introduction to dif- 
ferentiation. 4, 172. 

Cajori, F. Discussion of fluxions: 
from Berkeley to Woodhouse. 24, 
145. 

DusHnlIk, B. A generalization of the 
derivative of a function. 42, 414. 

TAYLoR, A. E. Derivatives in the 
calculus. 49, 631. 


Derivatives—Special Functions 


VEBLEN, O. Polar coordinate proofs 
of trigonometric formulas. J1, 6. 
Moritz, R. E. On the symbolic 


representation of quotiential co- 
efficients of the second order. /4, 
1. 
Heprick, E. R. A direct definition 
of logarithmic derivative. 20, 185. 
PorTeER, M. B. The derivative of 
the logarithm. 23, 204. 
HILDEBRANDT, T. H. Relating to 
finding derivatives of trigono- 
metrical functions. 25, 125. 
Newsom, C. V. On the derivatives 
of (w/sin w)* at w=0. 38, 500. 
DRESDEN, A. The derivatives of 
composite functions. 50, 9. 
Craic, H. V. A vectorial develop- 
ment of two differentiation formu- 
las. 51, 347. 
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Craic, H. V. An acknowledgement. 
51, 581. 

FARNELL, A. B. On the second de- 
rivative. 52, 207. 

Lusin, C. I. Differentiation of the 
trigonometric functions. 54, 465. 

IvANOFF, V. F. The mth derivative 
of a fractional function. 55, 491. 


Differentials 


Lye, J. N. Are differentials finite 
quantities? J, 118. 

BEcHER, F. A. Mathematical in- 
finity and the differential. 3, 229. 

BALDWIN, J. R. Note on Mr. 
Becher’s article in October num- 
ber of this MonTRLY. 4, 122. 

NicHotson, J. W. A simple deduc- 
tion of the differential of log x. 
4, 306. 


NicHotson, J. W. Reply to Pro- 
fessor Fisk’s criticism of a certain 
feature of Nicholson’s calculus. 5, 
199. 

CAMPBELL, J. W. On exact differen- 
tials. 28, 66. 

Kac, M. anpD RANDOLPH, J. F. Dif- 
ferentials. 49, 110. 

Jackson, D. A comment on “Dif- 
ferentials.”’ 49, 389. 

Cuurcuy, A. Differentials. 49, 389. 


Special Methods of Differentiation 


ELMENpDorF, A. A differentiating 
machine. 23, 292. 

FRINK, O., JR. An algebraic method 
of differentiation. 36, 264. 

CELL, J. W. An accurate method for 
obtaining the derivative function 
from observational data. 46, 87. 


DIOPHANTINE EQUATIONS 
(Also see Number Theory—Triangles.) 


BELL, A. H. Solution to the cele- 
brated indeterminate equation. 
1, 53, 92, 169, 239. 

Monsanto, J. M. Theorem. 5, 265. 

WESTLUND, J. On the equation 
x" -+- yy" =n2". 16, 3. 

CARMICHAEL, R. D. On the impos- 
sibility of certain diophantine 
equations and systems of equa- 
tions. 20, 213. 

CARMICHAEL, R. D. On certain dio- 
phantine equations having mul- 
tiple parameter solutions. 20, 304. 

NICHOLSON, J. W. A simple solution 
of the diophantine equation 
UF=V32+ X8+ V3, 22, 224. 

ANNING, N. Relating to a geometric 
representation of integral solution 
of certain quadratic equations. 22, 
321. 


CARMICHAEL, F. L. On the dio- 
phantine equation. x‘+ay‘ 
= u?-+-bv?. 23, 321. 

HALDEMAN, C. B. Concerning two 
fifth-power problems in diophan- 
tine analysis. 25, 399 

KELLoGG, O. D. On a diophantine 
problem. 28, 300. 

BRADLEY, H. C. On a diophantine 
equation. 28, 307. 

Otson, H. L. Note on application of 
diophantine analysis to geom- 
etry. 29, 250. 

Curtiss, D. R. On Kellogg’s Dio- 
phantine problem. 29, 380. 

Curzon, H. E. J. An elementary 
solution of a problem of Dio- 
phantus. 37, 290. (Extract from 
a letter to Professor R. D. Car- 
michael.) 
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BENNETT, A. A. An _ elementary 
solution of a problem of Diophan- 
tus. 32, 78. 

RITTENHOUSE, W. H. On diophan- 
tine relations. 33, 315. 

Cow.Ley, E. B. Note on a linear 
diophantine equation. 33, 379. 
Stmmons, H. A. Diophantine prob- 

lems in weighing. 34, 4. 

BELL, E. T. Certain completely 
solvable systems of simultaneous 
diophantine equations. 35, 239. 

Simmons, H. A. On a cyclosymmet- 
ric diophantine equation. 36, 148. 

StmmMons H. A. Maximum numbers 
associated with the diophantine 


equation > \(1/x1x2 +++ 4,1) 
=b/|[(m+1)b—1]. 37, 137. 


Caris P. A. Integral solutions of 
ax’ +- by =az8+b#. 38, 202. 
CuurcH, W.R.Onthesolutions of the 


x+1 x 
equation ( ) = ( ).39, 347. 
y y+1 


GrRossMAN, H. Notes on a diophan- 
tine equation. 39, 414. 

THompeson, R. B. Parametric solu- 
tions of certain diophantine equa- 
tions. 41, 178. 

Stmmons, H. A. The classification 
and general solution of certain 
diophantine problems which in- 
volve special systems of equations 
of the second degree. 42, 94. 

BROWNE, E. T. Note on a quadratic 
diophantine equation. 42, 502. 

Gupta, H. On the diophantine equa- 
tion m’=n!+1. 43, 32. 

EVERETT, C. J., JR. An exponential 
diophantine equation. 43, 229. 
LEHMER, D. H. A note on m?= 

n'!+1. 44, 166. 

BELL, E. T. An elementary device 

in diophantine analysis. 44, 364. 


BALLANTINE, J. P. A certain 
quadratic diophantine invariant. 
46, 203. 

BARNETT, I. A. AND SzAsz, O. On a 
certain diophantine problem. 46, 
545. 

Bueick, W. E. The Pythagorean 
diophantine equation x,;?+x,? 
+--+ +-+n/7=1. 47, 34. 

Jounson, L. L. On the diophantine 
equation x(x+1)- + - (x+n—1) 
= y*. 47, 280. 

GrossMAN, H. D. Investigation of 
Lagrange’s tangent method on 
diophantine binary cubics. 47, 
305. 

LeuHMER, D. H. A note on the linear 
diophantine equation. 48, 240. 
BARNETT, I. A. AND MENDEL, C. W. 
Pythagorean points lying in a 

plane. 48, 610. 

Rosser, B. A note on the linear 
diophantine equation. 48, 662. 
BARNETT, I. A. AND MENDEL, C. W. 

On equal sums of squares. 49. 157. 

MaAuHLeER, K. Remarks on ternary 
diophantine equations. 49, 372. 

MantTEL, N. Note on the solution 
of diophantine equations. 52, 210. 

GRANT, H. S. A linear diophantine 
equation. 54, 31. 

PARKER, S. T. A pair of recursion 
relations. 54, 97. 

Carts, P. A. Rational solutions of 
a diophantine equation. 55, 238. 

BELL, E. T. A diophantine equation. 
56, 1. 

THEBAULT, V. Consecutive cubes 
with difference a square. 56, 174. 

Swift, J. D. Diophantine equations 
connected with the cubic Fermat 
equation. 56, 254. 

Wayne, A. Fermat’s equation and 
Tshebysheft’s polynomials. 56, 
626. 
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DIVISION, DIVISIBILITY 
(See Arithmetic.) 


“e”, THE NUMBER 


MacDona.Lp, J. K. L. Elementary 
rigorous treatment of the expo- 
nential limit. 47, 157. 

SANDHAM, H. F. An approximate 
construction for e. 54, 215. 


Ransom, W.. R. 


Introducing 
e=2.718+. 55, 572. 


PaLL, G. Limits by ‘‘consecutive 


rationals.” 56, 682. 


EQUATIONS 


(See under specific types: Algebraic, Difference, Differential, Diophantine, Func- 


tional, Integral, Transcendental.) 


EULER’S CONSTANT 


Horton, G. A note on the calcula- 
tion of Euler’s constant. 23, 73. 


Warp, M. A mnemonic for Euler’s 


constant. 38, 522. 


FIBONACCI SEQUENCE 


Cxius Topic. A Fibonacci series. 25, 
235. 
Jounston, L. S. The Fibonacci 


sequence and allied trigonometric 


identities. 47, 85. 
JARDEN (Juzuk), D. Two theorems 
on Fibonacci’s sequence. 53, 425. 


FINANCE 


Annuities 


Morris, F. R. Derivation of an- 
nuity formulas without series. 32, 


416. 
SIBERT, H. W. New annuity formu- 
las for payments made be- 


tween conversion dates. 33, 139. 

Hart, W. L. A suggestion for sim- 
plification of annuity formulas. 
35, 358. 

Wy.ie, C. C. Simplification of an 
annuity formula. 36, 327. 

Diamonp, A. H. Annuity formulas 
for payments made between con- 
version dates. 44, 583. 


General 


CALDERHEAD, J. A. Equation of 
payments. 4, 245. 


Co.iins, J. V. Note on the calcula- 
tion of interest and discount. 6, 
110. 

Dopp, E. L. Fundamentals in the 
mathematics of investment. 25, 
387. 

Forsytu, C. R. Depreciation by a 
constant percentage plus a con- 
stant. 29, 60. 

REYNOLDs, C. N., Jr. The deriva- 
tion of formulae in the mathe- 
matics of investment. 29, 122. 

Forsytu, C. H. The solution of 
certain problems in finance by 
the method of iteration. 32, 126. 

Hart, W. L. Interpretation of solu- 
tions for the time obtained by 
interpolation in the mathematics 
of investment. 36, 379. 


FINITE DIFFERENCES 29 


SALKOVER, M. Remarks on the 
mathematics of finance. 40, 167. 

KERSHNER, R. Note on compound 
interest. 47, 196. 

LARSEN, H. D. A note on scales of 
notation. 51, 274. 

FRAME, J. S. Note on logarithms 
and compound interest. 53, 216. 

Ross, G. F. Equation of value in 
investment theory. 55, 495. 


Installment Payments 


FiscHer, C. H. The rate of interest 
in instalment contracts. 50, 545. 

STELSON, H. E. The rate of interest 
in installment payment plans. 
56, 257. 


Insurance 


Papes, P. C. H. Mathematics and 
life insurance. 27, 291. 

RrETz, H. L. On certain properties 
of Makeham’s laws of mortality 
with applications. 28, 158. 

Retz, H. L. On certain applications 
of the differential and integral 
calculus in actuarial science. 33, 
9. 

CARPENTER, R. V. The life insurance 
actuary and his mathematics. 36, 
312. 

REYNOLDs, C. N. A practical insur- 
ance problem for courses in the 


mathematics of investment. 41, 
92. 

EwInc, G. M. The relation between 
the terminal reserve and the 
amount of insurance. 47, 303. 

VICKERY, C. W. Continuous meth- 
ods 


for amortizing life insur- 
ances. 51, 33. 
Mays, W. J. The valuation of risks. 
52, 138. 


SMITH, F. C. The force of mortality 
function. 55, 277. 

GERHARD, F. B. The actuarial pro- 
fession. 55, 481. 


Securities 


ELLwoop, J. K. The bond problem. 
3, 14. 

ZERR, G. B. M. The sinking-fund 
of the United States. 11, 202. 

GLOVER, J. W. A general formula 
for valuation of securities. 22, 82. 

ForsyTH, C. H. A general formula 
for the valuation of bonds. 22, 
149. 

WESTFALL, W. D. A. Bond yields 
and bond prices. 37, 366. 

LARSEN, H. D. On the calculation 
of bond yields. 52, 83. 

HumMEL, P. M. AND SEEBECK, C. 
L., Jr. A treatment of bonds be- 
tween interest dates. 54, 468. 


FINITE DIFFERENCES 


EPSTEEN, S. An elementary exposi- 
tion of the theory of finite dif- 
ferences. 11, 131. 

BALLANTINE, J. P. Difference quo- 
tients. 26, 53. 

JENKINS, W. A. On a central dif- 
ference summation formula. 32, 


398. 
Price, I. Laplace’s calculus of 
generatrix functions. 35, 228. 
TERRILL, H. M. Methods for com- 
puting generalized Euler num- 
bers. 44, 526. 
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FINITE GEOMETRY 


MacInnes, C. R. Finite planes with 
less than eight points on a line. 
14, 171. 

CiLus Topic. Finite geometries. 28, 
85. 

Bussey, W. H. A note on the prob- 
lem of the eight queens. 29, 252. 

MitcHELt, H. H. Linear groups and 


finite geometries. 42, 592. 

Ott, E. R. Finite projective geom- 
etries, PG(k,p"). 44, 86. 

RICKART, C. E. The Pascal con- 
figuration in a finite projective 
plane. 47, 89. 

Mac Nersu, H. F. Four finite geom- 
etries. 49, 15. 


FOURIER SERIES AND INTEGRALS 


(See Series—Trigonometric.) 


FUNCTIONAL EQUATIONS 


KasBa, M. On the functions which 
have a given algebraical addition 
theorem. 13, 181. 

CARMICHAEL, R. D. On certain func- 
tional equations. 16, 180. 

CARMICHAEL, R. D. A generalization 
of Cauchy’s functional equations. 
18, 198. 

KEMPNER, A. J. A number theoretic 
function satisfying the functional 
equation ¥(m-n) =y(m)+y(n). 
31, 439. 

Brown, B. H. Functional equations. 
32, 428. 


GRANT, J. D. Doubly homogeneous 
functional equations. 36, 267. 
GRANT, J. D. Doubly homogeneous 
functional equations. 37, 70. 

FRANKLIN, P. Two functional equa- 
tions with integral arguments. 38, 
154. 

HERSCHFELD, A. On Bell’s func- 
tional equations. 38, 395. 

GRAVES, L. M. What is a functional? 
55, 467. 

THIELMAN, H. P. On generalized 
Cauchy functional equations. 56, 
452. 


FUNCTIONS 


(Also see Trigonometry, Polynomials.) 


Approximating Functions 


HEDRICK, E. R. The significance of 
Weierstrass’s theorem. 20, 211. 
Carrns, W. D. Functions of closest 
approximation on an_ infinite 
range. 34, 406. 

Jackson, D. A proof of Weierstrass’s 
theorem. 41, 309. 


Circular, Exponential, Hyperbolic, and 
Logarithmic Functions (Also see 
Logarithms.) 


Matz, F. P. The second hyperbolic 
integral. 1, 341. 

SmiTH, W. B. The exponential de- 
velopment for real exponents. 3, 
163. 

Roe, E. D., JR. On the extension of 
the exponential theorem. 16, 101. 

Rok, E. D., JR. Note on the exten- 
sion of the exponential theorem. 
16, 159. 

ELDER, F. S. Note on a memory 
device for hyperbolic functions. 
21, 51. 


FUNCTIONS 31 


HuntTINGTON, E. V. An elementary 
theory of the exponential and 
logarithmic functions. 23, 241. 

DUNKEL, O. Relating to the expo- 
nential function. 24, 244. 

NyBErRG, J. The exponential and 
logarithmic functions. 25, 337. 

FRUMVELLER, A. F. A theory and 
generalization of the circular and 
hyperbolic functions. 26, 280. 

SLOBIN, H. L. On the exponential 
notation for circular functions. 31, 
443. 

Ransom, W. R. A proposed notation 
for exponentials. 37, 187. 

HUTCHINSON, C. A. Line representa- 
tion of the hyperbolic functions. 
40, 413. 

Price, G. B. On the definition of 
e¥, 43, 632. 

KENNEDY, E. C. A note on loga- 
rithms. 48, 465. 

ALLENDOERFER, C. B. Editorial— 
the proof of Euler’s equation. 
55, 94, 


Continuity of Functions 


WILLIAMS, K. P. Note on continuous 
functions. 25, 246. 

CHITTENDEN, E. W. Note on func- 
tions which approach a limit at 
every point of an interval. 25, 
249, 

JEFFERY, R. L. The continuity of a 
function defined by a definite 
integral. 32, 297. 

ETTLINGER, H. J. Note on the con- 
tinuity of a function defined by a 
definite Lebesgue integral. 32, 
510. 

GARVER, R. A type of function with 
k discontinuities. 34, 362. 

HILLE, E. AND TAMARKIN, J. D. 


Remarks on a known example of 
a monotone continuous function. 
36, 255. 

BALLANTINE, J. P. A peculiar func- 
tion. 37, 250. 

Jounson, M. M. Two discontinuous 
functions. 37, 497. 

Moritz, R. E. On a totally discon- 
tinuous function. 38, 394. 

James, G. Remarks on the definition 
of continuity. 44, 235. 

Rapo, T. On semi-continuity. 49, 
446. 

Warp, J. A. A function with a 
finite discontinuity. 54, 162. 

GREEN, L. C. Uniform convergence 
and continuity. 54, 541. 


Elementary Functions—Special 


LLANO, A. Properties of the func- 
tion (1-+a)*. 10, 244. 

CARMICHAEL, R. D. On certain 
transcendental functions defined 
by a symbolic equation. 15, 78. 

Moutton, E. J. The real function 
defined by x¥=y*. 23, 233. 

FRANKLIN, P. Relating to the real 
locus defined by the equation 
xv = y*, 24, 137. 

SCHLESINGER, F. A curious algebraic 
function. 33, 269. 

CAMPBELL, A. D. Note on the func- 
tion y=a", a<0. 34, 203. 

Warp, L. E. Some functions anal- 
ogus to trigonometric functions. 
34, 301. 

GARVER, R. A note on the function 
y=x". 34, 429. 

SLOBIN, H. L. The solutions of 
xY¥=y", x>0, y>0, xy, and their 
graphical representation. 38, 444. 

Barrow, D. F. Infinite exponen- 
tials. 43, 150. 
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Green’s Function 


WatsH, J. L. Lemniscates and 
equipotential curves of Green’s 
function. 42, 1. 

Watsu, J. L. On the shape of level 
curves of Green’s function. 44, 
202. 


Harmonic Functions 


Emmons, C. W. On _ logarithmic 
potential and analytic functions. 
17, 205. 

Curtiss, J. H. On extending the 
definition of a harmonic function. 
47, 225. 

Jackson, D. The harmonic bound- 
ary value problem for an ellipse 
or an ellipsoid. 5/, 555. 

Evans, G. C. A necessary and suf- 
ficient condition of Wiener. 54, 
151. 

KASNER, E. AND De Cicco, J. Note 
on conjugate harmonic functions. 
54. 405. 

De Cicco, J. Functions of several 
complex variables and multi-har- 
monic functions. 56, 315. 


Mean Values of Functions 


Moore, FE. H. A note on mean 
values. 2, 303. 


Non-differentiable Continuous Func- 
tions 


PERKINS, F. W. An _ elementary 
example of a continuous non- 
differentiable function. 34, 476. 

HILDEBRANDT, T. H. A simple con- 
tinuous function with a finite 
derivative at no point. 40, 547. 

BEGLE, E. G. AND AyrREs, W. L. On 
Hildebrandt’s example of a func- 
tion without a finite derivative. 
43, 294. 


Orthogonal Functions (Also see Serics 
—Trigonometric, Polynomials.) 


ALBERT, G. E. The closure of sys- 
tems of orthogonal functions. 50, 
163. 


Pedagogy 


NyBeErG, J. A. The presentation of 
the notion of function. 24, 309. 
Heprick, E. R. The function con- 
cept in elementary teaching and 
in advanced mathematics. 45, 448. 


Transcendental Functions (non-ele- 
mentary) 


Matz, F. P. Cradle-rocking by el- 
liptic functions. 2, 147. 

Martz, F. P. The rectification of the 
Cassinian oval by means of elliptic 
functions. 2, 221, 264, 355. 

PENNELL, W.O. Recurrence formu- 
lae involving Bessel functions of 
the first kind. 36, 385. 

Basoco, M. A. On certain finite 
sums of binomial coefficients and 
gamma functions. 37, 241. 

Furnas, C. C. Evaluation of the 
modified Bessel function of the 
first kind and zeroth order. 37, 
282. 

SCHELKUNOFF, S. A. A note on a 
paper concerning a Bessel func- 
tion. 37, 491. 

Peek, R. L. Jr. Flow of heat in a 
disc heated by a gas stream. 39, 
276. 

Basoco, M. A. On a certain identity 
due to Hermite. 42, 310. 

Dickinson, W. D., Jr. An applica- 
tion of Sylvester’s dialytic method 
to elliptic functions. 43, 175. 

Nicuots, G. D. Applications of 
theta functions to arithmetic. 45, 
363. 


FUNCTION SPACE 33 


Jackson, D. Legendre functions of 
the second kind and related func- 
tions. 50, 291. 

WENDEL, J. G. Note on the gamma 
function. 55, 563. 

FRAME, J. S. An approximation to 
the quotient of gamma functions. 
56, 529. 


Unclassified 


SCHWEITZER, A. R. An interesting 
class of monotonic functions. 16, 
4, 

SCHMIEDEL, QO. Relating to the 
definition of a function F. 25, 30. 

TREVOR, J. E. A property of homo- 
geneous functions. 26, 444. 


HILLE, E. AND TAMARKIN, J. D. 
Remarks on a known example of a 
monotone continuous function. 
36, 255. 

WarD, M. On certain functional 
relations. 36, 426. 

BATEMAN, H. Selective functions 
and operations. 41, 556. 

RUTLEDGE, G. AND Douc.tass, R. 
D. Integral functions associated 
with certain binomial coefficient 
sums. 43, 27. 

AczEL, J. A remark on involutory 
functions. 55, 638. 

Bour, H. On almost periodic func- 
tions and the theory of groups. 
56, 595. 


FUNCTION SPACE 


Jackson, D. The elementary geom- 
etry of function space. 31, 461. 


GRAVES, L. M. What is a functional? 
55, 467. 


GENERALIZATION 


BLUMBERG, H. On the technique of 
generalization. 47, 451. 
BLUMBERG, H. On the change of 


form. 53, 181. 
PéLtya, G. Generalization, special- 
ization, analogy. 55, 241. 


General 


GEOMETRY 


(Also see Descriptive Geometry, Differential Geometry, Finite Geometry, Higher 
Dimensional Geometry, Higher Plane Curves, Non-Euclidean Geometry, Plane 
Analytic Geometry—Elementary, Plane Geometry—Synthetic, Projective Geome- 
try, Solid Analytic Geometry, Solid Geometry—Synthetic.) 


HEeEMPEL, C. G. Geometry and em- 
pirical science. 52, 7. 


CooLipGE, J. L. Two dimensions. 
52, 557. 


KEMPNER, A. J. Geometry as an 
avocation. 40, 455. 

Buss, G. A. Mathematical inter- 
pretations of geometrical and 
physical phenomena. 40, 472. ; 

Huntincton, E.V. The postula- listed) 
tional method in mathematics. 41, Lye, J. N. Multi-directional geom- 
84. etry. 4, 123. 

LENZEN, V. F. Physical geometry. ZERR, G. B. M. Note on spherical 
46, 324. geometry. 6, 65. 


Special Geometries (not otherwise 
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GREATEST COMMON DIVISOR AND LEAST COMMON MULTIPLE 


Witson, E. B. Spherical geometry. 
11, 1, 23, 47, 75, 101, 123, 151. 
Quinn, J. J. On kinematic geome- 
try.—A new inversor. 12, 105. 
Quinn, J. J. Kinematic geometry. 

Inversion and inversors. 13, 143. 
BENNETT, A. A. Modular geometry. 
27, 357. 
BENNETT. A. A. The “limiting case’’ 
in enumerative geometry. 30, 323. 


PATTERSON, B. C. On _ complex 
values of a real parameter. 36, 
3706. 

CLARK, C. E. Bi-affine geometry in 
the plane. 40, 73. 

PATTERSON, B. C. The inversive 
plane. 48, 589. 

UNDERWOOD, R. S. Some applica- 
tions of extended analytic geom- 
etry. 56, 158. 


GREATEST COMMON DIVISOR AND LEAST COMMON MULTIPLE 


YANNEY, B. F. Notes on greatest 
common divisor and least common 
multiple of integers. 19, 4. 

GRossMAN, H. On the number of 
divisions in finding a G.C.D. 31, 
443, 

DRESDEN, A. The lowest common 
multiple of 2 polynomials. 35, 130. 

PARKER, W. V. The degree of the 
highest common factors of two 


polynomials. 42, 164. 

FLoop, M. M. On the highest com- 
mon factor of two polynomials. 
43, 562. 

RosENBAUM, R. A. The product of 
n integers in terms of greatest com- 
mon divisors and least common 
multiples. 47, 39. 

MacDvuFFEE, C. C. On the concept 
of divisor. 51, 345. 


GROUPS 


Applications to Other Fields 


MILLER, G. A. Note on the practical 
application of a substitution group 
in spherical trigonometry. 5, 102. 

MILLER, G. A. On the concepts of 
number and group. 8, 137. 

MILLER, G. A. Groups of elementary 
trigonometry. 11, 225. 

MILLER, G. A. Application of several 
theorems in number theory to 
group theory. 12, 81. 

MitueR, G. A. On a fundamental 
theorem in trigonometry. 13, 101. 

Dickson, L. E. The Galois group of 
a reciprocal quartic equation. 15, 
71. 

MILLER, G. A. The cyclic group as 
a basic element in the theory of 
numbers. 18, 204. 


Bour, H. On almost periodic func- 
tions and the theory of groups. 56, 
595. 


Finite Groups—Unclassified 


MILLER, G. A. On several points in 
the theory of the groups of a 
finite order. 5, 196. 

MILLER, G. A. On the groups which 
are determined by a given group. 
5, 221. 

MiILLerR, G. A. On the history of 
several fundamental theorems in 
the theory of groups of finite 
order. 8, 213. 

MILuer, G. A. Determination of all 
the groups of order 168. 9, 1. 

MiILLeR, G. A. On the primitive 
groups of class four. 9, 63. 
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Dicxson, L. E. The order of a cer- 
tain senary linear group. 9, 149. 
MILLER, G. A. On the generalization 
and extension of Sylow’s theorem. 

11, 29. 

GLENN, O. E. Note on groups of 
order pq’. 12, 101. 

MILLER, G. A. Several fundamental 
theorems in group theory. 13, 
10. 

McKE LpEN, A. M. Groups of order 
2™ that contain cyclic sub-groups 
of order 2”-3, 13, 121. 

MILLER, G. A. The possibile ab- 
stract groups of the ten orders 
1909-1919. 16, 25. 

MILLER, G. A. Errors in the litera- 
ture on groups of finite order. 20, 
14. 

SHAUB, H. C. and SCHOONMAKER, 
H. E. The Hessian configuration 
and its relation to the group of 
order 216. 38, 388. 


Geometric Groups 


MASCHKE, H. Some modern meth- 
ods and principles of geometry. 
9, 214. 

Kasne_r, E. The group generated by 
central symmetries, with appli- 
cation to polygons. 10, 57. 

MILLER, G. A. On the groups of 
the figures of elementary geome- 
try. 10, 215. 

MILLER, G. A. Groups of the figures 
of elementary geometry. 21, 285. 
WINGER, R. M. Some applications 

of groups to geometry. 37, 1. 

MITCHELL, H. H. Linear groups and 
finite geometries. 42, 592. 

CoxeTER, H.S. M. An easy method 
for constructing polyhedral group- 
pictures. 45, 522. 


SINGER, J. A pair of generators for 
the simple group LF(3,3). 49, 668. 


Group of Isomorphisms 


BENDER, H. A. A new method for 
the determination of the group of 
isomorphisms of the symmetric 
group of degree N. 31, 287. 

MILLER, G. A. Extension of the 
concept of group of isomorphisms. 
37, 482. 

Lewis, F. A. On the group of iso- 
morphisms of an Abelian group of 
of order n™ and type (1,1, ---,1). 
48, 199. 


History 


MILLER, G. A. Appreciative re- 
marks on the theory of groups. 
10, 87. 

MILLER, G. A. The founder of group 
theory. 17, 162. 

Burns, J. E. The foundation period 
in the history of group theory. 
20, 141. 

MILLER, G. A. Bits of history about 
two common mathematical terms. 
26, 290. 

MILLER, G. A. Contradictions in the 
literature of group theory. 29, 
319. 


Lie Groups (Also see Differential 
Equations— Linear. ) 


MILLER, G. A. Lie’s views on several 
important points in modern math- 
ematics. 3, 295. 

Lovett, E. O. Sophus Lie’s trans- 
formation groups. 4, 237, 270, 308; 
5,2, 75. 

Roturock, D. A. Point invariants 
for the finite continuous groups 
of the plane. 5, 251. 
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Operators 


MILLER, G. A. On the product of 
two commutative operators. 8, 
57. 

MILLER, G. A. Two infinite systems 
of groups generated by two opera- 
tors of order four. 11, 184. 

Dickson, L. E. A property of the 
group G,?" all of whose operators 
except identity are of period 2. 11, 
203. 

MILLER, G. A. Groups containing 
the largest possible number of 
operators of order two. 12, 149. 

MILLER, G. A. The groups which 
contain less than twenty opera- 
tors of order three. 13, 27. 


Substitution Groups 


MiLuLer, G. A. Remarks on substi- 
tution groups. 2, 142. 

MItter, G. A. Introduction to sub- 
stitution groups. 2, 179, 211, 257, 
267, 304, 351; 3, 7, 36, 69, 104, 
133, 171. 

MILLER, G. A. Applications of sub- 
stitution groups. 3, 197, 

MIL_erR, G. A. On a method to con- 
struct intransitive substitution 
groups. 5, 288. 

MILLER, G. A. On the simple groups 


which can be represented as sub- 
stitution groups that contain cy- 
clical substitutions of a prime 
degree. 6, 102. 

MILLER, G. A. Some elements of 
substitution groups. 6, 254. 

MILLER G. A. Examples of a few 
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HamMMER, P. C. Mantissa and char- 
acteristic. 49, 245. 


Tables of Logarithms (See Tables.) 
Theory 


STEVENS, M. C. Logarithms of 
negative numbers. /, 111. 

Younc, J. W. A simple existence- 
proof for logarithms. 10, 227. 

BENNETT, A. A. An inequality in 
connection with logarithms. 31, 
86. 

Houn, F. E. An existence proof for 
logarithms. 50, 115. 


LOGIC, MATHEMATICAL 
(Also see Proof.) 


HALSTED, G. B. Proving the false. 9, 
129. 
HIMEL, C. M. Converse and op- 


posite propositions. 10, 230. 
Cuurcu, A. The Richard paradox. 
41, 356. 


MAPS 


WAVRE, R. Is there a crisis in 
mathematics? (with reference to 
the notion of existence and a 
doubtful application of the law 
of excluded mean). 4/, 488. 

QUINE, W. V. New foundations for 
mathematical logic. 44, 70. 

COPELAND, A. H. Expansion of 
certain logical functions. 44, 213. 


MAPS 


ZERR, G. B. M. The length of a 
degree of latitude and longitude 
for any place. 8, 60. 

Laves, K. How the map-problem 
was solved in the war. 26, 181. 
LAMBERT, W. D. AND ADAMS, O. S. 

Mathematical problems in the 
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FRINK, O., Jr. New algebras of 
logic. 45, 210. 

MACLANE, S. Symbolic logic. 46, 
289. 

WERNICK, W. Functional depend- 
ence in the calculus of proposi- 
tions. 47, 602. 

WEYL, H. Mathematics and logic. 
53, 2. 


work of the United States Coast 
and Geodetic Survey. 28, 363. 
Brown, B. H. Conformal and equi- 
areal world maps. 42, 212. 
BRADLEY, A. D. Maps and map pro- 
jection. 46, 650. 


MAGIC SQUARES 


ANDEREGG, F. A_ perfect magic 
square. 12, 195. 

ZERR, G. B. M. The perfect magic 
squares for 1908. 16, 2. 

DELAND, T. L. The perfect magic 
squares for +1909. 16, 203. 

SpunaR, V. M. The perfect magic 
squares for 1914. 2/, 50. 

Remick, B. L. Note on_ perfect 
magic squares for 1914. 2/, 151. 

Corey, S. A. Relating to magic 
squares for the new year, 1918. 
25, 32. 

TREVOR, J. E. Determinants whose 
arrays are magic squares. 31, 216. 

GUTTMAN, S. On_ novel magic 
squares. 36, 369. 

CHERNICK, J. Solution of the gen- 


eral magic square. 45, 172. 

Canpy, A. L. A correction by Pro- 
fessor Candy. 46, 281. 

STERN, E. General formulas for the 
number of magic squares belong- 
ing to certain classes. 46, 555. 

CLus Topic. Magic squares and 
circles. 47, 106. 

HeaTH, R. V. A magic cube with 
6n cells. 50, 288. 

FINAN, E. J. Magic rectangles 
modulo p. 52, 502. 

ALLEN, E. G. Pan-magic squares of 
the fourth order. 53, 450. 

Tricc, C. W. Determinants of 
fourth order magic squares. 55, 
558. 
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MATHEMATICAL ASSOCIATION OF AMERICA 


American Mathematical Monthly 


FINKEL, B. F. anp Co.Law, J. M. 
Introduction. /, 1. 

SLAUGHT, H. E. Retrospect and 
prospect. 19, 183. 

HEpRICcK, E. R. Foreword on behalf 
of the editors. 20, 1. 

HEpRIcK, E. R. Some things we 
wish to know. 20, 105. 

SLAUGHT, H. E. Retrospect and 
prospect. 2/, 1. 

FINKEL, B. F. The human aspect 
in the early history of the Ameri- 
can Mathematical Monthly. 38, 
305. 

Editorial policy. 39, 314. 

Forp, L. R. Retrospect. 53, 582. 


Committee Reports 


Report of the committee on 
assigned collateral reading in 
mathematics. 35, 221. 

A report of the committee on 

college entrance requirements in 

geometry. 38, 241. 

Report of the committee to 

review the activities of the Mathe- 

matical Association of America. 

47, 64. 

Report of the committee on 
tests. 47, 290. 

—-—Report of the Newsom Com- 
mittee on the Slaught memorial 
papers. 48, 86. 

Universal military service in 

peace time. 53, 49. 

Instruction and research in ap- 

plied mathematics. 54, 398. 


General 


Cairns, W. D. The Mathematical 
Association of America; Original 
Constitution; By-Laws; Officers. 
23, 1. 

Hepricx, E. R. A tentative plat- 
form of the Association. 23, 31. 
Progress of the Association. 23, 

93. 

The charter membership of the 

Association. 23, 134. 

The library of the Association. 

23, 183. 

Incorporation of the Mathe- 
matical Association of America. 
27, 393. 

WILczyYNSsKI, E. J. Expository pa- 
pers for the Association. 28, 171. 
SLAUGHT, H. E. The Carus mathe- 

matical monographs. 30, 151. 

SLAUGHT, H. E. A new publication 
of the Association. 33, 344. 

SLAUGHT, H. E. The Association and 
its sections. 34, 225. 

YounG, J. W. Functions of the 
Mathematical Association of 
America. 39, 6. 

KEMPNER, A. The Mathematical 
Association and mathematics in 
the secondary school system. 44, 
634. 

Price, G. B. A program for the 
Association. 45, 531. 

LANGER, R. E. The Herbert Ells- 
worth Slaught memorial papers. 


48, 85. 
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MATRICES 


(Also see Determinants, Quadratic Forms.) 


Canonical Form 


RAIFORD, T. E. Geometry as a basis 
for canonical forms. 43, 82. 

CRAMLET, C. M. On the reduction 
of a representation to classical 
canonical form. 45, 159. 

BROWNE, E. T. On the reduction of 
a matrix to a canonical form. 
47, 437. 

SMILEY, M. F. The rational canoni- 
cal form of a matrix. 49, 451. 

SMILEY, M. F. The rational canon- 
ical form of a matrix II. 56, 542. 


Characteristic Equation 


THuRSTON, H. S. On the charac- 
teristic equations of products of 
square matrices. 38, 322. 

MITCHELL, A. K. A note on the 
characteristic determinant of a 
matrix. 38, 386. 

TuHuRSTON, H. S. The characteristic 
equations of the adjoint and the 
inverse of a matrix. 38, 448. 

MITCHELL, A. K. The Cayley- 
Hamilton theorem. 40, 153. 

Rotu, W. E. A theorem on matrices. 
44,95. 

HOUSEHOLDER, A. S. AND YOUNG, G. 
Matrix approximation and latent 
roots. 45, 165. 

Browne, E. T. Limits to the 
characteristic roots of a matrix. 
46, 252. 

Scott, W. M. On characteristic 
roots of matrix products. 48, 201. 

FARNELL, A. B. Limits for the field 
of values of a matrix. 52, 488. 


Circulant 
WILLIAMSON, J. The product of a 


circulant matrix and a special 
diagonal matrix. 39, 280. 

WEGNER, U. The product of a 
circulant matrix and a special 
diagonal matrix. 40, 23. 


Hermitian 


PARKER, W. V. Concerning a theo- 
rem on matrices. 45, 608. 

SCHWERDTFEGER, H. On generalized 
Hermitian matrices. 49, 181. 

SCHWERDTFEGER, H. On P,-matri- 
ces. 50, 621. 

Lenc, S-M. A theorem on positive 
definite matrices. 56, 397. 


Inverse 


Burcess, H. T. On the matrix 
equation BX =C. 23, 152. 

ALBERT, A. A. A rule for computing 
the inverse of a matrix. 48, 198. 

SAIBEL, E. Note on the inversion of 
a centrosymmetric matrix. 49, 
246. 

GOHEEN, H. E. On a lemma of 
Stieltjes on matrices. 56, 328. 


Unclassified 


Rotu, W. E. A convenient check on 
the accuracy of the product of 
two matrices. 36, 37. 

MvuRNAGHAN, F. D. On the represen- 
tation of a Lorentz transformation 
by means of two-rowed matrices. 
38, 504. 

METZLER, W. H. A new theorem 
concerning the rank of a matrix. 
41, 607; 42, 603. 

GARABEDIAN, H. L. Hausdorff 
matrices. 46, 390. 

OLDENBURGER, R. Matrix methods 
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in the solution of algebraic equa- 
tions. 49, 310. 

MacDuFFreE, C. C. What is a 
matrix? 50, 360. 

Wapbe, T. L. anp Bruck, R. H. 
Types of symmetries. 51, 123. 


EVERETT, C. J. AND Ryser, H. J. 
The Gram matrix and Hadamard 
theorem. 53, 21. 

EpmMuUNDSON, H. P. An _ operator 
approach to matrix theorems. 56, 
392. 


MAXIMA AND MINIMA 


(Also see Calculus of Variations.) 


End-Point 


OAKLEY, C. O. End-point maxima 
and minima. 54, 407. 

MANCILL, J. D. One-sided maxima 
and minima. 55, 311. 

BAEZ, A. V. Fermat’s principle and 
certain minimum problems. 55, 
316. 


Special Problems 


FisH, E. Curious process for maxi- 
mum or minimum. J, 332. 

Bussey, W. H. Maximum parcels 
under the new parcel post law. 
20, 58. 

Jackson, D. Relating to a problem 
in minima. 24, 42. 

JouNSON, R. A. Relating to a prob- 
lem in minima discussed by Pro- 
fessor Dunham Jackson in the 
January, 1917, number (p. 46) 
of this MONTHLY. 24, 243. 

DeECou, E. E. A practical printer’s 
problem in maxima and minima. 
27, 415. 

DRESDEN, A. The shortest circular 
path from a point to a line. 28, 
437. 

SWIFT, E. An example in maxima 
and minima. 34, 263. 

Jounson, R. A. A _ problem in 
maxima and minima. 35, 187. 

UspEensky, J. V. A minimum prob- 
lem. 40, 5. 


LONGLEY, W. R. An example of a 
continuous function with finite 
discontinuities in its second de- 
rivative. 44, 467. 

Cor, C. J. Problems on maxima and 
minima. 49, 33. 

STEWART, B. M. A maximum prob- 
lem. 49, 454. 

SEGRE, B. AND MAHLER, K. On the 
densest packing of circles. 5/, 261. 

STEWART, B. M. Two rectangles in a 
quarter-circle. 52, 92. 

KAPLANSKY, I. Minimal tangents. 
52, 439. 

Davis, C. The short-cut problem. 
55, 147. 

MiL_LerR, N. The problem of a non- 
vanishing girder rounding a cor- 
ner. 56, 177. 

ToétuH, L. F. On the densest packing 
of spherical caps. 56, 330. 


Theoretical Aspects 

Buiiss, G. A. A note concerning 
maxima and minima of functions 
of several variables. 14, 47. 

HILDEBRANDT, T. H. Existence of 
a minimum of a quadratic func- 
tion. 15, 57. 

LENNES, N. J. Note on maxima and 
minima by algebraic methods. /7, 
9. 

Witson, E. B. Relating to infini- 
tesimal methods in geometry. 24, 
241. 
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GUNDERSEN, C. A theorem about 
maximum and minimum points. 
36, 481. 

BriTTon, J. R. A note on poly- 
nomial curves. 42, 306. 

GARVER, R. The solution of prob- 
lems in maxima and minima by 
algebra. 42, 435. 

Fort, T. Maxima and minima of 
finite sums. 43, 164. 

Brown, O. E. Maximum and mini- 


mum values of functions of sev- 
eral variables. 44, 161. 

RINEHART, R. F. On extrema of 
functions which satisfy certain 
symmetry conditions. 47, 145. 

Wats, J. L. A rigorous treatment 
of the first maximum problem in 
the calculus. 54, 35. 

Laws, L. S. A simplification of the 
second derivative test. 54, 543. 


MEAN VALUE AND ROLLE’S THEOREMS 


Downlinc, H. H. Note on the law 
of the mean. 27, 467. 

BENNETT, A. A. The consequences 
of Rolle’s theorem. 31, 40. 


KRALL, H. L. On the mean value 
theorem. 42, 604. 

SHAIN, J. The method of cascades. 
44, 24. 


MECHANICS 
(Also see Physics.) 


Advanced Mechanics 


Matz, F. P. Lagrange’s generalized 
equations of motion. 2, 63. 

CAMPBELL, J. W. Motion with re- 
spect to moving axes. 51, 377. 

Pars, L. A. An elementary proof 
of Stickel’s theorem. 56, 394. 


Applications 


Canpy, A. L. Elimination of skid- 
ding due to steering mechanism 
on motor cars. 27, 245. 


Fundamentals 


HoskIns, L. M. ‘Quantity of mat- 
ter’ in dynamics. 23, 34. 

Huntincton, E. V. The logical 
skeleton of elementary dynamics. 
24, 1. 

ZIWET, A. Some reflections on teach- 
ing of mechanics suggested by 
Professor E. V. Huntington’s 
article ‘‘A Logical Skeleton of 


Elementary Dynamics.’’ 24, 296. 
Jackson, D. Mass and force in 
elementary dynamics. 24, 298. 
HUNTINGTON, E. V. A reply to 

Professors Ziwet and Jackson on 
mechanics. 24, 473. 
HunNTINGTON, E. V. Bibliographical 
note on the use of the word mass 
in current textbooks. 25, 1. 
KELLOGG, O. D. Two notes on in- 
struction in mechanics. 37, 521. 
DADOURIAN, H. M. A note on the 
principles of mechanics. 38, 270. 
WUNDHEILER, A. A note on instruc- 
tion in mechanics. 38, 442. 


Kinematics 


ZIWET, A. AND FIELD, P. A note on 
plane kinematics. 2/, 105. 

CreEsSE, G. H. Expressions for cer- 
tain accelerations of a particle. 
27, 402. 

Rees, E. L. A vector proof of the 
theorem of Coriolis. 33, 510. 


60 MECHANICS 


KESTER, F. E. The composition of 
angular velocities. 34, 196. 

Rees, E. L. Line complexes in 
kinematics. 35, 296. 

STEVENSON, A. F. A note on a sim- 
ple theorem in relative velocity. 
36, 384. 

PATTERSON, B. C. The components 
of velocity and acceleration. 42, 
554. 


Moments and Momentum 


HuNTINGTON, E. V. The theorem of 
rotation in elementary mechanics. 
21, 315. 

WILson, E. B. Linear momentum, 
kinetic energy, and angular mo- 
mentum. 22, 187. 

Knott, C. G. The theorem of mo- 
ments. 22, 194. 

KELLOGG, O. D. The theorem on 
the moment of momentum. 31, 
429. 

Oscoop, W. F. Huntington’s theo- 
rem on moments. 38, 434. 


Pendulums 


Jackson, W. H. The deflecting force 
of the earth’s rotation and Fou- 
cault’s pendulum: an elementary 
analysis. 16, 82. 

PIERPONT, J. A note on Foucault’s 
pendulum. 36, 161. 

BATEMAN, H. Lagrange’s compound 
pendulum. 38, 1. 

WEINSTEIN, A. The spherical pen- 
dulum and complex integration. 
49, 521. 


Problems 


WILSON, E. B. Relating to an in- 
structive problem in attraction. 
24, 41. 

SYNGE, J. L. Problems in mechanics. 
55, 22. 


Rigid Bodies 

FIELD, P. AND ZIWET, A. The ac- 
celerations of the points of a 
rigid body. 23, 371. 

REEs, E. L. Relating to the proof 
that a rigid body moving about a 
fixed point is at each instant 
rotating about an axis through 
that point. 25, 126. 

REEsS, E. L. Vectorial treatments of 
the motion of a rigid body in a 
plane. 30, 290. 

RrEEsS, E. L. Conical loci associated 
with the motion of a rigid body 
about a point. 3/, 131. 

Poor, V. C. The Huygens governor. 
32, 115. 

Branp, L. The fundamental theo- 
rem in rigid kinematics. 36, 374. 
Rees, E. L. Angular velocity de- 
termined by the accelerations of 

three points. 37, 26. 

COLWELL, R. C. The solution of 
certain dynamical problems. 37, 
434. 

CoE, C. J. Displacements of a rigid 
body. 41, 242. 

Jackson, D. The instantaneous mo- 
tion of a rigid body. 49, 661. 

GEIRINGER, H. The geometric foun- 
dations of the mechanics of a 
rigid body. 50, 492. 


Special Motions 


LENNES, N. J. On the motion of a 
ball on a billiard table. 12, 152. 
McDonaLp, E. W. Determination 
of the reducible cases of the fixed 
centrode of three-bar motion. 
33, 90. 

CAMPBELL, J. W. A periodic solu- 
tion for a certain problem in 
mechanics. 34, 188. 
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BLAU, L. W. Forced vibrations with 
small resistance, approximating 
resonance. 35, 290. 

HunTINGTON, E. V. Air resistance 
to falling spheres. 40, 451. 

CAMPBELL, W. B. Motion of a 
twirled weight. 42, 610. 

Jounston, L. S. Notes on curvi- 
linear motion in the plane. 46, 
348. 

WYLIE, C. R., JR. Simple harmonic 
motion with quadratic damping. 
47, 474. 

VALENTINE, F. A. The motion of a 
sliding horizontal hoop. 56, 79. 


Statics 


ZERR, G. B. M. To find the equation 
to the straight line which is the 
direction of the resultant of a 
system of forces acting in one 
plane. 12, 176. 

STEcK, C. C. On a special case of 
equilibrium of a flexible inex- 
tensible string. 18, 221. 

DIAMOND, H. An illustration of the 
usefulness of the method of isola- 
tion in statics. 33, 97. 


Trajectories 


Matz, F. P. The motion of a pro- 
jectile in a medium resisting as 
the cube of the velocity. 9, 91. 

GRABER, M. E. A general theory of 
projectiles. 10, 98. 

Corey, S. A. The ballistic problem. 
12, 121. 

Rees, E. L. The path of a pro- 
jectile when the resistance varies 
as the velocity. 27, 119. 

Fitcu, P. On trajectories in general. 
30, 138. 

Rees, E. L. Loci of points of a 


moving body which are excep- 
tional points of their trajectories. 
32, 174. 

Mou ton, F. R. New methods in 
exterior ballistics. 35, 246. 

CAMPBELL, W. B. An envelope of 
trajectories. 44, 319. 

DepeErRIck, L. S. The mathematics 
of exterior ballistic computations. 
47, 628. 

FuBINI, G. An elementary property 
of the trajectory of a projectile. 
48, 397. 

McSHANE, E. J. Computation of 
flat trajectories with high angles 
of departure. 48, 617. 

Tuomas, J. M. The trajectory in 
vacuo. 54, 216. 


Two-, Three-, and N-Body Problems 


GRIFFIN, F. L. A simple example of 
a central orbit with more than 
two apsidal distances. /4, 199. 

Mou ton, E. J. AND HopcE, F. H. 
On certain properties of the orbits 
of a particle subject to a central 
force varying as an integral power 
of the distance. 15, 119. 

GRIFFIN, F. L. Families of central 
orbits related to circular trajec- 
tories. 16, 57. 

DurREN, W. L., Jr. The oscillation 
of an infinitesimal body attracted 
by three finite masses. 35, 471. 

GaRRETT, W. H. The problem of 
two bodies and a related sextic. 
37, 54. 

Marxkowl!tTz, W. The Lagrange solu- 
tions of the problem of three 
bodies. 37, 296. 

HINRICHSEN, J. J. I. The libration 
points in an n-body problem. 50, 
231. 
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MILITARY AND NAVAL AFFAIRS 
(Also see Artillery, Navigation.) 


Government Regulations 


MorsE, M. Selective service for 

mathematicians. 49, 76. 
Occupational classification of 
mathematicians. 49, 624. 
Description of the profession 
of mathematics. 5/, 240. 


Mathematics in Wartime 


CLus Topic. Mathematics and de- 
fense. 47, 484. 

Morse, M. anp Hart, W. L. Math- 
ematics in the defense program. 
48, 293. 

Hart, W. L. Distribution of the 
Report on Mathematical Educa- 
tion for Defense. 48, 570. 

PrRIcE, G. B. Adjustments in mathe- 
matics to the impact of war. 50, 
31. 

Suggestions from the Office of 

Scientific Personnel of the Na- 

tional Research Council. 50, 75. 

The problem of securing teach- 
ers of collegiate mathematics for 
wartime needs. 50, 215. 

RICHARDSON, R. G. D. Applied 
mathematics and the present cri- 
sis. 50, 415. 


Preparatory Education 


RICHARDSON, R. G. D. Courses in 
college in preparation for the 
Navy. 25, 321. 

Hart, W. L. On education for serv- 
ice. 48, 353. 

Hart, W. L. Certification of math- 
ematical training for military 
service. 48, 492. 


—The letter of Admiral Nimitz. 
49, 212. 

Hart, W. L. Pre-induction training. 
49, 351. 

The Sixth Corps Area confer- 
ence on pre-induction training. 
49, 490. 

Ma.tory, V. S. Essential mathe- 
matics for minimum army needs. 
50, 580. 


Training and Education Programs 


BARNETT, I. A. Mathematical in- 
struction at the Great Lakes 
Naval Station. 25, 326. 

The Naval unit at the Univer- 

sity of California. 25, 326. 

Courses in navigation at the 
United States Naval Academy. 
25, 370. 

Hart, W. L. Specialized training 
for flying cadets. 48, 221. 

Pre-training of aviation cadets. 

49, 274. 

Training in meteorology. 49, 
697. 

Root, R. E. Mathematics and 
mechanics in the post-graduate 
school at Annapolis. 50, 238. 

The Army Specialized Training 

Program. 50, 466. 

The Navy College Training 
Program. 50, 645. 

——The College Pre-Flight Pro- 
gram. 5/, 58. 

The Army and Navy college 

reserve programs. 51, 244. 

Report on mathematics in the 

V-12 program. 51, 421. 


NAVIGATION 


USAF I courses in college math- 
ematics. 52, 287. 

BANCROFT, T. A. Mathematics at 
the American universities in Eu- 
rope. The study center in Florence. 
53, 131. 

WINGER, R. M. Mathematics at the 
American universities in Europe. 
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Biarritz American University. 53, 
134. 

GEHMAN, H. M. The army univer- 
sities in Europe: a preview of the 
veterans problem. 53, 614. 

SEWELL, W. E. Mathematics in the 
Army Education Program. 54, 
195. 


NAVIGATION 


BYERLY, W. E. Sailing to windward. 
23, 368. 

ROEVER, W. H. Some drawings and 
graphical solutions in navigation. 
25, 415. 

Ransom, W. R. AND BREAKWELL, 
J. V. The shortest way found 
quickly. 50, 436. 

FLEXNER, W. W. Azimuth line of 
position. 50, 475. 


NIM 


CLus Topic. The binary scale of 
notation, a Russian peasant meth- 
od of multiplication, the game 
of Nim and Cardan’s rings. 25, 
139. 

McIntyre, D. P. A new system for 
playing the game of Nim. 49, 44. 


BRENNER, J. Determination of lati- 
tude in an emergency. 5/, 343. 
BRADLEY, A. D. Azimuthal equi- 

distant projection of the sphere. 
52, 148. 
ROSENBAUM, R. A. The “‘time-unit’’ 
system in navigation. 52, 263. 
Brown, O. E. AND Nassau, J. J. A 
navigation computer. 54, 453. 


Conpon, E. U. The Nimatron. 49 
330. 

Recut, L. S. The game of Nim. 50, 
435. 

GrossMaNn, H. D. anp KRAMER, D. 
A new match-game. 52, 441. 

REDHEFFER, R. A machine for play- 
ing the game Nim. 55, 343. 


NOMOGRAMS 


DEHN, E. Algebraic charts. 39, 222. 

Mosxovitz, D. An alignment chart 
for various means. 40, 592. 

Brown, O. E. An unusual nomo- 
gram. 42, 227. 

FrIAUF, J. B. Nomographic solu- 


tion of a problem in spherical 
trigonometry. 42, 232. 
Forp, L. R. An alignment chart for 
the quadratic equation. 46, 508. 
Cius Topic. Nomographs. 47, 106. 
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NON-EUCLIDEAN GEOMETRY 


HALstTeED, G. B. Easy corollaries in 
non-Euclidean geometry. J, 42. 
HaALsTED, G. B. Non-Euclidean 
geometry, historical and exposi- 
tory. J, 70, 112, 149, 188, 222, 
259, 301, 345, 378, 421; 2, 10, 42, 
67, 108, 144, 181, 214, 256, 309, 
346; 3, 13, 35, 67, 109, 132; 4, 10, 
77, 101, 170, 200, 247, 269, 307; 

5, 1, 67, 127, 290. 

LyLE, J. N. Lobatchewsky’s tri- 
angle. J, 247. 

LyLe, J. N. Logical deductions from 
the hypothesis that the angle-sum 
is less than two right angles. J, 
426; 2, 149. 

LyLe, J. N. Theorem 16 of Loba- 
tchewsky’s theory of parallels. 2, 
70. 

HoLtpen, W. Are Lobatchewsky’s 
principles applicable to mechan- 
ics? 2, 95. 

LyLE, J. N. Lambert’s reason for 
holding that the parallel postulate 
needs proof. 2, 292. 

HoLpEN, W. Theory and practice 
combined. 3, 123. 

DRUMMOND, J. H. On the doctrine of 
parallels. 3, 237. 

Hopkins, G. I. Euclidean geometry 
without disputed axioms. 4, 251. 

HALstTeED, G. B. The Irving Hopkins 
fallacy. 4, 291. 

HALSTED, G. B. Urkunden zur Ge- 
schichte der nichteuklidischen Ge- 


ometrie von F. Engel und P. 
Staeckel. 6, 166. 
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GILLESPIE, D. C. Advanced calculus 
or differential equations. 26, 189. 

ALTSHILLER-CourtT, N. College ge- 
ometry. 31, 232. 

CRATHORNE, A. R. The course in 
statistics in the mathematics de- 
partment. 33, 185. 

Fort, T. A reading course in mathe- 
matics. 35, 554. 

GRIFFIN, F. L. The undergraduate 
mathematical curriculum of the 
liberal arts college. 37, 46. 

Kusn_ER, J. H. On collateral reading 
in mathematics. 37, 498. 

WEXLER, C. The major in mathe- 
matics. 44, 586. 

WEIss, M. J. Algebra for the under- 
graduate. 46, 635. 

ScCHEFFE, H. At what level of rigor 

should advanced calculus for 
undergraduates be taught? 47, 


635. 
Mouton, E. J. College mathe- 
matics—a statement for the 


undergraduate. 48, 351. 
MONTAGUE, H. F. A course on the 


significance of mathematics. 48, 
681. 


SLEIGHT, E. R. Undergraduate re- 
search in Michigan. 48, 696. 

GRIFFIN, F. L. Undergraduate 
mathematical research. 49, 379. 

MurRnNaGHAN, F. D. The teaching of 
college mathematics. 53, 419. 


College Entrance Requirements 


BEATLEY, R. Beginning geometry 
and college entrance. 35, 80. 

TYLER, H. W. Beginning geometry 
and college entrance. 35, 305. 

KEMPNER, A. J. College entrance 
requirements in mathematics. 55, 
414, 


College Level Requirements 


MartTIN, E. N. Relating to required 
mathematics for women students. 
24, 394. 

LANGER, R. E. The new mathe- 
matics ‘‘requirement”’ at the Uni- 
versity of Wisconsin. 42, 208. 

ScHAAF, W. L. Required mathe- 
matics in a liberal arts college. 44, 
445, 


Coordination of Teaching 


SCHORLING, R. The need for cooper- 
ative action in mathematical edu- 
cation. 52, 194. 

REEVE, W. D. Coordinating high 
school and college mathematics. 
54, 1. 

KNEBELMAN, M. S. The teaching 
of college mathematics today. 54, 
323. 

SCHORLING, R. A program for im- 
proving the teaching of science 
and mathematics. 55, 221. 
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Freshman Courses (Also see Algebra 


—Pedagogy.) 

BAILEY, F. H. Unified mathematics. 
17, 103. 

MILLER, G. A. Mathematical trou- 
bles of the freshman. 20, 235. 

GRIFFIN, F. L. An experiment in 
correlating freshman  mathe- 
matics. 22, 325. 

NYBERG, J. The unification of fresh- 
man mathematics. 23, 101. 

GRIFFIN, F. L. Relating to ‘‘The 
Unification of Freshman Mathe- 
matics.’’ 23, 223. 

YounG, J. W. The organization of 
college courses in mathematics 
for freshmen. 30, 6. 

LENNES, N. J. A new type of fresh- 
man course in mathematics, 33, 
307. 

Cow_ey, E. B. Solid geometry and 
the new curricula. 35, 251. 

TRACEY, J. I. Undergraduate in- 
struction in mathematics. 44, 284. 

CAMERON, E. A. A_ program in 
freshman mathematics designed 
to care for a wide variation in 
student ability. 47, 471. 

ARNOLD, W. C. How to study math- 
ematics. 47, 704. 

DorwaktT, H. L. Comments on the 
North Carolina program in fresh- 
man mathematics. 48, 37. 

GEORGES, J. S. Integrated versus 
traditional mathematics. 48, 126. 

Mathematics instruction for 
purposes of general education. 48, 
189. 

ZANT, J. M. A. A course in freshman 
mathematics. 48, 246. 

RICHARDSON, M. On the teaching 
of elementary mathematics. 49, 
498. 


PEDAGOGY 


Evans, H. P. Mathematics text- 
books for the introductory college 
courses. 5/, 12. 

OrE, O. Mathematics for students 
of the humanities. 5/1, 453. 

NortuHrop, E. P. Mathematics in 
a liberal education. 52, 132. 

ALLENDOERFER, C. B. Mathematics 
for liberal arts students. 54, 573. 

NortHrop, E. P. The mathematics 
program in the college of the 
University of Chicago. 55, 1. 

OaiLvy, C. S. Mathematical vocabu- 
lary of beginning freshmen. 56, 
261. 


General 


MILLER, G. A. External encourage- 
ment for the study of higher 
mathematics. 15, 25. 

SLAUGHT, H. E. The teaching of 
mathematics in the colleges. J6, 
173. 

SLAUGHT, H. E. Incentives to math- 
ematical activity. 20, 169. 

SLAUGHT, H. E. The promotion of 
collegiate mathematics. 22, 251. 

SLAUGHT, H. E. The teaching of 
mathematics. 22, 289. 

Heprick, E. R. The significance of 
mathematics. 24, 401. 

Jackson, D. The human signifi- 
cance of mathematics. 35, 406. 

DRESDEN, A. A program for mathe- 
matics 42, 198. 

JEFFERY, R. L. Productive scholar- 
ship in the undergraduate college. 
42, 364. 

BRINK, R. W. College mathematics 
during reconstruction. 5/, 61. 

JonaH, H. F.S. and KELLER, M. W. 
Some variations of the multiple- 
choice question. 52, 1. 
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MacDuFFEE, C. C. An objective in 
education. 52, 359. 

WAHLERT, H. E. Education for all 
American youth: a review. 53, 
290. 

VANCE, E. P. The teaching of mathe- 
matics in colleges and universities. 
55, 57. 

MacDurree, C. C. The scholar in 
a scientific world. 55, 129. 

PéLya, G. With, or without, moti- 
vation? 56, 684. 


Graduate Study 


Moutton, E. J. The unemploy- 
ment situation for Ph.D’s in 
mathematics. 42, 143. 

RICHARDSON, R. G. D. The Ph.D. 
degree and mathematical research. 
43, 199. 

KLINE, J. R. Rehabilitation of 
graduate work. 53, 121. 

The graduate record examina- 

tion. 53, 351. 


Junior College Mathematics 


HANNELLY, R. J. Mathematics in the 
junior college. 46, 581. 

Curtiss, D. R. The _ professional 
interests of mathematical in- 
structors in junior colleges. 48, 
224. 


Mathematics for Physical Scientists 


EPSTEEN, S. Minimum courses in 
engineering mathematics. 20, 47. 

Wuitep, W. On making mathemati- 
cal results more available for 
engineers. 25, 85. 

DANIELS, F. Mathematics for stu- 
dents of chemistry. 35, 3. 

The mathematical training of 

chemists. 40, 1. 


DupbLey, A. M. The type of mathe- 
matical training needed by elec- 
trical engineers. 42, 306. 

CELL, J. W. Mathematics instruc- 
tion in engineering. 50, 303. 

AYReEs, W. L. Interesting the eng!- 
neering student. 5/, 200. 

ROSENHEAD, L. and STRACHAN, C. 
The linking of mathematics and 
physics in university courses. 55, 
403. 


Methods of Teaching 


MoraGawn, F. M. A plea for less for- 
mal work in mathematics. 2/, 116. 

CLEMENTS, G. R. Relating to the 
selection of material for class re- 
views. 25, 269. 

CARVER, W. B. The mathematical 
puzzle as a stimulus to investi- 
gation. 30, 132. 

ETTLINGER, H. J. The kinetics of 
learning. 33, 506. 

CARVER, W. B. Thinking versus 
manipulation. 44, 359. 

CAMPBELL, A. D. Advice to the 
graduate assistant. 45, 32. 

KEMPNER, A. J. The deadly parallel. 
46, 280. 

DensBow, C. Means and ends in 
mathematics. 49, 105. 

BucHANAN, H. E. A manual for 
young teachers of mathematics. 
53, 371. 

Jones, B. W. The supervision of 
teaching assistants. 53, 485. 

HELSEL, R. G. and Rand, T. Can 
we teach good mathematics to 
undergraduates? 55, 28. 

Jones, P. S. The teaching fellow 
program at Michigan. 55, 145. 
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Placement Tests 


NORDGAARD, M. A. The use of prog- 
nostic tests in sectionizing college 
freshmen in mathematics. 31, 436. 

KELLER, M. W., SHREVE, D. R., and 
REMMERS, H. H. Diagnostic test- 
ing program in Purdue Univer- 
sity. 47, 544; 48, 39; 50, 85. 

Cox, H. M. What are the adminis- 
trative and guidance uses of 
mathematics examinations? 48, 
317. 

Kossack, C. F. Mathematics place- 
ment at the University of Oregon. 
49, 234. 


Secondary School Mathematics 


GRANVILLE, W. A. On the teaching 
of the elements of plane trigonom- 
etry. 17, 25. 

Cajori, F. Attempts made during 
the eighteenth and _ nineteenth 
centuries to reform the teaching of 
geometry. /7, 181. 

YounG, J. W. The work of the na- 
tional committee on mathematical 
requirements. 24, 463. 

ZILLIACUS, L. The history of mathe- 
matics in elementary instruction. 
27, 61. 

Recommendations concerning 
demonstrative geometry and ad- 
vanced mathematics from the 
Association of Teachers of Mathe- 
matics in New England. 4/, 344. 

Hart, W. L. Student placement in 
secondary mathematics. 4/, 611. 

SHUSTER, C. N. A call for reform 
in high school mathematics. 55, 
472. 


Teaching Aids (See 
Mathematical.) 


Instruments, 


Teacher Training 


SLAUGHT, H. E. The teaching of 
mathematics in summer sessions 
of universities and normal schools. 
18, 147. 

MILLER, G. A. Mathematical litera- 
ture for high school teachers. 20, 
92. 

LYTLE, E. B. The college as a train- 
ing school for high school teachers. 
27,157. 

——Report on the training of teach- 
ers of mathematics. 42, 263. 

ERSKINE, W. H. The content of a 
course in algebra for prospective 
secondary school teachers. of 
mathematics. 46, 32. 

BENNETT, A. A. The college teacher 
of mathematics looks at teacher 
training. 46, 213. 

Jones, B. W. On the training of 
teachers for secondary schools. 46, 
428. 

MANSFIELD, R. Mathematics for 
prospective teachers in elementary 
schools. 48, 248. 

O'TOOLE, A. L. College geometry for 
secondary school teachers. 48, 
319. 

QuERRY, J. W. A survey course for 
teachers. 50, 176. 

PARKER, W. V. and Karnes, H. T. 
The Louisiana-Mississippi edu- 
cational committee. 53, 355. 


Teaching in Foreign Countries 


SMITH, D. E. The international com- 
mission on the teaching of mathe- 
matics. 17, 1. 

MiKamI, Y. On the new course in 
mathematics in the Japanese nor- 
mal schools. 17, 233. 
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MiIKamMI, Y. The teaching of mathe- 
matics in Japan. 18, 123. 

The Paris report on calculus in 
secondary schools. 2/, 324. 

NoBLE, C. A. The teaching of math- 
ematics in German secondary 
schools and the training of teach- 
ers for these schools. 34, 286. 

CarrRNS, W. D. Advanced prepara- 
tory mathematics in England, 
France and Italy. 42, 17. 

WATKEYsS, C. W. Discussion of the 
Cairns report. 42, 34. 

CouRANT, R. Mathematical educa- 
tion in Germany before 1933. 45, 
601. 


Unclassified 


DoOoLITTLE, E. Where mathemati- 
Cians are needed. 3, 33. 

SNYDER, V. Relating to the teaching 
of axonometry. 22, 174. 

HILDEBRANDT, T. H. Marginal 
notes. 36, 216. 

Jounston, L. S. Additional margi- 
nal notes. 39, 479. 

NIELSEN, K. L. Industrial experi- 
ence for mathematics professors. 
54, 91. 

RICHTMEYER, C. C. A program of 
information for prospective col- 
lege students. 56, 90. 


PERMUTATIONS 


SINKOV, A. A property of cyclic 
substitutions of even degree. 42, 
145. 


MILLER, L. Even permutations as 
products of cycles. 46, 283. 
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(Also see Higher Plane Curves.) 


Circles 


SCHMALL, C. N. Relating to the 
analytical geometry of the circle. 
27, 169. 

Caris, P. A. Cartesian equations of 
circles connected with a plane tri- 
angle. 34, 254. 

YounG, F. H. Tangent to a circle 
from an exterior point. 55, 497. 

Ruin, H. Finding the equation of 
the circle through three points. 
56, 334. 


Conics (Also see Ellipse, Hyperbola, 
Parabola.) 


Conics, Constructions for 
Dickson, L. E. The simplest model 


for illustrating the conic sections. 
1, 261. 


Hopce, F. H. Some constructions 
leading to conics. 19, 96. 

Woops, B. M. The construction of 
conics under given conditions. 21, 
173. 

MaTHEws, R. M. Graphical con- 
structions for imaginary inter- 
sections of line and conic. 26, 447. 

Jounston, L. S. Simple construc- 
tions for the conics. 44, 524. 

YATES, R. C. Folding the conics. 
50, 228. 


Conics, Degenerate 


BRINKMANN, H. W. Relating to the 
interpretation of the degenerate 
conjcs. 23, 132. 

IvANOFF, V. F. Note on degenerate 
conics. 45, 309. 
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Conics, Derivation of Equations of 


LANDIS, W. W. A method of defin- 
ing the ellipse, hyperbola and 
parabola as conic sections. 5, 72. 

QuINnN, J. J. A development of the 
conic sections by kinematic meth- 
ods. 9, 283. 

HAWTHORNE, F. Derivation of the 
equations of conics. 54, 219. 


Conics, Focal Properties of 


MacNeErsH, H. F. The intersections 
of two conic sections with a com- 
mon focus. 28, 260. 

MILLER, N. A generalization of a 
property of confocal conics. 32, 
178. 

McEwen, W. R. Focal points and 
focal loci. 48, 386. 


Conics, History 


HayasHl, T. The conic sections in 


the old Japanese mathematics. 13, 
171. 


Conics, Invariants and Simplification 
of 


DEAN, G. R. Note on the general 
equation of the second degree. 7, 
217. 

Lunn, A. C. A biquadratic equation 
connected with the reduction of 
a quadratic locus. 15, 5. 

ALLEN, E. S. An elementary analy- 
sis of the general equation of 
second degree. 31, 479. 

MacDuFFEE, C. C. Euclidean in- 
variants of second degree curves. 
33, 243. 

THORNTON, H. B. Simplification of 
the equations of conics. 41, 36. 
Duncan, D. C. Conic sections from 

whose equations the xy-term may 


be eliminated by a rotation of axes 
involving no surd numbers. 4/, 
441. 

Jounston, L. S. Simplification of 
equations of conics. 44, 30. 

YATES, R. C. Classification of the 
conics. 50, 112. 

DoyvLeE, T. C. Euclidean metric in- 
variants of conics by tensor alge- 
bra. 52, 179. 

Jouns, A. E. The reduced equation 
of the general conic. 54, 100. 

Birp, M. T. Simplification of equa- 
tions of conics. 54, 104. 


Conics, Systems of 


Johnson, E. H. Concerning conics 
through four points. 4, 104. 

LEHMER, D. N. A discussion by syn- 
thetic methods of the covariant 
conic of two given conics. 15, 29. 

HILDEBRANDT, T. H. On the deter- 
mination of conics through two 
points, the major axis and one 
focus being given. 15, 177. 

Bruce, R. E. A theorem in the mod- 
ern plane geometry of the 
abridged notation. 21, 77. 

CAMPBELL, A. D. Note on the geo- 
metric description of linear fami- 
lies of conics by means of apolar- 
ity. 35, 178. 

Jounston, L. S. On certain se- 
quences of conics and associated 
sequences of numbers. 36, 198. 

EARHART, F. C. A relation between 
polar conics and osculant conics 
of a nodal cubic. 36, 437. 

Brown, B. H. Note on systems of 
orthogonal conics. 39, 107. 

CAMPBELL, A. D. A note on conics 
intersecting at given angles. 44, 
317. 


PLANE ANALYTIC GEOMETRY—ELEMENTARY 79 


Conics, Special Properties 


ZERR, G. B. M. Certain loci related 
to a conic. 10, 156. 

HAWKESWORTH, A. S. Some new 
ratios of conic curves. /2, 1, 29. 

HAWKESWORTH, A. S. Some new 
metrical properties of conic curves. 
12, 169. 

LAMBERT, W. D. On the chord of 
contact of tangents to a conic. /3, 
159. 

HAWKESWORTH, A. S. Co-polar and 
co-axial triangles in conics. 14, 63. 

HAWKESWORTH, A. S. A new theor- 
em in the geometry of conics. /7, 
82. 

Jounston, L. S. A note on the 
conics. 42, 501. 


Ellipse 


IweERSON, R. An approximate con- 
struction for an ellipse. 23, 354. 

BRADSHAW, J. W. Approximate con- 
struction for an ellipse. 24, 301. 

Jounson, R. A. The arc of the 
ellipse. 37, 188. 

GOORMAGHTIGH, R. The arc of the 
ellipse. 37, 441. 

WEAVER, J. H. Properties of points, 
lines, and circles associated with 
a point on an ellipse. 48, 435. 

Tripp, M. O. An application of par- 
tial derivatives to the ellipse. 2/, 
15. 

PARKER, W. V. and Pryor, J. E. 
‘Polygons of greatest area in- 
scribed in an ellipse. 51, 205. 

Boyer, C. B. The equation of an 
ellipse. 54, 410. 

YounG, F. H. The ellipse as a circle 
with a moving center. 55, 156. 


Hyperbola 


HENDERSON, A. Two simple con- 
structions for finding the foci of 
an hyperbola, given the asymp- 
totes and a point on, or a tangent 
to, the curve. 9, 252. 

HENDERSON, A. A method for con- 
structing an hyperbola, given the 
asymptotes and a focus. 9, 285. 

HAWKESWORTH, A. S. Four new 
theorems relating to conjugate 
hyperbolas. //, 164. 

EmcH, A. On an elementary prob- 
lem of closure on an equilateral 
hyperbola. 26, 63. 

MatTHEws, R. M. Concyclic points 
on an equilateral hyperbola and 
on its inverses. 29, 347; 30, 198. 

MuSSELMAN, J. R. On the equilater- 
al hyperbola. 38, 383. 

MUSSELMAN, J. R. A rectangular 
hyperbola theorem. 40, 480. 

WEAVER, J. H. Some properties of 
lines associated with a hyperbola. 
45, 520. 

ALLEN, E. F. On a triangle in- 
scribed in a rectangular hyper- 
bola. 48, 675. 

YATES, R. C. Four points. 50, 505. 


Parabola 


BARTON, S. G. A simple method of 
constructing the normals to a 
parabola. 2/1, 180. 

BARTON, S. G. Some properties of 
the normals to parabolas. 21, 182. 

BAILEY, H. W. On the general] equa- 
tion of the parabola. 4/, 316. 

BULLARD, J. A. Properties of para- 
bolas inscribed in a triangle. 42, 
606. 
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BULLARD, J. A. Further properties of 
parabolas inscribed in a triangle. 
44, 368. 

MUSSELMAN, J. R. On four lines and 
their associated parabola. 44, 513. 


Polar Coordinates (See Higher Plane 
Curves.) 


Polygons, Area of 


BAKER, R. P. The expression of the 

Er areas of polygons in determinant 
form. 11, 227. 

WILLIAMS, K. P. The analytic 
determination of the area of a 
triangle in terms of its sides. 34, 
360. 

Fort, M. K., Jr. Formula for the 
area of a triangle. 54, 337. 


Straight Line 


PHILLIPS, H. B. Relating to the 
slope-angle of a curve. 23, 224. 

NYBERG, J. The linear function and 
the line. 24, 406. 

MATHEws, R. M. Relating to the 
derivation of a distance formula. 
24, 476. 

Burcess, H. T. Relating to the 
derivation of the distance for- 
mula. 25, 181. 

BENNETT, A. A. The sign of the dis- 


tance in analytical geometry. 26, 
344. 

Poor, V. C. The use of the vector in 
analytical geometry. 27, 307. 

May, K. Derivation of the normal 
form of the equation of the 
straight line. 55, 155. 

Boyer, C. B. Clairaut and the ori- 
gin of the distance formula. 55, 
556. 


Unclassified 


YounG, A. E. On the teaching of 
analytic geometry. 16, 205. 

LONGLEY, W. R. Use of transcen- 
dental equations in analytic geom- 
etry. 23, 289. 

FORAKER, F. A. Determinants in 
elementary analytic geometry. 27, 
57. 

COPELAND, L. P. The triangle of 
reference in elementary analytic 
geometry. 28, 250. 

BINGLEY, G. A. The complex vari- 
able in the solution of problems in 
elementary analytic geometry. 33, 
418. 

FRANKLIN, P. The geometric inter- 
pretation of some formulas of 
analytic geometry. 40, 143. 

SINGER, J. Some remarks on coordi- 
nate systems. 48, 49. 
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Circles (Also see Triangles.) 


SAWAYAMA, Y. A new geometrical 
proposition. 12, 222. 

ARCHIBALD, R. C. Centers of simili- 
tude of circles and certain theor- 
ems attributed to Monge. Were 
they known to the Greeks? 22, 6. 

ALTSHILLER, N. On the circles of 
Apollonius. 22, 261, 304. 


Brown, B. H. Centers of similitude 
and their 2-dimensional analogies. 
23, 155. 

ARCHIBALD, R. C. Historical note 
on centers of similitude of circles. 
23, 159. 

CLus Topic. Ptolemy’s theorem and 
formulae of trigonometry. 25, 94. 
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WEAVER, J. H. Some extensions of 
the work of Pappus and Steiner 
on tangent circles. 27, 2. 

DADOURIAN, H. M. Acoustic circles. 
28, 111. 

Jounson, R. A. On the circles of 
antisimilitude of the circles deter- 
mined by four given points. 30, 
250. 

Brown, B. H. Fiedler’s cyclography. 
32, 517. 

Ruppick, C.T. The circle in Euclid’s 
treatment of optics. 34, 30. 

Daus, P. H. On a set of problems 
related to the problem of Apol- 
lonius. 34, 357. 

SIMMONS, H. A. Strong and weak 
inequalities involving the ratio of 
two chords or two arcs of a circle; 
chains of inequalities. 35, 122. 

MacKay, D. L. Homothetic centers 
and centers of similitude. 43, 630. 

STEWART, W. M. A theorem con- 
cerning circles. 44, 165. 

WEAVER, J. H. A generalization of 
the circles of Apollonius. 45, 17. 

Court, N. A. Remarks on pencils 
of circles and nets of spheres. 45, 
372. 

Tsao-CHEN, T. The nine circle 
theorem and the enlarged geome- 
try. 45, 430. 

GaBA, M. G. On a generalization of 
the Arbelos. 47, 19. 

Daus, P. H. Bisecting circles. 47, 
519. 

THEBAULT, V. On the circles of 
‘Pappus. 47, 640. 

GoopMaN, A. W. and GoopmaN, R. 
E. A circle covering theorem. 52, 
494. 

THEBAULT, V. Concerning pedal 
circles and spheres. 53, 324. 


Circles, Nine-Point 


D_E Cicco, J. An analog of the nine- 
point circle in the Kasner plane. 
46, 627. 

BRAND, L. The eight-point circle 
and the nine-point circle. 51, 84. 

Eves, H. Feuerbach’s theorem by 
‘‘mean position’’. 52, 35. 

SANDHAM, H. F. A simple proof of 
Feuerbach theorem. 52, 571. 

SANDHAM, H. F. A generalization 
of Feuerbach’s theorem. 56, 620. 


Configurations 


CLaRK, B. G. The configuration of 
six points of the plane. 42, 549. 

KELLY, L. M. The neglected syn- 
thetic approach. 55, 24. 

Coxeter, H. S. M. A problem of 
collinear points. 55, 26, 247. 


Constructions—General 


S1sAM, C. H. The general Euclidean 
construction. 10, 97. 

CARMICHAEL, R. D. On constructing 
a cube having a given ratio to a 
given cube. 14, 174. 

ARCHIBALD, R. C. Remarks on 
Klein’s ‘‘Famous Problems of 
Elementary Geometry.” 21, 247. 

WEAVER, J. H. The duplication 
problem. 23, 106, 

CLus Toric. Geometrography and 
other methods of measurement of 
geometrical constructions. 25, 37. 

Cius Topic. Constructions with a 
double-edged ruler. 25, 358. 

Cajori, F. A forerunner of Mas- 
cheroni. 36, 364. 

GIBBENS, G. Some constructions for 
the classical problems of geome- 
try. 37, 343. 
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Kempner, A. J. On triangle con- 
structions. 43, 483. 

Bussey, W. H. Geometric construc- 
tions without the classical restric- 
tion to ruler and compasses. 43, 
265. 

CLuB Topic. Constructions with 
compasses alone. 47, 107. 

STARK, M. E. Constructions with 
limited means. 48, 475. 


Construction of Regular Polygons 


Dickson, L. E. The inscription of 
regular polygons. 1, 299, 342, 376, 
423; 2, 7, 38. 

McNatt, J. Q. A geometrical dis- 
cussion of the regular inscribed 
heptagon. 2/, 13. 

JOFFE, S. A. Concerning the regular 
inscribed heptagon. 2/, 147. 

Dicxson, L. E. On the trisection of 
an angle and the construction of 
regular polygons of 7 and 9 sides. 
21, 259. 

Mitts, C. N. Relating to the in- 
scribed heptagon, nonagon, un- 
decagon. 22, 31. 

Cotson, J. A. Relating to the in- 
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polynomials. 42, 369. 
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SMITH, E. R. Zeros of the Hermitian 
polynomials. 43, 354. 

HaAusMANN, B. A. A new simplifica- 
tion of Kronecker’s method of fac- 
torization of polynomials. 44, 574 

Jackson, D. A new class of ortho- 
gonal polynomials. 46, 493. 

LEHMER, D. H. On the maxima and 
minima of Bernoulli polynomials. 
47, 533. 

Houn, F. E. The number of terms 
in a polynomial. 48, 686. 


THORNE, C. J. A property of Ap- 
pell sets. 52, 191. 

RAINVILLE, E. D. Certain generat- 
ing functions and associated poly- 
nomials. 52, 239. 

BRENKE, W. C. On generating func- 
tions of polynomial systems. 52, 
297. 

RAINVILLE, E. D. Symbolic rela- 
tions among classical polynomials. 
53, 299. 

FAaSENMYER, M. C. A note on pure 
recurrence relations. 56, 14. 


PRIZES AND EXAMINATIONS 


Putnam Prize 


The William Lowell Putnam 
mathematical competition. 45, 64. 


Other 


——The Lobachevsky prize. 3, 24. 
HALstTeED, G. B. The first award of 
the Lobachevski prize. 5, 39. 


Questions Winners Fort, T. Prize problems. 38, 223. 
1938 45, 399. 45, 332. The Stanford University ma- 
1939 46, 248. 46, 307. thematics examination. 53, 406; 
1940 47, 256. 47, 331. 54, 430; 55, 448; 56, 496. 

1941 48, 346. 48, 349. 
1942 49, 349. 49, 348. 
1946 53, 482. 53, 482. 
1947 54, 401. 54, 400. 
1948 55, 631. 55, 630. 
1949 56, 450. 56, 448. 
PROBABILITY 
(Also see Statistics.) 
Examples DUNKEL, O. Solutions of a proba- 


ZERR, G. B. M. Some notes on the 
theory of probability. 2, 107. 

Mo tina, E. C. Computation for- 
mula for the probability of an 

, event happening at least C times 
in JN trials. 20, 190. 

AMES, L. D. The probable rank ina 
large class of a student of given 
rank in a small class. 22, 334. 

WEAVER, W. The average reading 
vocabulary; an application of 
Bayes’s theorem. 27, 347. 


bility difference equation. 32, 354. 

Morris, R. E. An example in proba- 
bility. 34, 484. 

WALKER, H. M. Certain mathema- 
tical questions suggested by the 
true-false test. 34, 503. 

Uspensky, J. V. On a problem aris- 
ing out of the theory of a certain 
game. 34, 516. 

CAMPBELL, G. C. A note on the 
numerical combination of proba- 
bility series. 37, 533. 
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USsPENSKY, J. V. On the problem of 


runs. 39, 322. 
LARSEN, H. D. A note on hedging. 
45, 458. 


KAPLANSRY, I. On a generalization 
of the probleme des rencontres. 
46, 159. 

FRECHET, M. A note on the prob- 
leme des rencontres. 46, 501. 

Brown, B. H. Simple examples of 
limiting processes in probability. 
48, 98. 

RIORDAN, J. Three-line Latin rec- 
tangles. 51, 450. 

RIORDAN, J. Three-line Latin rec- 
tangles—IT. 53, 18. 

GREENWOOD, R. E. AND GLEASON, 
A. M. Binomial identities. 53, 24. 

Mo .ina, E. C. Fermat’s theorem as 
a problem in probability. 53, 525. 

Kac, M. Random walk and the 
theory of Brownian motion. 54, 
369. 

May, K. Probabilities of certain 
election results. 55, 203. 


Expectation 


Brown, B. H. Probabilities in the 
game of “shooting craps.”’ 26, 351. 

Dickson, C. On a theorem in the 
theory of probabilities. 27, 166. 

Jorpan, C. On Daniel Bernoulli’s 
‘‘moral expectation” and on a 
new conception of expectation. 31, 
183. 

BALLANTINE, J. P. A problem in 
speculation. 32, 181. 


Fallacies 


Moritz, R. E. Some curious fallacies 
in the study of probabilities. 30, 
14. 

Moritz, R. E. Some curious fallacies 
in the study of probability. 30, 58. 


Foundations 


Camp, B. H. Definitions of proba- 
bility. 39, 285. 

Fry, T. C. Fundamental concepts 
in the theory of probability. 41, 
206. 

Evans, H. P. AND KLEENE, S. C. A 
postulational basis for probability. 
46, 141. 

BAILEY, R. P. On the treatment of 
certain problems in elementary 
probability. 48, 254. 

Pétya, G. Heuristic reasoning and 
the theory of probability. 48, 
450. 

COPELAND, A. H. Fundamental con- 
cepts of the theory of probability. 
48, 522. 

Hatmos, P. R. The foundations of 
probability. 57, 493. 


General 


Doos, J. L. What is a_ stochastic 
process? 49, 648. 


Geometric Probability 


FINKEL, B. F. Solution to a problem 
in average. J, 97. 

Moritz, R. E. A general theorem 
in local probability. 12, 59. 

Jackson, C. S. A problem in prob- 
ability. 24, 73. 

Broaol, U. A proof of a theorem of 
compound probabilities. 26, 288. 

Cuapwick, W. B. Concerning the 
probability curves of m points 
taken at random on a straight line 
segment of constant length. 33, 
444, 

BaTEN, W. D. Combining constant 
probability functions. 37, 423. 
BaTEN, W. D. Comparison of certain 

probabilities. 39, 256. 
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FISCHER, C. H. A problem in geo- 
metrical probability. 40, 282. 

Bow_ER, O. K. Note concerning two 
problems in geometrical proba- 
bility. 41, 506. 

MULLEMEISTER, H. Mean lengths of 
line segments. 52, 250. 


Probability Functions 
Dopp, E. L. The probability integral 


deduced by means of develop- 
ments in finite form. 20, 123. 

WILson, N. R. The probability func- 
tion. 38, 25. 

WILson, N. R. A note on the prob- 
ability function. 42, 437. 

Hitt, L. S. Probability functions 
and statistical parameters. 40, 
505. 


PROJECTIVE GEOMETRY 
(Also see Finite Geometry.) 


Collineations and Correlations 


WEAVER, J.H. Relating toa geomet- 
ric proof of a theorem on col- 
lineations. 25, 225. 

GRAUSTEIN, W. C. A geometrical 
problem in which order of choice 
is important. 35, 412. 

BROWNE, E. T. On the classification 
of collineations in the plane. 40, 
333. 

BROWNE, E. T. AND DENsown, C. A. 
The classification of correlations 
in the plane. 44, 566. 

HurrF, G. B. Collineation groups 
which are transitive on the ra- 
tional points of a conic. 45, 237. 

Daus, P. H. Collineations and cen- 
tral projections. 45, 294. 

SCHWERDTFEGER, H. Skew-symmet- 
ric matrices and projective geom- 
etry. 51, 137. 


General 


DowLING, L. W. Projective geome- 
try—Fields of research. 32, 486. 
LANE, E. P. Present tendencies 
in projective geometry. 37, 212. 
CooLipGE, J. L. The rise and fall of 

projective geometry. 41, 217. 


Involutions 


LEHMER, D. N. On the combination 
of involutions. 18, 52. 

LEHMER, D. N. On a purely projec- 
tive basis for the theory of in- 
volution. 2/, 185. 

ALLEN, E. F. Note on involutions of 
the mth order. 33, 31. 

Lunn, A. C. A crystallographic il- 
lustration of quadratic involution. 
33, 217. 

DEAN, M. J. On the mapping of cer- 
tain planar quadratic involutions. 
43, 286. 

MITCHELL, E. Conjugo-conjugate 
couples in involution. 54, 16. 


Lines and Points at Infinity (Also see 
Complex Numbers—Geometric 
Applications.) 


Rog, E. D. Jr. On the circular points 
at infinity. 4, 132, 236. 

CAMPBELL, A. D. Notes on some 
uses of the line at infinity and of 
imaginaries. 33, 511. 


Pedagogy 


BussEy, W. H. Synthetic projective 
geometry as an undergraduate 
study. 20, 272. 
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Simons, L. G. A note on synthetic 
projective geometry. 2/, 100. 


Special Projections 


BENNETT, T. Note on stereographic 
projection. 35, 24. 

Rupp, C. A. Stereographic projec- 
tion of a quadric. 35, 415. 

Forp, L. R. anp LocHErR, G. L. A 
line-conic camera. 36, 144. 

BRADLEY, A. D. The gnomonic pro- 
jection of the sphere. 47, 694. 


Unclassified 


CRATHORNE, A. R. Some loci and 
their projections. 6, 293. 

Emcu, A. On the projectivity of 
stresses in a plane. 7, 134. 

HENDERSON, A. Harmonic pairs in 
the complex plane. 10, 90. 

MascukeE, H. A useful diagram for 
examples in modern analytic 
geometry. 1/2, 193. 

LENNES, N. J. A set of independent 
assumptions for projective geom- 
etry. 18, 174. 

CLawson, J. W. An inversion of the 
complete quadrilateral. 24, 71. 
KEMPNER, A. J. A simple relation 
between elementary number-the- 
ory and elementary projective 
geometry. 24, 317. 

Wricut, H. N. The nine-point circle 


PROOF 


obtained by methods of projec- 
tive geometry. 25, 250. 

White, H. S. Serret’s analogue of 
Desargues’s theorem. 29, 111. 

WEISNER, L. On the duals of metric 
theorems. 33, 218. 

KasNER, E. A projective theorem 
on the plane pentagon. 35, 352. 
Woop, F. E. Similar-perspective 

triangles. 36, 67. 

BENNETT, A. A. A remark on quad- 
rangular sets. 38, 158. 

CHRISTMAN, L. E. The projective 
approach to the Clifford surface. 
38, 549. 

WINGER, R. M. On certain projec- 
tive trochoids. 39, 578. 

Daus, P. H. Isogonal and isotomic 
conjugates and their projective 
generalization. 43, 160. 

BRADSHAW, J. W. A projective gen- 
eralization of certain focal rela- 
tion. 44, 453. 

FISCHER, I. C. Projective construc- 
tions for certain algebraic curves. 
47, 193. 

Eves, H. Concerning some perspec- 
tive triangles. 5/, 324. 

CHEN, S. On the application of vec- 
tor algebra to projective geome- 
try. 55, 541. 

MENGER, K. Self-dual fragments of 
the ordinary plane. 56, 545. 


(Also see Logic, Philosophy.) 


LYLE, J. N. True propositions not 
invalidated by defective proofs. 
2,111. 

STOKES, G. J. The theory of mathe- 
matical inference. 7, 1. 

HuNTINGTON, E. V. Is there a stud- 
ent standard of truth? 34, 320. 

Oscoop, W. F. Is there a student 


standard of truth? A reply. 34, 
365. 

BELL, E. T. The place of rigor in 
mathematics. 4/, 599. 

WILDER, R. L. The nature of mathe- 
matical proof. 5/, 309. 

HeEMPEL, C. G. On the nature of 
mathematical truth. 52, 543. 
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QUADRATIC FORMS 
(Also see Number Theory—Arithmetic Forms.) 


BLUMENTHAL, L. M. On definite 


algebraic quadratic forms. 35, 551. 
Fort, T. Formulas for reducing a 


quadratic form to a sum of 


squares. 43, 477. 
Mann, H. B. Quadratic forms with 
linear constraints. 50, 430. 


QUATERNIONS 


Dickson, L. E. A matrix defined by 
the quaternion group. 9, 243. 

NIvEN, I. Equations in quaternions. 
48, 654. 

NIvEN, I. The roots of a quaternion. 
49, 386. 


BRAND, L. The roots of a quater- 
nion. 49, 519. 

CoxETER, H.S. M. Quaternions and 
reflections. 53, 136. 

CoxeETER, H.S. M. Quaternions and 
reflections (postscript). 5 3, 588. 


REAL NUMBERS 


(See Continuum.) 


RECREATIONS 


(Also see Calendars, Magic Squares, Nim, Paradoxes.) 


BELL, A. H. The ‘‘cattle problem”’ 
by Archimedes 251 B.C. 2, 140. 
SMITH, D. E. AND Eaton, C. C. 
Rithmomachia, the great medie- 
val number game. 18, 73. 

Bussey, W. H. The tactical problem 
of Steiner. 2/, 3. 

CLus Topic. Paper folding. 25, 95. 

CLusB Topic. The cattle problem 
of Archimedes. 25, 411. 

Brown, B. H. The pasturage prob- 
lem of Sir Issac Newton. 33, 155. 

BLUMENTHAL, L. M. An extension 
of the Gauss problem of eight 
queens. 35, 307. 

ANNING, N. A recreation. 37, 535. 

PETARD, H. A contribution to the 
mathematical theory of big game 
hunting. 45, 446. 

GrRossMAN, H. D. A generalization 
of the water-fetching puzzle. 47, 
374. 


STEWART, B. M. Solitaire on a 
checkerboard. 48, 228. 

Bridge hands. 48, 329. 

Price, I. I doubt it—a mathemati- 
cal card game. 49, 117. 

WANG, F. T. AND Hsiune, C-C. A 
theorem on the tangram. 49, 596. 

BEILER, A. H. An electrical Chinese 
ring puzzle. 51, 133. 

MovuttTon, E. J. A speed test ques- 
tion. A problem in geography. 5/, 
216. 

MovuLton, E. J. Comments on the 
problem in geography. 5/, 220. 
Forp, L. R. More geographical 

questions. 51, 396. 

MENDELSOHBN, N. S. A psychologi- 
cal game. 53, 86. 

FINE, N. J. The jeep problem. 54, 
24. 

Puipes, C. G. The jeep problem: a 
more general solution. 54, 458. 
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Movutton, E. J. Two teasers for 
your friends. 55, 342. 


Moutton, E. J. Answer to the sec- 
ond teaser. 55, 377. 


RELATIVITY 


PIERPONT, J. The geometry of 
Riemann and Einstein. 30, 425; 
31, 26. 

CuurcH, A. Uniqueness of the 
Lorentz transformation. 31, 376. 

REYNOLDS, C. N. Note on the geo- 
metricaspects of Einstein’s theory. 
32, 74. 

PutNnaM, W. L. Velocities in the 
Einstein theory. 32, 450. 

MANNING, H. P. Definitions and 
postulates for relativity. 33, 83. 

LANGE, L. The clock paradox of the 
theory of relativity. 34, 22. 

Cuou, P. Y. A theorem on algebraic 
quadratic forms and its applica- 


tion in the general theory of rela- 
tivity. 35, 21. 

KARAPETOFF, V. Restricted theory 
of relativity in terms of hyper- 
bolic functions of rapidities. 43, 
70. 

MacCo.t., L. A. The motion of a 
relativistic particle in a uniform 
field of force. 45, 669. 

LEAVITT, W. G. Planetary orbits in 
general relativity. 46, 26. 

LEAVITT, W. G. Note on relativistic 
orbits. 46, 436. 

CoxETER, H. S. M. A geometrical 
background for De Sitter’s world. 
50, 217. 


RELIGION 


SMITH, D. E. Reltgio mathematic. 
28, 339. 
ARCHIBALD, R. C. Wallis on the 


Trinity. 43, 35. 
Brown, B. H. The Euler-Diderot 
anecdote. 49, 302. 


ROLLE’S THEOREM 
(See Mean Value Theorem.) 


ROOTS, EXTRACTION OF 
(See Arithmetic.) 


SERIES 


Remainders 


CARMICHAEL, R. D. On the remain- 
der term in a certain development 
of f(a+x). 20, 20. 

JAMES, G. A note on the sum of the 
remainders of a series. 23, 333. 
GUMMER, C. F. On the vanishing of 
the remainder of the binomial 

series. 33, 321. 


Lipsy, W. F. A convergence test 
and a remainder theorem. 40, 216. 


Special Series 


Banpy, J. M. Development of sin 6 
and cos @. 3, 270. 

WHITAKER, H. C. An elementary 
derivation of the series for sin x 
and cos x. 7, 99. 
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Ocura, K. Note on the binomial 
series. 19, 68. 

KEMPNER, A. J. A curious conver- 
gent series. 2/, 48. 

IRWIN, F. A curious convergent 
series. 23, 149. 

WILczyYNSKI, E. J. On the form of 
the power series for an algebraic 
function. 26, 9. 

GuRNEY, M. A non-uniformly con- 
vergent series. 39, 108. 

BELL, E. T. Exponential numbers. 
41, 411. 

MacDona.p, J. K. L. AND SHARPE, 
F. R. On some series arising from 
a definition of the exponential 
function. 44, 312. 

EAGLE, A. Series for all the roots 
of the equation (2z-a)”™=k(z-b)”. 46, 
425. 

PERLIN, I. E. Series with deleted 
terms. 48, 93. 

HAMMING, R. W. Convergent mono- 
tone series. 52, 70. 

STALLEY, R. A generalization of the 
geometric series. 56, 325. 


Summation of Series 


ZERR, G. B. M. Summation of 
series. 5, 128. 

ZERR, G. B. M. The summation of 
two series. 8, 252. 

CaLLEcoT, O. L. The approximate 
summation of m terms of any 
harmonic series. 13, 97. 

GREENSTREET, W. J. Summation of 
certain infinite series. 14, 24, 41. 

KEMMERLING, H. Note on a formula 
for the summation of certain 
power series. 14, 215. 

CLARKE, E. H. A formula for the 
sum of a certain type of infinite 
power series. 21, 292. 


SCHMIEDEL, O. On the summation of 
certain series. 26, 392. 

WEISNER, L. Note on the summa- 
tion of series. 30, 30. 

GRANT, J. D. The summation of a 
class of series. 35, 433. 

Moore, C. N. Summability of 
series. 39, 62. 

REYNOLDS, J. B. The summation of 
certain series by Fourier expan- 
sions. 39, 473. 

SHOHAT, J. A. On a certain trans- 
formation of infinite series. 40, 
226. 

Camp, C. C. A new method for 
finding the numerical sum of an 
infinite series. 40, 537. 

RomAN, I. An Euler summation 
formula. 43, 9. 

BoOLDYREFF, A. W. A note on an 
algebraic identity. 46, 349. 

BRADSHAW, J. W. Modified series. 
46, 486. 

BRADSHAW, J. W. More modified 
series. 5/, 389. 

AGNEW, R. P. Summability of power 
series. 53, 251. 

PARKER, S. T. Summable series and 
integrals. 56, 678. 


Taylor’s Series 


BLUMENTHAL, L. M. Concerning the 
remainder term in Taylor’s for- 
mula. 33, 424. 

Moritz, R. E. A note on Taylor’s 
theorem. 44, 31. 

MILLER, N. The Taylor series ap- 
proximation curves for the sine 
and cosine. 44, 96. 

HuMMEL, P. M. AND SEEBECE, C. L. 
Jr. A generalization of Taylor’s 
expansion. 56, 243. 
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Tests for Convergence 


PoRTER, M. B. Note on Cauchy’s 
integral test. 18, 37. 

Lipsy, W. F. A convergence test 
and a remainder theorem. 40, 
216. 

CHAND, H. On some generalizations 
of Cauchy’s condensation and 
integral tests. 46, 338. 

RAJAGOPAL, C. T. Remarks on some 
generalizations of Cauchy’s con- 
densation and integral tests. 48, 
180. 

Brink, R. W. A simplified integral 
test for the convergence of infinite 
series. 38, 205. 

LENNES, N. J. The ratio test for 
convergence of series. 46, 434. 

SCHEFFE, H. A series comparison 
test for calculus students. 48, 256. 

DuFFIN, R. J. A generalization of 
the ratio test for series. 55, 153. 

Warp, M. A generalized integral 


Fourier series representation of a 
function. 37, 462. 

PENNELL, W. O. Fourier series in 
three dimensions. 39, 261. 

REYNOLDS, J. B. The summation 
of certain series by Fourier ex- 
pansions. 39, 473. 

RANDELS, W. A remark on Fourier 
series of continuous functions. 40, 
97. 

Jackson, D. The convergence of 
Fourier series. 4/1, 67. 

Warp, M. The numerical evaluation 
of a class of trigonometric series. 
41, 563. 

5zAsz, O. On Fourier series of con- 
tinuous functions. 42, 37. 

Wattz, A. K. Analogs. 50, 380. 

Taytor, A. E. Differentiation of 
Fourier series and integrals. 5/, 
19. 

LANGER, R. E. Fourier Series. 
Slaught Paper, Supplement to 54. 


test for convergence of series. 56, Unclassified 


170. 

AGNEW, R. P. AND Boas, R. P., 
Jr. An integral test for conver- 
gence. 56, 677. 


Trigonometric Series 


BIRKHOFF, G. D. An elementary 
treatment of Fourier’s series. 28, 
200. 

FRANKLIN, P. A simple discussion 
of the representation of functions 
by Fourier series. 31, 475. 

Jackson, D. Note on the conver- 
gence of Fourier series. 33, 39. 

McSHANE, E. J. An application of 
Fourier series and a theorem on 
definite integrals. 33, 421. 

PENNELL, W. O. A. generalized 


MILLER, N. Infinite series formed by 
associating the terms of a series 
of functions with the points of a 
sequence. 37, 224. 

SHEFFER, I. M. A note on matrix 
power series. 37, 228. 

BELL, E. T. Possible types of mul- 
tiplication of series. 37, 484. 

UNDERWOOD, R. S. Recursion rela- 
tions in certain expansion coef- 
ficients. 40, 222. 

BALLANTINE, J. P. Elementary de- 
velopment of certain infinite se- 
ries. 44, 470. 

GARABEDIAN, H. L. Hausdorff mat- 
rices. 46, 390. 

HILDEBRANDT, T. H. Remarks on 
the Abel-Dini theorem. 49, 441. 
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BELLMAN, R. A note on the diver- 
gence of a series. 50, 318. 

Brock, J. E. An example of double 
series. 50, 619. 

RajJAGOPAL, C. T. The Abel-Dini 
and allied theorems. 51, 566. 

REYNOLDS, J. B. Reversion of series 
with applications. 51, 578. 


SHEFFER, I. M. Convergence of 
multiply-infinite series. 52, 365. 
AGNEW, R. P. A slowly divergent 
series. 54, 273. 

HAMMING, R. W. Subseries of a 
monotone divergent series. 54, 
462. 


SLIDE RULES 


(See Instruments, Mathematical.) 


SLAUGHT MEMORIAL PAPERS 


1. LANGER, R. E. Fourier Series. Sup- 
plement to 54. 
2. ARCHIBALD, R. C. Outline of the 


History of Mathematics. Sup- 
plement to 56. Corrigenda 56, 
497. 


SOCIAL SCIENCE 


(Also see Finance.) 


MOou_LtTon, F. R. On the best method 
of solving the markings of judges 
of contests. 5, 68. 

STEVENS, J. S. Forecasting the cen- 
sus returns. 7, 160. 

Lovitt, W. V. Preferential voting. 
23, 363. 

SMITH, D. E. Mathematical prob- 
lems in relation to the history 
of economics and commerce. 24, 
221. 

DinEs, L. L. Concerning preferen- 
tial voting. 24, 321. 

RoMAN, I. A note on war savings 
stamps. 28, 307. 

Bray, H. E. Rates of exchange. 29, 
365. 

Evans, G. C. A simple theory of 
‘competition. 29, 371. 

Morris, C. C. Mathematical meth- 
ods in economic research. 31, 57. 
Evans, G. C. The dynamics of 

monopoly. 31, 77. 
Evans, G. C. The mathematical 


theory of economics. 32, 104. 
Collegiate mathematics needed 
in the social sciences. 39, 569. 
BasBcock, H. A. On the valuation 
of land awaiting conversion to a 

higher use. 40, 147. 

Davis, H. T. Mathematical adven- 
tures in social science. 45, 93. 

Mow ton, E. J. Concerning a con- 
jecture in the preceding paper. 
45, 105. 

Mor ey, F. Note on the division of 
labor. 45, 538. 

Cius Topic. Proportional represen- 
tation and preferential voting. 
47, 484. 

CLusB Topic. Forecasting the popu- 
lation of the U. S. 47, 484. 

CLus Topic. Apportionment of rep- 
resentatives. 47, 484. 

Bibliography on methods of 

apportionment in Congress. 49, 

115. 
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SOLID ANALYTIC GEOMETRY 


SOLID ANALYTIC GEOMETRY 


Elementary 


GREENWOOD, G. W. An extension to 
central conicoids of a theorem 
concerning the segment of a 
sphere. 10, 199. 

LEHMER, D. N. A cylinder the 
intersection of which with a sphere 
will develop into an ellipse 11, 186. 

Dicxson, L. E. Note on the volume 
of a tetrahedron in terms of the 
coordinates of the vertices. /4, 
117. 

WIitson, J. P. The hyperboloid as 
a ruled surface. 18, 158. 

HunTINGTON, E. V. A simple for- 
mula for the angle between two 
planes. 20, 182. 

TuHompson, H. D. The _ identical 
relations between the direction 
cosines of one oblique coordinate 
system referred to another oblique 
system. 22, 115. 

BocHER, M. Concerning direction 
cosines and Hesse’s normal form. 
25, 308. 

KARZARINOFF, D. C. Dupin’s theo- 
rem. 26, 441. 

BRADSHAW, J. W. A figure of solid 
analytic geometry. 28, 26. 

ParRApbIso, L. J. A classification of 
second degree loci of space. 33, 
406. 

KIMBALL, B. F. Proof by vector 
methods that every real surface 
with two sets of rulings is a 
quadric surface. 39, 593. 

LittLe, N. An analytic study of the 
non-perspective picturization of 
quadric surfaces. 44, 292. 

ALLENDOERFER, C. B. ‘“‘Slope’’ in 
solid analytic geometry. 53, 241. 

SPRINGER, C. E. Volume coordi- 
nates. 53, 377. 


Coo.ipGE, J. L. The beginnings of 
analytic geometry in three di- 
mensions. 55, 76. 

YouncG, F. H. AND ERICKSEN, J. L. 
Tangent lines and planes. 55, 573. 


Higher Surfaces 


Emcu, A. On the construction and 
modelling of algebraic surfaces. 
28, 46. 

Emcu, A. A model for the Peano 
surface. 29, 388. 

REYNOLDS, J. B. The area of ruled 
surfaces by vectors. 30, 185. 

WILLIAMS, A. R. A certain quartic 
surface and its reflecting proper- 
ties. 33, 132. 

Foster, M. Ruled surfaces referred 
to the trihedral of a directrix. 34, 
303. 

WiiiaMs, A. R. Plane configura- 
tions and their space analogues 
in the case of pinch points of 
rational surfaces. 36, 511. 

BUTCHART, J. H. Ruled surfaces 
tangent along a curve. 4/, 510. 

MULCRONE, T. F. On the equations 
of conical surfaces. 47, 302. 

FosTER, M. Note on autopolar sur- 
faces. 49, 589. 

MorpDeELL, L. J. Rational points 
on cubic curves and_ surfaces. 
51, 332. 

ALAOGLU, L. AND GIESE, J. H. Uni- 
form isohedral tori. 53, 14. 


Line Complex 


Emcu, A. A special complex of the 
second degree and its relation 
with the pencils of circles. 3, 127. 

LEHMER, D. N. On a special case of 
the tetrahedral complex. 2/1, 287. 


SOLID GEOMETRY——SYNTHETIC 


Space Curves 


ROEVER, W. H. The curve of light 
on a corrugated dome. 20, 299. 
MUuRNAGHAN, F. D. A cubic space 
curve connected with the tetra- 

hedron. 28, 203. 
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EcuHoLts, W. H. Some properties of 
a skewsquare. 30, 120. 

NEELLEY, J. H. Concerning the net 
of quadrics circumscribing the 
space cubic. 33, 115. 


SOLID GEOMETRY—SYNTHETIC 


Elementary 


Biack, C. W. M. A defective proof 
in solid geometry. J, 67. 

ZERR, G. B. M. Convex surface and 
volume of conical ungulae. 5, 164. 

GREENWOOD, G. W. Some fallacies 
in text-books on elementary solid 
geometry. 10, 8. 

PutnaM, T. M. A proof that four 
lines in space are in general met 
by two other lines. 11, 86. 

Matz, F. P. The convex surface of 
an oblique cone. 12, 67. 

Moritz, R. E. On the generalization 
of a theorem in solid geometry. 
15,95. 

LoncLeEY, W. R. Some limit proofs 
in solid geometry. 3/1, 196. 

Capron, P. Note on “limit proofs 
in solid geometry.” 32, 78. 


Polyhedra (Also see Tetrahedra.) 


PHILBRICK, P. H. A theorem on 
prismoid. 4, 108. 

HumE, A. Some propositions on the 
regular dodecahedron. 7, 293. 

HARDING, A. M. The apparent size 
of a cube. 2/, 209. 

Wess, H. E. Relating to the defini- 
tion of a regular convex poly- 
hedron. 22, 174. 

Evans, G. W. Cavalieri’s theorem in 
his own words. 24, 447. 

GOLDBERG, M. New equilateral 
polyhedra. 43, 172. 


BAGEMIHL, F. On indecomposable 
polyhedra. 55, 411. 


Spheres 


KasneER, E. The Apollonian prob- 
lem in space. 10, 151. 

Coar, H. L. The volume of the 
sphere. 10, 9. 

QUACKENBUSH, H. S. A simple con- 
struction for finding the diameter 
of a given material sphere. //, 128. 

YANNEY, B. F. On the number of 
equal regular spherical polygons 
that can be constructed so as to 
completely cover a sphere. 16, 
133. 

Dick, F. J. The ‘‘King’s Chamber’”’ 
and the geometry of the sphere. 
27, 262. 

ALTSHILLER-CourtT, N. On the iso- 
dynamic points of four spheres. 
39, 193. 

ALTSHILLER-CourtT, N. On two in- 
tersecting spheres. 40, 265. 

THEBAULT, V. The Adams sphere. 
49, 170. 

Court, N. A. Notes on cospherical 
points. 55, 218. 


Tetrahedra 


BENNETT, A. A. Circumscribed and 
inscribed tetrahedra. 3/, 135. 

Brown, B. H. A theorem on isog- 
onal tetrahedra. 3/1, 371. 
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Brown, B. H. Theorem of Bang. 
Isosceles tetrahedra. 33, 224. 

ALTSHILLER-Court, N. Some tetra- 
hedral complexes. 35, 467. 

WERNICKE, P. Two mutual relations 
between pairs of tetrahedra. 35, 
556. 

BENNETT, A. A. The Lemoine center 
in the geometry of the tetrahe- 
dron. 39, 18. 

Court, N. A. Notes on the ortho- 
centric tetrahedron. 4/, 499. 

THEBAULT, V. On spheres associated 
with the tetrahedron. 42, 429. 

GOORMAGHTIGH, R. On the ortho- 
centric tetrahedron. 42, 603. 

Court, N. A. On the Cevian tetra- 
hedron. 43, 89. 

WILLEY, M. A tetrahedron, a point, 
and a triangle. 43, 94. 

ButcuHart, J. H. The altitude quad- 
ric of a tetrahedron. 47, 383. 

THEBAULT, V. The altitudes of a 
triangle and of a tetrahedron. 52, 
335. 

THEBAULT, V. Some spheres asso- 


STATISTICS 


ciated with a tetrahedron. 53 
89, 

THEBAULT, V. Nagel point in the 
tetrahedron. 54, 275. 

THEBAULT, V. Tetrahedrons having 
a common face. 54, 395. 

THEBAULT, V. On the twelve point 
sphere of the tetrahedron. 55, 357. 

THEBAULT, V. On the Monge point 
of the tetrahedron. 56, 4. 

Court, N. A. A special tetrahedron. 
56, 312. 


Unclassified 


FRANKLIN, P. Some _ geometrical 
relations of the plane, sphere, 
and tetrahedron. 26, 146. 

CooLipGE, J. L. Some _ unsolved 
problems in solid geometry. 30, 
174. 

Rees, E. L. A theorem concerning 
the concurrency of four planes. 30, 
256. 

CELL, J. W. Solid angles. 48, 136. 

Buck, R. C. Partition of space. 50, 
541. 


STATISTICS 
(Also see Probability.) 


Correlation 


Jackson, D. The algebra of cor- 
relation. 31, 110. 

RipER, P. R. The correlation be- 
tween two variates one of which 
is normally distributed. 3/, 227. 

Jackson, D. The trigonometry of 
correlation. 31, 275. 

RoESER, H. M. Note on the nature 
of the correlation coefficient. 31, 
346. 

Pearson, K. On the correlation 
between two variates x and 
y=kx*. 32, 70. 


WEIpA, F. M. On the correlation 
between two functions. 33, 440. 
WILpER, M. A. Correlation coef- 
ficients and the transformation 
of axes. 38, 64. 

SCHEFFE, H. An inverse problem 
in correlation theory. 49, 99. 


Distributions 


Davis, H. T. Elementary deriva- 
tion of the fundamental constants 
in the Poisson and Lexis fre- 
quency distributions. 34, 183. 

CRATHORNE, A. R. The law of small 
numbers. 35, 169. 


STATISTICS 


Craic, C. C. On frequency distri- 
butions of the quotient and of the 
product of two statistical vari- 
ables. 49, 24. 

Curtiss, J. H. Convergent se- 
quences of probability distribu- 
tions. 50, 94. 

CoE, R. H. Associated frequency 
distributions in biometry. 5/, 252. 

Kosamsi, D. D. The geometric 
method in mathematical statis- 
tics. 51, 382. 

WItson, E. B. Note on the f-test. 
51, 563. 

Price, G. B. Distributions derived 
from the multinomial expansion. 
53, 59. 

KRUSKAL, W. Helmert’s distribu- 
tion. 53, 435. 

WEAVER, C. L. A simple analytic 
proof of a general x? theorem. 
54, 529. 

DILWortTH, R. P. Note on the strong 
law of large numbers. 56, 249. 


General 


HUNTINGTON, E. V. Mathematics 
and statistics, with an elementary 
account of the correlation co- 
efficient and the correlation ratio. 
26, 421. 

KENNEY, J. F. Some topics in math- 
ematical statistics. 46, 59. 

Curtiss, J. H. Generating functions 
in the theory of statistics. 48, 374. 


Least Squares 


KUMMELL, C. H. Discussion of 
merit contests in college exami- 
nations by the method of least 
squares. 4, 129. 

CooLipGE, J. L. Two geometrical 
applications of the method of 
least squares. 20, 187. 
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Jacxson, D. The method of mo- 
ments. 30, 307. 

BALLANTINE, J. P. The theory of 
least squares by vectors. 37, 25. 


Measures of Dispersion 


ForsytH, C. H. Simple derivations 
of the formulas for the dispersion 
of a statistical series. 3/, 190. 

RojANSKY, V. Note on the calcula- 
tion of standard deviations. 35, 
132. 

EELLs, W. C. Standard deviation 
problems with rational answers. 
36, 212. 

Dopp, E. L. Definitions and prop- 
erties of the median quartiles, and 
other positional means. 45, 302. 

Moutton, E. J. Note concerning 
Professor Dodd’s paper. 45, 462. 

FRAME, J. S. Mean deviation of the 
binomial distribution. 52, 377. 


Means 


Craic, C. C. Remarks on the prob- 
able error of a mean. 34, 472. 

Mosxovitz, D. An alignment chart 
for various means. 40, 592. 

SCARBOROUGH, J. B. On the com- 
putation of the probable error of 
a weighted mean. 42, 286. 

Dopp, E. L. Regression coeff- 
cients as means of certain ratios. 
44, 306. 

GustTIn, W. Gaussian means. 54, 
332. 


Pedagogy 


ViviAN, R. H. Statistics in relation 
to the war. 26, 32. 

RreTz, H. L. “Statistics” in a math- 
ematical encyclopedic dictionary. 
29, 333. 
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RiEtTz, H. L. On the subject matter 
of a course in mathematical statis- 
tics. 30, 155. 

RieEtz, H. L. On a recent advance 
in statistical inference. 45, 149. 

WILKs, S. S. Personnel and training 
problems in statistics. 54, 525. 

CocHRAN, W. G. Graduate training 
in statistics. 53, 193. 

Sampling 

KEEPING, E. S. Note on a point 
in the theory of sampling. 42, 161. 

SHEWHART, W. A. Random sam- 
pling. 38, 245. 

KENNEY, J. F. A note on certain 
formulas used in sampling theory. 
45, 450. 

Jackson, D. Mathematical princi- 
ples in the theory of small sam- 
ples. 42, 344. 

Ops, E. G. A note on the problem 
of estimation. 44, 92. 


STIRLING’S FORMULA 


Series of Data 


MILNE, W. E. and Rojansxy, V. 
Note on the smoothing of curves. 
34, 251. 

Movutton, E. J. The periodic func- 
tion obtained by repeated accu- 
mulation of a statistical series. 
45, 583. 

WaLp, A. Long cycles as a result 
of repeated integration. 46, 136. 


Special Problems 


RiEtTz, H. L. On a mean difference 
problem that occurs in statistics. 
17, 235. 

Crum, W. L. Note on the reliability 
of a test, with special reference 
to the examinations set by the 
College Entrance Board. 30, 296. 

SCHNABEL, Z. E. The estimation of 
the total fish population of a lake. 
45, 348. 


STIRLING’S FORMULA 
HumMMEL, P. M. A note on Stirling’s formula. 47, 97. 


SURVEYING 


Banpy, J. M. To set slope stakes 
when the surface is steep but 
slopes uniformly. J, 73. 

PHILBRICK, P. H. An unreasonable 
rule in surveying. J, 73. 


PraTT, S. “An unreasonable rule.”’ 
1, 247. 

PHILBRICK, P. H. ‘‘An unreasonable 
rule’ again. /, 331. 

EmcH, A. The theory of optical 
squares. 11, 32. 


SYMBOLS AND NOTATION 


Cotuins, J. V. The duplication of 
the notation for irrationals. 3, 5. 

Cajori, F. Spanish and Portuguese 
symbols for ‘‘thousands.”’ 29, 201. 

Cajyori, F. The origin of the sym- 
bols for ‘‘degrees, minutes and 
seconds.’’ 30, 65. 


Cajori, F. Rahn’s algebraic sym- 
bols. 31, 65. 

BALLANTINE, J. P. A digit for nega- 
tive one. 32, 302. 

Cajori, F. American contributions 
to mathematical symbolism. 32, 
414, 


TABLES 


American standard mathemat- 
ical symbols. 35, 300. 

CHENEY, W. F., Jr. A reply to ques- 
tion no. 58 (37, 188). 37, 440. 
VETTER, Q. Notation of decimal 
fractions in Bohemia. 39, 511. 
Court, N. A. On mathematical 

nomenclature. 44, 316. 
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HOUSEHOLDER, A. S. An etymologi- 
cal excursion. 44, 463. 

CLus Topic. The origin of various 
mathematical terms and symbols. 
46, 233; 47, 107. 

KaAsNER, E. A notation for infinite 
manifolds. 49, 243. 

MESERVE, B. E. Double factorials. 
55, 425. 


TABLES 


SMITH, D. E. An interesting four- 
teenth century table. 29, 62. 

Bryan, N. R. The first attempt at a 
table of integrals. 29, 392. 

Escott, E. B. Errata in Stein- 
hauser’s 20-place logarithm table. 
32, 418. 
DEDERICK, L. S. Six decimal places 
from a five-place table. 33, 36. 
BALLANTINE, J. P. A table of sines 
and cosines. 37, 248. 

CoreEY, S. A. Construction of a table 
of hyperbolic sines and cosines. 
37, 494. 


Woop, F. E. An elementary method 
for constructing a logarithm table. 
41, 255. 

RUTLEDGE, G. and Dovuctass, R. 
D. Table of definite integrals. 45, 
525. 

Barrow, D. F. Can a robot calcu- 
late the table of logarithms? 49, 
671. 

Wayne, A. A table for computing 
perimeters of ellipses. 57, 219. 
The mathematical tables pro}j- 

ect. 51, 540; 52, 228. 


TOPOLOGY 


HAWKESWoRTH, A. S. On certain 
space generalizations. 18, 33. 

BRAHANA, H. R. The four-color 
problem. 30, 234. 

Rosinson, H. A. A_ problem of 
regions. 33, 466. 

Douctas, J. The analysis situs of 
,the plane when the directed line 
is taken as element. 35, 57. 

CLus Toric. Four color problem. 
43, 181. 

BascH, A. Dimension theory and 
dimension models. (Translated 
and adapted by J. Jablonower.) 
43, 215. 


WILDER, R. L. Some unsolved prob- 
lems of topology. 44, 61. 

Ayres, W. L. Some elementary 
aspects of topology. 45, 88. 

Youncs, J. W. T. A lemma on 
squares. 46, 20. 

Rospsins, H. E. A theorem on 
graphs, with an application to a 
problem of traffic control. 46, 281. 

Tutte, W. T. and Situ, C. A. B. 
Of unicursal paths in a network 
of degree 4. 48, 233. 

MONTGOMERY, D. Remarks on 
groups of homeomorphisms. 48, 
310. 
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CARVER, W. B. The polygonal re- 
gions into which a plane is divided 
by n straight lines. 48, 667. 

KLINE, J. R. What is the Jordan 
curve theorem? 49, 281. 

Kap.Lan, W. Topology of the two- 
body problem. 49, 316. 

WHYBURN, G. T. What is a curve? 
49, 493. 

SHOLANDER, M. C. The linear graph. 
49, 543. 

MENGER, K. What is dimension? 
50, 2. 

Rapé, T. What is the area of a 
surface? 50, 139. 

Youncs, J. W. T. Curves and sur- 
faces. 5/, 1. 

CaIRNS, S. S. Deformations of plane 
rectilinear complexes. 51, 247. 


Rosinson, H. A. A _ problem of 
regions. 52, 33. 

MontTcomery, D. What is a topo- 
logical group? 52, 302. 

CHITTENDEN, E. W. On the number 
of paths in a finite partially 
ordered set. 54, 404. 

TUCKERMAN, B. A _ non-singular 
polyhedral Mébius band whose 
boundary is a triangle. 55, 309. 

ULtman, J. L. The number of dis- 
tances in a cubical network. 55, 
562. 

ARNOLD, B. H. A topological proof 
of the fundamental theorem of 
algebra. 56, 465. 

HarRAryY, F. On the algebraic struc- 
ture of knots. 56, 466. 


TRANSCENDENTAL EQUATIONS 


BAvuER, G. N. and SLosin, H. L. A 
system of algebraic and tran- 
scendental equations. 25, 435. 

Witson, T. R. C. A graphical 
method for the solution of certain 


types of equations. 36, 526. 

KENNEDY, E. C. A new method for 
solving the equation x7=c. 38, 
449. 


TRANSFORMATIONS 


Dickson, L. E. A quadratic Cremo- 
na transformation defined by a 
conic. 2, 218. 

HASKELL, M. W. On a certain 
rational cubic transformation in 
space. 10, 1. 

LEHMER, D. N. The theory of 
inversion and the quadratic recip- 
rocal transformation. 17, 135. 

EmcH, A. On some geometric prop- 
erties of circular transformations. 
21, 139. 

STAGER, H. W. Note on some appli- 
cations of a geometrical trans- 
formation to certain systems of 
spheres. 24, 154. 


EcHots, W. H. Similitudinous and 
pseudo-similitudinous _ transfor- 
mations in a plane. 30, 301. 

Rupp, C. A. On a transformation 
by paper folding. 3/, 432. 

REED, F. W. On parametric and 
pseudo-graphic transformations. 
33, 124. 

GARVER, R. Linear fractional trans- 
formations on quartic equations. 
36, 208. 

HENDERSON, A. and Hosss, A. W. 
The cubic and biquadratic equa- 
tions. Vieta’s transformation in 
the complex plane. 37, 515. 

GARVER, R. Two applications of 


TRANSFORMS, INTEGRAL 


Tschirnhaus transformations in 
the elementary theory of equa- 
tions. 38, 185. 

BENNETT, A. A. Construction of a 
rational canonical form for a linear 
transformation. 38, 377. 

RuHopeEs, C. E. A geometric inter- 
pretation of Landen’s transforma- 
tion. 39, 594. 

EcHots, W. H. On similar triangle 
transformations. 4/1, 370. 
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WERTHEIMER, A. The transforma- 
tion of two arbitrary functions 
into linear functions. 43, 280. 

Rossins, C. K. Contact transfor- 
mations in solved form. 43, 288. 

FINAN, E. J. Transformations of 
equations. 45, 537. 

De Cicco, J. Circle-to-line trans- 
formations. 52, 425. 

Kuo, H-T. On a contact transfor- 
mation theorem. 55, 240. 


TRANSFORMS, INTEGRAL 


(See Integral Transforms.) 


TRIGONOMETRY 


Addition Theorems 


VEBLEN, O. Polar coordinate proofs 
of trigonometric formulas. //, 6. 
MILueErR, G. A. Note on the addition 
theorem in trigonometry. 13, 226. 
Wess, H. E. A method of deriving 
formulae for the expansion of 
sin(x+y) and cos(x+y). 29, 120. 
McSHANE, E. J. The addition for- 
mulas for the sine and cosine. 48, 
688. 
HousEHOLDER, A. S. The addition 
formulas in trigonometry. 49, 326. 
JERBERT, A. R. The sine and cosine 
as projection factors. 53, 328. 
BurRTON, L. J. and HEDBERG, E. A. 
Proofs of the addition formulae 
for sines and cosines. 56, 471. 


Check Formulae 


Ransom, W. R. A check formula for 
the ambiguous case in plane tri- 
angles. 27, 262. 

MouLtTow, E. J. A note on checking 
a solution of a triangle. 3/, 292. 

Mitts, C. N. On checking the solu- 
tion of a triangle. 3/, 481. 


PaRADISO, L. J. A check formula for 
the first case of oblique triangles. 
34, 318. 

Ransom, W. R. The Cheney check 
formulas. 36, 221. 

Eves, H. Checking the SAS case in 
trigonometry. 52, 208. 


Equations and Inequalitites 


WILLIAMS, K. P. Note concerning 
some trigonometrical inequalities. 
44, 579. 

WAGNER, R. W. A substitution for 
solving trigonometric equations. 
54, 220. 

Matteson, L. J. Rational solutions 
of a certain trigonometric equa- 
tion. 55, 574. 

Ransom, W. R. Solutions of a trigo- 
nometric equation. 56, 402. 


Formulae for Plane Triangles 


BaBBiTT, A. Two useful relations in 
trigonometry. 23, 133. 

Morcan, F. M. Relating to the 
law of cosines for a polygon. 25, 
183. 
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CHENEY, W. F., Jr. A new proof 
of the law of tangents. 27, 53. 

BaupIN, M. C. On a formula of 
plane trigonometry. 27, 211. 

BOHANNAN, R. D. Functions of half- 
angles of a triangle. 27, 306. 

RusK, W. J. Some formulas of 
elementary trigonometry. 28, 443. 

FERTIG, R. A. A substitute for the 
law of tangents. 48, 132. 

BurtTOoNn, L. J. The laws of sines and 
cosines. 56, 550. 


Geometric Methods 


PHILBRICK, P. H. Some trigonome- 
tric relations proved geometrical- 
ly. 3, 265. 

DicKxson, L. E. Geometric deriva- 
tion of certain trigonometric for- 
mulae. 9, 36. 

Dicxson, L. E. Graphical methods 
in trigonometry. 12, 129. 

ETTLINGER, H. J. An introduction 
to plane trigonometry by graphi- 
cal methods. 27, 63. 

Lovitt, W. V. Geometrical proofs of 
the law of tangents. 27, 465. 

EPPERSON, C. A. Geometric proof 
of the law of tangents. 28, 71. 

Matuews, R. M. Geometric proofs 
of the law of tangents. 28, 170. 

BRADLEY, H. C., YAMANOUTI, T. 
and Lovitt, W. V. Geometric 
proofs of the law of tangents. 
(Historical and _ bibliographical 
notes by R. C. Archibald.) 28, 
440. 

DANCER, W. Geometric proofs of 
multiple angle formulas. 44, 366. 

GREENWOOD, R. E., Jr. On the dis- 
covery of certain trigonometric 
identities. 47, 99. 


TRIGONOMETRY 


Pedagogy 


CARMICHAEL, R. D. On the repre- 
sentation of the trigonometric 
functions by lines. 15, 199. 

MILLER, G. A. Reduction of the 
trigonometric functions of any 
angle to the functions of the angles 
in a small interval. 18, 171. 

CRATHORNE, A. R. The word “‘radi- 
an.’ 19, 166. 

CARVER, W. B. Trigonometric func- 
tions—of what? 26, 243. 

BENNETT, A. A. The definition of 
radian. 32, 509. 

Hazarp, W. J. A model for showing 
sines and cosines. 36, 35. 

VANCE, E. P. Teaching Trigonom- 
etry. 54, 36. 


Solution of Plane Triangles 


KUNSTADTER, R. H. Oblique angled 
triangles. J, 69. 

WuitaKER, H. C. A solution of the 
oblique triangle given two sides 
and the included angle. 6, 301. 

ZERR, G. B. M. Note on an approxt- 
mation in trigonometry. 15, 200. 

Evans, G. W. Concerning haver- 
sines in plane trigonometry. 26, 
69. 

ALBERT, A. A. A suggestion for a 
simplified trigonometry. 50, 251. 
FRAME, J. S. Solving a right triangle 

without tables. 50, 622. 

STELSON, H. E. Note on the ap- 
proximate solution of an oblique 
triangle without tables. 56, 94. 


Spherical Trigonometry 


DEAN, G. R. Derivation of formula 
for tan 1/2A in spherical trigo- 
nometry. 10, 11. 


“VARIABLE,” DEFINITION OF 


GREENWOOD, G. W. A pedagogical 
question in spherical trigonome- 
try. 10, 101. 

GRANVILLE, W. A. Duality in the 
formulas of spherical trigonome- 
try. 16, 47. 

Moritz, R. On Napier’s fundamen- 
tal theorem relating to right 
spherical triangles. 22, 220. 

BRADLEY, H. C. The graphical solu- 
tion of spherical triangles. 27, 
452. 

ANDERSON, N. L. The trigonometry 
of hyperspace. 36, 517. 

RICHARDSON, L. Application of vec- 
tor formulae in spherical trigo- 
nometry. 4/, 619. 

FRIAUF, J. B. Nomographic solution 
of a problem in spherical trigo- 
nometry. 42, 232. 

Ransom, W. R. Napier’s rules. 45, 
34. 

Ransom, W. R. Concerning Napier’s 
rules, a correction. 45, 462. 

Heypa, J. F. Vector derivation of 
the sine and cosine laws in spheri- 
cal trigonometry. 54, 544. 


Trigonometric Functions, Properties of 


STEVENS, M. C. A method for de- 
veloping cos*@ and sin"@. 4,103. 
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ScHMITT, C. D. Discussion of in- 
verse functions. 6, 116. 

Lovitt, W. V. Inverse trigonomet- 
ric functions. 27, 117. 

Woops, R. The trigonometric func- 
tions of half or double an angle. 
43, 174. 

WRENCH, J. W., JR. On the deriva- 
tion of arctangent equalities. 45, 
108. 

Dorwakrt, H. L. Values of the trigo- 
nometric ratios of 7/8 and 7/12. 
49, 324. 

Woop, F. E. Derivation of the tan- 
gent half-angle formula. 56, 103. 

DowNnlinc, H. H. Sums of sines con- 
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A TYPE OF VARIATION ON NEWTON’S METHOD 
H. J. HAMILTON, Pomona College 


1. Introduction. Newton’s Method of successive approximations to a root 
z* of ¢(z) =0 consists in choosing a first approximation 2» and then successively 
applying the formula 


(1) Zn = Bn—1 — (Zn—1)/@' (Zn-1) 
for n=1, 2,---. Now if $’(z*) 0 and $” (g*) exists, and if 20 is sufficiently 
near z*, we have from (1), [1], and the fact that ¢(z*) =0, 
(Zn—1 — 2*)6"(2*) + O[(en-1 — 2*)?] 
o'(z*) + O[(@n—1 — 2*)] 
1 ++ O[(zn—-1 — 2*)| 


= (ons 24 Gi ip ~ Got MGs - 7 


(Zn — 2*) = (Sa-1 — 2*) — 


= O[(@n—1 — 2*)?]. 
Frame [2] and Wall [3], independently, developed the formula 


2(Zn—1)' (Zn—1) 
2 [o’ (2n—1) P — P(Zn—1) 6" (Bn—1) 


to provide still more rapid convergence of the z,. We can show by analysis like 
that used above that, if @’(z*) #0, $’’’(z*) exists, and Zo is sufficiently near 2*, 
then (z,—32*) =O[(gn-1—2*)?], a fact pointed out by Wall for polynomial 
o(z) [3, p. 94]. 

The order relations indicated in the preceding two paragraphs suggest the fol- 
lowing problem: To find a function f(z) associated with #(z) such that, if go is 
sufficiently near 2* and 2, =f(%,-1) for n=1, 2,---, then g,—-2* with (z,—32*) 
=O[(2n-1—-2*)*| for k=2, 3, -- + in general. It is our purpose to discuss this 
problem. Except for geometric interpretations, our analysis may be assumed 
to take place in either the real or the complex field. 


(2) on = Sn—-1 


2. Solution by inversion of series. The efficacy of (1) is usually suggested in 
the real field by showing that z, is the z-intercept of the line tangent to the curve 
y=(z) at the point (Sn-1, Yn-1), where Yr1=@(S,-1); and Frame and Wall 
define the 2, of (2) by approximating with (1) the appropriate z-intercept of the 
vertically opening parabola which osculates the curve at this point. The g-inter- 
cept of the horizontally opening parabola is more easily computed, and this 
parabola we generalize to osculating curves with the equations 


z= W(Yn—1) + (9 — Yn)’ (net) Bev Fy = gnet) YW OHD (gna) /(B — 1), 


where z=y(y) is inverse to y=¢(z). We assume that $’(z*) €0 (or that ©) (z*) 
~0 for some s, in which case we may replace ¢(z) throughout by g(z) =¢(z) /¢’(z), 
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for which g(z*) =0 and g’(z*) #0 [4, p. 119]). Putting y=0 we obtain 
k—-1 kp-1. (k—-1) 


(3) 22 = W(yn-1) — Vn’ (Ynat) Fees + (1) aaah (na) /(R — 1)1, 


or 

Bn = Bat — b(8n—1)/$" (Bn—1) — [b(en—1) 176” (Zn—1)/ { 216" (en—1) 2} + + +: 
+ (=1) [6 Gna) WH? [ena //(B = 1). 

For example, taking k=3, we have 

(5) Bn = Sn-1 — O(%n—1) { 2[6’ (Zn—1) ]? + OEn—1)6" (Zn—1) }/{ 216" ns) Jf. 


Now (4) solves our problem if ¢(z*) exists. For then y™(0) exists, and 
we have (as in the derivation of (8a) in §5 below) 


6) 2° = W(yn-1) — Yn" (Yn-1) + °°: 

$ (1) yd” (Yaa)/(k = 1)! + O(n) 
in which, since (2,1—2*) /yn_1 >’ (0), we may replace O(y*_,) by O[(gn_1—2*)*]; 
and comparison of (6) and (3) shows that (s,—2*) =O[(2,_1—2*)*]. 

We shall not content ourselves with this solution, however, since formulas 
for the derivatives of the inverse function in terms of the direct function and 
its derivatives [5] are somewhat more involved than the expressions which we 
shall obtain for f(z) in the following section. Indeed if tractable formulas for the 
derivatives of the inverse function were availablet we could write a useful, 
immediate expression for z* itself in the case of analytic #(z), namely, the in- 
finite series of which (4) with 2=1 includes the first & terms.f 


(4) 


3. Solution by the method of [4]. Perhaps the most direct attack upon our 
problem is to pursue the method of analysis of [4], by means of which we 
shall obtain, for regular #(z) and f(z), the general f(z) for which (¢,—2*) 
= O| (2n-1—2*)*] for R=2, 3, - - - . Supposing then that #(z) and f(z) are regular 
at z*, we assume (or bring about as before) the condition $’(z*) 40, and write 


f(z) = ao + an(z — 2*) + aa(z — 2*)? + --- 
Since 
Zn = f(Bn—1) = Go + G1(Sn—-1 — B*) + Ge(Sna — 2)? ++: 
must tend to 2*, we see that a) =2*. Hence 


f(z) — 8 = ay(z — 2°) + aoe — a)? +e, 


+ Securing formulas for these derivatives is the problem of inversion of series. The classical 
results are due to Van Orstrand [5], who lists expressions for y™ for »=1, 2,- +--+, 13. The referee 
notes that a paper by Reynolds [6] suggests an easily understood process for calculating these 
expressions. 

t I am indebted to the referee for calling my attention to a paper by Corey [7] which notes 
this fact. 
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so that 

Sn — 2% = A1(Sn-1 — B*) + de(Sn-1 — 2*)? + °°: 
Since we require that (g,—2*) =O[(g,-1—2*)*] it follows that a,=0 for »<k. So 
(7) fle) = + ae — P+ +++ BS e— (e— *) tale — 2*)P+---. 


Conversely, if f(z) is of the form (7) with R22 it is clear that z,—>z* (provided 
that zo is sufficiently near z*; this is assumed throughout) with (z,—3*) 
=O|(@n1—2*)*]. 

It remains to approximate the powers of (s—g*) in terms of ¢(g) and its 
derivatives. To this end we first expand ¢(g) about the point z and evaluate at 
Z*: 


O(a") = (2) + (8% — 2)6"(@) + (et — 2)99(2)/21 + 
Taking account of the vanishing of @(z*) and rewriting, we obtain 
(8) 0 = (2) — (2 — 2*)b’(z) + (2 — 2*)*9""(z)/2! — - - - 


Multiplying (8) by the successive powers of (g—2*) and adjoining the resulting 
equations to a rearrangement of (8), we obtain the system (in which the argu- 
ment z is omitted for brevity) 


~ (6 — a6! + (2 — 99/2! — (2 — HB/BIF = — 43 
(g — 2*)h — (g — 2*)*p’ + (2 — 28*)8f""/2! — --- = 0; 
(9) (2— 2)" —(2—2*)*6 ++ = 0; 
(2— 2)’ + = 0; 


We may now find an expression which shall differ from (g—2*)* to the order 
of (g—z*)+! (s, t arbitrary, with 2s) by merely transposing all terms beyond 
the ¢th in each of the equations (9) and eliminating all powers of (g—2*) except 
the sth from the left-hand sides of the first ¢ of the resulting equations. So 
doing, we obtain 


(2 — 2*)* = (—1)1A,,,/A, + Ol(z — 2*) J, 
where A; is the symmetric determinant, 


o' go" /2! oe pit) /(¢ _ 2)! pit-)/(¢ — 1)! p') /t! 


og +++ pg 9/E — 3)! glD/E — 2)! eo Y/(E — 1)! 
0 ¢ -2 2 pPH/(E— 41 gpl O/(t — 3)! pC /(t — 2)! 
od ¢ g'/2! 


0 od ¢' 
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which, since ¢(z*) =0 and ¢’(z*) 40, does not vanish at g*, and where A;,, is 
the same determinant with the sth column replaced by a column whose first 
element is ¢@ and whose others are all zero. We note that 


Ain = A:-1, (Ao = 1), Ait = $%, 
Ay = Avid! — Ap_app’’/2! + Ai36?6'""/3! — ++ + + (—1)*And* 6 /R!, 


(10) 


the last relation being obtained by expanding A, by the first column and using 
induction. 
Returning to (7) we now see that f(z) as there represented is of the form 


f(z) =2- Ax—-1,1/Ar—1 — O[(z — gt) *| + an(z — 2*)F¥ + +> 
= @ — Anty/Ana + bi(2 — 2*)" + digi(a — a) + ee 
= 2 — Apty/Ana + (¢ — 2*)* [be + drui(s — *) +--- I. 


Hence, because 2* is a simple.root of ¢(z), we have (jh is to be read a function 
which is regular at 2*) 


THEOREM 1. A necessary and sufficient condition that 2,—2* with (%,—32*) 
=O] (2n-1—2*)*| for kR2=2 ts that 


f(z) = 6 An—1,1/An-1 + ho* =4— bAr—2/Ar-1 + hep*. 
Since from (7) we have 
(Zn — 2*)/(Sn—1 — B*) = Ge(Sn-1 — 2) PE A Angi (Bn-1 — 2*)P ++: , 


the zg, will ultimately oscillate about z* in the real domain if and only if k (as- 
sumed 2 2) is odd. We therefore have 


THEOREM 2. A necessary and sufficient condition that 2,—-2* with (%,—2*) 
= O[(2n-1—2*)?] and in the real domain ultimately oscillate about 2* ts that 


f(%) = & — Aotyr,1/Aorzr — GAory1,2141/Aar-1 + hp? *? 
= 2 — (Aa + ap?’)/Aair + hp?'*, 


where a>0O and | is some positive integer. Necessarily, (2, —2*) =O| (2n-1—2*) 2+? ]. 
(Compare [4, p. 121 ].) 


4. Special cases. The earlier formulas. Taking k=0 and k=2 in the formula 
of Theorem 1 and noting that A,:=¢’, we obtain f(z) =z—¢/¢’, the iterative 
function of Newton’s Method. Taking h=0 and k=3 in the same formula and 
using (10) to find that A.=¢”—¢¢'"/2, we obtain f(z) =z—26¢'/(26" —o"), 
which is the iterative function of Frame and Wall. Taking k=3 in the same 
formula but leaving h for the moment unspecified we obtain 
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269" YY) oo 
{(@) = +igia,—2 (1 - >) + ha 
2¢’ _ op’ ¢’ 29’ 
d og” 9g” 
— — —___ 1 3 h 3. 
2 = ( + ar) i) ( + ) + o 
if we now take . 
o'” 
— F 4+. 


we finally obtain f(z) =z—@(26" +40”) / (26"), which is the iterative function of 
(5). 

Taking h=0, /=1, and a=1 in the formula of Theorem 2 and using (10) 
to find that A;=4''+¢76'"/6—¢¢'6”, we obtain f(z) =2—36(26?+2¢6” 
— op") /(66'°+¢26'" — 6¢¢’o’’), a particular iterative function for which (Sn —2*) 
=O|(2n-1—2*)*] and, in the real domain, the z, ultimately oscillate about 2%. 

In the real domain the graphical interpretation (see [4, p. 114]; compare 
[3, Figure 2]) of the situation in which the Zn oscillate about z* is simply that 
the curve y=f(z) descends in a deleted neighborhood of the point (z*, 2*), and 
the rapidity of convergence of the zg, in Theorem 1 corresponds to the high 
order of contact (2 (#—1)th) of that curve with its horizontal tangent at (z*, z*). 

5. Conclusion. Remarks. If instead of the regularity of @(z) at z* we have 
merely the existence of 6 (z*) (or of p@!+2)(z*)), and if we impose no regularity 
requirements on f(z), then the conditions of Theorems 1 and 2 are sufficient for 
the purposes indicated. This follows from a slight modification of the preceding 
analysis, starting with the relation (which we shall at once derive) 


0 = d(2) — @ — sO") ++ 
+ (=I) Me ~ 4) 1g -0(9)/(2 — 1)! + O[@ — 24)") 


instead of (8). 


To validate (8a) we note first that @“*—-(z) exists in a neighborhood of z*, 
define R by 


(11) 0= Ye = 2)6(2)/ul + R, 


H=0 


(8a) 


expand the @™(z) about z*, rewrite (11), and collect terms. Thus 


k—1 k—-1— 


R= — 2) (e* — 2) d & — 8°)" (2*)/(ulv!) + O[(z — 2*)*] 


u=0 yaz0) 


_ =} Dy [A/(ulv!) ](e* — 2)"(e — yh G™(Z*)/A! + OL(z — 2*)* | 


A=0 ytu=d 
k—-1 


7 a [(e* — 8) + (2 — 2*) POM (e*)/A! + Ol(e — 2*)*] 
— o(2*) + O[(@ — 2*)*] = O[( — z*)*]. 
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Hence (11) identifies itself with (8a) and the proof is complete. 

Among the remaining questions of possible interest are the following: 

(A) We have seen that 2 as given by (4) tends to z* as k becomes infinite if 
(zg) is regular at 2* and 2 is sufficiently near z*. With what other choices of h 
than those which give us the partial sums (4) of the expansion of the inverse 
function for regular ¢(z) can the same conclusion be asserted? 

(B) Are there choices of # other than zero which might make f(z) in some 
sense simpler? (Compare the derivation of (5) in §4 above.) 

(C) Are there approximations to the powers of (g—3*) which are more 
readily calculable than those of §3? 

Although nothing can be proved concerning an infinite process by finite 
computation, it might be interesting to apply one of our formulas to a numerical 
case. Let us then approximate +/2 by taking ¢6=2?—2. Here, with h=0, f(z) 
= [2zA,—(22?—2)Az_i]/Axz and, since @’=22, ¢’’=2, and ¢’"=¢i¥= --- =0, we 
have from (10) A; =22A;_1—(s?—2)A,z_». Starting with Ap=1 and A,=¢’ = 22, 
we obtain, successively, A,=32?+2, A;=428+82, A,=52'+202?+4, A;=625 
+4023+ 242,---. Taking k=5 we have, after simplifications, 


(2? + 2)(s* + 282? + 4) 
22(2? + 6)(322 +2) ° 


with z95=1, this yields 2; = 1.41429 — and with 29 = 1.5 it yields 2; = 1.414213564-++-. 
Actually, 2 =1.414213562+. 


f(z) = 


References 


Hardy, Pure mathematics, Seventh Ed., 1938, pp. 290, 291. 
J. S. Frame, A variation of Newton’s Method, this MONTHLY, vol. 51, 1944, pp. 36-38. 
H. S. Wall, A modification of Newton’s Method, this MONTHLY, vol. 55, 1948, pp. 90-94. 
4, H. J. Hamilton, Roots of equations by functional iteration, Duke Math. Journal, vol. 13, 
1946, pp. 113-121. 
5. E. E. Van Orstrand, Reversion of power series, Philos. Mag. (6), vol. 19, 1910, pp. 366-376. 
6. J. B. Reynolds, Reversion of series with applications, this MONTHLY, vol. 51, 1944, pp. 
578-580. 
' SLA, Corey, A method of solving numerical equations, this MONTHLY, vol. 21, 1914, pp. 
290-292. 


l. 
2. 
3. 


EDUCATION VS. LEGISLATION 
H. T. KARNES, Louisiana State University 


It all started in the last part of the nineteenth century; however, the 
change was so gradual that almost no one fully appreciated the fact that mathe- 
matics was losing its place of importance as a secondary school subject and as a 
general requirement for the bachelor’s degree until after the end of World War 
I. At least, mathematicians were not too well aware of the development. When, 
in the early twenties, the trend began to make itself felt, mathematicians proved 
that they were human—they followed the first impulse of a trapped soul—they 
began to fight. The battle raged in literature and on college campuses; the 
mathematicians condemned bitterly the professional educators, calling upon the 
shades of Euclid and Pythagoras to witness their noble stand.* The professional 
educator was prepared for this onslaught, having his ramparts protected by a 
battery of tests (the validity of which were unquestionable!), a philosophic 
concept or two (which were undebatable!), and last, but perhaps the strongest 
weapon, the ears of the powers that be. This was truly a formidable foe against 
which the mathematicians had arrayed themselves. The outcome was in- 
evitable; the proponents of mathematics steadily lost ground. The fray con- 
tinued for at least one decade before there was any evidence of a change of ap- 
proach on the part of the mathematicians, and this change was by no means 
a general one. Mathematicians are not to be censored too severely for the 
tactics used during the twenties; some good was no doubt done—at least the 
question of the role of mathematics in the curriculum was kept open and not 
allowed to die in the hands of the victors, as was true of one field of study, the 
passing of which is mourned by many. 

In the thirties some few mathematicians began to work with the educators 
in curriculum planning, in the evaluation of secondary mathematics in the light 
of modern concepts of education, in the development of better teaching prac- 
tices, and in the production of more desirable texts. The effects of this change 
of approach in many instances were fine; however, favorable accomplishments 
were not general because so few mathematicians, in comparison with the mag- 
nitude of the task, participated. There was still a feeling of animosity between 
the two groups involved. Had the entire forces of the mathematical band been 
united in this effort of working with the professional educator rather than try- 
ing to force him to accept certain ideas, much more and lasting good would have 
been accomplished. At least a spirit of friendliness and comradeship in a mutual 
problem would have been developed, which would have been conducive to 
to further progress. Since all of this did not happen, a stalemate still exists gen- 
erally. 

When the deplorable conditions pertaining to the mathematical knowledge of 
the youth of our land were made public by the testing agencies of the armed 
forces, mathematicians said, “I told you so,” and settled back expecting edu- 


* The author, a bit young at the beginning, soon became of age and joined the troops 
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cators to make the necessary adjustments and produce the desired results. Since 
this has not occurred, the battle has started all over again. Let us recall that 
which took place from 1920 to 1940, and change our approach to the problem. 
Unless this is done, conditions will remain unchanged. The balance of this paper 
will deal with suggestions for a new approach. In particular, an approach is 
advocated that is built along educational lines rather than through the tactics of 
force and legislative action. 

Before going into a discussion of those things which it is believed will tend 
to bring about the desired results, it is in order to make a few comments in 
general on the educational process. Since most of us are in the profession of 
educating people, we recognize two basic truths connected with the process. 
They are: (1) the slowness of attaining any noteworthy accomplishment and 
(2) the permanency and potency of those things which are learned. 

One of the greatest failings of mankind is that of impatience. We are in a 
hurry; we want things done over night and corrections made immediately. 
Hence, during the twenties and thirties we tried and succeeded to some extent 
to have the number of units in mathematics required for graduation from high 
school increased. In those states where we were successful, it did not last long, 
for many reasons. There are several other examples of this type of thing which 
will not be mentioned here. Had we not been so perturbed and in such a hurry, 
a program of an educational nature would have produced by now those things 
which were desired. When thinking in terms of educating people to our way of 
believing, we must consider a period of ten, twenty, fifty and even one hundred 
years—at least, not an interval of one, two or three years. 

Now are presented some ideas and suggestions concerning the proposed ap- 
proach. For the most part, these ideas find expression in the present program 
in Louisiana, or are involved in the plans for the immediate future. We in 
Louisiana do not have all the answers even though we believe that we are mak- 
ing progress; therefore, we shall be most happy to receive additional suggestions 
from any who read this paper. 

There are four mathematical organizations operating within Louisiana. They 
are: (1) The Louisiana-Mississippi Section of the Mathematical Association of 
America, (2) The Louisiana-Mississippi Branch of the National Council of 
Teachers of Mathematics, (3) The Mathematics Section of the Louisiana Col- 
lege Conference, and (4) The Mathematics Section of the Louisiana Educa- 
tional Association. Each of these groups meets annually. At least a part of every 
program deals with current problems in the field of mathematics, that is, instruc- 
tion at all levels, certification of teachers, teacher training, teacher procure- 
ment, and the like. 

Back about 1940, it was decided to form a standing committee composed of 
three members from each of these four organizations. At this time the militant 
spirit still ran high. Thus the committee operated as a pressure group. Its chief 
concern was over the fact that the college freshman was not prepared to do 
even average work in college mathematics. The answer of course, at that time, 
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was to get the number of units required for graduation from high school in- 
creased from the then existing one unit. As a pressure group, the committee 
was quite successful. After several conferences with the state superintendent 
and his staff, both in his office and at an invitational dinner or so, the require- 
ments were raised to three units. No, it did not last long. Pressure was relaxed, 
mostly due to the war, and as usual with those things which are gained through 
pressure, they are lost when a period of relaxation takes place. It was just as 
well, for the college freshman had not improved. Now it is realized that merely 
making all high school students take three years of mathematics is not the 
answer. In fact, it is believed that a large per cent of high school students 
should not take the traditional courses at all. It would be fine for them to take 
some mathematics to add to their culture and to prepare them for various prob- 
lems they will meet in their respective spheres of activity, but not the usual 
courses that were a part of the high school curriculum until more recent years. 

The committee is no longer a pressure group. It is now older and wiser, 
and has become a consultant organization on the one hand and a public relations 
or educational agency on the other. The time is past when the committee goes 
to the state superintendent or members of his staff in a body making demands 
“in the name of common sense.” Members of the committee now drop by the 
offices of these officials occasionally for a chat to offer their services and discuss 
mutual problems. Be it understood that all of this is sincere—the officials know 
it and feel it, for they are calling upon the mathematicians of the state for aid 
and advice. The committee, however, is not all “chit-chat,” for it is continually 
collecting data and other information of importance to the problem at hand. 

A few years ago the state department of education felt that the certification 
regulations needed to be revised and so proceeded to do it. Two outstanding 
events took place and two outstanding regulations were brought into the code 
in the process. The events were: (1) A member of the committee was made a 
member of the certification committee and (2) the committee itself was invited 
to appear before the certification group in order to make its recommendations. 
The modifications in regulations were: (1) The mathematical requirement neces- 
sary for certification in order to teach high school mathematics was increased 
from six to eighteen semester hours, and (2) six semester hours was made a 
part of the general educational requirement for a teaching certificate at any 
level. This six-semester hour requirement will be elaborated later. 

President Conant of Harvard said a few years ago:* 


I am almost tempted to generalize that the more educated the person, the less his 
knowledge of secondary-school education. Certainly the lack of knowledge among the 
professors of arts and sciences in our colleges and universities is proverbial. And with lack 
of information goes lack of understanding and lack of sympathy. Asa result, on more than 
one campus we have almost a state of civil war between those who profess a knowledge of 
education and those who profess a knowledge of subjects which constitute a modern edu- 
cational curriculum. 


* Conant, J. B., A Truce Among Educators, Teachers College Record, December, 1944, pp. 
157-163. 
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This academic war has been in a sense inevitable, as I propose to show by a brief 
résumé of history, but to my mind an armistice has been for some years overdue. And it is 
for such an armistice that I should like to put in a good word this afternoon (and I might 
remark parenthetically that it takes two to make an armistice quite as much as to make a 
quarrel). My belief in the need for the cessation of hostilities comes not only from my 
general tendency to favor pacific methods of handling academic controversy, but also be- 
cause I am really worried about the present lay reaction to educational matters. I am dis- 
tressed by both the vehemence and the ignorance with which views about education are 
expressed publicly and privately by many prominent people. Now we can hardly expect 
the public to have a very clear understanding about educational problems when education 
is a house warring against itself. Hence my plea this afternoon for a “cease firing” order. 


This statement has been taken seriously in Louisiana. The feeling is that the 
mathematician still knows best what subject matter the prospective teacher 
needs to know; nevertheless, the thoughts of the educator are being respected. 
The result is that the two groups are working together on all the campuses of 
the state in order to bring about the best possible conditions, and the conditions 
are greatly improved. The “.... state of civil war...” of which President 
Conant spoke is ceasing to exist. 

A new project of the committee, which is entering its second year, is a testing 
program. Each department of mathematics of the state is giving an achieve- 
ment test to all new students. These tests are sent to a central location where 
they are processed and various statistical measures are taken. The results are 
being used in various ways to foster an improvement in secondary instruction 
and for remedial purposes. As they are used, the educational approach is kept 
in mind rather than the “we told you so” attitude. 

The next venture, which is expected to take shape in 1950, isa mathematical 
institute of one week to ten days, and a series of week-end conferences. The in- 
stitute, to be held at some desirable location, will be for all who desire to attend. 
The conferences are to be held on each of the campuses of the state and are 
primarily for those who are within driving range. Two colleges have already 
held such conferences with excellent results. The idea of this work is to give the 
elementary and secondary teachers some in-service training, inform them of 
present conditions, and excite them to greater activity. 

Another topic which is presently being given consideration concerns gradu- 
ate study. Traditionally, every student who enters a graduate school to study 
mathematics is trained as though he is to become a research man. This is desir- 
able for the comparatively few who are going into research. However, every 
department gets a good many students who like mathematics and desire to 
teach it—even in high school, but who have just about “reached their level” 
especially when they get into courses for graduates only. These students usu- 
ally will become discouraged and quit, or they will be asked to leave, or with 
a great amount of work from a patient professor they will struggle through to a 
master’s degree. The members of this group, while not the best material for 
research mathematicians, would make excellent high school teachers—much 
better than the English and history majors who are forced to teach mathematics 
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in many schools. It is possible that we are missing a great opportunity to aid 
our field of study by not setting up a curriculum for this type of student and 
encourage him towards working in the secondary field. Many such curricula 
have been suggested during the past ten years or so and are to be found in the 
literature. One of the most recent is by the writer.* 

The last topic to be discussed is a further consideration of the six semester- 
hours of mathematics in the general education program which is required for 
certification. Many of us have felt that this requirement was our golden oppor- 
tunity. To be more specific, the students taking such a six-hour course were to 
be prospective teachers of the elementary schools and of all high school subjects, 
except mathematics and those sciences which require several courses of mathe- 
matics in their preparation. Thinking further, this group would contain prospec- 
tive principals and superintendents. This was an opportunity, for the mathe- 
matician was going to have a personal contact with that group of teachers 
(teachers to be) who had been causing much of the trouble. These were the ones 
who disliked mathematics, could not see any use in it, thought it too difficult 
and so told the students. Even the prospective student of science and engineer- 
ing was affected. What better chance could the mathematician have for correct- 
ing some of these evils? 

When the six-semester hour rule became effective, it was thought by the pro- 
fessional educator that the traditional courses of algebra and trigonometry 
could be improved upon for this group of students. He thought further that the 
program should contain some arithmetic for the sake of the prospective ele- 
mentary teacher. The mathematician was ready for this occasion because he 
had been conditioned by the current ideas which are spreading abroad as exem- 
plified by such articles as those of Allendoerfer, Newsom and Ore.** 

The course that is presently given aims at three ideas. In the first place an 
effort is made to instruct the student in the more useful phases of elementary 
mathematics. This begins with a good review of arithmetic, and continues with 
topics of algebra, geometry, trigonometry and analytics. Secondly, the student 
is made to realize the part that mathematics has played in the progress of civil- 
ization. This is done through the history of mathematics. In the third place, the 
student is instructed in the importance of mathematics today, and is taught the 
varying amounts of mathematics which are required for the different profes- 
sions and occupations. In addition to this program, every effort is made to get 
the student to have a liking for the subject. In the experience of the writer, sev- 
eral students have finished the course only to change their program and major 


* Karnes, H. T., Preparation of Teachers of Secondary Mathematics, The Mathematics 
Teacher, Vol. XX XVIII, p. 3. 

** Allendoerfer, C. B., Mathematics for Liberal Arts Students, this MonTHLY, Vol. 54, 1947, 
p. 973. 

Newsom, C. V., A Course in College Mathematics for a Program of General Education, The 
Mathematics Teacher, Vol. XLII, January, 1949. 

Ore, Oystein, Mathematics for Students of the Humanities, this MonTHLy, Vol. 51, 1944, 
p. 453. 


528 GENERALIZED TERNARY CONTINUED FRACTIONS [October, 


in mathematics. 

There are some who would criticize strongly such a course as this one. 
However, there is a rather common belief that the students know as much 
mathematics, if not more, than those who take three semester hours each of 
algebra and trigonometry. In addition, they know far more about mathe- 
matics and have broadened their cultural background a great deal. 

In closing, let us think for a moment what this indoctrination will mean. 
Miss Smith, teacher of literature, will tell Johnny to learn all the mathematics 
he can, for one cannot be a creative engineer without it. Miss Jones, teacher 
of public school music, will tell Tom, who wishes to become an economist, that 
certain courses of mathematics are most essential if he is to succeed in his 
chosen field. And so it will continue, ever broadening in scope. Should we pull a 
pressure act for three units of mathematics? It will not be necessary. Of course, 
all of this will not take place in two or three years, but ten, fifteen or twenty 
years will see a great difference in the favor of mathematics. 

One last word. This course is beginning to be used by students of the liberal 
arts for their required six hours. One can find among this group prospective 
school board members, and most certainly prospective parents, who have not 
helped the situation in the past by saying in the presence of their children, “I 
just never could get mathematics, and it certainly does no one any good.” 


GENERALIZED TERNARY CONTINUED FRACTIONS 
J. B. ROSSER, Cornell University 


1. Statement of the problem. In [1], J. M. Barbour explained that a 
Diophantine problem arises in connection with musical scales, namely, to find 
small integers A, B, and C that stand nearly in the ratio log (5/4), log (3/2), 
and log 2. Such integers A, B, C are called tuning ratios. Barbour pointed out 
that this is the same as requiring 


41) “ (5/4) _ A 
og 2 C 
(2) “s (3/2) _ B 
og 2 C 


to be simultaneously small compared to 1/C. Accordingly, he attacked the 
problem by the use of ternary continued fractions, but found it necessary to 
generalize the ternary continued fraction algorithm quite a bit in order to geta 
large number of tuning ratios. 

Actually, problems of this sort can be solved by use of the generalized Euclid- 
ean algorithm. Full instructions for solving just exactly this sort of problem are 
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set forth in [2], and if these instructions are followed in the present case, prac- 
tically every tuning ratio given in Barbour’s composite table will be found, to- 
gether with many that are not in Barbour’s table. 

The purpose of the present note is to give another algorithm for finding 
tuning ratios. This algorithm has many points in common with the ternary 
continued fraction algorithm, so much so that it can be considered as a sort of 
generalization of the ternary continued fraction algorithm. Moreover our algo- 
rithm is in a form where extension to the problem of the simultaneous approxi- 
mation of JV irrationals is immediate. 

One feature of this algorithm is that the rate of convergence seems to be 
under the control of the computer. The question of the excellence of the ap- 
proximations which result from the algorithm is not studied, but the numerical 
evidence in this particular case suggests that the approximations will generally 
be very good. 


2. The algorithm. Our algorithm is based on the algorithm disclosed in [3]. 
In [3], let us relax our restrictions on a, and allow the a,’s to be any set of real 
numbers of which at least two are incommensurable. Then Theorem 2 holds 
even after removal of the condition 


[Wil +] Wel) +] Ws} +] Wal > 1, 


since this condition was used only to insure that at least two of the W’s were 
not zero. This conclusion on the W’s now follows from the incommensurability 
condition, since, if all but one W were zero, we could solve 


(3) @18i1 + a2Bia + a38i3 + asBig = W; 


for the a’s, and find that the a’s are all integer multiples of the non-zero W, thus 
contradicting our condition that at least two a’s must be incommensurable. 

When generalized in this fashion, Theorem 2 furnishes the basic step in an 
algorithm whereby we can find sets of integers 6;; with | Bis| = +1 and succes- 
sively smaller values of | Wi|+|W2|+|Ws|+|W|, where W; is defined by 
(3). (Note that | Bs, denotes a determinant, whereas | W;| denotes an absolute 
value.) This basic step involves two non-zero W’s, and replaces the numerically 
larger by a new smaller W. In case there are more than two non-zero W’s, we 
have our choice of which pair to use in the step. This choice allows us to control 
the rate of convergence. If we wish rapid convergence and are not concerned 
with the rate of increase of the sizes of the 6;;, we can always choose that pair 
of W’s which produces the least new W. If we wish a slow rate of increase of the 
sizes of the 8;;, we can always choose that pair of W’s which provides the new W 
of “least” 6;;. In general, given some desirable attribute of the W’s and B:;, we 
can always choose that pair of W’s for which the new W maximizes the attribute 
in question. 

In order to handle Barbour’s problem, we seek 8;; with | 8,;| = +1 and | Wil 
small, where 
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(4) Bs log 3 + Biz log $ + Bis log 2 = Wi. 


Further, we will wish “slow” convergence, in that we are willing for the W; to 
go to zero slowly if thereby we keep L; from increasing rapidly, where 


(5) DL; = (Bi)? + (Bie)? + (Bsa)? 


We will explain later how to use the @;; to find tuning ratios, but for now let 
us look at the algorithm for deriving the 6;;. In Table I (at the end of the 
paper), we show the initial steps. We choose the first three W’s quite simply. 
Then our algorithm furnishes the subsequent W’s. A record of the definitions 
of these subsequent W’s is appended to the bottom of Table I. The values in 
the column headed 100 W; are only approximate, and are computed as fol- 
lows. For the first three entries, we have simply recorded the integral portion 
of 100 W;. Subsequent entries are computed from those above by the definitions 
at the bottom of the table. Needless to say, accumulation of rounding off errors 
renders our values of 100 W; fairly inaccurate as 7 increases. However, the value 
of 100 W; is merely a guide to the operation of the algorithm, and little accuracy 
is needed. 

The important thing is to see the motivation for our definition of the 
W,’s after the first three. For instance, let us consider the definition of Ws. We 
have replaced W3 by W4, which is W3— We. So we have Wi, W2, and W, to work 
with. Using pairs of these, we could replace W2 by any of W2—Wi, 2Wi-— We, 
3W1— We, We-—W,, or 2Wi— We, and we could replace Wy by Wiz—W, or 
2W1—W:. Of these seven combinations, W.—W1 makes L; the least. So we take 
Ws to be W.— W,. We then have Wi, W:, and Ws to work with. Again, we have 
the choices of replacing Wy by W,4— Ws or 2W3— Wi, or 3W3— Ws or Wa4— Wi or 
2W1—W, or replacing W; by Wi— Ws or 2W;— W,. Of these, W.— Wi makes L; 
the least, and we choose Wg= Wi-— W,. 

In short, our guiding principle is to choose at each step that W; derived 
from two W’s which makes L; a minimum. If two such W; give the same mini- 
mum L;, we choose that one which gives the smaller value of W;. This procedure 
was followed carefully in computing Tables I, II, and III. One could perhaps 
slow the convergence a bit more by allowing the new W;, to be a linear combina- 
tion of all three W’s. However, it is not clear that this would be worth the con- 
siderable amount of extra computation involved in selecting at each step the 
W; of minimum JL;,. 

Because of the accumulating inaccuracies in 100 W; toward the end of Table 
I, we start afresh in Table II with W7, Wo, and Wi, these being the W’s which 
are Current at the end of Table I. The first three values of 1000 W; are rounded 
off from an accurate numerical calculation, but subsequent values are derived 
from these, so that rounding off errors accumulate again. So after a bit we start 
in again in Table 3 with three values of 104W; computed afresh. 

Let us now see how our 6;,’s furnish tuning ratios. For instance consider the 
first three lines of Table III. They tell us that 
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(6) — log $+ 4 log 3 — 2 log 2 = 0.0124, 
(7) — 2 log | — 4 log 3 + 3 log 2 = 0.0113, 
(8) 6 log? — Slog $+ log 2 = 0.0047. 
The matrix of the coefficients is 
—1 4 —2 
B=| —2 -4 3 II, 
6 —5 1 
whose determinant is unity, and whose inverse is 

11 6 4 

Bu=] 20 11 7 

34 19 12 


The constants on the right of (6) and (7) are nearly zero. If they were ex- 
actly zero, then log (5/4), log (3/2), and log 2 would have to be in exactly the 
ratio of the 2-rowed minors of the coefficients of (6) and (7), namely 4, 7, 12. As 
the constants are nearly zero, log (5/4), log (3/2), and log 2 must stand nearly 
in the ratio 4, 7, and 12. Hence, 4, 7, and 12 are a set of tuning ratios; in fact they 
are the familiar set used in the well tempered 12-tone scale. 

Since the determinant of B is unity, the elements of B- are the 2-rowed co- 
factors of B, and so the columns of B~‘ are just sets of tuning ratios. Indeed the 
columns of our B~! are all given in Barbour’s composite table of sets of tuning 
ratios. 

The columns of our B~' correspond to the convergents of a ternary continued 
fraction, so that we have here a generalization of the ternary continued fraction 
algorithm. The closest equivalent to the coefficients of the ternary continued 
fraction are our definitions of the successive W’s which we have appended at the 
bottoms of Tables I, II, and III. If the columns of the various B- are to serve 
as convergents, this suggests that perhaps we can compute the columns of the 
various B~! by some sort of recursion procedure. This can be done, but it is a 
bit complicated, since in general we cannot express a given convergent in terms 
of the two immediately preceding convergents. The right hand columns of Ta- 
bles I, II, and III embody our recursion scheme for computing successive con- 
vergents. We have listed the convergents in Table IV, at the bottom of which are 
the recursions used in computing the table, where we let U; denote the vector of 
components A;, B;, C;. 

To see how we derived our recursions, let us look at the first three lines of 
Table III. Let W; denote the vector of components Bi, Bie, Big as Well as the value 
given by (4). The 15, 13, 12 at the right hand ends of the first three lines of Ta- 
ble ITI signify that if we take Wx, Wis, and W145 as the three rows of a matrix B, 
then Uis, U3, and Uy will be the three columns of B-!. By looking at the ex- 
hibited B and B™, we see that this is indeed the case. 
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Now we drop Wyuand add Wig = Wis— Wis. What is the corresponding opera- 
tion on the U’s, and what numbers must we now write at the ends of the Wie, 
Wis, and Wg lines? The corresponding operation on the U’s is as follows. We take 
Wu, and Wy, which are the two W’s which we combined to form Wi, and look 
at the ends of their lines. The numbers appearing there are 13 and 12. So we add 
the two U’s with these subscripts, taking Uis= Us-+ Uis. Next we dropped Wi, 
and added W4.. So the 13 which was at the end of the Wy, line is moved down 
and put at the end of the Wi. line. Now Wi; is the other W which went into 
making up W4., and we replace the 12 as the end of the Wis line by a 16, the num- 
ber of our new U. (The 18 at the end of the Wj; line gets added later in a similar 
fashion.) We now have 15, 16, and 13 at the ends of the Wiz, Wis, and Wg lines, 
and the reader may easily verify that if he forms a matrix B with Wn, Wis, and 
Wi. as rows, then B= will have U1s, Uie, and U1g as columns. Moreover, a care- 
ful study of the behavior of the matrix equation BB- =1 will indicate that if we 
manipulate the rows of B in the manner in which we manipulated the W’s to get 
Wis, then we must manipulate the columns of Bu in exactly the manner in 
which we manipulated the U’s, as described above. By the process used, it may 
be seen that each matrix B is obtained from its predecessor C by subtracting 
row 7 from row j and transposing the newly created row to be the bottom row. 
In the case where j=3, no transposition is needed, and we see that B=PC, 
where P is the matrix obtained from the identity matrix J by subtracting row 2 
from row j. Then 


B-! = (PC)-! = C“P-1, 


But P-! is obtained from J by adding row ¢ to row j, and so B-' is obtained from 
C-! by adding column 7 to column j. For the cases j=1 and 7 =2 an analogous 
argument can be given. 

Since we always form our new W’s as differences of two previous W’s, we 
will always form the new U’s as sums of two previous U’s, and by the procedure 
indicated above, we can tell at each step which U’s go with the current set of 
three W’s. We will go through the next step to illustrate the method once more. 
The next step is to drop Wiz and add Wiz= Wn— Wie. So we define U17= Vis 
+ Uys, since 15 and 13 appear at the ends of the Wiz. and Wig lines. The 15 on 
the end of the Wi line is moved down to the end of the W17 line when we drop 
the Wi. and add the Wi;. Finally, since Wie is the other W involved in this 
transaction, we put 17, the number of our new U, at the end of the Wig line, su- 
perseding the 13 which was at the end of that line. 

In actual practice, one draws a line through a given W when it is dropped, 
so that at any time we know which three W’s we are dealing with, since they 
are the only W’s not marked out. Moreover, numbers like the 18 at the end of 
the Wis line, which will be added later, have not yet appeared, so that the final 
numbers then appearing at the ends of our three W lines are the numbers of 
the corresponding U’s. Under these circumstances, our procedure for manipulat- 
ing the U’s is wholly mechanical and can be carried out very quickly. For in- 
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stance, only three hours were required for the entire computation recorded in 
Tables I to IV. 
A comparison will show that our Table IV compares favorably with Bar- 
bour’s Table IV, which is a compilation of tuning ratios from many sources. 
. Quite clearly our algorithm can be used to generate sets of integers standing 
nearly in the ratios a1, G2, - - * , @n, where the a’s are any set of real numbers. If 
we find No, Ni, - + - , NV, standing nearly in the ratios 1, a1, a2, - - - , dn, then we 


have nearly 

Ni 
——— 2 
No 


a; = 


so that our algorithm can be used to approximate several real numbers simul- 
taneously by rationals with the same denominator. 


TABLE I 

¢ Bar Bis Bis 100 W; 

1 1 0 0 22 1,5, 6 
2 0 1 0 40 2,4 

3 0 0 1 69 3 

4 0 —1 1 29 3 

5 —1 1 0 18 4,7 

6 —1 —1 1 7 3, 8 

7 2 —1 0 4 6,9, 10 
8 0 2 —1 11 7 

9 —3 0 1 3 8 
10 —2 3 ~1 7 7 


W1=W3— W,, W3=W.—W,, We=Wi-— Wi, W,=Wi— Ws, Ws=W;— W,, Wo= We— W;, 
Wio = Ws— Ws. 


TABLE II 

t Bi Bis Bis 1000 W; 

7 2 —| 0 Al 10, 12 

9 —3 0 1 24 8, 11,13 
10 —2 3 —1 77 7 
11 1 3 —2 ' 53 7 
12 —1 4 —2 12 7,14, 15 
13 5 —1 —1 17 12 
14 —2 —4 3 12 13 
15 6 —§ 1 5 12 


Wu = Wro — Ws, Wr = Wu — W2, Wi = W, — Ws, Ws = Ws, — Wr, Ws = Wis — Wr. 
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TABLE III 
1 Bar Bi2 Bis 10°W; 15 
12 — 1 4 — 2 124 
14 — 2 —4 3 113 13 
15 6 — 5 1 47 12,16, 18 
16 — 8 1 2 66 13,17 
17 7 3 — 4 58 15 
18 1 8 — § 11 15,19, 20, 22 
19 — 9 — 7 7 55 17 
20 5 —13 6 36 18, 21 
21 —14 6 1 19 17 
22 —15 — 2 6 8 17,23, 24, 26, 28 
23 16 10 —i1 3 22,25, 27 
24 20 —il 0 28 21 
25 4 —21 11 25 21 
26 19 —19 5 17 21 
27 3 —29 16 14 21 
28 18 —27 10 6 21 


Wie= Wu- Ws, Wir = Wie — Wie, Wis = Wir — Wis, Wis =Wis— Wis, W2o= Wis— Wis, Wa = Wis 
™ Wao, Wee = War — Wis, Weg = Wis — Wrz, Wes = Wao — Wr, Was = Waa — Wz, Wg = Ws — Wrz, 
War = Wee — Wes, Wos= Wor — Wor. 


TABLE IV 
t A; B; C; 1 A; B; C; 
1 1 0 0 15 11 20 34 
2 0 1 0 16 10 18 31 
3 0 0 1 17 17 31 53 
4 0 1 1 18 21 38 65 
5 1 1 1 19 28 51 87 
6 1 1 2 20 49 89 152 
7 1 2 3 21 38 69 118 
8 1 2 4 22 66 120 205 
9 2 3 6 23 83 151 258 
10 3 5 9 24 121 220 376 
11 2 4 7 25 104 189 323 
12 4 7 12 26 159 289 494 
13 6 11 19 27 142 258 441 
14 7 13 22 28 197 358 612 


U,= U2+ U3, U3=UtNi, U,= U3+ U;, U;=Us+ Us, Ug= U3+ U7, Ug=Us,+ Us, Uip= U; 
4+ Us, Uy=Ur+Us, Ux=U7+U 10, Uig= Un + U2, U4= U1+ U2, Uis= Ut Uu, Vis= Ut Us, 
U7 = Ui3-+ 4s, Uig= Uis+ Vie, O19 = Uis+ Ui, O29 = Uis+ Uis, Oo = Ui7+ Ui, U2 = Uiz+ Uro, 
Uo3 = Uiz-+ U2, U4 = Ua + U3, Uo, = Ua + U2, Uog = Uni + Ua, Uo7 = Uo + U5, Ueg= Ua+ Ug. 
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Editorial Note on the Preceding Paper. After the preceding paper had been 
accepted, Viggo Brun of the University of Oslo called attention to the fact that 
he published a paper in 1919 that gives the same numbers as those found by 
Barbour; the specific reference to Brun’s paper is as follows: En generalisation 
av kjedebrgken (avec un résumé en francais) Videnskapsselskapets skrifter, Oslo 
1919 og 1920. The method of Brun appears to be a special case of that presented 
by Rosser. 


A DOUBLE SERIES SUMMED GEOMETRICALLY 
LEONARD TORNHEIM, University of Michigan 


L. R. Ford* has used a certain diagram of circles to prove geometrically some 
results in the theory of numbers. We shall derive another diagram from his and 
use it to prove the following: 


THEOREM. [f f(p) is a monotone function of the positive integers and limy..f(p) 
=), then 


= + 
1) | fq) 1 fe) fet @ 


noi LP(P+q adept) bq 


(p,q)=1 \ 


|= 200) -». 


Ford’s diagram consists of circles with centers at (u/p, 1/2?) and radius 
1/2p?, where u/p ranges over all rational numbers expressed in lowest terms, 2.e., 
uand p are integral, p>0O and (uw, p) =1. These circles are non-overlapping and 
are tangent to the x-axis. The circles corresponding to u/p and v/g are tangent 
if and only if ug—vp = +1 and the circle tangent to both of these and having its 
center below the line of centers corresponds to (u-+v)/(p+q). 

Restrict u/p to lie on the closed interval OSu/pS1. Join the centers of 
tangent circles with line segments and as a result the rectangular area between 
the lines y=0 and y=1/2 and between the lines x=0 and x=1 is completely 
filled with non-overlapping triangles. 


* L. R. Ford, Fractions, this MONTHLY, vol. 45, 1938, pp. 586-601. See also G. T. Williams and 
D. H. Browne, A family of integers and a theorem on circles, this MONTHLY, vol. 54, 1947, pp. 
534-536. For a bibliography on the diagram of circles see J. F. Koksma, Diophantische Approxi- 
mationen, 1936, pp. 42-43. 
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If instead of the centers (a/b, 1/26?) we use as vertices (a/b, f(b)) the new 
triangles are likewise non-overlapping and entirely fill up the area between 
f(1) and A=lim,... f(b). All that has occurred is a distortion of the scale on the 
y-axis including possibly a reflection. 

We now compute the area of a single triangle. If u/p, v/q, and (u+v)/(p+q) 
are the abscissas of the vertices of a triangle, the area of the triangle is, except 
for sign, 


1 u/p f(P) 1 
a v/q f@ 1,;= + 5 Ae qa; J); 
(utw/~t+q fleot+@q 1 


where A(p, q; f) is the expression within brackets in (1). If f(p) is decreasing 
then A 20, for, if f(p) and f(g) are decreased to f(p+gq) in A, the expression 
becomes zero. Similarly if f(p) is increasing, A <0. Because the terms A in the 
series (1) all have the same sign, all of the areas are being added positively or 
all negatively. Also the value of the series is independent of the order of sum- 
mation. 

We prove finally that the summation (1) accounts for precisely all the tri- 
angles. 

By interchanging u/p and v/q the sign of ug—vp changes. Thus we need to 
show only that for every pair p, g with (p, g) =1 there is one and only one solu- 
tion of 


(2) uq— vp = 1 
with 
(3) OSusp, OSvS5q Oc<p, OK<g. 


The existence of a solution is well-known. To show the uniqueness let, u’, v’ 
be another solution. Then u’¢—v’p=1=uq—vp, so that (u—u’')q =(v—v')p. If 
u=u’' then v=v’ and the solutions are the same. But if uw’, then since (p, q) 
=1, p divides u—w’ and by virtue of (3) this is possible only when u=0 and 
u'=p (or u=p and uv’ =0). But if u=0, by (2), —vp=1; this is impossible since 
vp 20. The proof of the theorem is now complete. 

If in (1) we did not require (p, g) =1, then the result is 


(4) 2d, Alb, af) = 2d [f(r) — d]/r?. 


P,q= 


This follows from the fact that summing over all positive integral pairs p, q¢ 
is equivalent to summing over all pr, gr where (p, g) =1 and r=1, 2,---. Now 
for fixed r, 
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| f(qr) flor) flor t+ ) 
(p.ga=1b pr(pr + qr) — ar(pr + qr) prqr 


1 
=~ 2d Alp, gig) = 2[g(1) — l/r, 
Tr" (p,a)=1 
where g(p) =f(pr) and w=lim,... g(p). Hence g(1) =f(r) and X=y, and (4) fol- 
lows immediately. Both the theorem and (4) may be proved by manipulation of 
the series directly. 


Every function h(p) defined for positive integral » is a sum of two monotone 
functions h; and ha where 


h;(p) = $h(A) + >> max (0, h(s) — h(s — 1)), 


halp) = 3h(1) + min (0, A(s) — h(s — 1)). 


S==2 


If either 2; or 4a is bounded then in the theorem and in equation (4), we may re- 
place f by #, thus obtaining a more general result. 

In the proof of (4) it was possible to ignore the order of summation because 
the terms all have the same sign. One may not, however, separately sum each 
of the terms of A(p, q; f); e.g., if f(g) =1 the series 


> f(p)/ap+ 4) isdivergent whereas, >> A(, q; f) = 0. 


(p,q)=1 
A few special cases of the theorem may be of interest: 
1 
» ee 
@wa=1 pgp + @) 
p+ pat ¢ 
wan P'q’(b + 4)? 


and using (4), we get corresponding results 


P+pat+?¢? 1 
P14 AG + q) Pq pap + q)? ( 45 


where ¢(m) =1/1"+1/2"+ -->. 
By taking f(p) =1/p” and by means of other considerations, it is possible to 
evaluate the double harmonic series .- 


= 2, by taking f(p) = 1/9, 


= 2, by taking f(p) = 1/p?, 


i.) 


» Pa (p + g-* 


p,g=1 


in terms of the harmonic series ¢(m) in many cases; e.g., if r-+s-+é is odd. How- 
ever ¢((z) is known only when 1 Is even. 


MATHEMATICAL NOTES 


EDITED By E. F. BECKENBACH, University of California, Los Angeles 


Material for this department should be sent to E. F. Beckenbach, University of Cal 
fornia, Los Angeles 24, California. 


DISCONTINUOUS FUNCTIONS WITH THE DARBOUX PROPERTY 


ISRAEL HALPERIN, Queen’s University 


A real-valued f(x) has the Darboux property if: whenever f(x1) <u <f(%2) 
then f(x) =u for at least one x between x; and x2. Such f(x) need not be continu- 
ous! nor even Riemann-integrable? and may, in fact, be discontinuous for all x.* 
We shall construct such an f(x) which actually takes on every real number as 
value a continuum number of times on every interval; it is non-Lebesgue 
measurable on every measurable set of positive measure and hence does not 
coincide on any such set with any continuous function. 

Let a, a2, °°, @a, °° + (@<Q) bea Hamel basis, so that every real number 
has a unique expression x = >a Yeats, With rational ra, of which only a finite num- 
ber differ from zero.‘ Rearrange this basis into a two-fold transfinite sequence 
bi, bo, > °°, Da 2 °° (A<Q); a, C2, °° +, op, °° + (B<Q), and for x= doa Tada 
+ "5 sace set f(x) = doa Fata. 

For any interval (a, 0) and any u= doa Tate we will have f(x) =a if x 
= oa rodat 8 sace for all choices of the sg; in particular, if only one sg¥0, say 
Ss,, and it is chosen so that a— doa Pada <S8,C8,<0— doa Yada. Hence f(x) =u 
for continuum many x in (a, b). Since this f(x) is a discontinuous solution of the 
functional equation g(x+y) =g(x)+g(y), it is not Lebesgue measurable on any 
set of positive measure.® 

Using another construction we can define an f(x) with the stronger property 
that it takes on every real number as value a continuum number of times on 
every perfect set, including those of measure zero. Let { be the smallest ordinal 
number with continuum many predecessors. The real numbers can be arranged 
as a transfinite sequence 1, %2,°-°,Ua,° °° (a<&). There are continuum 
many perfect sets and they can be arranged as a transfinite sequence 
Pi, Po, - ++, Pa, +++ (a<Q), so that every perfect set appears continuum 
many times. Now for each @ define pz, by induction on a, to be the first u not 
previously selected which is contained in P,; such a u will exist since, for each a, 
less than continuum many u’s will have been selected previously, and the per- 
fect set P, contains continuum many numbers. This process will select con- 
tinuum many ?’s from each perfect set P since each P appears continuum many 


1G. Darboux, Annales Scientifiques de I’Ecole Normale Supérieure, 2nd series, vol. 4 (1875), 
pp. 57-112. 

2 V. Volterra, Giornale de Battaglini, 1881. 

3H. Lebesgue, Lecons sur l’intégration, Gauthier-Villars, Paris, 1904, page 90. Lebesgue’s 
function is zero except on a set of measure zero. 

4G. Hamel, Mathematische Annalen, vol. 60 (1905), pp. 459-462. 

5 A. Ostrowski, Jahresbericht der Deutschen Mathematiker Vereinigung, vol. 38, 1929. 
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times as P, and of course the p’s selected from different perfect sets will be 
mutually exclusive.* Now for each perfect set let its selected p’s be arranged asa 
double transfinite sequence xag(a, B< 1), and set f(xag) =ua. This f(x) clearly 
takes on every real number as value a continuum number of times on every per- 
fect set. If f(x«) were Lebesgue measurable on any set of positive measure there 
would be a finite K with f(x) <K on a set of positive measure and hence on a 
perfect subset (of positive measure). This contradiction shows that f(x) cannot 
be measurable on any set of positive measure. 


DECOMPOSITION OF AN INFINITE-DIMENSIONAL LINEAR SYSTEM INTO 
UBIQUITOUS CONVEX SETS 


V.L. KLEE, JR., University of Virginia 


1. Introduction. Suppose that Z is a (real) linear system (that is, a module 
over the real number field). A maximal linearly independent subset of L is called 
a Hamel basis for L. It is well known [2] that L must have a Hamel basis and 
that all its Hamel bases have the same cardinal number d(L), which is called 
the dimension of L. 

If x and y are distinct points of L, [x, y] will denote the line segment in- 
cluding its endpoints, (x, y]=[x, y|— { x 7 and so on. For a convex subset X ol 
L, lin X will denote the union of X and the set of all points yCZ such that 
(y, x]|CX for some x; X will be called ubiquitous if lin X =L (that is, if each 
point of Z is linearly accessible from X). If Z is n-dimensional, it is isomorphic 
with Euclidean m-space and (with X convex) lin X is merely the closure of X, 
so L has no ubiquitous convex proper subsets. For infinite-dimensional systems, 
on the other hand, the situation is quite different. 


2. Theorem. We shall establish the following result. 


THEOREM. Suppose that L 1s an infinite-dimensional linear system and N 1s a 
cardinal number such that25NSd(L). Then L can be expressed as the unton of N 
pairwise disjoint ubiquitous convex sets. 


Proof. Let H be a Hamel basis for L. Since d(L) 2No, H can be expressed as 
the union of N—1 pairwise disjoint infinite sets; say H=Vis:icm H;, where M 
is an ordinal number having N—1 predecessors 1, 2, - - - . Each set H; can be 
assigned an anti-reflexive linear ordering <; with respect to which it has no 
last element. 

Now each point x€L can be expressed in the form Donen a(h, x)h, where 
all but finitely many of the coefficients a(hk, x) are zero. For each 1 and x, define 
h;(x) as follows: if a(h, x) is non-zero for some hC H;,, then k;(x) is the last such 
h (in terms of the ordering <;); otherwise (that is, if #@H; implies a(h, x) =0), 
h;(x) is an arbitrary but fixed point of H;. For each z and «x, let b;(x) =a(h,(x), x). 

6 This construction was used by W. Sierpinski and N. Lusin, Comptes Rendus (Paris), vol. 


165 (1917), pp. 422-424, to subdivide an interval into continuum many parts each of exterior 
Lebesgue measure equal to the length of the interval. 
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Let Co={x|d:(x) $0 for all 7’s} and for 1S”<M define C,= {x| d;(x) 
<0 whenever i<n, but b,(x)>0}. It can be verified that the sets 
C,(0$7< WM) are pairwise disjoint, cover L, and are all convex. (In fact, each 
C, is a convex cone with vertex at the origin, although only Cy contains the 
origin.) It remains to show that each set C, is ubiquitous. 

To this end, consider an arbitrary point xCJU, an arbitrary index n, and let 
K' = {i| bs(x) #0}. Let K=K’U{n} if 240 and K=K’ if n=0. For each iCK 
pick y;© H; such that &;(x)<.y;. Let ¢,=1, ¢;=—1 for ¢#n, and define 
y= ick eiy;. (Note that K is a finite set.) It can be verified that x+tyEC, 
for each t>0, so (x, cty]CCn, «Elin C,, and the proof is complete. 

Notice that if any topology be assigned to L in which every line is a continu- 
ous image (under the natural mapping) of the real line, then each ubiquitous 
convex set is dense. For certain linear spaces and with “ubiquitous” replaced by 
“dense,” the above theorem was proved in [1]. However, the sets obtained in 
[1] were not ubiquitous and the method of [1] required the existence of a dense 
linear subset, which is not needed here. Hence the present theorem is applicable 
(to obtain dense convex subsets) to many spaces not covered in [1]. 

As is pointed out in [1], for a large class of spaces L, d(L) is equal to the 
cardinal number of L. 

The author first became acquainted with ubiquitous convex sets through 
the comments of a referee of one of his papers. 
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ASYMPTOTIC BEHAVIOR OF MEAN VALUE FUNCTIONS 


W. S. Gustin, Indiana University 


1. Introduction. The mean value function M(t) of order ¢ of 1 positive real 
numbers x,(v=1, +--+, ~), weighted by z positive real numbers a,(v=1, - - +, 2) 
with > a,=1, is defined for all real arguments ¢ except t= — ©, 0, + by the 
formula 


M(t) = (Dae) 


We mention briefly some properties of this well-known function; for a de- 
tailed discussion see [1, 2]. At its three singular points, M(t) can be defined 
so as to become continuous. It is clearly analytic elsewhere. Furthermore, in 
justification of the term mean value function, M(t) satisfies the inequality 


min x, S M(t) S max x,. 


Thus M(t) =x for all ¢ if x,=<x for all ». If, however, not all the x, are equal, 
then M(t) steadily increases from the value min x, at t=— © to the value 
max x, at t=+, with M’(t)>0 for —» <t< + [2]. 
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In this note we investigate the exact behavior of M(t) at its three singular 
points. 


2. Behavior at zero. The mean value function M(t) may be expressed in the 
form 


M(t) = S()™, 


where 


S(t) => Oy, 
Clearly S(t) is analytic at t=0, and 

S00) = da = 1; 
so log S(¢) is also analytic at t=0 and log S(0) =0. Therefore 

log M(t) = tf log S(#) 
and, consequently, M(¢) is analytic at =0 with removable singularities there, 
these singularities being removed by defining 
log M(0) = (log S)’(0) = S’(0) = >> a, log x,. 


3. Asymptotic equivalence. Let ¢ be a formal power series in an indeter- 
minate o with real coefficients: 


[oa] 
o= Di cso 
h=0 


We say that a function f defined in a neighborhood of to(— » SttS +) is 
weakly asymptotic to ¢ as t—>to, and write f~¢ as t—%o, if 


ili) = Deas + ofs¥) (t—> to, s—>0), 
h=0 


for k=0, 1, 2, ---, where 
ta if lo F wo, 
5 = 


t-} if tt = a, 


and w stands for — © or +. Furthermore, we say that f is strongly asymp- 
totic to d as t—>%o, and write f~@ as t—>to, if, for R=0, 1, 2, - - - , the &th deriva- 
tive f™ of f is weakly asymptotic as tty to the &th formal derivative ™ of @. 

The relations of asymptotic equivalence as defined above subsist between 
a function and a formal power series. These notions may be extended as follows. 
We call two functions f and g weakly or strongly asymptotically equivalent as 
t—to, and write f~g or f~g as t—to, provided that f and g are both weakly or 
are both strongly asymptotic in the original sense as t—>t) to the same formal 
power series. 
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It can be shown that both weak and strong asymptotic equivalence are pre- 
served under addition, multiplication, function composition, and integration, 
and that strong asymptotic equivalence is preserved under differentiation. 

In applications we shall extensively employ these preservation properties 
of strong asymptotic equivalence. But we cannot operate in a void: one strong 
asymptotic expansion formula is required, namely: 6'~0 as t> if 0<@<1, 
this equivalence being a consequence of the limit relations *0'-0 as ¢ > for 
k=0,1,2,---. 


4. Behavior at infinity. We are here concerned with the strong asymptotic 
behavior of M(t) as tw. Since M(t) =x for all ¢ if x,=x for all », we may as- 
sume that 222 and that 1< --- <x,. For notational convenience we define 
a, and x, as follows: 

A». = ay Ato = an 


Nao = X11 X40 = Xn, 


and let w be attached as a subscript to inequality signs with the meaning that 


the inequality is to be reversed if w= — ©, but is to be preserved if w=+o. 
It is understood without explicit mention that tw in limits and asymptotic 
expansions. 


Consider the following functions of ¢: 


—l 


M(t) = Sle, 
I(t) = Salt), 


v0 -2(2)(2)) 


M(t) = M.(¢)Ia(?). 


and note that 


As we have mentioned, 0‘=0 for 0<@<, 1, so 
S(t) = 1+ terms of type 6* = 1, 
T(t) = exp (#7! log S,(t)) = 1. 
Consequently the desired strong asymptotic expansion of the mean value 
function M(t) as tw is 
M(t) = M,(2), 
the function M,,(¢) being analytic at t=w with M,(t)—>«,. It follows that M(?) 


—x,. Furthermore, M(t) in its approach to x, is squeezed between M,(¢) and 
xw; for S,(¢)>1, hence J..(¢) >. 1 provided ¢>., 0, so 


M(t) > M.(t) (t >, 0). 
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The logarithm of the expansion for M(#) is 
log M(t) = log M.(t) = log x. + t* log du. 
Differentiating this k2=1 times with respect to ¢, we get 
(log M))(t) = ¢-*tk!(—1)* log a,, 
whence 
M‘*)(t)/M(t) = t-**k1(—1)* log ag +°:- 


Thus the &th derivatives of both M(¢#) and log M(¢) are >0 near t= — o, 
and near t=-+ © are >0 if & is odd and <0 if & is even. In particular, taking 
k=2, we see that M(t) and log M(t) as functions of t are convex near t= — © 
and concave near t= -+ . Three of the four parts of this result were recently ob- 
tained in quite a different fashion by Shniad [3]; his methods did not yield the 
concavity of M(t) near += + ©. 
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ON A PAIR OF FUNCTIONAL EQUATIONS 
H. P. Ture_man, Iowa State College 


1. Introduction. It is well known that all non-trivial, real, continuous solu- 
tions, defined for all x >0, of Cauchy’s functional equation 


(1) F(ay) = F(x)F(y) 


are of the form F(x) =x*, where c is any real number.' In a recent issue of this 
MOonrtrHLY there was considered the functional equation 


(2) flay) = [f(x] Lh) 1, 


which reduces to the equation (1) if @=0.? Solutions of equation (2) were found 
to be of the form x), In deriving these solutions the differentiability of the 
solution was assumed. This is an unnecessary assumption, for it follows from 
Cauchy’s result for equation (1) that all real, continuous solutions of (2) which 
are defined for all x>0 are of the form x“), where c is any real constant. To 
derive this result one needs only to raise both sides of the equation (2) to the 
power (xy)~* and thus obtain 


(3) flaey)M GOP = fa) Mfg)". 


1 A non-trivial solution is one which does not vanish identically. A solution in this paper shall 
mean a non-trivial solution. 
2 Vol. 56 (1949), p. 414. 
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This equation is of the form of equation (1) if one takes 
F(x) = f(x)¥™. 


Since all real continuous solutions of (1) are given by x’, it follows that all real 
continuous solutions of (2), which are defined for all x>0, are of the form 
f(x) =x (er), 

It is the object of this note to solve a pair of simultaneous functional equa- 
tions of which equations (1) and (2) are very special cases. 


2. A pair of generalized Cauchy functional equations. We consider the set 
of functional equations 


(A) f(xy) = g(x)? MhCy)e™, 

(B) r(xy) = p(x)aq(y) 

and look for all real, continuous functions defined for all x>0 and satisfying 
these equations. We must determine all sets of six real, continuous, not identi- 
cally vanishing functions for which (A) and (B) are satisfied. 

We consider first equation (B). In this equation let us set y=1. Then r(x) 
= p(x)q(1). If g(1) =0, then r(x) =0. Hence q(1) #0, and p(x) =r(x)/q(1). Next 
let x=1; then r(y)=p(1)g(y). Again if p(1)=0, then r(y)=0. Hence gq(y) 
=r(y)/p(1). Thus (B) can be rewritten in the form 


r(x)r(y) 
p(1)q(1) 
Dividing both sides of this equation by p(1)q(1), we get 


r(xy) = 


r(vy) re) rly) 
P(L)at) = pC)a(1) pL) g(1) 


In this equation we set r(x)/[p(1)¢(1)] equal to s(x). Then s(x) satisfies equa- 
tion (1); hence s(x)=x*® where 8 is any real number. Hence p(x) =p(1)xé 
q(x) =q(1)x8, r(x) =p(1)q(1)x8, and thus all real, continuous solutions of (B, 
are given by p(x) =cx8, q(x) =cox®, r(x) =C1c.x8, where the c; (c=1, 2) are any 
real constants different from zero. 

We now turn to equation (4). It can now be written as 


f(xy) = g(x) (uP) Ay) (e208) 


In order to have only real solutions, f(x), g(x), #(x) must be assumed to be posi- 
tive. Let us write g(x)"'=u(x), h(y)*=v(y). Then the last displayed functional 
equation takes the form 


f(xy) = u(x) Po(y) ), 
Raising both sides of this equation to the power (xy)~*, we get 
(A’) f(xy) (ew? = wl x) 1! By (yd 8, 
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If in this equation we write for the left side F(xy), and let G(x) and H(y) be 
the first and second factors of the right hand side respectively, then (A’) be- 
comes 


(A”) F(xy) = G(*)H(y). 


This, however, is equation (B) which was solved above. Hence all continuous 
solutions of (A’’) are given by G(x) =k,x*, H(x) = kyx*, F(x) = kikox*, where a is 
any real constant and k;>0 (4=1, 2). Substituting these values in the equations 
which define f(x), g(x), and h(x), we get the result stated in the following 
theorem. 


THEOREM. All real, continuous solutions, defined for all x >0, of the set of func- 
tional equations (A) and (B) are of the form 


p(x) = ora®, = g(%) = com, = r(x) = Cena", 
g(x) _ (Ry x%) ! a, h(x) _ (Rox) Blea, 
f(%) = (Rikex%)*, 
where a, B are any real constants while c; and k; are any real numbers such that 


c:£0, k:>0 (¢=1, 2). 


3. Special cases. Cauchy’s equation (1) is equivalent to the equations (A) 
and (B) with the additional simultaneous equations f(x) =g(x)=A(x), and 
p(x) = q(x) =r(x) =1. The solution of Cauchy’s equation is described by a spe- 
cial case of this theorem; namely that for which B=0, a=@Q=ki=k,=1, a@ 
arbitrary. The equation (2) is equivalent to the equations (A) and (B) with the 
additional simultaneous equations f(x) =g(x) =A(x), and p(x) =q(x) =r(x) =x%. 
The solution of equation (2) is described by the special case of our theorem for 
which cy =c. =k, =k, =1, a and @ arbitrary. 


COROLLARY. All real continuous solutions, defined for all x>0, of the set of 
functional equations, 


(C) F(xy) = p(y)G() + g(x) H(y), 
(D) r(xy) = p(x)g(y), 
are of the form 


p(x“) = ox?, g(x) = Cx, r(%) = €4C2x%, 
48 vB 

G(x) = — (a log x + log ki), H(x) = — (a log x + log Re), 
C1 C2 


F(x) = x8(a log x + log Ryke), 


where a, B are any real numbers while c; and k; are any real numbers such that 
c:#0, ki: >0, (t=1, 2). 
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To derive this result from the Theorem we write (C) as 


ef (zy) = EF (2) p(y) eH (y)a (x) 


which is equation (A) with f(x) =e?(™, g(x) =e@™, and h(x) =e#™, Taking the 
logarithms of the solutions for f(x), g(x), and h(x) given in the Theorem we have 
the result of the Corollary. 

By taking logarithms or exponential functions of the functions occurring in 
the given functional equations one can derive other results similar to those 
given here. 
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NOTE ON AN EXTENSION OF THE METHOD OF UNDETERMINED COEFFICIENTS 
IN SOLVING A LINEAR DIFFERENTIAL EQUATION 


H. E. STELson, University of Hawaii and Michigan State College 


The method of undetermined coefficients for solving a linear differential 
equation with constant coefficients, as presented in many texts* has the require- 
ment that the method is applicable only if the differential equation 


(1) F(D)y = (roD* + rDt1 +--+ +7,4.D+ 73)y = f(x) 


has a right member f(x) such that f(x) and a finite number of its successive 
derivatives form a set of linear dependent functions. The restriction requires 
that f(x) satisfy a linear homogeneous differential equation with constant co- 
efficients 


(bpD! +- 6,D! +- oe + b-1D +- b:) f(x) = (), 


By the theory for the solution of equations of this type f(x) is a linear combina- 
tion with constant coefficients of terms of the form 


(2) Pere xPE*® Cos Bx, xPe%" sin Bx (p 2 0) 
where p, g, a and B are real. Now (2) are essentially functions of the form, 


C xPpe (atts) x (p = 0). 


* Reddick, H. W., Differential Equations, Section 36, 1943. Cohen, Abraham, Differential 
Equations, Section 50, 1906. 
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It is the purpose of this paper to replace this restriction by the more general 

requirement that f(x) be of the form, 

(3) Cure lotis) am (p 2 0) (ma positive integer). 


We present a method for solving equations of this type, when the primitive 
is expressible in finite form. 
Denote the general solutiont by 


y = Aof(x) + Aif’(%) + Af’ («%) +--- (A’s are undetermined constants) 
or 
(4) y = efetiB2™ (qa + ayy + dox? +--+) 
with undetermined constant coefficients, ao, a1, a2, - ++. Substituting (4) in 
(1) gives an equation, 
(5) Hy + Hix + Hox? +--- =0 
where H; involves do, ai, a2 +--+ and the coefficients of f(x) of form (3). 


Since the sum of the coefficients of each power of x (i.e. H;) must equal zero, 
we have the set of linear equations: 


(6) H;=0 (i =0,1,2,---) 
to solve for do, a1, de, ° +: 

Now if the highest power of x in f(x) of form (3) is p then the equations, 
(7) H; = 0 (iG=pt+i,p+2,---) 


x 


will be homogeneous. The linear recurrence relation, derived from substituting 
(4) in (1) by which equations (7) are derived has at most 


(8) Y= > (s+2-% termsifmss+1 


t=1 


Or 


&§ 
y= do (s+2—-% terms ifm > s + 1. 
i=l 
In relation (4), expand e‘¢+#)=" in a Maclaurin’s series and multiply this 
expansion by (do+aix-++a2x? ---), then if this series is substituted in (1), it 
can be observed that Ho has at most the terms ao, a1, - - : , ds; Hy has at most 
the terms do, a1 - - + @s41; and H; has at most the terms ao, a1, - - * @s4;. We now 
solve the set of linear equations: 


Tt Coble, A. B., this MONTHLY, vol. 26, p. 12, 1919. Conkwright, N. B., this MONTHLY, vol. 41, 
p. 228, 1934, 


1950] CLASSROOM NOTES 549 


(9) H; = 0 (c=0,1,---,p+y7) 


for do, Qi, °° * Apty. 

Since y as given by (4) is equivalent to a power series, by the theory for a 
power series solution{ for a differential equation of order s, there are s arbitrary 
constants in the solution. Hence we can assign s of the a’s values for a particu- 
lar solution. The solution is easier if we assign @y41, Gp42, * * * @pys zero and first 
solve the first +1 equations** of (9) (p+1 non-homogeneous linear equations 
in +1 unknowns) and use these results to solve the last y homogeneous equa- 
tions of (9). 

Now if @p4s41, @p4sy2 °° * A@pzy—1 are equal to zero in the solution of (9), all 
but one of the terms in the recurrence relation are zero. Therefore the re- 
maining term is zero. Hence for equations (7) (these equations do not contain 
Qo, G1, °° * Ay) Anyi, Apy2, ‘°° are all zero. In this case we have a particular 
solution in finite form. Otherwise the solution will be infinite. 

In particular, when m=1, (8) has the value s+1, and y—s has the value 1, 
so that the equations (7) always have zero solutions. In this case it is always 
possible to find a finite solution of form (4). The coefficient of ao in Ho is 
F(a+28). The determinant of the unknowns is [F(a+7@) ]?+1. If F(a+78) =0, 
and a+78 is a root of multiplicity m, we cut out do, di, - * + @m_1 and proceed 
as before. 

An illustration may be presented. Solve the differential equation 


y'’ — 12y = 2e*"(4at — 3). 
The recurrence relation is 
R, = (w+ 2)(a + 1)dnye + (4n — 10)a, + 4a,_2. 

Hence 

Ho = 2a, — 10a +6 = 0 

H, = 6a3 — 6a; = 0 

He = 12a, — 2a, + 4a = 0 

H; = 20a5 + 2a3 + 4a, = 0 

H4 = 30a5 + 6a, + 4a, — 8 = 0. 


Assign ad5=0 and ag=0, then there are 5 equations in 5 unknowns. In this 
case d9=1, a,=0, a2 =2, a3s=0, ay=0. Also a5, ag - - - are all zero. The particular 
solution is y =e” (2x?-++1). 


ft Ince, Ordinary Differential Equations, Chapter VII. 
** In each problem the rank of the matrix of the system (9) should be examined to determine 
the character of the solution. Finally the particular solution should be checked in (1). 
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THE REMAINDER IN COMPUTING BY SERIES 


R. K. Morey, Worcester Polytechnic Institute 


In computing by series it is important to have a bound for the remainder 
after a finite number of terms have been computed. The following method is 
simple enough to be presented to any class in which the integral test for con- 
vergence has been taken up, and it is applicable to any series on which that test 
may be used; for instance, the common series ) 7-1 (1/n?), commonly called the 
p-series. 

Denote a series of positive terms by > 7-1 Un, and let u,=f(m) be such that 
f(n) can be changed to f(x) with x a continuous variable. Suppose that the sum 
of m terms of the series has been computed. We assume that /pf(x) dx is finite 
and can be found; and that, for m Sx, f’(x) is negative and f’’ (x) is positive. 

Draw the curve y=f(x) and, as in the usual proof of the integral test for 
convergence, represent the terms uw, by rectangles under the curve of base 1 
whose right-hand sides are y=f(m). Also, as in the usual proof of the integral 
test for divergence, draw rectangles of base 1 that extend above the curve whose 
left-hand sides are y=f(z). Denote the points [m, f(m)], [m+1, f(m+1)], 
[m+2, f(m+2)], [m, f(m+1)], [m+1, f(m+2) | by A, B, C, D, E, respectively. 
Draw the chord AB, and the chord CB, and produce the latter until it cuts 
x=m at F. | 

Let R=) p-m41 Un. We shall find lower and upper bounds for R. 

To find the lower bound we have 


m+1 
Uni > f(x)dx — AABD, AABD = 4(tm — Umsi) 


™ 


and we have similar expressions for the other terms of R. 
Hence 


R> J f(x)dx — 4 | (tm — m+) + (Um+1 ~ Um+2) on | 


Or 


R> f f(x)dx — $u, since lim uw, = 0. 
To find the upper bound consider the triangle DBF=triangle BCE. The 
hypotheses assumed for f(x) ensure that BF is entirely below the curve. There- 
fore 


m+1 


Umt1 < f(x)dx — ADBF 


™ 


or 
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m+ 
Um+i < f(x)da — ABCE, ABCE = $(tmii — Um+2)s 


m 


Hence 
R< f 7 f(x)dax — $[ (mer — mes) + (mee — Umea) ** | 
or 
R< i) - f(w)dx — 40m. 


The above applies directly only to series with all positive terms, but an 
alternating series can often be changed by pairing the terms to one with all 
positive or all negative terms, and frequently this method can be used. It usu- 
ally gives a much closer upper bound for R than | ¢m--1| which is commonly 
employed, and in addition it provides a lower bound. 


THE BINOMIAL COEFFICIENTS 4 
C. S. Ocitvy, New York City 


When the student of elementary algebra first meets the binomial expansion, 
it may stimulate his interest to point out certain neat properties of the coeff- 
cients which are frequently passed over. 

For one thing, most books state the law of formation of the elements of Pas- 
cal’s Triangle but fail to connect it in any way with the expansion itself. The 
result is that the student feels that through some mysterious coincidence, the 
Triangle just happens to yield the right coefficients. The connection becomes 
immediately apparent if a sample multiplication is presented, say (a+5)® by 


(a+b): 
1 5 10 £10 5 1 
1 


1 5 10 10 5 1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


(The instructor should probably fill in signs and letters.) Such a presentation has 
the added advantage of paving the way for the induction proof which the stu- 
dent is about to meet for the first time. 

The surprising fact that all the coefficients (except the first and last) of 
(a +6)" are divisible by m if and only if m is a prime may be mentioned, and 
possibly a proof left as a challenge to the student, although the proof derives 
more naturally perhaps from the theory of commutative fields. 
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If the expression for the (k-+1)th term is written as a times the kth term, the 
resulting equation reduces to 


(1) n= ka+k —1. 


This means that for amy a and any integer k, some binomial expansion exists 
(and is exhibited) whose (k-++1)th term is a times its kth. That such a demand 
can so easily be met is scarcely intuitively evident. The condition for 2 to be in- 
tegral is simply that ka be integral. For example, a=3/2, k=6,n=14, yield 2002 
and 3003, the 6th and 7th coefficients of (a+))*. 

Setting the (k-++2)nd term =) times the kth results in 


(2) n = 4(2k — 1+ \/4bk? + 40k + 1). 


The requirement that (1) and (2) hold simultaneously for arbitrary a, b and k 
exceeds by one the available degrees of freedom. In fact, (1) and (2) together are 
equivalent to 


a+b 
= = an integer. 
a* — b 


Certain special combinations lead to usable (integral) k. As a particular example, 
note that if b=1, & is integral when a is of the form (c+1)/c, c integral. This tells 
how to find an integral n such that the middle term of the expansion is (¢+1)/c 
times either adjacent term for any integral c. 

Other similar properties are revealed by further very easy explorations. 
which the student may be encouraged to conduct on his own. 


MATHEMATICS FOR BUSINESS STUDENTS 
W. O, Buscuman, Vanport Extension Center, Portland, Oregon 


1. Introduction. For a number of years there has been considerable dis- 
satisfaction with the traditional college mathematics program among those who 
are not majoring in the fields of mathematics and natural science. There have 
been many reports concerning the place of mathematics in General Education, 
but little has been written about the place of mathematics in the business cur- 
riculum. 

In order to satisfy the mathematical needs of the business students some 
schools have arranged special courses for them. In other schools business stu- 
dents take the traditional mathematics courses or none at all. The nature of 
business itself makes this second type of program unsatisfactory, especially for 
students who are very weak in mathematics. 

The purpose of this study is to consider the mathematical needs of the busi- 
ness student and to examine current trends and policies. Only higher education 
will be discussed here; this will mean only work beyond the traditional four- 
year high school. Only regular course work will be considered though it is ad- 
mitted that outside or extracurricular activities are also important. 
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2. Mathematical requirements. The most noticeable thing about the 
mathematical requirements for business students, as shown by examination of 
various college catalogues, is the wide variation. In the schools of business the 
trend has been away from the traditional freshman courses: college algebra, 
trigonometry, and analytic geometry.* The integrated courses, when offered, 
generally do not differ much from the traditional sequence; the difference is 
more one of arrangement than of content. 

Mathematics courses required of business students range all the way from 
none to calculus, and even to differential equations in one college. Most colleges 
require a program between these two extremes, including a course in mathe- 
matics of finance or mathematics of investment. College algebra is generally a 
prerequisite for these courses. Many colleges also require some work in ele- 
mentary statistics. f 

Generally where technical minors such as engineering, science, or similar 
fields are being combined with business the mathematical requirements are more 
rigorous and consist of the traditional type of courses plus a course in mathe- 
matics of investment. There is reason for this, as engineering, physics, etc. re- 
quire some of the skills and concepts from trigonometry, analytic geometry, and 
calculus, even at the beginning level. A businessman dealing with people who 
are working in these fields will need to be acquainted with such topics himself. 

In some universities the business program is entirely in the upper division 
or the graduate school; this plan appears to be part of the trend toward “general 
education” for all students during their first two years at a college or university. 
Specialization is thus postponed till after the second year. In these schools the 
lower division mathematical program of the business curricula will be the same 
as for “general education.” For schools that do not have a “general education” 
program a special course should be provided in the lower division for all business 
students. 


3. Aims of proposed course. The aims of an elementary mathematics course 
for all business students should be the development of a basic knowledge of 
and skills in arithmetic, algebra, and such computational devices as needed for 
their work. There is need of a working knowledge of processes dealing with loans, 
interest, investment, discounts, annuities, insurance of various types, and of 
some of the concepts of the development of these topics. Ability to analyze 
verbal problems and their solutions is of great importance and needs particular 
emphasis and development in the business curricula. 

Most students entering the field of business have had little background in 
mathematics and nearly all will need to review fundamentals. For this reason 
the first course should require only a minimum of previous knowledge and skills 


* Monroe, Paul, Encyclopedia of Educational Research, Macmillan Co., New York, N. Y., 
1950, p. 720. 

{| Hammond, Clela D., An Analysis of Mathematics Course Offered in Public Junior Colleges 
of California, Junior College Journal, Dec. 1949, p. 219. 
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in mathematics. At the same time, however, such a course must not be so 
elementary as to allow the student to lose interest, but should proceed to new 
topics as rapidly as possible. Elementary skills which may be lacking should not 
all be reviewed at the first of such a course as is the usual custom. These skills 
should be developed at the time they are extended and applied to more ad- 
vanced topics. In this way the student will understand the need for these skills 
and the applications. 

All students should be required to take a year course of 3 to 5 hours credit 
in mathematics; this should start with the fundamentals, including arithmetic 
concepts.{ In most courses it has become customary to do all review and drill 
work first. This is very tedious for the better student, and he becomes bored. 
Review will be more effective if taken as needed, with the class going forward to 
new topics immediately. 


4. General Outline of Proposed Course. 1. Development of algebraic nota- 
tion and symbolism. This should be done through the use of equations and 
formulas taken from the field of business. Nearly all problems should be of the 
verbal type so that the formulas do not become drill exercises. 

2. Percentage and its applications. Problems of cash discount, mark-ups, 
profit, loss, etc. can be used to develop facility with percentage. The use of index 
numbers in the statistical treatment of data will furnish additional applications 
or this may be taken later in the course thus providing a review of percentage. 

3. Taxation. Income, property, and sales taxes, will furnish further applica- 
tions of percentage and at the same time establish a familiarity with the proc- 
esses of taxation which each student will meet sooner or later. 

4. Graphical presentation of data. Graphs and formulas should be studied 
as a part of the development of the function concept. Problems of variation can 
readily be adapted to this aim. 

5. Elementary concepts of statistics. A study of the measures of central 
tendency will provide further applications of formulas and give practice in the 
operations of arithmetic. If needed these operations can be reviewed. Con- 
siderable emphasis in the work of statistics should be on interpretation of the 
data. Statistical computations have little use or meaning without the inter- 
pretation of results. Most people will have many more occasions to interpret 
the meaning of statistical data than to compute it. 

6. Time series. This will provide further applications of graphing and sta- 
tistics, through a study of trends, seasonal as well as linear. 

7. Further topics from statistics. Measures of central tendency will have 
developed the processes needed for a study of dispersion. Simple work with the 
binomial distribution and regression and correlation could be introduced if 
desired. 

8. Progressions and series. These will be needed for further work in simple 


t Newsom, C. V., A Course in College Mathematics for a Program of General Education, 
Mathematics Teacher, January 1949, pp. 19-24. 
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and compound interest. Applications of the progressions should be taken from 
verbal business problems as far as possible. 

9. Computational aids such as logarithms and special tables will be needed 
before extensive work is done with interest and annuities. Calculators should be 
used if available. 

10. Simple interest. This topic should be studied as an outgrowth of the 
arithmetic progressions. Emphasis should be on the development of the par- 
ticular progression involved rather than direct applications of the formulas to 
develop the required concepts. 

11. Compound interest. Amount and present value problems should be de- 
veloped as an outgrowth of the geometric progression as indicated above for 
simple interest. The use of the compound interest and discount tables should be 
included. 

12. Effective and equivalent rates of interest. Only through a study of these 
topics can the student gain an understanding of the high costs of deficit financ- 
ing. These processes will give methods of comparing investments and loans. 
Applications should be taken from class situations, purchasing cars, houses, etc. 

13. Annuities. For most students a treatment of annuities with simple data 
will be sufficient. Emphasis should be on the development of formulas and con- 
cepts of annuities. Some students will be reaching the limit of their ability to 
deal with abstractions and will have to deal with problems of annuities only as 
applications of formulas. Concepts should be developed as far as possible, 
however. 

14. Amortization. This topic might well be introduced along with the one 
above to show the methods of liquidating debts. Sinking funds should also be 
included here. Comparisons of the methods of amortization and annuities should 
be stressed. 

15. Bonds. Particular emphasis should be placed on the smaller government 
bonds with which the student is likely to come in contact. Bonding and bond in- 
vestment on a larger scale can be used with local data such as municipal bonds 
to keep the problems within the area in which the student is familiar. 

16. Depreciation. This is a topic about which all businesses are concerned, 
as It is important in taxation as well as for properly estimating profits and 
losses. 

17. Building and Loan associations. The nature of this type of enterprise 
should be considered and compared with other types of investment. 

18. Insurance. The various types of insurance are dealt with by almost 
everyone today. Life insurance, health insurance, car insurance, and many other 
types should all be considered as they are sure to be encountered sooner or later. 

The general program outlined above could serve best for a year course to 
include all of the titles listed. It could be adjusted to either a “three-hour” or 
“five-hour” program; the material could be satisfactorily covered by a three 
hour course or more extensively in a four or five hour course. Parts of items 16, 
17, and most of 15 could be omitted if the shorter course is desired. In the 
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earlier sections the review can be adjusted to the class, and most review omitted 
if the class does not need it. © 
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ELEMENTARY PROBLEMS AND SOLUTIONS 


EDITED By HowaRD EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 931. Proposed by H. D. Larsen, Albion College 


Ten balls numbered from 0 to 9 inclusive are placed in an urn. Five of the 
balls are then drawn at random (without replacement) and arranged in a row. 
What is the probability that the number thus formed is divisible by 396? 


E 932. Proposed by Paul Erdis, University of Illinots 


(1) Prove that every positive integer not exceeding m! is the sum of m or 


fewer distinct divisors of 7!. 

(2) Denote by E(2) =2%3% - - - p% the least common multiple of the posi- 
tive integers not exceeding 2. Prove that every positive integer not exceeding 
E(n) is the sum of a2-++a3+ - - - +a, or fewer distinct divisors of E(). 
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E 933. Proposed by Joseph Langr, Prague, Czechoslovakia 


Let A’, B’, C’ be the feet of the altitudes of a triangle A BC whose circum- 
circle and nine point circle are orthogonal. Show that (1) the areas of triangles 
ABC and A’B’C’ are equal, (2) (AC’)(BA’)(CB’) = (AB)(BC)(CA)/2. (3) Con- 
struct the triangle ABC given side BC and the position of A’ on BC. 


E 934. Proposed by C. O. Oakley, Haverford College 


Let C,; and C, be two arbitrarily given curves whose parametric equations 
are %1=X1(t), vi=91(t) and x2=x2(t), vo=ye(t). Show that there exists a third 
curve C, x=x(t), y=y(t), with the “focal” property that, if Pi, Ps, and P are 
corresponding points on Ci, C2, and Crespectively, then PiP and P,P make equal 
angles with the tangent to C at P. 


E 935. Proposed by C. D. Olds, San Jose State College 


Give an example of a function which is discontinuous in an everywhere 
dense set, and which is also differentiable in an everywhere dense set. 


SOLUTIONS 
An Unsolved Problem 


E 534 [1942, 475, 1943, 261]. Proposed by D. H. Browne, Buffalo, N. Y. 


Show that 4, 5, 7 are the only values of ” for which m!+-1 is a perfect square. 


Solution by H. D. Grossman, New York, N. Y. The only values of 2<10, for 
which 2!++1 is a perfect square, are 4, 5, and 7. Then let 2210 and let all let- 
ters in the discussion be positive integers. 

If n!+1=?, then n!=(k+1)(R—1). Let the integers k+1, R—1 ber, s in 
unknown order. Since 7, s differ by 2 and their product, 2!, is even, they must 
both be even. Also, they can have no common even factor but 2 and no common 
odd factor at all (besides unity). 

Then 2 divides only one of them, say 7, while (4) (6) (8) (10) - - - divides the 
other. Then (3) (5) (9) also divides s. At most 7 is divisible by 2 and by those odd 
primes whose doubles exceed n. These restrictions make r so much smaller than 
s that ry and s cannot possibly differ by only 2. 

In the following table the greatest possible chain of factors of 7 is in the left 
column. Each of these is exceeded by the corresponding factor of s in the right 
column. 


r 
NN 


eS 
2 (3) (4) 
7 (5) (6) 


6¢—1 (¢>1) (6¢ — 2)(6t — 3) 
6¢+1 (> 1) 61(6¢ — 4) 


558 ELEMENTARY PROBLEMS AND SOLUTIONS [October, 


Whereas the product of factors in the right column is much greater than that 
in the left; 

And whereas, as 7 increases, every odd prime 6¢+1 in the left column must 
be permanently transferred to the right column as soon as u reaches 2(6t +1); 

And whereas all composite 6¢-+1 do not even fall initially in the left column; 

And whereas no integer is repeated anywhere in the table; 

Be it hereby resolved that z!+1 can never be a perfect square if 7210. 


A Dissected Cube 
E 897 [1950, 34]. Proposed by W. R. Ransom, Tufts College 


A cube is divided into equal parts by the plane of a hexagon whose vertices 
are midpoints of its edges. In what ratio is a cube divided by a parallel plane 
that divides an edge in the ratio a:(1—<a)? 


Solution by C. M. Sandwick, Easton High School, Easton, Pa. Imagine an 
observer at a point outside a unit cube in line with the diagonal r which is 
perpendicular to the cutting plane. Imagine that the plane passes through the 
cube while approaching the observer. The plane travels a distance r/3 from the 
time that it passes the most remote vertex until it contains the next three ver- 
tices simultaneously and during this interval it cuts three edges. The plane 
travels a second distance 7/3 until it again contains three vertices simultane- 
ously, during which time it intersects six edges. Finally the plane travels the 
distance 7/3 until it leaves the cube as it passes the last vertex, cutting the 
three remaining edges as it traverses the final interval. In each of the three stages 
assume that a varies from 0 to 1 as the plane approaches the observer. Let v 
denote that part of the volume which is on the side of the plane away from the 
observer. In a unit cube r= +/3. In each stage, since the projection of an inter- 
sected edge on r is »/3/3, we see that dr =da/+/3. Let K denote the area of the 
intersection of the plane and the cube. 

In the first stage, as a increases from 0 to 1, v increases from 0 to 1/6, and 
K =a°v/3/2. Integrating K dr, we obtain v =a?/6. Therefore, in this region, 


vi(1 — v) = a3:(6 — a3), 
In the second stage, as a increases from 0 to 1, v increases from 1/6 to 5/6, 


and it is easy to show that K = +/3(1/2+a—a?). Integrating K dr we then find 
that v= (1+3a+3a?—2a*)/6. Hence 


vi(1 —v) = (1+ 3a 4+ 3a? — 203):(5 — 3a — 3a? + 223), 


In the third stage, as a increases from 0 to 1, v increases from 5/6 to 1, and 
K =(1—a)?./3/2. Hence v= [6—(1—a)?]/6, and 


vi(1 — v) = [6 — (1 — a)? ]:(1 — a). 


Also solved, for the second stage, by W. G. Brady, D. H. Browne, Roger 
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Lessard, L. A. Ringenberg, Nathan Schwid, C. W. Trigg, and the proposer. 

Trigg further noted that, in the second stage, the surface area of the cube is 
divided in the ratio (1+2a):(3—2a), which is also the ratio of the edges (and 
portions of edges) of the cube contained in the two pieces. The perimeter of the 
hexagonal section of the unit cube is 34/2. 


Construction of an Equilateral Triangle 
E 899 [1950, 35]. Proposed by E. R. Bowersox, Chicago, Illinois 


Construct an equilateral triangle given the distances of a point in its plane 
from the three vertices. 


Solution by C. W. Trigg, Los Angeles City College. CONSTRUCTION. We take 
the distances a=b=c from the point P. On PD=a construct an equilateral tri- 
angle PDA and triangles PDC and PDC’ with PC=c=PC' and DC=b=DC". 
On the other side of AC from D construct the required equilateral triangle 
ABC. Similarly, construct equilateral triangle AB’C’. Clearly there are two 
(a<b-+c and a, b, ¢ not all equal), one (a=b+c¢ or a=b=c) or no (a>b-+¢c) 
solutions. 


Proor. Draw PB and PB’. By construction, PA = DA =a, CA = BA =x, and 
XDAC+ XCAP=60°=XCAP+<XPAB, so XDAC=<XPAB. Hence, tri- 
angles DAC and PAB are congruent, so PB =DC=b. In like manner, PB’ =). 

Also solved by Norman Anning, J. H. Braun, D. H. Browne, W. E. Buker, 
W. B. Clarke, L. P. Coggin, William Douglas, R. R. Eddy, B. H. Gundlach, 
Frank Herlihy, H. K. Humphrey, John Jones, Jr., L. M. Kelly, M.S. Klamkin, 
Roger Lessard, Prasert Na Nagara, C. C. Oursler, A. P. Rhodes, L. A. Rin- 
genberg, Joseph Rosenbaum, N. C. Scholomiti, Alfred Sylvester, and the pro- 
poser. 


Editorial Note. Most of the solutions were based upon either a stretch-rota- 
tion or intersecting circles of Apollonius, and could easily be generalized to yield 
the construction of a triangle of assigned species having its vertices at given 
distances from a given point. This generalized problem is sometimes referred 
to as Carnot’s problem. For a solution see, e.g., N. A. Court, College Geometry, 
sec. 56, p. 49. For a discussion and history of Carnot’s problem see problem 2761 
[1920, 138]. Here it is shown, for the given problem, that 


“2 = (a2 + 62 + c?)/2 + 2V/3 K, 


where K is the area of triangle PDC. Also see problems 514 [1918, 21] and 3904 
[1941, 75]. For a generalization in a different direction see Proc. Ed. Math. 
Soc., vol. 27 (1909), pp. 70-75 and vol. 28 (1910), pp. 95-120. Trigg gave several 
references to problems in School Science and Mathematics where the configuration 
of this problem has received some study. It is intimately related to the identity 
connecting the six distances of four points in a plane. 
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Some Cospherical Circles 
E 900 [1950, 35]. Proposed by N. A. Court, University of Oklahoma 


If four spheres may be divided into pairs so that the circle common to one 
pair is cospherical with the circle common to the second pair, then the circle 
determined by any two of the given spheres is cospherical with the circle deter- 
mined by the remaining two spheres. 


Solution by L. M. Kelly, Michigan State College. Let the spheres be (A), (B), 
(C), (D), and suppose the circles of intersection of (4) and (B) and of (C) and 
(D) are on a sphere (.S). The center of (.S) is on the line of centers AB, and also 
on the line of centers CD. Thus A, B, C, D are coplanar. The spheres (A), (B), 
(S) have a common radical plane, as have (C), (D), (S). These two radical planes 
intersect in a line perpendicular, at P say, to the plane of centers of the four 
spheres. The powers of P relative to the four spheres are all equal. Let Xi, X2, 
and Yi, Y2 be the points where the circles of intersection of (A), (C) and of (B), 
(D) cut the plane of centers. Then (PX1)(PX2) =(PYVi1)(P Ye), and the points 
X1, Xe, V1, Ye are concyclic. It follows at once that the two circles are cospheri- 
cal. A similar argument may be applied to the remaining pair of circles. 

Also solved by Roger Lessard and the proposer. 


Editorial Note. The analogous theorem in the plane is also true, and reads 
as follows: If four circles may be divided into two pairs so that the intersections 
of one pair are concyclic with those of the second pair, then the intersections 
of any two of the circles are concyclic with those of the remaining two circles. 


Bonus Problem 
E 901 [1950, 113]. Proposed by Leo Moser, University of Manitoba 


A company offers its 350 employees a bonus of $10.00 to each male and 
$8.25 to each female. All the females accept, but a certain percentage of the 
males refuse to accept. Knowing what this percentage is, one can deduce the 
total amount paid out. What is the total amount paid to the women? 


Solution by Bart Park, Michigan College of Mining and Technology. Let m be 
the number of men and let r be the fraction of men refusing a bonus. Then the 
amount paid out is given by 


T = 10m(1 — r) + (350 — m)(8.25), 


which will be independent of m if and only if r=0.175. We find that T = 2887.50 
dollars. Both m and 0.175m must be integers, with m< 350. The following values 
of m satisfy these requirements: 40, 80, 120, 160, 200, 240, 280, 320. There are 
therefore eight possible amounts, given by (350 —m)(8.25), which may be paid 
to the women. 

Also solved by W. E. Buker, M. S. Klamkin, C. S. Ogilvy, W. O. Pennell, 
J. V. Pennington, A. P. Rhodes, L. A. Ringenberg, C. W. Trigg, G. W. Walker, 
and the proposer. 
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Editorial Note. As was pointed out by some solvers, the solution could have 
been made unique by paying a more judicious bonus to each woman, say 
$8.15 or $8.35, instead of $8.25. There are other values of r for which T has a 
single value, but here finding T would involve finding m. Walker found all such 
solutions in addition to those given above. 


Rational Points on a Sphere 


E 902 [1950, 113]. Proposed by R. V. Andree’s class in Solid Analytics, 
Uniwersity of Oklahoma 


A similar argument to that used in E 832 [1949, 407] may be used to “prove” 
the following theorem: “If a sphere has a center with at least one irrational 
coordinate, then there are at most three points on the sphere with rational 
coordinates.” Give a counter example to show that this theorem is not true 
and discuss the point at which the “proof” breaks down. 


Solution by L. A. Ringenberg, Eastern Illinois State College. A counter example 
is any sphere in the family x?+ y?+2?+Az=1, where the parameter A is any 
irrational number. Four rational points on this sphere are (+1, 0, 0), (0, +1, 0). 
The proof of E 832 cannot be extended to the case of a sphere; for while it is 
true that if three points lie on a circle, then they lie on only one circle, it is not 
true that if four points lie on a sphere, then they lie on only one sphere. 

Also solved by Paul Baird, Vern Hoggatt, M. S. Klamkin, Roger Lessard, 
C. S. Ogilvy, and the proposers. 


Editorial Note. Of course we do have the true theorem: “If a sphere has a 
center with at least one irrational coordinate, then there cannot be four non- 
coplanar points on the sphere with rational coordinates.” 

On the other hand, it is easy to show that there exist spheres of arbitrary 
size, having non-rational centers, and passing through infinitely many (co- 
planar) rational points. To accomplish this we may proceed as follows. It is 
known that x?+-y?=1 is satisfied by infinitely many pairs of rational values for 
x and y (see, e.g., H. N. Wright, First Course in Theory of Numbers, p. 93), and 
therefore the circle C: x?+y?=r?, where r is rational, passes through infinitely 
many rational points. Any sphere through C thus passes through infinitely many 
rational points. For the center of the sphere we may choose any non-rational 
point on the z-axis. 


Even Integers as Sum of Two Abundant Numbers 


E 903 [1950, 113]. Proposed by F. A. E. Pirani, Carnegie Institute of Tech- 
nology 


Show that every even integer greater than 46 can be expressed as the sum 
of two abundant numbers. (See E 848 [1949, 478].) 


I. Solution by Leo Moser, University of North Carolina. An explicit represen- 
tation of every even integer greater than 46 as the sum of two abundant num- 
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bers is given by 
48 + 6k = 30 + (3 + h)6, 
50 ++ 6k = 20+ (5 + k)6, 
52 + 6k = 40 + (2+ h)6, 
k=0,1,2,-:-. 


II. Solutton by John Selfridge, University of Washington. Any even number 
m>46 can be written as 62, 6k+2, or 6k-+4, where R28. We have 


6k = 6(k — 2) + 12, 
6k +2 = 6(k — 3) + 20, 
6k + 4 = 6(k — 6) + 40. 

Since 20, 40, and 6” (x>1) include all abundant numbers less than 46 it 
follows that 46, 34, 28, 26, and all even numbers less than 24 are the only even 
numbers not expressible as the sum of two abundant numbers. However, allow- 
ing the summands 6, 28, and 0 we may say: Any even number greater than 22 
is non-deficient or can be expressed as the sum of two non-deficient numbers. 

Also solved by Roger Lessard, C. W. Trigg, and the proposer. 

Trigg further showed that every even integer greater than 121/+26 is ex 
pressible as the sum of M abundant numbers. He also observed that 24, 36, 


48, 60, 66, 84 are the smallest integers which can be expressed as the sum of 
two abundant numbers in 1, 2, 3, 4, 5, 6 ways, respectively. 


A Cubic Locus of Centers of Curvature 
E 904 [1950, 113]. Proposed by C. S. Ogilvy, Columbia University 


Find the equation of the locus of centers of curvature of y=” at the point 
(1, 1) as 2 varies continuously from —o, +o. 


Solution by S.T. Thompson, Tacoma, Washington. Using the standard formu- 
las for center of curvature one obtains, as parametric equations for the locus, 


x= 1—- (W’?+ 1)/(m — 1), y=14+ (+ 1)/n(m — 1). 
Eliminating the parameter by means of the relation 
n= — (x — 1)/(y — 1), 
one obtains the cartesian equation 
(1 — x)?(2—- y) + (1 — y)?(2 — x) = 0. 


This represents a unicursal acnodal cubic with its isolated double point at 
U:(1, 1). The point U, however, is not part of the required locus, for it cor- 
responds to n= +1, and 7 is restricted to real values only. The cubic is tripartite 
having symmetry in the line y=x and having x =2, y=2, x = —yas asymptotes. 
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The branches correspond to the parametric ranges —» <n<0, 0<n<1, 
1<n<.o. The first branch is in the first quadrant, passing through the point 
(2, 2) and asymptotic to both x =2 and y=2. The second branch is in the fourth 
quadrant having x =2 and x= —y as asymptotes and lying within the infinite 
sector bounded by these asymptotes. The third branch is the reflection of the 
second branch in the line x=y. The curve is not found in the third quadrant nor 
in the infinite strips 


—-2/2-1<4<2/2—-1 and -2/2-1<y< 22-1. 


The parameter ~ has simple geometric significance. Let P be any point on 
the curve and let UX be parallel to the positive x-axis. Then 


n = — cot (XUP). 


If UX is chosen as a polar axis, the polar equation of the curve can be writ- 
ten as 


r sin 6 cos @(sin 6 + cos 6) = 0. 


Also solved by W. G. Brady, P. L. Chessin, Ragnar Dybvik, Kurt Eisemann, 
Frank Herlihy, C. J. Kaufman, M. S. Klamkin, Roger Lessard, J. E. Morgan, 
A. Sisk, C. G. Solky, O. E. Stanaitis, John Torian, and the proposer. 


A Property of the Orthocenter of a Triangle 
E 905 [1950, 113]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let Ai and A2, By and Be, Ci; and C, be the points of intersection with the 
sides BC, CA, AB of a triangle ABC of the polars of a point P with respect to 
the escribed circles (J,) and (J,), (I-) and (Ia), (Za) and (Jp). For what position 
of P will the points A; and A», By, and B2, Cy and C, be, simultaneously, sym- 
metric with respect to the midpoints of BC, CA, AB? 


Solution by the Proposer. This problems leads to an interesting and probably 
new property of the orthocenter H of a triangle. 


LEMMA. A necessary and sufficient condition for the polars of two points A, 
and Ao, taken on the side BC of a triangle ABC, with respect to the escribed circles 
(Iz) and (I.), to intersect on the altitude AA’ through vertex A, is that A, and A, 
be symmetric with respect to the midpoint of BC. 


Let Ai and A, be symmetric with respect to the midpoint of BC, and let 
(Jz) and (I,) be tangent to BC at D, and D, respectively. Let the polar of Ai 
with respect to (1p) cut D.f, in M and the polar of Az with respect to (J,) cut 
D,fy in N. Then, from the pairs of similar right triangles D1;A1, D.D,M and 
D.I-A2, DsxD.N, and the fact that 41:D,;=A2D,, we have 


ND,: MD. = D,I,: D1, = Aly: Aly. 
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The point of intersection, A’’, of the polars D.N and D,M thus lies on a parallel 
to D,ly and D.I, through the external center of similitude, A, of (Is) and (J,). 
That is, A’’ lies on the altitude A.A’. Conversely, by reversing the above argu- 
ment, it may be shown that if A” is on the altitude 4A’, then A, and A,» are 
symmetric with respect to the midpoint of BC. This proves the lemma. 

It now follows that the altitude line AA’ is the locus of a point P whose 
polars with respect to (J;) and (J,) will pass through a pair of isotomic points 
Ai, Az of BC. Similarly, the altitude lines BB’, CC’ of triangle ABC are the 
loci of points P for which the polars with respect to (I-) and (Ia), (Iz) and (Js) 
cut CA and AB in pairs of isotomic points. In order that A; and Ae, B, and By 
C, and C, be, simultaneously, isotomic points on BC, CA, AB, it is necessary 
and sufficient that P coincide with the orthocenter H of ABC. 

Also solved by Roger Lessard. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4410. Proposed by C. D. Olds, San Jose State College, California 


Show that, for every positive integer z, there is a polynomial f(x) of degree 
nm and a related polynomial ¢(x) which satisfy 


[f(*) ]? — 1 = (a? — 1) [6(x) |? 
4411. Proposed by L. C. Hsu, National Tsing-Hua University, Peiping, China. 


Show that if @ is a real number >0, then for any given e>0 and any integer 
k>0 there can be found a number 6= 6(e) >0 and an integer N=& such that, if 


Ax, + Axe + +++ + Aty = Ax; + Ax, +--+ + Azy = a; 
Sp= Di Ax, +++ Any, Se= Di Aw, +--+ Any, 
then 
| Si — Si] <e 


whenever 0 <Ax; <6, 0<Ax/ <6, where S;, and S/ are extended over all possible 
terms with distinct subscripts 74, - + - , vy. 
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SOLUTIONS 
Circumcircles of a Family of Similar Triangles 
4301 [1948, 369]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Consider similar triangles A BC, the sides BC, CA, AB of which pass through 
the fixed points Ai, B;, C;. (1) The locus of the circumcenters O of these triangles 
is a circle. (2) The circumcircles (O) are orthogonal to a fixed circle. (3) When the 
points A:, Bi, C; are collinear, the envelope of the circles (O) is a cardioid. 
What is this envelope otherwise? 


Solution by W. E. Byrne, Lexington, Virginia. We prefer the following state- 
ment of the problem:* Given three circles AB,C,;=(o), A1BC,=(w.), A:BiC 
=(w;3), having the fixed point P in common. If A, B, C vary subject to the condt- 
tion that BC, CA, AB always pass through the distinct fixed points A,, Bi, Ci, 
show that the locus of the circumcenters T of ABC 1s a circle, show that the circum- 
circles (1') are orthogonal to a fixed circle if Ai, Bi, C, are not collinear, and find 
the envelope of the circumcitrcles (I'). Discuss also the special case for which A, By, 
C; are collinear. 


It is convenient to use a system of complex coérdinates g=x+7y, 3=x—1y. 
Let us choose as a unit reference circle the circumcircle of triangle wiw2w3,f of 
center w(z=0), with the point P (g=a) on the positive half of the real axis. 
If t1, ¢2, ts denote the points wi, we, ws, we have as the equation of (w,), R=1, 2, 3, 


az — tye — tyZ = a? — tra — ta. 


* As originally stated the problem gives part of the loci here obtained, due to the fact that only 
portions of the circles (w;) are involved. 

fT w1, we, w3 are not collinear since otherwise the circles (w,) would have an axis of symmetry and 
Aj, By, C; would coincide in a point symmetric to P. 


566 ADVANCED PROBLEMS AND SOLUTIONS [October, 


The coérdinates of Ai, Bi, C, are 
ZA, = lo + ts — Atels, 2B, = ts + ty — atsty, 
3c, = ty + te — atte. 
If the position of A is fixed by g4 =h+yu(a—h), | | =1, then it follows that 
Zp = tk + ula — te), Zc = ts + ula — és). 
The equations of the perpendicular bisectors of AB and BC, are, respectively, 
ZH wbybe® = alu + tite), Z + Meats? = a(u + fets), 


and hence the circumcenter I of triangle ABC has the affix z=ap, and we con- 
clude that the locus of I is the entire circle 22 =a? of center w and radius a. 
The equation of the circumcircle (I') is 


2B — waz — paz +a =2—yp-— GZ. 


The condition that (I) be orthogonal to the circle having equation 22—bz— bz 
+c=0 is baf+bay=a?+y+pf—2+¢, or 


u(1 — ab) + a(1 — ad) +a? —-24+c=0. 
If we choose }=b=1/a, c=2—a?, we have a fixed circle 
2e—-(g+2)/at+2—a=0, 


of center 2=1/a and radius | 1—a?| /a, orthogonal to the circles (I). 
A,, By, C; are collinear if and only if 


(t1 — te)(te — ts)(ts — th) 
tylots 


(a2 — 1) = 0. 


In this case the circle orthogonal to the circles (I) reduces to a null circle (P) 
and P is on the circumcircle of wows. 
In both cases the envelope of (I) is given by the discriminant of 


(1 — aZ)y? + (22 + a? — 2)\u+1— az = 0, 
where use is made of the fact that ua=1, that is by the equation 
(2% + a? — 2)? — 4(1 — az)(1 — az) = 0. 
If the point P is chosen as the pole in a system of polar codrdinates, with wP 
serving as the initial line, the envelope appears as the graph of r=2(1—a cos 9), 


which is a limacon. It is a cardioid for a= 1. 
Also solved by Robert Bouvaist and the Proposer. 


Editorial Note. The Proposer’s solution uses pure geometry. The first result 
follows very easily through the use of the special triangle AoBoCy determined by 
the perpendiculars drawn through A,, B;, Ci to PA:, PB, PC;. Let Io be the 
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circumcenter of ApBoCo. Since P is the center of similitude of the triangles 
ApBoCo and ABC, triangles PIyAo and PY'A are similar, and so PII’ and PAA 
are similar. But the angle at A of triangle PAoA is a right angle, and hence [ 
describes the circumference of diameter PI'o. 


Sequence of Integers No One of Which Divides Another 
4332 [1949, 112]. Proposed by Paul Erdés, University of Aberdeen, Scotland 


Let a1<a.< --~ be an infinite sequence of integers. Prove that from the 
sequence a;-+a;, 1=1, 2,--+,j=1, 2,---+, one can always select an infinite 
subsequence such that no element divides another. 


Solution by the Proposer. We distinguish two cases. 


Case I. In every infinite subsequence, 01, bz,-- - + , of the a’s there exists at 
least one sum 0;+0; and a corresponding infinite subsequence );,, b:,, - - - satis- 
fying 


26;, x 0 (mod (0; + b;)). 


It follows that we can select infinitely many of them all in the same residue 
class. In other words, there exists an a;:,-++a;, and infinitely many a’s (for con- 


venience we denote them by a®’, a?’, - - - ) such that 


(1) 2a, #~ 0 (mod (a; + a,)), ay =s ay == ---+ (mod (a; + a;)). 


In the same way we see that there again exists aj++a¥” such that there is an 
infinite subsequence of the a””s (say a, - - - ) satisfying 


(2) (3) (3) (2) (2) 


3 2 
Qar” 0 (mod (ay, +4%,)), a1 a2 = +++ (mod (a, + a3, )). 


From (1) it follows clearly that 


as, +- as, = 2a; ~ 0 (mod (a; + a;)). 


Similarly we obtain 


(3) (3) (4) (4) 


ais + Qj, , Gig + Ajy,°°*; 


and clearly no one divides any other. 

Case II. There exists a subsequence, 01, 2, - - - , of the a’s such that to every 
b;-+b; there are only a finite number of b;’s for which 20,40 (mod (b;+0,)). 
Hence for all ~ sufficiently large 


2b, = 0 (mod (b; + b;)). 


Consider then the sequence 0:+0,,, bitdn., °° *, where m<m< --- tend to 
infinity fast enough so that 


2bn, = 0 (mod (b1 + bn,)), i< ik. 
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Further, since 0 <2): <),;+)n,, 
2b, € 0 (mod (b; + b,,)). 
Thus 
2(b1 + bn,) = 2b; (mod (b1 + bn,)) 
and clearly no one divides another. 


The Bennett Point of a Quadrangle 
4334 [1949, 112]. Proposed by H. F. Sandham, T rinity College, Ireland 


Prove that the feet of the six perpendiculars from the Bennett point on the 
sides of the complete quadrangle lie on a conic. 

Solution by the Proposer. This will follow if the locus of the feet of perpendicu- 
lars from the Bennett point* on the asymptotes of conics through four points 
is proved to be a conic. 

To find the degree of the locus when the point is general, consider the points 
it has in common with the line at infinity. These will occur when an asymptote 
passes through a circular point or is the line at infinity itself. There are two 
conics one through each of the circular points and there are two touching the 
line at infinity. The curve is therefore a quartic. 

In the particular case when the point is the intersection of the tangents at 
the circular points to the respective conics through these points, that is the 
Bennett point of the quadrangle, these tangents are evidently part of the locus. 
The remainder is therefore a conic. 

It may be remarked that this conic has asymptotes perpendicular to those 
of the conic which is the locus of centers of the conics through the four points— 
since it passes through the harmonic conjugates with respect to the circular 
points of the points of contact of the two parabolas with the line at infinity— 
and passes through the Bennett point and the center of the unique rectangular 
hyperbola through the four points. 


Fibonacci Numbers 
4341 [1949, 268] Proposed by D. H. Browne, Buffalo, New York 


The sequence {a} = 3,7, 47, 2207, 4870847, - - - , used for the determination 
of primality of the Mersenne numbers, is usually defined by 


2 


Show that it may also be defined by 
ay = forrr/ for, 
where the f’s are the Fibonacci numbers, 1, 1, 2, 3, 5,8,---. 


* The Bennett point is the point from which the circumcircles of the four points three at a 
time look the same size. See Morley and Morley, Inversive Geometry, p. 254, ex. 7, also p. 250. 
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Solutton by John Todd, East Molesey, Surrey, England. It is well known that 
fa=(r"—s")/+/5, where r and s (—r7!) are the roots of x?—x—1=0. Hence, 
writing a=2", we have 


a a 2 via — gta yea — g2e 2 
fs - (4) 42-22 - (FS 


foa yea — g2e 


= 2a + gta — (ya + se)2 170 = — Q(rs)@+2 = 0. 


Therefore fo:11/fox satisfies the same recurrence relation as a; and since a,=3 
=fs/fo the desired result is proved. 

Also solved by A. C. Aitken, Murray Barbour, W. R. Cowell, J. S. Frame, 
R. Goormaghtigh, Hansraj Gupta, B. F. Hadnot, R. N. Haskell, Vern Hoggatt, 
Free Jamison, Irving Kaplansky, M. S. Klamkin, N. D. Lane, Roger Lessard, 
D. C. B. Marsh, Leo Moser, C. D. Olds, S. T. Parker, C. F. Pinzka, L. B. Rall, 
Joseph Rosenbaum, Alex Rosenberg, Azriel Rosenfeld, N. C. Scholomiti, Robert 
Steinberg, J. D. Swift, and the Proposer. 


Editorial Note. Several solvers point out that a, may be given also as 
(1) Gy = fobyi + fok1, 
(2) dy = Sok 


where {g} is defined by gni2o=gn4itgn; gi=1, go=3. 
Cowell, Goormaghtigh and Rosenberg consider the more general quadratic 
x? —bx-+¢=0, whose roots are r and s. If u,=(r"—s")/(r—s), we have 


Tr 
Moni / Ugn = ye +- s? ; 


whence, if the left member is represented by ay, it is easily verified that 


2 gk 
Qn41 = Qn, — 2C . 


Further generalization and applications may be found in Kaplansky, Lucas’s 
Test for Mersenne Numbers, This Montuiy [1945, 188]. 


RECENT PUBLICATIONS 


EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Association. 


You Can’t Win. By E. E. Blanche. Washington. Public Affairs Press, 1949. 
155 pages. $2.00. 


This book is concerned with various aspects of gambling in this country. It 
consists largely of descriptive material and does not attempt very profound anal- 
yses of games of chance. The author seems thoroughly convinced of the “per- 
nicious nature” of gambling and that all professional gamblers are essentially 
dishonest. In some cases the title assertion is supported by accounts of the 
classical mathematical analyses, but no very complete study is made of any 
particular game. 

In so far as the reviewer noted, odds and probabilities quoted are correct. 
The reviewer is somewhat dubious concerning an argument which seems to 
maintain that the second card in a Bingo game is a much poorer investment 
than the first one. He also feels that the emphasis on confidence men, car- 
nival games and dishonest practices serves to decrease the potential interest 
of the book to the mathematician. The reader who wants some information 
concerning the rules of various games and the underlying mathematics and who 
is somewhat predisposed to the author’s general attitude should find this an 


interesting work. 
E. M. BEESLEY 


Probabthiy Theory for Statistical Methods. By F. N. Davip. Cambridge Uni- 
versity Press, 1949. 10+-230 pages. $3.50. 


A leading British statistician has written this book to serve as an ele- 
mentary textbook on probability theory for students who wish to study sta- 
tistics. Actually, however, this book discusses a number of topics in the 
statistical theory of estimation. Two introductory chapters are followed by four 
chapters on the binomial distribution. Then follow chapters entitled as follows: 
VII Probabilities a posteriori, Confidence limits, VIII Simple genetical applica- 
tions, IX Multinomial theorem and simple combinatorial analysis, X Random 
variables. Elementary laws and theorems, XI Moments of sampling distribu- 
tions, XIT Random variables. Inequalities. Laws of large numbers. Lexis theory, 
XIII Simple estimation. Markoff theorem on least squares, XIV Further appli- 
cations of the Markoff theorem. Chapters XV, XVI, XVII deal with char- 
acteristic functions. 

The author of the book writes with an enthusiasm for her subject which is 
bound to communicate itself to the student. There are many lively and meaning- 
ful examples, drawn from statistical applications, which should convince the 
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student that the field of application of probability theory goes far beyond prob- 
lems about gambling or about very dull urns which somehow, in an unexplained 
manner, always manage to contain balls of several colors. The mathematical 
argument is kept within the reach of a student with a knowledge of what in the 
United States is called advanced calculus, or perhaps even less. There is a great 
lack of good books on probability with these qualities. 

The chief fault of the book is that no distinction is made between prob- 
ability theory and the theory of statistical estimation. The arrangement of the 
chapters and certain remarks of the author heighten the confusion which must 
arise in the mind of the student. For example, on page 71 the author precedes 
what is meant to be (and actually is) the proof of an innocuous result known as 
Bayes’ theorem with the dire warning that “the modern point of view is that, 
strictly speaking, the theorem is wholly fallacious except under very restricted 
conditions.” (She is obviously referring to the use of Bayes’ theorem for sta- 
tistical estimation.) On page 72 it is said that, “unless P\E,} - ++ is known the 
formula cannot be valid.” Obviously the validity of a formula is not a function 
of our knowledge. 

There are a number of mathematical inadequacies, of which we cite a few. 
The definition of probability on page 13 is the one hallowed by use in many text- 
books, but unsatisfactory nevertheless. On page 22 the author states that “the 
favorite problem of the probability of drawing balls from an urn is incalculable 
unless it is assumed that all balls have an equal probability of being drawn... .” 
Why? The definition of a continuous chance variable on page 112 is really that 
of an absolutely continuous chance variable. The student should not be misled 
into thinking that every continuous monotonic function is the integral of its 
derivative. In the proof of Liapounoff’s theorem on page 217 there is no need 
to bound the variances above or to bound the absolute third moment below. 
No doubt these inadequacies will be corrected in subsequent editions of the book. 

J. WOLFOWITZ 


Reissner Anniversary Volume: Contributions to Applied Mechanics. Edited by the 
Staff of the Department of Aeronautical Engineering and Applied Mechan- 
ics of the Polytechnic Institute of Brooklyn, J. W. Edwards, Ann Arbor, 
Michigan, 1949. VIII+493 pp. $6.50. 


This volume has been dedicated to Professor Hans J. Reissner of the Poly- 
technic Institute of Brooklyn on the occasion of his seventy-fifth birthday 
(Jan. 18, 1949). In addition to a short biography of Professor Reissner and a list 
of his scientific publications from 1899 to 1948 (92 entries) the volume contains 
32 papers contributed by friends and former students of Professor Reissner. 
Obviously, the space available for this revue does not permit the reviewer to do 
justice to the individual contributions: a list of the authors and the fields of 
their contributions will have to suffice. There are 5 papers on aerodynamics (by 
Bergman, Harrington and Libby, Lew, Riabouchinsky, Tollmien), 5 papers on 
dynamics (by Goland, Lieber and Hamilton, Oldenburger, Williams, Yuan 
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and Morduchow), 7 papers on elasticity (by Donnell, Friedrichs, Gran Olsson, 
E. Reissner, Schleusner, Schnadel, Stoker), 5 papers on aircraft structures (by 
Hoff, Salerno, Liebowitz, Boley, Nardo), 2 papers on electricity (by Foster, 
Riidenberg), 3 papers on mathematical methods (by Geiringer, Grammel, Wein- 
stein), 3 papers on plasticity (by v. Mises, Nadai, Odqvist), and 2 papers on 
propulsion (by v. Karman, Torda). 

W. PRAGER 


Theory and Application of [%e-*"dx and f{%e—?’v'dy fe-*"dx. (Part I. Methods of 
Computation.) By J. B. Rosser. New York, Mapleton House, 1948. 4+192 
pages $8.00. 


Part II of the monograph Theory and Application of f%e-*"dx and 
fie-?’'v'dy fee-*"dx has not appeared in full as it contains information which is 
restricted. All secrecy on the contents of Part I has been lifted and it has been 
reproduced by arrangement with the Office of Technical Services Department of 
Commerce. A large share of Part I which is entitled Methods of Computation is 
devoted to means of computation of the single integral /%e-*"dx. Many known 
methods of evaluating this integral are given in the first few pages. These, in 
general, were developed for computation when 2? was a real or pure imaginary 
number. The known methods are extended and new ones introduced for han- 
dling more general values of z. Ways of estimating the accuracy of the compu- 
tation based on the various types is also given. Power series, asymptotic series, 
and continued fractions are the main devices used for making the evaluations. 
As by-products, methods for evaluating a great many other types of integrals 
are given; of these we mention only the Fresnel integrals. 

Pages 102 to 179 are devoted to various means of evaluating the double 
integral mentioned in the title. Here, in general, the problem is reduced to 
evaluation of series and certain single integrals. 

The last pages of the book are devoted to two tables. Let the functions Rr(x) 
and Rz(x) be defined by the equation 


2 ro) 
Rr(x) + 1Ri(x) = vf TG ay, a=~<J/-1. 
edo 1-—vwy 


Table 1 gives the values of Rr(x), Ri(x), Rr?(x)-+R22(x), and /jRr(y)dy to 12 
decimal places for the range x = +.06, —.04, - - - , 3.75. Table 2 gives the values 
of 


x 00 x y x ora) 
of ev'dy, ef e-v'dy, f evdy | e' dt, i) ov'dy f edt 
0 x 0 0 0 y 


to 10 decimal places for the range x= —.20, —.15,---, 6. 
Considering the large number of formulas in the book there are relatively 
few misprints. Unfortunately, the format is not pleasing and there is little moti- 
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vation of the exposition. However, the book should prove of great value to those 
interested in computation of definite integrals. 
F, G. DRESSEL 


Modern-School Solid Geometry. By R. R. Smith and J. R. Clark. Yonkers-on- 
Hudson, N. Y. World Book Company, 1949. 8+256 pages. $1.76. 


In the preface the authors state that the primary purposes to be achieved in 
the study of solid geometry are four-fold: (1) discovery of geometrical truths of 
three-dimensional space and their establishment by logical methods; (2) de- 
velopment of computational skill; (3) practice of perceptual analysis leading to 
the ability to see relationships in space; (4) extension of the understanding of 
the nature of logic. 

This reviewer is in sympathy with this and believes that an able student, 
aided by a competent instructor, should certainly achieve the first three of the 
above purposes. It is questionable whether or not he will make much advance 
in the fourth. 

The formal subject matter is contained in some twenty postulates, sixty-one 
theorems, and one hundred and twenty corollaries. There are nearly a thousand 
exercises most of which are numerical. For reference, there is a list of plane 
geometry theorems and constructions. In addition there are four place tables of 
trigonometric functions and common logarithms. 

The format of the book is very pleasing. Diagrams and illustrations are 
excellent. It should be a very teachable book. 

J. N. Rice 


Kurvenintegrale and Begriindung der Funktionentheorie. By Lothar Heffter. 
Berlin, Springer, 1948. 4+-48 pp. DM 5.40. 


This pamphlet is a unified treatment of seven papers of the author appearing 
between 1902 and 1941. The objective is to prove the Cauchy integral theorem: 
J .f(z)dz=0, under the weakest possible hypotheses. The classical proof assumes 
the existence and continuity of f’(z) in the domain considered. As is well known, 
Goursat in 1900 weakened the hypotheses, assuming only the existence of f’(z). 
The author avoids assuming the existence of f’(z), replacing it by a difference 
equation. 

The discussion is reduced to a consideration of real line integrals Sf(x, y)dx 
+ g(x, y)dy which are in turn reduced to integrals around rectangles with sides 
parallel to the axes. The vanishing of the line integral around such a rectangle 
is then equivalent to an elementary difference equation. 

The interest of the book lies with the following items: 

1. The care and completeness with which the book is written. Chapters I 
through IV contain the requisite material on functions of one and two variables, 
making the work self-contained. The book is recommended to the student de- 
siring to deepen his understanding of the Cauchy Theorem and at the same time 
improve his reading ability in German. 
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2. The author’s proof of the Cauchy-Goursat theorem and his remarks con- 
cerning the excessive strength of the assumption that f’(z) exists. 

3. Chapter VII which consists of a bibliography (incomplete but containing 
the important items) and remarks on the contents of the papers listed. 

The main contribution of the author could perhaps best be described as a 
new and easily understood proof of the Cauchy-Goursat Theorem. The funda- 
mental difference equation is not, however, a local condition on f(z) =u+72v. On 
the other hand the Looman-Menchoff Theorem proves the Cauchy Theorem 
under essentially weaker hypotheses of a local nature (uv and v merely possessing 
partial derivatives satisfying the Cauchy-Riemann equations at “most” points 
of the domain). The only mention of the Looman-Menchoff Theorem is in 
Chapter VII where the author remarks that its proof is quite complicated 


whereas his method leads to a simple proof. 
M. E. SHANKS 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1949-50 
Mathematics Club, Haverford College 


At the four meetings of the Haverford College Mathematics Club the follow- 
ing papers were presented: 

The fourth dimension, by Irving Hollingshead 

The cubic equation, by Charles Hughes 

Hyperbolic trigonometry, by John Woll 

Constructions: ruler and compass, by John Lamperti. 

At each meeting prizes were awarded to members of the club for the best 
solutions to problems which had been posted previous to the meeting. The 
presentation of the solutions by the winners constituted a special feature of the 
club’s activities. 


Ricci Mathematics Academy, Boston College 


The following lectures were presented to the members of the Ricci Mathe- 
matics Academy during the year: 

A plane geometry which cannot be embedded in space, by F. A. Guerrera 

The meaning of a mathematics academy, by Rev. A. J. Eiardi, S.J. 

Elements of mathematical chance and probabilities, by P. T. Banks 
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Functions, functionals and operators, by Dr. H. G. Haefeli 

Random samples, by Prof. Adelnour Thomas 

Nomography, by Dr. F. E. White. 

The second annual mid-term social and dance, sponsored by the Academy 
was held at the Princess Ballroom of the Hotel Somerset in Boston. 

The officers of the Academy are: President, John Downes; Vice-President, 
Thomas Lynch; Secretary, William Durante; Treasurer, Raymond Walton; 
Program Committee, Julian Demeo, Francis Collins, Joseph Crosby, and Mark 
Devane. 


Mathematics Club, Swarthmore College 


The Swarthmore Mathematics Club had an active year during 1949-50. The 
following topics were presented by students, faculty members, and visiting 
professors: 

Curves of unit diameter, by Louis Howard 

Plane curves in projective differential geometry, by Prof. Alice Schafer 

A locus problem, by Louis Winer . 

Certain problems in the foundations of geometry, by Prof. J. R. Kline of the 
University of Pennsylvania 

Lattice points and number theory, by Prof. Hans Rademacher of the Univer- 
sity of Pennsylvania 

The calculus of finite differences, by Robin Briehl 

Counting the infinite, by Prof. Philip Carruth 

The story of numbers, by Mary Yntema 

_ Complex and hypercomplex numbers, by Prof. Richard Schafer of the Univer- 
sity of Pennsylvania 

Some theorems on algebraic curves, by Prof. Arnold Dresden 

Paper folding, by Robert Eisinger 

An equation for Swarthmore, by Prof. C. O. Oakley of Haverford College 

Symbolic logic, by Joseph Rutledge. 

In addition to its regular meetings, the club sponsored two contests, each 
consisting of three problems of graded difficulty. A maximum mathematical 
preparation for each problem was specified as part of the eligibility require- 
ments. | 

Officers for the year 1949-50 were: President, Robert Eisinger (fall) and 
Arthur Mattuck (spring); Treasurer, Mary Yntema. 

The new officers elected are: President, Joan Berkowitz, Treasurer, Louis 
Winer. 


Mathematics Club, Brown University 


The Mathematics Club of Brown University, organized in 1915, heard the 
following papers during the year: 

The probabilities in bridge, by Frank Stewart 

The Kénigsberg bridge problem, by Margaret Hashimora 

Oscillograph patterns, by George Anderson 
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Electronic computing machines, by E. F. Moore 

Galois theory, by Philip Curtis 

Pi, by Barbara Bruce 

Mathematical tricks, by Robert Peabody 

Continued fractions, by Joseph Crudele 

Constructions by means of two parallel lines, by Gerald Freileich. 

A winter social and a spring picnic were held. An informal period for discus- 
sion during which refreshments were served was held after each regular meeting. 

The staff of the Mathematics Club were: Chairman, Alexander Marshall; 
Treasurer, Joseph Crudele; Secretary, Dorothy Smith; Committee members, 
Barbara Bruce, Philip Curtis, James Gray, Simone Matteodo, Robert Peabody, 
Chester Thomas, Barbara Webb: Faculty Representative, Prof. H. Federer. 


Mathematics Club, Immaculate Heart College 


The following papers were presented by student members of the club: 

The humanistic side of mathematics, by Mary Parker 

Approximate computation, by Marie Kreuper 

History of calculus, by Rita Ricciardi 

The life of Newton, by Helen Clark 

The life of Lecbnitz, by Glenna Christie 

Playing with numbers, by Joan Pfisterer 

Review of G. H. Hardy’s A Mathematician’s Apology, by Rita Anderson 

Magic squares, by Mary Heffern 

The slide rule, a motion picture. 

At each meeting a period was devoted to mathematical recreations after 
which refreshments were served. 

Officers for 1949-50 were: President, Mary Claire Heffern; Secretary-Treas- 
urer, Glenna Christie. 


Pi Mu Epsilon, University of Washington 


The following papers were presented at regular meetings of the Washington 
Beta chapter of Pt Mu Epsilon during 1949-50: 

Proof of the Weierstrass approximation theorem, by Dr. Edwin Hewitt 

Proof that e is a transcendental number (a modification of Edourd Maillet’s 
proof), by Halton McQueen 

The fifth postulate and some consequences of its omission, by Calvin Thimsen 

Spherical conics, by Dr. Mo-Yeh 

Statistical aspects of the Geiger counter, by Richard Titman 

Some properties of continued fractions, by C. Y. Lee 

Evaluating an infinite product, by Richard Woollett 

Application of calculus in high school physics, by Orlando Furno. 

The regular officers for the 1950-51 will be elected in the Fall. However, 
Richard Woollett has been elected temporary Director and Orlando Furno has 
been elected temporary Secretary-Treasurer. 
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Kappa Mu Epsilon, The College of Wooster 


During the academic year 1949-50, the following papers were presented at 
meetings of the Ohto Beta chapter of Kappa Mu Epsilon: 

Mathematics and philosophy, by Prof. Wilford Bower 

The calculus of variations, by Prof. M. P. Fobes 

Trisection of the angle, by Charles Sauder 

The cooperative engineering plan of the University of Cincinnati, by Prof. 
Emeritus J. H. Kindle of the University of Cincinnati. 

The program also included a picnic at the home of Prof. C. O. Williamson, 
two initiations and social meetings. 

Officers for 1950—51 are: President, Richard Holroyd; Vice-President, Mor- 
ley Russell; Secretary, Milton Snyder; Treasurer, James Kister; Sponsor, Prof. 
M. P. Fobes. 


Mathematics Club, Albany State College for Teachers 


The program of the Mathematics Club at the New York State College for 
Teachers at Albany was composed of talks by students, a panel discussion led 
by students, a trip to the plant of General Electric at Schenectady, and a report 
of a professional meeting by a faculty member. 

The following talks were given: 

The Moebius strip, by Wayne Palmer 

What other mathematics clubs have done, by Virginia Roth 

Celestial navigation, by Jack Mooney 

The unit circle, by Virginia McDonald 

The binomzal theorem, by Ifigenia Aliferis. 

The panel discussion on high school mathematics clubs was conducted by 
Shirley Casler and Henrietta Daub, a discussion that was prompted by a desire 
to learn how to organize and develop a mathematics club in high school. The dis- 
cussion, which involved an interesting piece of research, provoked considerable 
interest. 

The trip to the General Electric plant was made to see the differential 
analyzer in operation and to learn something about how it worked. Dr. Caroline 
Lester gave the report of the Christmas meeting in New York. 

The officers for the year were: President, Ruth Marschner, Secretary, Mar- 
jorie Hills; Treasurer, Rosemary Lessard; Faculty Adviser, Nura Turner. 


NEWS AND NOTICES 


EDITED By EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


VACANCIES AT U. S. NAVAL ORDNANCE TEST STATION 


The United States Naval Ordnance Test Station, Inyokern, China Lake, 
California, is recruiting a large number of technical personnel as a result of the 
present world situation. The Station is establishing a group of senior mathe- 
maticians and statisticians for Weapons Evaluation work. It is also seeking 
theoretical physicists with specialized interests in Solid State Physics, Atomic 
Physics, Fluid Mechanics, Hydro or Aero Dynamics, and in almost any field 
of Classical Physics. Vacancies exist also in most fields of Engineering. There are 
openings for recent graduates with degrees ranging from Bachelor of Arts to 
Doctor of Philosophy in the above fields. 

Full information and application forms can be obtained from: J. B. Hamil- 
ton, Head Professional Placement Branch, U.S.N.O.T.S., Inyokern, China 
Lake, California. 


RESEARCH FELLOWSHIPS IN PSYCHOMETRICS 


The Educational Testing Service is offering for 1951-52 its fourth series of 
research fellowships in psychometrics leading to the Ph.D. degree at Princeton 
University. Open to men who are acceptable to the Graduate School of the Uni- 
versity, the two fellowships each carry a stipend of $2,375 a year and are nor- 
mally renewable. 

Fellows will be engaged in part-time research in the general area of psycho- 
logical measurement at the offices of the Educational Testing Service and will, in 
addition, carry a normal program of studies in the Graduate School. Compe- 
tence in mathematics and psychology is a pre-requisite for obtaining these fel- 
lowships. Applications must be submitted before January 19, 1951. Information 
and application blanks may be obtained from: Director of Psychometric Fellow- 
ship Program, Educational Testing Service, 20 Nassau Street, Princeton, New 
Jersey. 


GRADUATE INSTITUTE FOR APPLIED MATHEMATICS AT INDIANA UNIVERSITY 


Indiana University has recently established a Graduate Institute for Applied 
Mathematics. The work of the Graduate Institute will deal primarily at present 
with problems in gas dynamics, hydrodynamics and turbulence. Members of 
the Graduate Institute will operate under exceptionally favorable teaching ar- 
rangements to allow ample time for their own researches and for personal con- 
tacts with students. It is advisable for students entering the Graduate Institute 
to have the M.A. degree and at least one year of graduate work in mathematics 
is required. A number of research assistantships open to students who wish to 
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work toward the Ph.D. degree in applied mathematics have been established by 
Indiana University under contract with the Office of Naval Research. 


CONFERENCES 


The second annual Conference of Teachers of Mathematics was held at 
Marshall College, Huntington, West Virginia, on March 24-25, 1950. At this 
conference the teachers of college mathematics of West Virginia organized the 
Association of College Mathematics Teachers of West Virginia. The following 
officers were elected: President, Professor A. V. Kozak of Concord State Col- 
lege; Secretary-Treasurer, Professor J. K. Sterrett, Marshall College. 

On March 18, 1950 Millersville State Teachers College, Millersville, Penn- 
sylvania, held a High School Mathematics Conference. Another conference is 
scheduled for March 10, 1951. 


PERSONAL ITEMS 


An honorary degree of Doctor of Laws was conferred upon Dean E. A. Bailey 
by Florida Southern College on March 17, 1950 for his twenty-five years of 
service as Dean of LaGrange College. 

Arizona State College, Flagstaff, reports the following: Dr. Arthur Adel was 
an invited speaker at the Centenary Meeting of the Royal Meteorological 
Society which was held on March 27—April 4, 1950 at Oxford and London, 
England; Professor J. H. Butchart was the travelling lecturer for the South- 
western Section of the Association for the year 1949-50. 

Arizona State College, Tempe, announces: Associate Professor F. C. Gentry 
has been promoted to a professorship; Assistant Professor R. S. Fouch of the 
University of Chicago has been appointed to an assistant professorship. 

Baldwin-Wallace College announces the following: Associate Professor P. R. 
Annear, head of the Department of Mathematics and Astronomy, has been 
promoted to a professorship; Assistant Professor D. L. Robb has been promoted 
to an associate professorship in the Department of Mathematics and Astronomy. 

Fullerton Junior College, California, reports: Mr. C. A. Worsley, chairman 
of the division of Mathematics, Science and Engineering, has retired; Mr. L. W. 
Wheatley has succeeded him. 

Indiana University makes the following announcements: Professor T. Y. 
Thomas, Professor Eberhard Hopf and Assistant Professor David Gilbarg have 
been transferred from the Mathematics Department to the newly established 
Graduate Institute for Applied Mathematics; Dr. C. A. Truesdell of the Naval 
Research Laboratory, Washington, D. C., has been appointed to a visiting pro- 
fessorship for the year 1950-51. 

At Montana State University: Dr. George Marsaglia, previously graduate 
student at Ohio State University, has been appointed to an assistant professor- 
ship; Mr. G. A. Craft, graduate student at the University of Indiana, and Mr. 
A. L. Duquette, graduate student at Columbia University, have been ap- 
pointed to instructorships; Dr. H. B. Mann of Ohio State University was a 
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visiting lecturer during the 1950 Summer Session. 

North Dakota Agricultural College announces the following: Instructor G. 
A. Walrath has been promoted to an assistant professorship; Mr. David Gosslee 
has been appointed to an instructorship. 

North Georgia College reports the following: Professor J. C. Barnes, head of 
the Department of Mathematics, has retired; Dr. M. C. Wicht of Louisiana 
State University has been appointed Professor and Head of the Department of 
Mathematics; Mr. B. F. Hadnot, graduate student at the University of Georgia, 
has been appointed to an instructorship; Associate Professor G. N. Wollan is 
engaged in graduate study at the University of Georgia. 

Pomona College reports: Professor C. G. Jaeger has been elected Governor 
of the Southern California Section of the Association; Mr. C. J. A. Halberg, 
Jr. has left Pomona College and is doing graduate work at the University of 
California at Los Angeles. 

Trinity College announces the appointments of Mr. R. C. Stewart and Mr. J. 
N. Williams to instructorships. 

The United States Naval Postgraduate School announces the following pro- 
motions: Associate Professors W. E. Bleick and C. C. Torrance to professor- 
ships; Assistant Professor Walter Jennings to an associate professorship. 

At University of Bridgeport: Associate Professor Simon Mowshowitz has 
been promoted to the position of Professor and Chairman of the Department 
of Mathematics; Professor E. M. Bigsbee, formerly chairman of the Department 
of Mathematics, has been appointed Dean of the Junior College of Connecticut. 

University of California, Santa Barbara College, reports the following: Asso- 
ciate Professor S. E. Rauch, chairman of the Department of Mathematics, is on 
sabbatical leave during the year 1950-51 and is studying in France; Assistant 
Professor L. F. Walton is Acting Chairman of the Department for the year. 

University of Washington makes the following announcements: Associate 
Professor Z. W. Birnbaum has been promoted to a professorship; Assistant 
Professor Edwin Hewitt has been promoted to an associate professorship; Profes- 
sor Késaku Yosida of the Mathematical Institute of Nagoya University has 
been appointed Walker-Ames Professor for the autumn quarter; Dr. F. H. 
Brownell III of Princeton University and Dr. R. B. Leipnik of the Institute for 
Advanced Study have been appointed to assistant professorships; Dr. R. P. 
Peterson of the University of California at Los Angeles has been appointed to 
an instructorship; Assistant Professor Edward Paulson has returned from a 
leave of absence spent at Columbia University; Lecturer D. M. Sandelius has 
returned to Sweden; Dr. Yeh Mo has returned to China. 

At University of Western Ontario: Professor H. R. Kingston has resigned 
from the position of Head of the Department of Mathematics and Astronomy 
to accept the position of Principal of University College and Dean of Arts and 
Science; Associate Professor G. R. Magee has been promoted to a professorship 
and named Head of the Department of Mathematics and Astronomy; Associate 
Professor R. H. Cole has been promoted to a professorship; Dr. G. P. Hender- 
son has been promoted to the position of Lecturer. 
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Dr. Shmuel Agmon has been appointed Visiting Lecturer in Mathematics 
at the Rice Institute. 

Dr. Gerald Berman has been appointed to an instructorship at Illinois In- 
stitute of Technology. 

Assistant Professor F. C. Bolser of Florida State University has accepted an 
assistant professorship at the University of Tampa. 

Mr. C. B. Eaton has been appointed to an instructorship at Pasadena City 
College. 

Associate Professor C. H. Fischer of the University of Michigan has been 
promoted to a professorship of actuarial mathematics in the College of Litera- 
ture, Science and the Arts and has also been appointed Professor of Insurance in 
the School of Business Administration. 

Professor J. S. Frame, head of the Department of Mathematics of Michigan 
State College, is spending the year 1950—51 at the Institute for Advanced Study. 

Instructor Hunter Hardman of Marshall College has been promoted to an 
assistant professorship. 

Assistant Professor C. B. Helms of Pennsylvania Military College has been 
promoted to an associate professorship. 

Assistant Professor P. B. Johnson has been appointed Acting Chairman of 
the Department of Mathematics of Occidental College and promoted to an as- 
sociate professorship. 

Assistant Professor R. E. Lowney has been promoted to an associate profes- 
sorship at Montana State College. 

Mr. R. C. Lundquist has been appointed to an instructorship at State Teach- 
ers College, Frostburg, Maryland. 

Assistant Professor Walter Lyche of Augustana College, Sioux Falls, South 
Dakota, is now a graduate student at the University of Minnesota. 

Assistant Professor H. C. McKenzie of Western State College of Colorado 
has been appointed to an instructorship at the University of Colorado. 

Mr. R. B. Merrill has accepted a position as statistician in the Quality Con- 
trol Department of Wisconsin Steel Works, Chicago, Illinois. 

Associate Professor N. H. Mewaldt, Northern State Teachers College, 
Aberdeen, South Dakota, has been elected to membership in the Beadle Club, 
an honorary educational society in South Dakota. 

Dean E. F. Moore of Hannibal-LaGrange College has been appointed Pro- 
fessor of Statistics at Baylor University. | 

Dr. H. B. Ribeiro of the University of California at Berkeley has been ap- 
pointed to an associate professorship at the University of Nebraska. 

Associate Professor W. H. Spragens, Jr. of Florida State University has been 
appointed to an associate professorship at the University of Mississipp1. 

Professor I. L. Stright of State Teachers College, Indiana, Pennsylvania, ts 
on leave of absence for the year 1950—51 and is teaching at the Higher Teachers 
Training College, Baghdad, Iraq. 

Miss Mabel G. Whiting, head of the Department of Mathematics of Santa 
Ana Junior College, California, has retired. 
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Professor Henry Blumberg of Ohio State University died on June 28, 1950. 
He was a charter member of the Association. 
Professor W. J. Bruns of Utica College, Syracuse University, died July 18, 


1950. 


Assistant Professor R. I. Pepper, acting head of the Department of Mathe- 
matics of Winthrop College, died July 2, 1950. 
Miss Elinor Schneider, instructor at Pasadena City College, died on January 


1, 1950. 


Professor Emeritus E. W. Sheldon of Acadia University died June 14, 1950. 
He was a charter member of the Association. 

Professor W. M. Smith, head of the Department of Mathematics of La- 
fayette College and a charter member of the Association, died on July 3, 1950. 

Professor G. R. Trott of the University of Mississippi died on July 8, 1950. 
He was Chairman of the Louisiana-Mississippi Section for the year 1949-50 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing one hundred and one persons have been elected to membership by the 
Board of Governors on applications duly certified. 


W. A. Battou, Ph.D.(Pennsylvania) Profes- 
sor, Morehead State College, Ky. 

E. H. Batuo, Student, Fordham University, 
New York, N. Y. 

J. R. Batt, Student, University of Buffalo, 
N. Y. 

S. K. BERBERIAN, M.S.(Michigan S.) Grad. 
Student, Michigan State College, East 
Lansing, Mich. 

H. G. BERGMANN, Ph.D.(N.Y.U.)_ Instruc- 
tor, City College of the City of New York, 
N. Y. 

JEROME BErRKowiITz, B.S.(C.C.N.Y.)  Re- 
search Assistant, New York University, 
N. Y. 

R. J. BICKEL, M.A.(Northwestern) Asst. Pro- 


fessor, Drexel Institute of Technology, 
Philadelphia, Pa. 

H. F. Biicu, M.S. (Syracuse) Asst. Professor, 
Hobart College, Geneva, N. Y. 

C.R. BONNELL, B.S. (Central Missouri C.) In- 
structor, Missouri School of Mines & Met- 
allurgy, Rolla, Mo. 

J. C. Braprorp, Student, North Texas State 
College, Denton, Texas 

C. L. BrapsHaw, B.S.(Tennessee Poly. Inst.) 
Grad. Assistant, University of Tennessee, 
Knoxville, Tenn. 

Mrs. HELEN E. Brown, A.M.(Michigan) In- 
structor, University of Tennessee, Knox- 
ville, Tenn. 

C. C. Buck, M.S. (Michigan) Instructor, Uni- 
versity of Nebraska, Lincoln, Nebr. 
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M. D. Burack, M.S.(DePaul) Instructor, 
Wilson Junior College, Chicago, III. 

SARAH M. BuRKHART, M.A.(Kansas) Asst. 
Professor, University of Tulsa, Okla. 

B. A. BURRILL, Student, University of Buffalo, 
N. Y. 

G. J. CAMPBELL, Student, University of De- 
troit, Mich. 

R. S. Curistian, M.S.(Washington U.) Asst. 
Professor, Georgia Institute of Technology, 


Atlanta, Ga. 

S. I. CloLKowskI, Student, New York Univer- 
sity, N. Y. 

J. P. Cory, Student, New York University, 
N. Y. 


Q. A. DaRMsTapDT, Student, Oberlin College, 
Ohio 

D. J. Davis, B.S.(Harvard) Mathematician, 
Ballistic Research Laboratories, Aberdeen 
Proving Ground, Md. 

RutH M. Davis, Student, American Univer- 
sity, Washington, D. C. 

ANNE F. Downey, Student, Regis College, 
Weston, Mass. 

R. H. Epwarps, Ph.D. (Illinois Inst. of Tech.) 
Research Physicist, Hughes Aircraft Co., 
Culver City, Calif. 

J. O. Eturince, B.A. (Southwestern at Mem- 
phis) Grad. Assistant, University of 
Georgia, Athens, Ga. 

T. C. Francis, Accountant, Hanley & Bird, 
Bradford, Pa. 

Louis Gatt, Student, University of California 
at Los Angeles, Calif. 

R. H. GILuespie, Student, Albion College, 
Mich. 

N. A. GotpsmiTH, M.A. (Illinois) Asso. Pro- 
fessor, Illinois Wesleyan University, Bloom- 
ington, III. 

H. H. Goopvge, M.A.(Columbia) Supervisor, 
Aerophysics Group, Aeronautical Research 
Center, University of Michigan, Ann Ar- 
bor, Mich. 

E. E. GREEN, B.A.(Buffalo) Grad. Student, 
University of Buffalo, N.Y. 

R. E. GREEN, Student, Kansas State Teachers 
College, Pittsburg, Kan. 

B. W. GreGory, Student, Oregon State Col- 
lege, Corvallis, Ore. 

J. C. HARDEN, JR., M.A. (Tennessee) 
tor, Clemson College, S. C. 

J. J. Hart, B.S.(Memphis S. C.) Grad. Stu- 


Instruc- 
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dent, University of Alabama, University, 
Ala. 

R. F. Hays, A.B.(Transylvania) Grad. Stu- 
dent, University of Kentucky, Lexington, 
Ky. 

P. G. HopcE, Jr., Ph.D.(Brown) Asst. Pro- 
fessor, University of California at Los 
Angeles, Calif. 

SzE-TSEN Hu, Ph.D.(Manchester, England) 
Asst. Professor, Tulane University, New 
Orleans, La. 

H. A. James, M.S.(DePaul) Instructor, Wil- 
son Junior College, Chicago, III. 

W. P. Jones, M.S.(Iowa) Grad. Student, 
State University of Iowa, Iowa City, Iowa 

C. E. Kerr, B.A.(LaSalle) Instructor, La- 
Salle College, Philadelphia, Pa. 

C. A. Kirsy, A.B.(California) Chief Com- 
puter, Western Geophysical Co., Sacra- 
mento, Calif. 

E. L. KRETSCHMAR, JrR., B.S.Ed. (Florida) 
Grad. Student, University of Florida, 
Gainesville, Fla. 

Morton KuUppERMAN, M.A. (George Washing- 
ington) Statistician, Office of the Surgeon 
General, Department of the Army, Wash- 
ington, D. C. 

JosEPH KUSHNER, Student, New York Univer- 
sity, N. Y. 

G. D. Kyte, Ph.D.(Minnesota) Professor, 
A. M. & N. College, Pine Bluff, Ark. 

R. D. Larsson, A.B.(Maine) Instructor, 
Clarkson College of Technology, Potsdam, 
N. Y. 

L. L. Layton, M.S. (Illinois) Asst. Professor, 
James Millikin University, Decatur, III. 

MARGARET M. LINNEY, Student, Regis College, 
Weston, Mass. 

A. E. Livincston, M.A.(Oregon) Grad. As- 
sistant, University of Oregon, Eugene, Ore. 

S. S. Lotz, Lieutenant, U. S. Navy; Student, 
Tufts College, Medford, Mass. 

J. R. Macy, Student, University of Chicago, 
Ill. 

Joy MauwacuHeEK, Ph.D.(Pittsburgh) Head of 
Department, State Teachers College, In- 
diana, Pa. 

C. B. Male, Jr., A.B.(Hofstra) Metallur- 
gist, Sperry Gyroscope Co., Lake Success, 
N. Y. 

ZELJKO MARKOVIC, Sc.D. (Zagreb) Professor, 
University of Zagreb, Yugoslavia 
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H. B. Marks, Student, Southern Methodist 


University, Dallas, Tex. 

H. F. Mattson, Jr., Student, Oberlin College, 
Ohio 

Mary L. McLaucuatin, Student, Regis College, 
Weston, Mass. 

D. Sr. C. MELvin, Student, University of 
Maryland, College Park, Md. 

WILLIAM MENDENHALL, 3rD, M.S. (Bucknell) 
Grad. Assistant, Pennsylvania State Col- 
lege, Pa. 

C. F. MILLER, Student, George Pepperdine 
College, Los Angeles, Calif. 

IRWIN MILLER, Student, Alfred University, 
N. Y. 

W. L. Murpock, A.B.(Cornell) -Instructor, 
Cornell University, Ithaca, N. Y. 

E. F. Myers, A.B.(Geneva) Instructor, Uni- 
versity of Pittsburgh, Pa. 

R. K. NEUMANN, Student, George Washington 
University, Washington, D. C. 

W. A. NIELSEN, M.Ed. (U.C.L.A.) Instructor, 
Bakersfield Junior College, Calif. 

L. P. OLBRIcH, Student, St. John’s University, 
Brooklyn, N. Y. 

J. H. Oppenseim, Ph.B.(Chicago) 409 E. 
Green Street, Connellsville, Pa. 

J. E. Oxiry, Student, Cooper Union, New 
York, N. Y. 

E. J. Parmpacn, B.S.(Lawrence) 14124 N. 
Durkee Street, Appleton, Wis. 

H. G. Parker, M.S. in Ed.(Alabama Poly. 
Inst.) Professor, Southern Union College, 
Wadley, Ala. 

H. A. Patin, S.M. (Chicago) Instructor, Wil- 
son Junior College, Chicago, III. 

ELISABETH J. PETSCHEK, A.B.(Vassar) Stu- 
dent, Vassar College, Poughkeepsie, N. Y. 

Louisa G. PLUMMER, M.S.(Minnesota) Asst. 
Professor, West Liberty State College, 
W. Va. 

Marie E, Porter, M.S.(Stanford) Instruc- 
tor, California State Polytechnic College, 
San Luis Obispo, Calif. 

W. N. Prentice, A.M.(Brown) Instructor, 
Clarkson College of Technology, Malone 
Branch, N. Y. 

C. H. Rep, Jr., M.Ed.(Colorado) Teacher, 
Sargent Consolidated School, Monte Vista, 
Colo. 

H. B. RuisBerro, D.Sc.(Zurich) Instructor, 
University of California, Berkeley, Calif. 
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J. P. RUSSELL, Sc.M.(Brown) Asst. Professor, 
Polytechnic Institute of Brooklyn, N. Y. 

W. G. Saunpers, B.S. (Randolph-Macon) 
Asst. Instructor, Virginia Military Insti- 
tute, Lexington, Va. 

SISTER Mary Cuar_es, M.A.(Catholic) In- 
structor, Immaculate Heart College, Los 
Angeles, Calif. 

D. J. Smiru, M.S.(Notre Dame) Actuarial 
Trainee, Royal-Liverpool Group of Insur- 
ance Co.’s, New York, N. Y. 

A. L. STAMpER, Student, Eastern Kentucky 
State College, Richmond, Ky. 

H. R. STEVENS, Student, University of Buffalo, 
N. Y. 

E. W. Swoxkowsk], M.S. (Marquette) Teaching 
Assistant, University of Wisconsin, Madi- 
son, Wis. 

A. V. SYLWESTER, Student, Oregon State Col- 
lege, Corvallis, Ore. 

JEAN E. Teats, M.A. (Pittsburgh) Asst. Pro- 
fessor, University of Pittsburgh, Pa. 

D. E. Toro, Student, University of Florida, 
Gainesville, Fla. 

H. S. Tuurston, Ph.D.(Wisconsin) Profes- 
sor, University of Alabama, University, 
Ala. 

N. W. TorcErson, Student, George Pepperdine 
College, Los Angeles, Calif. 

BRADFORD TYE, M.Sc.(N.Y.U.) Professor, 
Bethany College, W. Va. 

G. F. Vaucun, Student, Butler University, 
Indianapolis, Ind. 

KATHLEEN V. VINCENT, Student, Regis Col- 
lege, Weston, Mass. 

N. D. VLacnos, A.M.(Pennsylvania) Instruc- 
tor, Drexel Institute of Technology, Phila- 
delphia, Pa. 

C. R. WAMPOLE, Student, St. John’s University, 
Brooklyn, N. Y. 

W. G. WEIDEMAN, B.E.E.(Marquette) Grad. 
Student, Marquette University, Milwau- 
kee, Wis. 

W. J. WEeEtts, M.S.(Michigan) Instructor, 
State Teachers College, Mankato, Minn. 

G. W. Waite, M.A. (California) Professor, 
College of the Pacific, Stockton, Calif. 

Mary WHITE, Student, Regis College, Weston, 
Mass. 

W. G. YounkKIN, Student, St. Ambrose College, 
Davenport, Iowa 
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SPRING MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 
SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Association was held at the University of Richmond in Richmond, Vir- 
ginia, on Saturday, May 6, 1950. Professor L. M. Kells, Chairman of the Sec- 
tion, presided at both the morning and afternoon sessions. 

Fifty-seven people registered attendance at the meeting including the follow- 
ing forty-three members of the Association: M. W. Aylor, R. P. Bailey, W. E. 
Barnes, R. H. Bing, J. W. Blincoe, Eleanor C. Calkins, Randolph Church, G. R. 
Clements, C. H. Frick, B. C. Getchell, M. V. Gibbons, Michael Goldberg, R. A. 
Good, E. S. Grable, Clem Grabner, Jr., E. C. Gras, D. W. Hall, J. R. Hammond, 
Isabel Harris, J. E. Ikenberry, S. B. Jackson, Walter Jennings, Sidney Kaplan, 
L. M. Kells, V. L. Klee, Jr., D. B. Lowdenslager, Joseph Milkman, J. F. Milos, 
A. K. Mitchell, Dewey Moore, Mary Pettus, F. M. Pulliam, O. N. Robinson, 
R. C. Simpson, Jr., T. McN. Simpson, Jr., E. R. Sleight, Robert Edward Smith, 
John Tyler, C. H. Wheeler, III, P. M. Whitman, G. T. Whyburn, Verba M. 
Wood, J. W. Wright. 

The following officers of the Section were elected for the year 1950-51: 
Chairman, O. J. Ramler, Catholic University; Secretary, S. B. Jackson, Uni- 
versity of Maryland; Executive Committee, E. R. Sleight, University of Rich- 
mond, and R. P. Bailey, U. S. Naval Academy. Professor Kells announced 
that the Bureau of Standards in Washington, D. C. has invited the Section to 
meet there for one of the meetings in 1951. He also announced that Professor 
G. R. Clements of the Naval Academy has been elected Regional Governor 
from this Section for the next three years. The next meeting of the Section will 
be in December 1950 at a place to be announced later. 

The morning session consisted of five contributed papers, as follows: 

1. The constants of integration of a differential equation as differential forms, 
by Professor John Tyler, United States Naval Academy. 

If the equation y=f(x, Co, G1, - + « , Cx) is differentiated K times, the resulting K+1 equations 
may be solved for the C; as functions of x, y, and the first K derivatives of y. Thus the c; are 
expressed as differential forms in x, y, and its derivatives, namely, c;=c¢;(x, y, y’, > + > y™), 7=0, 
1,---+,K. These differential forms have certain interesting properties, notably that dC;=\,Ddx 
where D=0 is a differential equation of order K+1 satisfied by the function f, and the A; are in- 


tegrating factors. If the C; are substituted into the equation F(Co, C;, - + - Cx)=C, where F is an 
arbitrary function, there arises an equation of Clairaut type for which the function f is a solution. 


2. Some characterizations of compactness, by Professor V. L. Klee, Jr., Uni- 
versity of Virginia. 

Niemytzke and Tychonoff showed by an adaptation of the Alexandroff-Urysohn metrization 
proof that a metrizable space is compact if and only if it is complete in each of its allowable metrics. 
Hausdorff proved that each allowable metric on a closed subset of a metric space can be extended 
to an allowable metric on the whole space. By use of the fact, he gave a simple proof of the above 
result, and showed that “complete” can be replaced by “bounded.” Vaughan improved on these 
characterizations by further use of Hausdorff’s extension theorem. In this note there is established 
an elementary embedding theorem which is then applied to give rather simple and pictorial proofs 
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for Vaughan’s principal results as well as to establish two new characterizations of compactness 
which seem not to be directly obtainable from the extension theorem. 


3. Rotors in polyhedra, by Mr. Michael Goldberg, Bureau of Ordnance, 
Navy Department. 


A rotor in a polyhedron was defined as a closed convex surface which can be rotated continu- 
ously through every orientation within a given polyhedron while keeping contact with all the faces 
of the polyhedron. Rotors in cubes, which are rotors in other rhombic parallelepipeds also, have 
been studied by Minkowski. By elementary methods, Mr. Goldberg derived a class of non-spherical 
rotors for the regular tetrahedron and exhibited working models of them. An outline was presented 
of E. Meissner’s derivation of all the possible rotors for the regular polyhedra. For the dodeca- 
hedron and the icosahedron, the sphere is the only possible rotor. 


4. On finding Va+bi, by Mr. Sidney Kaplan, U. S. Department of Labor. 


The standard methods for computing “a-+b7, namely De Moivre’s theorem and the solution 
of a system of quadratics, both present difficulties for machine computation, the first because of 
the number of steps, the second because of the loss of significant figures. A slight modification of the 
second method, suggested by Professor Garrett Birkhoff, proves to be both accuracy preserving 
and labor saving. 


5. Undergraduate research, by Professor E. R. Sleight, University of Rich- 


mond. 


This paper dealt with the need and value of a program that will challenge the student of un- 
usual ability. Professor Sleight feels that some form of undergraduate research has created a great 
deal of interest, and is already operating in many institutions. He discussed the introduction and 
maintenance of this type of work in various institutions with which he has had acquaintance. 


6. Some applications of partitionings, by Professor R. H. Bing, University 
of Wisconsin and University of Virginia. 

This was an invited address. Suppose X is a compact locally connected metric continuum. 
An e-partitioning of X is a finite e-collection G= (1, go, + + + , Zn) of mutually exclusive open subsets 
of X such that > g; is dense in X. If Gi, Go, - + + is a sequence of partitionings, it is called a de- 
creasing sequence if G;,1 refines G; and the diameters of the elements of G; approach 0 with 1/2. 
The following applications of the fact that X has a decreasing sequence of partitionings were dis- 
cussed. There is a convex metric for X. Each pair of points of X belongs to an arc whose comple- 
mentary domains in X have property S. There is a countable basis for X such that the intersections 
of the elements of this basis are connected and uniformly locally connected. The notion of parti- 
tionings may be used to characterize simple closed curves, simple surfaces, and simple solids. 


S. B. JAcKson, Secretary 


APRIL MEETING OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the Mathe- 
matical Association of America was held at Syracuse University, Syracuse, New 
York, on Saturday, April 22, 1950. The Chairman of the Section, Professor 
Walter H. Durfee of Hobart and William Smith Colleges, presided at the 
morning session; the Vice-Chairman, Professor B. C. Patterson of Hamilton 
College, presided at the afternoon session. Tea was served at the conclusion of 
the afternoon session. 

One hundred twenty-five persons attended the meeting including the follow- 
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ing seventy-four members of the association: E. B. Allen, H. P. Atkins, D. C. 
Barton, M. R. Bates, R. W. Beals, Jr., R. L. Beinert, Dorothy L. Bernstein, 
W. W. Bessell, Jr., C. G. Burger, Jr., F. J. H. Burkett, E. A. Butler, Ethel B. 
Callahan, J. D. Campbell, I. S. Carroll, W. B. Carver, P. F. Clemens, Nancy 
Cole, E. J. Downie, Walter H. Durfee, Jean B. Feidner, C. W. Foard, A. H. 
Fox, J. E. Freund, H. M. Gehman, B. H. Gere, H. E. Goheen, R. D. Gordon, 
Lillian Gough, J. B. Greeley, N. G. Gunderson, May N. Harwood, M. B. 
Haslam, Lucille F. Hetzelt, R. G. Hill, H. K. Holt, A. W. Jones, J. R. F. Kent, 
D. E. Kibbey, R. D. Larsson, J. V. Limpert, R. R. R. Luckey, June M. Mc- 
Artney, L. L. Merrill, Rudolf Meyer, F. E. Milliman, Harriet F. Montague, 
Mabel D. Montgomery, D. S. Morse, Abigail M. Mosey, C. W. Munshower, 
C. V. Newsom, Ruth B. Noller, B. C. Patterson, Ruth M. Peters, Theresa L. 
Podmele, M. H. Protter, J. F. Randolph, H. W. Reddick, C. E. Rhodes, M. K. 
Rosskopf, Edith R. Schneckenburger, Joseph Seidlin, Sister Noel Marie, Wil- 
liam A. Smith, Ruth W. Stokes, Mary C. Suffa, G. L. Tiller, J. P. van Alstyne, 
S. I. Vrooman, R. J. Walker, J. F. Wardwell, E. T. Welmers, Ina W. Welmers, 
R. C. Yates. 

A progress report was received from the committee studying the relation 
between secondary school and college mathematics in New York State, Pro- 
fessor M. F. Rosskopf, Syracuse University, Chairman. 

The following officers were elected: Chairman, B. C. Patterson, Hamilton 
College; Vice-Chairman, C. W. Munshower, Colgate University; Secretary, 
N. G. Gunderson, University of Rochester. The 1951 meeting will be held at 
Hamilton College, Clinton, New York, and the 1952 meeting at Hobart and 
William Smith Colleges, Geneva, New York. 

The following papers were presented: 

1. Models and methods, by Professor R. C. Yates, U. S. Military Academy. 

A few items intended to stimulate student interest in both subject matter and technique were 
presented. These included folding the conics, the current misuse of Euclid’s compass, dissection of 


plane polygons, and simple derivations of normal acceleration, the Euler exponential form, and the 
probability integral. Several models were exhibited as suggested aids to the teacher. 


2. The problem of eight points, by Professor W. B. Carver, Cornell University. 
This paper has been published in this MonTHLy, May, 1950. 


3. Some educational problems in New York State, by Dr. C. V. Newsom, 
Assistant Commissioner for Higher Education, New York State. 

This speaker gave a brief discussion of the state educational program. In particular, emphasis 
was given to the role that mathematics departments might play in the training of elementary and 


secondary teachers. Comments were also made upon the inferior level of college instruction in 
many institutions. 


4. On space frames and plane trusses, by Professor H. E. Goheen, Syracuse 
University. 


The speaker proposed the following definition for use by the student of elementary mechanics: 
A space frame (or plane truss) will be called statically determinant if and only if the 37 (or 2) 
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conditions for equilibrium at the 7 joints determine uniquely the m bar forces and the 6 (or 3) forces 
necessary to restrain the structure. 


5. Analytic solutions of non-linear differential equations, by R. D. Larsson, 
Clarkson College of Technology. 


The purpose of this paper is to present a general method for solving non-linear differential 
equations with polynomial coefficients. The method of Laplace transforms has been used to achieve 
an analytical solution. Some equations of this type have been solved by the method of approxima- 
tions; but the method presented here gives the solution in a form in which the role of the boundary 
values is apparent for any particular case. The general solution reduces to known results in special 
cases. For the purpose of illustration a second order differential equation with constant coefficients, 
non-linear in the first derivate, is used. 


6. Difference and differential equations 1n probability theory, by Dr. Murray 
Rosenblatt, Cornell University, introduced by Professor R. J. Walker. 

Models of 1 and 2-dimensional Brownian motion and corresponding 1 and 2-dimensional ran- 
dom walks are defined. The probability density of the particle in Brownian motion is a fundamental 
solution of a parabolic differential equation while the probability that the particle in the random 
walk be at a lattice point is a solution of a corresponding difference equation. Absorption problems 
for Brownian motion and the random walk are discussed and related to boundary value problems 
of the corresponding differential and difference equations. This is made plausible by considering 
in some detail the 1-dimensional Brownian and random walk. The probability distribution of the 
Brownian motion is a limit of the solution of the random walk problem. 


7. The tutorial system at the Unwersity of Buffalo, by Professor Harriet F. 
Montague. 

The tutorial system at the University of Buffalo provides that all students in their last two 
years of undergraduate work shall be given an opportunity for independent study and investigation 
in addition to regular course work. The tutorial program of the department of mathematics is 
divided into three parts. In the junior year the students meet in small groups to study and discuss 
the history and foundations of mathematics, and its various branches. The first half of the senior 
year is devoted to independent work on an individual research problem. The last half of the senior 
year is concerned with a general review and correlation of all courses taken in mathematics. This 
is climaxed by a comprehensive examination. 


C. W. MuUNSHOWER, Secretary 


APRIL MEETING OF THE KANSAS SECTION 


The thirty-fifth annual meeting of the Kansas Section of the Mathematical 
Association of America was held at Kansas State Teachers College, Pittsburg, 
Kansas, on Saturday, April 22, 1950. Sessions were held in the morning and 
afternoon. Professor R. G. Smith presided at these sessions. The morning ses- 
sion was a joint meeting with the Kansas Association of Teachers of Mathe- 
matics. | 

The attendance was one hundred sixty-seven including the following fifty 
members of the Association: R. W. Babcock, C. H. Brown, W. R. Cowell, L. 
E. Curfman, Paul Eberhardt, W. C. Foreman, Albert Furman, W. H. Garrett, 
F. C. German, Laura Z. Greene, B. H. Gundlach, J. R. Hanna, N. C. Hoover, 
S. L. Hull, Emma Hyde, Edward Keegan, Helen F. Kriegsman, L. E. Laird, 


1950] MATHEMATICAL ASSOCIATION OF AMERICA 589 


C. F. Lewis, K. L. Loewen, Anna Marm, Margaret E. Martinson, Eloise Mc- 
Cord, Sabrina Morlan, Thirza A. Mossman, John D. Neff, Agnes E. Nibarger, 
S. T. Parker, J. M. Pike, P. S. Pretz, G. B. Price, O. M. Rasmussen, C. B. Read, 
C. A. Reagan, L. M. Reagan, D. P. Richardson, R. G. Sanger, Sister M. Helen, 
Sister Jeanette, G. W. Smith, R. G. Smith, E. C. Stopher, W. T. Stratton, Wil- 
mot Toalson, C. B. Tucker, Gilbert Ulmer, E. B. Wedel, A. E. White, Ferna E. 
Wrestler, P. M. Young. 

The program consisted of the following papers: 

1. Mathematics in general education, by Mr. H. W. Charlesworth, East 
High School, Denver, Colorado. 


This paper was given in the interest of better mathematics teaching in both secondary schools 
and colleges. Mathematics must make its maximum contribution to all students, recognizing their 
individual interests and needs. College instruction must give more attention to the art of teaching. 
Mathematics education for the prospective teacher of mathematics must be sound mathematically 
and educationally. Teacher training schools have a great responsibility in properly training teach- 
ers for this new era in mathematics. Mathematics can make its proper contribution to the general 
education of the individual and yet retain its value as a mode of thought. The training of our leaders 
in mathematics and science must begin early and be done more expertly. Greater coordination of 
high school and college teaching is needed. The Mathematical Association of America and The 
National Council of Teachers of Mathematics should do more cooperative work on solving their 
common problems arising out of general education. 


2. Sign lines and tangent carriers, a speedy check for curve tracing, by Miss 
Henrietta Courtright, Arkansas City Junior College, introduced by the Secre- 
tary. 


Since any function or factor occurring to the first power divides the plane into a negative and 
a positive region, this fact may be used as a rapid check for curve tracing. A square of any factor 
does not divide the plane into two regions but instead carries the point of tangency with a linear 
factor on the other side of the equation. Nodes and isolated points may be checked by looking for 
factors to the second power on each side of the equation, or a cusp may be checked in like manner 
when a factor to the second power is paired with a factor to the third power. 


3. Linear transformations of point lattices, by Mr. W. R. Cowell, Kansas State 
College. 


} 

A unimodular transformation defines a mapping of a point lattice onto itself. It is possible to 
establish conditions for one lattice point to be carried into another under such a transformation, 
and also conditions for two corresponding pairs of lattice points to determine uniquely a unimodular 
transformation. This type of transformation preserves any order of collinear lattice points and also 
leaves invariant the number of lattice points on a closed convex plane curve and in the interior of 
the curve. Associated with a unimodular transformation of determinant +1 is an invariant binary 
quadratic form. This makes possible the use of the transformation as a recursion relation for the 
solutions of certain Diophantine equations. 


4. Selected applications in difference equations, by Prof. J. R. Hanna, Wichita 
University. 
This speaker introduced some of the notation, definitions, and procedures pertaining to dif- 


ference equations. Consideration was given to the use of difference equations in solving problems 
relative to geometry, continued fractions, Fibonacci’s numbers, and mathematics of investment. 
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5. A philosophic synthesis of the sciences, by Sister M. Helen Sullivan, Mount 
St. Scholastica. 


This paper is an epistemological discussion of the findings of science, and shows the place and 
function of these findings in the general hierarchy of learning. Speculative sciences are classified 
according to the three degrees of formal abstraction. The specific role of each science as well as its 
relationship to other branches of knowledge is clearly brought out. The philosophic synthesis is 
established when a comparative study is made of all the sciences in the light of ultimate explana- 
tions. The synthesis is confirmed when science is regarded as one among several rational approaches 
to truth rather than as a mere technique. 


6. Bessel functions, by Mr. L. E. Trapp, Kansas State College, introduced 
by the Secretary. 


This paper is concerned with some of the aspects of the theory and application of Bessel func- 
tions. The theory involves the discussion of such topics as a second solution to Bessel’s differential 
equation, zeros of Jo(x), solution of the general equation, differentiation and recursion formulas, 
integral forms of J,(x), and orthogonality of Bessel functions. The application involves Bessel 


functions as applied to the solution of Kepler’s problem on planetary motion. 


ANNA Mary, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-fourth Annual Meeting, University of Florida, Gainesville, Decem- 


ber 30, 1950. 


Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3-4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOounraAIN, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
ILLInoIs, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20-21, 
1951. 

KANSAS 

KENTUCKY, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

LOUISIANA-MIssISSI PPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
December, 1950. 

METROPOLITAN NEw York, Spring, 1951. 

MicuicANn, Michigan State College, East Lan- 
sing, March 24, 1951. 

MINNESOTA, Duluth Branch of University of 
of Minnesota, October 7, 1950. 

MIssouRI, CENTRAL College, Fayette, Spring, 
1951. 

NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 

NORTHERN CALIFORNIA, University of San 


Francisco, January 27, 1951. 

Ouro, April 21, 1951. 

OKLAHOMA, Oklahoma City, November 14, 
1950. 

Paciric NORTHWEST, State College of Wash- 
ington, Pullman, June 15, 1951. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocky Movuntatin, Colorado State College of 
Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and 
Peabody College, Nashville, Tennessee, 
March 16-17, 1951. 
SOUTHERN CALIFORNIA, Whittier 
Whittier, March 10, 1951. 
SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

Texas, Southern Methodist University, Dallas, 
Spring, 1951. 

UprER NEW YorkK STATE, Hamilton College, 
Clinton, May 5, 1951. 

WISCONSIN, Carroll College, Waukesha, May, 
1951. 


College, 


ELASTICITY. Proceedings of Symposia in Applied Mathematics. Volume 3 
Edited by R. V. CuurcHit, University of Michigan. In press 


A selection of recent developments in mathematical theory and applications of 
elasticity and plasticity, presenting contributions to the subject made by specialists 
in the field during the past two or three years. Covers extensions of approximation 
methods and of the general theory of elastic and plastic deformation as well as many 
iother topics of current importance. 


ANALYTICAL AND APPLIED MECHANICS. New 3rd edition 


By G. R. CLeMENTs and L. T. Witson, United States Naval Academy. Ready 
in December 
Designed to give a simple but rigorous discussion of the mathematical and physical 
theory necessary for a thorough first course in mechanics, and to present a variety 
of applications, interesting in themselves and of direct usefulness to the student 
in engineering. 


BUSINESS MATHEMATICS. New 3rd edition 


By CLEON C, RICHTMEYER and Jupson W. Foust, Central Michigan College of 
Education, 441 pages, $3.50 
Requiring only elementary and secondary school mathematics, this text seeks to 
acquaint the student with a wide variety of topics. Each topic is developed at length, 
described in detail, and accompanied by step-by-step illustrations. 


PLANE TRIGONOMETRY 


By Gorpon Futter, Alabama Polytechnic Institute. 270 pages, (with tables) 
$2.75 
This new work is designed as a standard text for courses in all college mathematics 
departments. The author covers both analytical and numerical trigonometry and 
avoids explanations that are too brief. Each new topic presented is illustrated with 
problems worked out in detail. 


THEORY OF FLOW AND FRACTURE OF SOLIDS. Volume I. 

By A. NApai, Westinghouse Research Laboratories. 572 pages, $10.00 
A handbook on the mathematical principles and mechanical laws governing the perma- 
nent distortion and the fracture phenomena of solids. The text acquaints students 
and workers in engineering and metallurgy with the theory and its many results and 
applications to important practical problems in industry. Many illustrations supple- 
ment the text. 


Send for copies on approval 


330 WEST 42nd STREET, NEW YORK 18, N. Y. 


McGRAW-HILL BOOK COMPANY, INC. 


Outstanding Jouts ro 
we Te Ylacmillan College Department 


ANALYTIC GEOMETRY AND GALCULUS 


By JouHN F, RANDOLPH & Mark Kac 


Widely and consistently adopted since its publication in 1946, 
this text treats analytic geometry and calculus in such a way 
that each complements the other. Integration is introduced early 
in the book, and in the first chapters, a review is given of some 
of the fundamental algebraic notions, such as inequalities and 
absolute values. $4.75 


First YEAR COLLEGE MATHEMATICS 
WiTH APPLICATIONS 


By Paut H. Daus & WILLIAM M. WHYBURN 


This text provides in one volume a strong and ample background 
for the study of the calculus, and at the same time, integrates 
the subjects of college algebra, analytic geometry, and analytic 
trigonometry. Applications taken from science and engineering 
illustrate each of the principles discussed. $5.00 


PLANE AND SPHERICAL TRIGONOMETRY 
THIRD EDITION By RiEtTz-REILLY-Woops 


This text in former editions attempted to work out the principles 
of introducing only one idea at a time and of offering guidance 
in teaching by strong emphasis on essentials. The third edition 
retains these features and adds to them problem material that 
has been thoroughly reworked and graded to challenge all types 
of students. With tables, $3.00; without tables, $2.75 


THE MACMILLAN COMPANY—60 Fifth Avenue, New York 11 


@ Flexible texts for courses of varied lengths and content ® 


ANALYTIC GEOMETRY 
By Raymond W. Brink Revised Edition 


This text provides a complete and adaptable course in analytic geometry. The carefully 
graded exercises, broken up into short sets, permit a clear and immediate application of 
principles. The emphasis throughout is upon method and logic, making the text especially 
useful as preparation for calculus and other mathematical studies. 8 vo., 350 pp. $2.90 


SOLID ANALYTIC GEOMETRY 
By John M. H. Olmsted 


A rich and lucid treatment of solid analytic geometry is offered in this book. Numerous 
illustrative examples clarify new principles as they are introduced. Statements of definitions 
and theorems are precisely given and any exceptions are carefully noted. 257 pp. $4.00 


| te 


*” 125th 
APPLETON-CENTURY- ANNIVERSARY 35 West 32nd St. 


CROFTS, INC. a a New York 1, N.Y. 


First Course in 


Probability and Statistics 


JERZY NEYMAN 
University of Califorma, Berkeley 


The purpose of this brilliant work by an outstanding theoretical statistician is to 
present the basic concepts of modern statistical theory on an elementary level. 


6é 


. .. both interesting from a student’s point of view and teachable from the in- 
structor’s. From a logical standpoint there is no doubt that all elementary texts ought 
to be based on a simple discussion of probability and the Neyman-Pearson theory 
of testing hypotheses.”—-Robert Solow, Massachusetts Institute of Technology 


“... has all the qualities which indicate that the author is an authority in his field.” 
—Arnold Dresden, Swarthmore College 


“..avery valuable addition to the literature in the field of probability and statistics, 
particularly for those who are interested in applications to genetics and biology.” — 
Hf, P, Evans, University of Wisconsin 


“...an excellent piece of work, written by a master in the field.”—M, LeLeiko, 
Rutgers University 
1950 350 pages $3.50 


HENRY HOLT AND COMPANY 257 Fourth Avenue, New York 10 


Fresh Approaches to Familiar Problems... 


STATISTICAL DECISION FUNCTIONS 


By ABRAHAM WALD, Columbia University. The first book-length 
treatment of this new statistical theory, which has three significant ad- 
vantages over previous theories: it treats the design of experimentation 
as part of the general decision problem; it points the way toward multi- 
stage experimentation; and it includes the general multi-decision prob- 
lem. One of the WILEY PUBLICATIONS IN STATISTIcs, Walter A. Shew- 
hart, Editor. August 1950. 179 pages. $5.00. 


MATHEMATICS of RELATIVITY 


By G. Y. RAINIcH, University of Michigan, Demonstrates that 
electromagnetism does fit into the original theory of curved space, By 
beginning with the inverse square law in terms of simple calculus, and 
then introducing the difficult points only after the need for them is made 
clear, the author succeeds in presenting the theory more clearly without 
sacrificing rigor. A volume in the APPLIED MATHEMATICS SERIES, edited 
by I. S. Sokolnikoff. September 1950. 173 pages. $3.50. 


THEORY of the INTERIOR BALLISTICS of GUNS 


By J. CORNER, British Ministry of Supply. Explains the great 
changes which have taken place in the mathematics, physics, and chem- 
istry of interior ballistics. The mathematics Dr. Corner presents is much 
simpler than that in previous books, which was based on physical as- 
sumptions now known to be over-simplified. October 1950. 443 pages. 
$8.50. 


RESPONSE of PHYSICAL SYSTEMS 


By JOHN D, TRIMMER, University of Tennessee, Offers an approach 
to the problem of defining instrumentation. The general study of system 
response offered in the book is closely linked to cybernetics, and includes 
not only physical systems such as instruments, regulators, and servos, 
but also biological and sociological entities. August 1950. 268 pages. 
$5.00. 

Send for copies on approval 


— JOHN WILEY & SONS, Inc. 
440 Fourth Avenue New York 16, N.Y. 


9ts a mathematical fact! ad Mogan 
mathomatics. tot = Q practical, teachable toxt 


*FRANK M. MORGAN 


Formerly Assistant Professor of Mathematics, Dartmouth College 


These three texts reflect the author’s long experience as a highly 
successful and popular teacher. Mathematics teachers all over the 
country have found them to be “classroom-wise” in every respect. 


Plane and 
Spherical 
Trigonometry 


College 
Algebra 


Differential 
and Integral 


Calculus 


e Answers @ Available with or without tables 


The content meets the needs of every type of student. 

Special features make the material especially teach- 
able. 

The more theoretical aspects of plane trigonometry 
are introduced last. 

Spherical trigonometry is simplified by the polar 
triangle. 


e Answers 


New ideas are incorporated into the review of high- 
school algebra. 

Fundamental principles are emphasized. 

A wealth of practice material is provided. 

The presentation is stimulating and interesting. 


e Answers 


The subject is introduced in an intelligible manner. 
Simple principles of integration are taught early. 

A thorough testing program is provided. 

Questions are interspersed throughout the text. 


American Book Company 


Analytic 
Geometry, 
THIRD EDITION 


by Wilson 
and Tracey 
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MATHEMATICS An old favorite in modern for- 
mat, the third edition has been 

completely reset, and includes large, clear diagrams. 
Many problems, especially those of a numerical and drill 
type, have been changed. Most of the problems designed to 
prove geometric properties or theorems have been retained. 
Additional problems have been included with up-to-date 
applications. Topics are arranged so that some may be 
omitted, according to the preferences of the instructor, with- 
out loss of continuity. Answers to the odd-numbered prob- 
lems are provided in the back of the book. 328 pages. $2.75. 


D. C. HEATH 
and Company 


285 Columbus Avenue 
Boston 16 


.». an outstanding book for the 
Mathematics of Finance course 


MATHEMATICS OF INVESTMENT 


Paul R. Rider, Washington University 
Carl H. Fischer, University of Michigan 
Probably 512 pages, $4.50 


A complete text on the mathematics of finance covering: Simple Interest and 
Simple Discount; Compound Interest; Ordinary Annuities; More General An- 
nuities; Amortization and Sinking Funds; Bonds; Depreciation, Depletion and 
Capitalized Cost; Life Annuities; Life Insurance Net Premiums; Life Insurance 
Reserves, Available Spring, ’51. 


.-.. and, always in wide use 
Slobin & Wilbur’s 


FRESHMAN MATHEMATICS 


C. V. Newsom, Associate Commissioner 
for Higher Education, New York State 


Presents algebra, trigonometry, and analytical geometry so that the student may 
have a real understanding of the fundamental principles and processes involved 
and of the values of these subjects vocationally and culturally. 559 pp., $5.00 


ALGEBRA FOR COLLEGE STUDENTS 


Jack R. Britton, University of Colorado 
L. Clifton Snively, University of Colorado 


Throughout this text, the major emphasis is on the important underlying ideas, 
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THE NUMBER e 
J. L. COOLIDGE, Harvard University 


1. The Greek beginning. The distinguished American mathematician, Ben- 
jamin Peirce, was wont to find all of analysis in the equation 


i-# = ver. 


In fact, he had his picture taken in front of a blackboard on which this mystic 
formula, in somewhat different shape, was inscribed. He would say to his hearers, 
“Gentlemen, we have not the slightest idea of what this equation means, but we 
may be sure that it means something very important.” 

With regard to the symbols which appear in this charm, there is a vast 
literature connected with 7; and 7, when written «/—1, leads into the broad field 
of analysis in the complex domain; but it seems surprisingly difficult to find a 
connected account of e. 

I think we may make a fair beginning with the twelfth proposition of the 
Second Book of Apollonius, Conics, which tells us that if from a point on a 
hyperbola lines be drawn in given directions to meet the asymptotes, the prod- 
uct of the two distances is independent of the position of the point chosen on the 
curve. This theorem is more general than we shall need to arrive at the number 
e, and it is not original with Apollonius. Let us confine ourselves to the very spe- 
cial case where the hyperbola is rectangular, dnd we draw to each asymptote 
a line parallel to the other. When x and y are distances, we may write 


(1) xy = 1. 


It is intriguing to inquire who first discovered the theorem which leads to 
this equation. In the commentary of Eutocius on the Sphere and Cylinder of 
Archimedes [1], we come to a discussion of the classical problem of inserting 
two mean proportionals between two given lengths. In one solution, which he 
labels “ut Menaechmus,” we have what amounts to the equations 


a/x = x/y = y/b; 


2 
@) y* = bx; xy = ab. 


He goes on to seek the intersection of a parabola and a hyperbola. 

Eutocius’ statement would place the theorem very early in the history of the 
conics, for Menaechmus is usually regarded as the discoverer or inventor of 
these curves, although this ascription is by no means certain. Allman writes [2], 
“It is much to be regretted that the two solutions of Menaechmus have not been 
transmitted to us in their original form. That they have been altered either 
by Eutocius or by some author whom he followed appears not only in the em- 
ployment in these solutions of the terms parabola and hyperbola, as has fre- 
quently been pointed out, but more from the fact that the language used in 
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them is, in character, altogether that of Apollonius.” A similar doubt is shown 
in Loria [3]. On the other hand, Heath is perfectly definite on this point; he 
states, “This property in the particular case of the rectangular hyperbola was 
known to Menaechmus” [4]. 

But there is another reason for doubting the ascription to Menaechmus, 
aside from the linguistic objection. The classical Greek discussion of the conics 
always corresponds to our analysis when the axes are a tangent and the diameter 
through the point of contact, and with these data proofs are not simple. Heath, 
following Zeuthen, shows the fact that the hyperbola can be written immedi- 
ately in the form (1) if we start with a technique like ours, that is, when the axes 
are a pair of conjugate diameters [5]. That is perfectly true, but the Greeks 
made surprisingly little study of the conics when expressed in this form more 
familiar to us; Apollonius comes to it quite late. It seems to me altogether 
doubtful that the first discoverer of the curves should have been able to make 
the transition. 


2. Grégoire de St. Vincent. If we grant that the Greek mathematicians, per- 
haps Menaechmus, were familiar with the fundamental property of the rec- 
angular hyperbola expressed in (1), what has this to do with e? We must look 
ahead some two thousand years to that original writer whose name appears at 
the head of this paragraph. In 1647, he published his fundamental Prologomena 
a Santo Vincento, Opus geometricum quadraturae circuli et sectionum conti. This I 
have not seen in its original form, but the content is given at great length by 
Bopp in [6]. Here is the general scheme. We take the hyperbola 


(1) xy = 1. 
On the x axis we take 1 equivalent rectangles whose bases are 
PoPi, PiPo, +++, PniPn, 
while each has an upper vertex on the curve Q;. Then, 


PoPi:PoQo = PiP2: P10, = P2P3-P2Q2 = cy 


and 
0) PoQo _ PiPs  PiQs _ Pas 
PQ, PoP, P2Qr P,P, 
but 
OPo:PoQo = OP1: P10, = OP: P2Q2---, 
so that 


— = —— = —— = — _;» by composition. 
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If 
(3) OP; = pOPo then OP; = p’OP». 


St. Vincent even treats the case where OP, and OP; are incommensurable, 
but we need not follow him here. 

The importance of this equation was early recognized, because of its connec- 
tion with logarithms which were based on the relation of arithmetical and 
geometrical series. There is a good deal to be said in favor of the thesis that 
the credit for relating the rectangular hyperbola with logarithms is due to 
Sarasa. I have not seen his work, but like Cantor, I rely on Kastner. In 1649, 
Sarasa published Solutio Problematis a R. P. Marino Mersenno propositt. This 
was concerned with the problem: Given three positive quantities and the 
logarithms of two of them, find the logarithm of the third. Kastner writes [7], 
“Zu ihrer Beanwortung brang Sarasa drey Saetze aus des Gregorius Buche von 
der Hyperbel bey, die betreffen Flaechen der Hyperbel an der Aysmptoten, 
Sarasa erinnert wie das mit Logarithmen zusammenhangt.” Cantor’s view is 
similar [8]; he states, “Mit andern Worten, Gregorius hatte das Auftreten von 
Logarithmen bei der erh’hnten Flichenraumen erkannt, wen auch nicht mit 
Namen genannt. Letzteres that Sarasa, und darin liegt das wirkliche Verdienst 
seiner Stratschrift.” 

A contrary view is expressed by Charles Hutton [9] in the words, “As to 
the first remarks on the analogy between logarithms and hyperbolic spaces, it 
having been shown by Gregory St. Vincent .. . that if an asymptote be divided 
into parts in geometrical progression, and from the points of division ordinates 
be drawn parallel to the other asymptote, they will divide the space between the 
asymptote and the curve into equal portions, from hence it was shown by 
Mersenne, that by taking continual sums of these parts there would be obtained 
areas in arithmetical progression which therefore were analogous to a system of 
logarithms.” 

This may be true, but I must point out that whereas St. Vincent published 
the work referred to above in 1647, Mersenne died in the middle of 1648, and 
the dates of all of his mathematical writings which I have seen were much 
earlier. However, St. Vincent’s work was certainly well observed. We find Wallis 
writing in 1658 to Lord Brouncker [10], “Sumptis (in Asymptoto) rectis NH, 
NI, NK, NO, NL, NM geometrice proportionalibus, in punctis H, J, K, Q, L, 
M, ducantur rectae parallelae alteri Asymptoto, .spatium Hyperbolicum 
A BHM in quinque partes dividi ostendit Gregor de Sancto Vincento (si 
memini) decimo.” 


3. The introduction of logarithms. The actual word logarithm occurs again 
in an account of Gregory’s Vera circuli et hyperbolae quadratura, which was pub- 
lished in Padua in 1667 and laid before the Royal Society [11]. Here we read, 
“And lastly by the same method he calculates both the logarithm of any natural 
number, and, vice versa, the natural number of any given logarithm.” Perhaps 
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the wisest word on the subject has been pronounced by the kindly old writer 
Montucla [12], “Au reste la découverte de cette propriété est revindiquée par 
divers autres géométres.” Among these I surely must mention Christian 
Huygens, who acknowledges the work of St. Vincent, even though he does not 
claim for himself the discovery of the relation between the hyperbola and 
logarithms. This is admirably set forth in [13], first in a French account, then 
Huygens’ own Latin. He finds the areas bounded by the x axis, which is an 
asymptote, the curve and ordinates. Two such areas terminating by the same 
ordinate of 1 are 


Area FGDE log. FG 
Area ABDE _ log, 10 


= logio FG. 


Huygens divides numerator and denominator by 32, which amounts to finding 
the 32nd root of each area, but this has the effect of so far closing up the figure 
that we may safely replace the hyperbola by a parabola whose outside area is 
known. He checks by finding a very good value for logio 2. 

In the same year, 1661, Huygens finds another curve which he calls logarith- 
mic but we should probably call it exponential. This curve has the property 
that the ordinate corresponding to the point mid-way between two given points 
of the x-axis is the mean proportional between their ordinates. The equation 
of the curve is y=ka*. Huygens takes 


lo 
(4) y = 20; y= — > x, 
log 2 
The constant subtangent is 
ydx Xo 
(5) — = 
dy loge 2 


Huygens takes 
xo = 10” logio 2. 
This gives for the constant subtangent 
logio € = .43429448190325180, 
“qualium logarithmus binarij est” 


.30102995663981195. 


These numbers had long been known as they had appeared, for instance, 
in Briggs’ Arithmetica logarithmica of 1624, pages 10 and 14. As a matter of fact, 
there appeared in 1618 a second edition of Wright’s translation of Napier’s 
Mirifici Logarithmorum Canonis Descriptio which contained an appendix, prob- 
ably written by Oughtred, giving the natural logarithms of various numbers 
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from 100,000 to 900,000. This is probably the earliest table of natural logarithms, 
although a very similar table by John Spidell appeared in 1619 [14]. 

The astonishing thing about all of those writers who connected logarithms 
with hyperbolic areas is their lack of interest in what we should call the base. 
Napier began by considering the-relation between an arithmetical and a geo- 
metric series. A geometric series consists in successive powers of one number. 
What is that number? Or given a set of logarithms, what number has the 
logarithm 1? I mentioned that Briggs gave the logarithm of e, to the base 10 
but I find no mention of e itself. Of course, we might write 


10” + Ax Ax 
10” logo = 10” log. ({ 1 + to" logioe = Avlogie + ---, 


but e itself does not appear. The fact is that there was no comprehension that a 
logarithm was essentially an exponent. Tropfke is very explicit in this point; he 
writes, “Freilich diirfen wir nicht an die moderne Erklarung der Logarithmen 
denken, die in ihnen Potenzexponenten einer bestimmten Grundzahl erkennt. 
Diese Auffassung machte sich erst um die Mitte des achtenten Jahrhunderts 
geltend” [15]. This is perhaps too strong a statement, for in a note on the same 
page he quotes James Gregory (whom he calls David Gregory) as saying in his 
Exercitationes Geometricae of 1684, p. 14, “Exponentes sunt ut logarithmi.” J 
have not been able to verify this, but we find in [16], “Si seriei Termonorum in 
Progressione geometrica ab 1 continue proportionalium, puta 


1, 2, 4, 8, 16, 32, 64, etc. 


accomedetur series Indicum, sive Exponentium, in progressione ab o continue 
procedentium, puta 


0, 1, 2, 3, 4, 5, 6, etc. 


Hos exponentes appelabant Logarithmos.” We could not well ask for anything 
clearer or more explicit. 

If most writers did not look on logarithms as exponents, how did they con- 
sider them? I think we find the clue in St. Vincent’s identification of logarithms 
with hyperbolic areas, remembering that these were the days of Cavalieiri and 
Roberval, when an area was looked upon as the same thing as an infinite number 
of line segments, a very helpful if dangerous definition. We find Halley writing 
[17], “They may more properly be said to be numeri rationum exponentes, 
wherein we consider ratio as a quantity sui generis, beginning from the ratio of 
equality, or 1 to 1=0, - - - and the rationes we suppose to be measured by the 
number of ratiunculae in each. Now these ratiunculae are in a continued scale 
of proportionals, infinite in number, between the two terms of the ratio, which 
infinite number of mean proportionals is to that infinite number of the like and 
equal ratiunculae between any other two terms as the logarithm of one ratio is 
to the logarithm of the other. Thus if we suppose there to be between 1 and 10 
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an infinite scale of mean proportionals whose number is 100000 ad infinitum, 
between 1 and 2 there shall be 30102 of said propoitionals and between 1 and 3, 
47712 of them which numbers therefore are the logarithms of the ratio of 1 to 10 
1 to 2, and 1 to 3, and so properly called the logarithms of 10, 2, and 3.” 

It is hard to see how there could be a much worse explanation of logarithms 
for those who “make constant use of logarithms without having an adequate 
notion of them.” The one certain thing seems to be that a logarithm is an infi- 
nite number. I suppose we might translate this into the form ; 


b atnatrnatrs att, b 


__ . 
a a atnatnre At raiadt rn 


If 
at+fr; 


—_—_——- = 7 


a + Tj—1 


b 
—_—=r", 
a 


Then x would be the logarithm. 


4. Mercator, Newton, Leibniz. It is fair to say that such a definition of a 
logarithm was not original with Halley. We find Mercator writing in 1668, 
[18] “Est enim Logarithmus nihil aliud, quam numerus ratiuncularum con- 
tentarum in ratione quam absolutus quisque ad unitatem obtinet.” I may 
mention also that this seems the first place where the words “logarithmus 
naturalis” are used. But the real significance of the article comes from the fact 
that instead of studying log x he takes up log (1+), which enables him to 
start from 0. The article is not clearly written, so I follow the much clearer 
exposition in Wallis [19], which was published in the same year. 

We study the area under the curve (1) from x =1 tox =1+X. We divide the 
length on the x-axis into m equal parts, each of length Ax. The abscissas are 


1, 1+Ax, 1+2Ax,---,1+X and the corresponding ordinates are 
, 1 1 1 
"T4Ax 142An° 714 (n—1)dx’ 


The infinitesimal, rectangular areas are 
Ax, Ax[1 — Ax + Ax? — A+ --- ], 
Ax[1 — (2Ax) + (2Ax)? — (2Ax)? +--+ ],--- 


Such infinite expansions were common in Wallis’ work. The sum of these 
rectangular areas may be written 


Ax[1 t1i+1---]—Ax[Ax + 2Ax + 3ax+--- ] 
+ Ax[(Ax)? + (2Ax)? + (3Ax)? +--+ J — ee 


Now nAx =X, so we have 
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(6) X — Ax?{1+24+3.---] + Aa[1? + 224 32---] —---, 


With regard to these sums, Wallace says [19], page 222, “quod ostendit ille 
prop XVI etque a me alibi demonstratum.” A reference he makes to Mercator 
is not conclusive as the statement is sketchy; as to his own work I will follow 
[20], as I shall need that again. Here he is seeking the area under the curve 
y=x" from x =0 to x =X. His method is not perfectly clear, as he seems merely 
to generalize by analogy from cases worked out earlier, but what he does is 
essentially the following: 

We take N equal lengths from 0 to NAx=X. We have a set of rectangles 
whose combined areas are 


Ax[0™ + (Ax)™ + (2Ax)™ + (3Ax)™ +--+ |. 


Let us assume that 07+1"+ ---+(N—1)"=aN™!46N"+yN™14 .--, 
Replacing N by N-+1, and subtracting, we obtain 


N™ = (m+ 1)aN™ + ON™1+4 cN™?..., 
16] 
1 
m+1- 


Substituting, and remembering that NAx =X, there results 


m+ 


AcX™ + yAgtXm-1, 
4 + B ¥ 


Area = 


The limit of this as No is X™+1/m-+1, since Ax—>0. We thus can substitute 
this result in (6), when m=1, 2, 3, - - - , to obtain Mercator’s famous formula: 


7) log (1+ X)=X-2-4 7-4 
( °8 ~ 2 ' 3 4 


A good deal has been written about this series, as we see from Mazeres and 
elsewhere. The obvious way to obtain the equation is to apply the calculus, so 
we now turn to see how this instrument was brought to bear. In 1669, a year 
after Mercator had published his work on logarithms [18], Newton sent to 
Collins his article, De Analyst per aequationes numero terminorum Infinitas [21]. 
This represents his first studies of areas under curves, which he had been 
working at for a year or two, but had not published. In fact, publication did 
not occur for a goodly number of years to come; there is, however, no question 
of giving his results precedence over those of Mercator. It begins as shown 
below: 

Curvarum simplicium Quadratura 
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an 


Reg. 1 Si ax™/" = y,  erit gimtnin = Area ABD. 


m+n 
I must speak further of this. In [22] we read on p. 176, “Dr. Wallis published 
in his Arithmetica infinitorum in the year 1655 and in the 59th Proposition of 
that Book, if the Abscissa of any curvilinear figure be called x and m and n be 
two Numbers, the ordinates erected at right Angles be x”/™ the area of the Figure 
shall be (1/m-+n)x™*"/", And this is assumed by Mr. Newton, upon which he 
founds his Quadrature of Curves. Dr. Wallis demonstrated this by steps in many 
particular Propositions and then connected all the Propositions into one by a 
Table of Cases. Mr. Newton reduced all Cases to One, with an indefinite Index, 
and at the end of his Compendium demonstrated it at once by his method of 
moments, he being the first who introduced indefinite Indices of Dignites into 
the Operations of Analysis.” This is Newton’s own statement of the case and 
must be taken as final. It is true that Wallis worked out a number of special 
cases In a manner not exactly like the method followed here, and did not use a 
literal exponent. The greater generality of Newton’s formula is found by replac- 
ing x by x/", Newton’s proof by “the method of moments” we should call 
differentiation, and consisted in showing that if 


z= gimtmin. then de = ymin, 
dx 


m+n 
It is fair to say also that although he gives Mercator’s formula, he gives it as 
the area under the hyperbola, with no mention of Mercator or of logarithms. 
It is time to turn for a moment to the other inventor of the calculus, Gott- 
fried Leibniz. We find him writing in 1677 or 1678 [23], 


“In Hyperbol sit AB = 1, BM = x, ML = ) 
1+ 


1 1 1 1 
CBMLC =—x—-—#+— #8 —-—-—-.-.-..” 
1 2 3 4 
This is proved by the straight expansion of 1/1+«, after which there is integra- 
tion term by term. We find something more interesting a dozen years later, 
when he writes to Huygens, who is said never to have understood Leibniz cal- 
culus of differences [24], “Soit donc x l’abscisse et y l’ordonnée de la courbe, et 
l’équation comme je vous ay dit 


ay 


—— = 5, 


h 
Je désignerai le logarithme de x par log x et nous aurons 
3 log x + log y — log kh = 2xy. 


supposant que le log de l’unite soit 0 et le log 6=1. Donc par la quadrature de 
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hyperbole nous aurons 
ax dy 
sf + — — log h = 2xy 
% y 


ax 
3 +2 = xdy + 2ydx, 


dx sera & dy, on bien DB sera 4 y comme 2x*y—<x est & 3y—2xy c’est 4 dire DB 
sera 

2x°y — xa? 

3a? — 2xy 


comme vous le demandées, a estant l’unité.” 


5. Leonhard Euler. It is now time to turn to the man who pulled all this 
together and who put the number e definitely on the map, Leonhard Euler. 
This he did in [25], beginning in “Caput VII” with the base a. His argument 
is outlined below: 

Since a®°=1, we may put a’¥=1-+kw; w=log (1+kw). Assume w to be very 
small, and write 

ii = 1) ii — 1G - 2) 


w= (1 k += | ~ i —_—_ pry? ——______—_ fx . 
a (1 + kw) + + 1 w? + 03 we + 


Since w is infinitesimally small, and 7 is infinitely large, we write iw=z 
kz \' (¢ — 1) (2 — 1)(% — 2) 
we (1) wt et eet 
Since 7 is very large, we may assume (i—7)/i=1, then 
pig? R23 
=1-+ kz 4 — a 1-23 + 
If s=1, 


OR 
=14+h+-—+ . 
a= Perot Tr 


If we take a = 10, the base in the logarithm system of Briggs, Euler gives 
= 2.30238, approximately. 


For a natural logarithm we take k=1; a=e; and 


1 1 
8 = | —— 
(8) € + — — 9710370) 
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Euler gives this value to 18 places, without naming the source, namely, 
1\i 
(9) e= tim (1+—), 
{7 4 


With regard to the use of the letter e, Euler had long employed it, for we find 
him writing [26], page 80, “scribitur pro numero cujus logarithmus est unitas 
e, qui est 2.7182817....” Note that this is Leibniz’ D. 

I pass to Ch. VII of the Introductio. Euler assumes for small values of z, 


sin 3 = 3; cos 2 = 1. 
He then, following DeMoivre, writes, 


(cos 3 + +/— 1 sinz)" + (cosz — ~W— Isinz)” 


cos 22 = 
2 
(cosz + /— Isinz)" — (cosz — ~W— 1sinz)” 
sin 22. = ——— 
2/-1 
Putting 2z=v, and remembering that z is small, 
y? v4 
cosvy= 1 —-— +———— °::, 
Ta? 1-2-3-4 
ve y 
sinv = vy — ———- + — mes 


1-2-3.) 1-2-3-4-5 


Comparing these with the value given previously for a’, one obtains 


erv-1 7 env ev-1 — envi 
(10) cos 8 = sin vy = ————_—— ; 
2 2/—1 
and 
(11) v»/— 1 = log [cos v + s/— 1 sin v]. 


This last formula was not, strictly speaking, original. Roger Cotes in [27] 
sought the area of an ellipsoid of revolution. When the rotation is about the 
minor axis there is no trouble, but when the motion is about the major axis we 
find him writing “Posset hujus etiam superficiei per Logometriam designari, sed 
modo inexplicabili ... arcus erit rationis inter 


EX + XCV—1 aCE mensura ducta in a/— 1.” 


I will leave Euler for a moment to speak of the numerical value of e. William 
Shanks, who, until quite recently, held the world’s record of 707 places for 7, 
had a try at e [28]. Glaisher found an error in this, but Shanks corrected it, 
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and calculated a value which he was sure was right to 205 places. Glaisher veri- 
fied 137 of them. Boorman [29] calculated e to 346 places. He acknowledged 
that he and Shanks agreed only up to 187 places. “One is wrong, which one?” 
Boorman gives the impression of being a rather amateurish mathematician. 
Adams [30] calculated logiy e to 272 places, probably all correct. Many years 
ago I knew a youthful teacher of mathematics who had the vaulting ambition 
to calculate e by long-hand methods to 1,000 places. I lost sight of him over 
fifty years ago, probably he died early of heart failure. 

I return to Euler. In Caput XVIII of De Fractionibus continuis |25], he 
describes methods of expansion into a continued fraction. When it 1s a question 
of turning a rational fraction into a continued one, the process is essentially 
that of finding a highest common factor, and can be done in only one way. 
Euler writes 


e = 2.718281828459 ---, 


4 
— — 0.8591409142295. 


He writes this in the form, 


e— 1 1 
2 141 
6+1 
10-1. 
1441 
1i8+1 


etc. 


} 


and remarks [25], page 388, “Cuius fractio ex Calculo infinitesimali dari potest.” 

Euler assumes that the quotients will increase by 4 each time, so that the 
fraction goes on indefinitely. Hence e is not a rational fraction. 

As for finding this “ex Calculo infinitesimali” he returns to this very much 
later in life, “Summatio fractionis continuae cujus indices progressionem 
arithmeticam constituunt” in Vol. 23 of his Opera mentioned in [25]. The 
method consists in establishing contact with a Riccati differential equation. For 
a fuller discussion see [31]. Euler did not complete all the details with modern 
rigor, but what I have just shown is the first attempt to demonstrate the irra- 
tionality of e. 

We must wait a whole century for anything really new and startling in this 
line. This came in 1874 with Hermite’s proof that e is not an algebraic number 
[32], that is, not the root of any equation with integral coefficients. A much 
simpler demonstration is given by Klein in [33]. 
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“CLOSING-UP” OF SEQUENCE SPACES 
ROBERT SCHATTEN, University of Kansas 


1. Introduction. We consider the linear space £ of sequences of real numbers 
(u1, Ue, - + +) having only a finite number of non-zero terms. On it, we define, 
for instance, the norm (>>; u,| pip where p>1. Since the obtained normed lin- 
ear space is not complete we close it up, that is, imbed it in a complete linear 
space. That last it is customary to derive either as (1) the Banach space of all 
those sequences (#1, #2, -- +) having perhaps an infinite number of non-zero 
terms, for which (>>| u,| p)llp < + o ,or as (2) the Banach space of all fundamental 
sequences of elements in £. For the above norm both (1) and (2) furnish the 
space J, [1, p. 12]. The closures derived by (1) and (2) which obviously depend 
on the norm on £, may be obtained also for a significant and broad class of norms 
on £, which, however, do not differ much in character from the norm stated 
above. It is interesting to note that already for these well-behaving norms the 
methods (1) and (2) may furnish different closures. 

It is the purpose of this note to present these details. 


2. Linear spaces. We begin with a brief review of a few elementary notions. 

A set 2 of elements x, y, - - - is termed a linear space if to every ordered 
couple x, y of 2 corresponds an element of 2{ which we term their sum and denote 
by x+y, and to every number a and x in Y& corresponds an element of which 
we term their product and denote by ax. 

Furthermore it is assumed that the operation of addition of elements and the 
multiplication of numbers by elements are such that the following conditions 


hold: 


(i). x+y=y+x. 

(il). x-+(y+2) =(s+y) +2. 
Gil). x +y=x+2 implies y=z. 
(iv). a(x+y) =ax+eay. 

(v). (a+8)x=ax+Bx. 

(vi). a(Bx) = (aB)x. 


(vii). lx=x. 


It can be verified readily that these conditions imply the existence of a unique 
element @ in 2% such that x+6=-x for every x in Y. 
By definition, we also put 


—x“x=(-1)s; «-y=%+(-y). 


A linear space % is termed finite dimensional if it contains a finite number of 
linearly independent elements x1, - - - , X, with the property that every element 
of 2 can be written as their linear combination. In the last case we term, 
X1,° °°, Xp, a basis for A. If Wis finite dimensional then every basis for  con- 
sists of the same number of elements. That number is defined as the dimension 


of 7. 
603 
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3. Normed linear spaces; completeness. A linear space 9% is termed normed, 
if on it is defined a norm, that is, a non-negative function of its elements x which 
we shall denote by ||x||, such that the following conditions hold: 

(1). |l6|| =0; |||] >0 for x5<0. 

(2). llex|| =| a] ||x|| for any number a. 


(3). l|x-+yl] S]]ol| +[loI]- 
In a normed linear space we define the number 


lle — 9 


as the distance of the elements x and y. 
It is a consequence of (1), (2), (3), that in a normed linear space the distance 
satisfies the following conditions: 


(4). | >0, if xy; || —x|| =0. 


(5). |lIx—yll =l|y—xI]. 
(6). |x—al] S||x—yl|+]]y—al]. 


Thus, a normed linear space is at the same time a metric space. 
A sequence (%1, %2, +--+) of elements of a normed linear space Y% is said to 
be fundamental (or a Cauchy sequence) if, 


lim ||2m — 2n|| = 0, 

M— 0 

N— 0 
while a sequence (%1, x2, - + - ) of elements of 2% is said to be convergent to an 
element x of Of if, 

lim ||x, — «|| = 0. 


Clearly, a sequence of elements which is convergent to an element of the 
space is always fundamental. The converse is not necessarily true. 

A normed linear space where every fundamental sequence of elements of the 
space is also convergent to an element of that space is termed complete. 

A normed linear space which is complete is termed a Banach space. | 


4. The Cantor-Méray closure of a normed linear space. For a normed linear 
space YI its Cantor-Méray closure [9%] is constructed in the following manner: 

Let [2] denote the set of all fundamental sequences of elements in 9. For 
(x1, X2, - ++) and (y1, 42, - +--+) in [M] and a constant number a we put: 


(41, 2° °°) + (yy yee) = (41 + yn, He + ya, °°) 
and 


a(v1, 2 °°+) = (ax, axe, e-). 


It is seen readily that with the above operations of addition of elements and 


1950] “CLOSING-UP” OF SEQUENCE SPACES 605 


multiplication of numbers by elements, [2{] becomes a linear space. 

Next we introduce the following conventions: 

(a). Two fundamental sequences of elements of % are considered identical 
if and only if the norm of their difference tends towards zero. 

(b). The norm of a fundamental sequence of elements in 2% is defined as the 
limit of the norms of the elements in that sequence. 

It is not difficult to see that with the last two conventions [%{] becomes a 
normed linear space which is complete [3, p. 106], that is, a Banach space. 

Clearly 9 may be considered a linear subspace of [9] if for x in , (x, x, ---) 
is identified with x. The last identification also preserves the norm. 

We express this fact by saying that 2[ may be imbedded always in its Cantor- 
Méray closure [%{]. Furthermore, it is not difficult to prove that [2] is the small- 
est Banach space in which the normed linear space 2% can be imbedded, in the 
sense that whenever 2% can be imbedded in a Banach space % then also [M] can 
be imbedded in %. 


5. Banach spaces and their conjugate spaces. For a given Banach space 8 
we are about to define the first and second conjugate space, in symbols $* and 
Br, 

Wesay that a functional F is defined on % if to every point x in S corresponds 
a number F(x). Functional F is termed additive if F(«+y)=F(x)+ F(y) for 
x, yin 8; F is termed homogeneous if F(ax) =aF(x) for x in % and any number 
a. 

An additive and continuous functional F on % is termed linear. For additive 
functionals linearity is equivalent to boundedness [1, p. 54]. We mean hereby 
that F is linear on & if and only if there exists a finite number a such that 
| F(x)| Sal|x|| for all x in B. 

The least of such numbers a we term the bound of F and denote by |||Fl|. 
Thus, by definition: 


| F(x) | 
|| 


Since a linear functional is necessarily homogeneous, the last expression may 
be given the following form: 


[Fl] = Lub. | F(x) |. 


|| F ||| = Lu.b. 
64a 


Let $* denote the set of all linear functionals F, G, - - - on 8. We define ad- 
dition of elements in $* and multiplication of numbers by elements in §* by 
means of the obvious relations: (F+G)(x) = F(x) +G(x), a(F)(«) = F(x). Thus, 
8* becomes a linear space. 

3 is clear that the bound of a linear functional satisfies the conditions (1), 

), (3) imposed upon a norm. Thus, %* will be normed if for F in 6* we put 
ir | =|||F|||. Moreover, with the last norm, %* will be complete, that is, a Banach 
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space. We term %* the conjugate space of %. 

Similarly, for 8* we may construct its conjugate space (O*)* =B**, 

There is a natural relationship combining $ and $** which can be derived 
by the following reasoning: 

Holding xo fixed in 8 and varying F in $*, F(xo) represents a linear func- 
tional #) on B*, that is, an element of $**. Furthermore, |||¥%o||| =||xoll. 

Thus, the Banach space $ can be imbedded always in $** in a natural way. 
We express this by writing 6C%S**. The space $ is termed reflexive whenever 
in the above imbedding % coincides with §**. 

In the future we shall make use of the following: 


THEOREM: A finite dimensional normed linear space is always a reflexive 
Banach space. 


For a further study of Banach spaces the reader is referred to [1]. 


6. Symmetric norms on a finite dimensional space. 


Definition 1: A real function ¢6=¢(m, - +--+, U,) on the n-dimensional space 
Y, of m tuples (m4, - +--+, 4) of real numbers is termed a norm’* if it satisfies the 
following conditions: 

(i). b(t, > ++, Un) >O0 unless w= --- =u, =0. 

(ii). d(@M, °° , AUn) = | oe| b(t, - ++, U,) for any constant a. 

(ili). P(ui+u , my Untun ) So(t, en Un) +o(tu , my Un). 


A norm will be termed symmetric if in addition to (i), (ii), (iii), it satisfies 
the following condition: 


(iv). p(t, rn Un) = (eur, sty En Un’) 
where ¢;= +1 and 1’, 2’, - - - m denotes any permutation on the first ” natural 
numbers. 


To simplify our formulas we shall always assume that the norm also satisfies 
the following (non-essential for our discussion) condition of “cross-property”: 

(v). @(1, 0,- ++ , 0) =1. 

A symmetric norm is a non-decreasing function in the absolute value of each 


variable u,;; that is, | 22; | < | af | for 17=1,---,m implies d(m,---, Un) 
So(ui,---, Una). This is precisely the content of the following: 
LemMMA 1. Let o(u1,-+-, Un) denote a symmeiric norm on a. Then, for 


0<p;81 we have, 
(pit, my Prnttn) Ss p(u, a) Un). 


Proof. By virtue of (iv) we may suppose that all the w,’s are 20. It is clear 
by induction that it is sufficient to establish the last relation when 0Sp;1 
occurs only for one 1, that is, 

* Some properties of norms (m4, - > ° , 4) on a finite dimensional space have been considered 


in [2], while symmetric norms (gauge functions) on a finite dimensional space have been discussed 
in [5]. 
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(m1, ct y Ui, pu, Uitl, °° % y Un) Ss (ur sy U1, Uiy Ui41, °°" Un) 


for 0S pS. The last assertion follows from the following simple direct calcula- 
tion: 


P(r, U2, +++, puiys ++, Un) 
- (i+, I-p) ite) Ine, L+p, 
1 9 ly 9 2 9 29 ’ , 4 
1 — 1+ 1 — 
+ -—? (— 4), ’ P Un + P uw) 
2 2 
(“54 1+? 1+? i+? ) 
= ¢ U1, ——— U2, °°°, Uj, °° *, Un 
2 2 2 2 
1 — 1 — 1 — 1 — 
+ 6( 9 p U1, p U2, ° ’ ae (— 4), ’ 9 us) 
1+ 
= (uy, U2, ° °°, Wis °° * y Un) 
2 
+ ——* (1, ta, ++ (— tay + y Un) 
1+ 
= a? yi, Ue, » Ui, ’ Un) 
2 
1—p 
$F bts tay 2 Min oy Mn) 
= h(1, U2, °° * y Uiy tt * y Un). 


Remark. In the proof of our Lemma we have not assumed at all that 


ob (%, °° *, Un) satisfies condition (v) of Definition 1. 
LEMMA 2. Let (m1, - + +, Un) denote a symmetric norm on %y. Then, 
Max | 6 | s o(u1, a Un). 


Proof. Lemma 1, gives 
o(0,---, 0, «, 0,---, 0) S O(m1, +++, Unt, Ui, Uigt, °°» Un). 


By (v) and (ii) of Definition 1 for @ the left side of the last inequality equals 
u;|, that is, 


| :| S P(t, +++, Un) for i=1,2,---,n. 


This concludes the proof. 


608 “CLOSING-UP” OF SEQUENCE SPACES [November, 


LEMMA 3. For a symmetric norm (m1, * + *, Un) on &, we have 


b(u1, + ** , Un) Ss Do | ml. 


Proof. The proof is a simple consequence of conditions (iii), (iv) and (v) 
for d(uy, °- ++, Un). 


LEMMA 4. A norm $(m1, ++ °, Un) 1s @ continuous function of the u;'s in the 
sense that lims.. ul =u;, 1=1, 2, - ++, ”, implies 


lim (1), +++, tm) = G(r +++ y Un) 


Proof. Clearly, 


(8) (8) 


| (1 ,r tty Un ) — (uy **, Un) | 
< (uy? — Uy sss, Ue — Un) S >| ui? — us|. 


This concludes the proof. 
We are about to define a conjugate of a given norm $(m, -- +, %n) on &. 
For a fixed m tuple (v1, - - +, v,) consider the totality of numbers of the form 


UV, + - 8 + UnVn 


= flu, +++, Un) 

o(u1, sey Un) 
taken over the compact (that is, closed and bounded) set of all ” tuples, 
(u1, °° +, Un) for which |m|+--- + ]u,| =1. Clearly, f(m, - ++, wa) repre- 
sents a continuous function on a compact set; hence it assumes its maximum [3, 


p. 196], which we shall denote by W(u, - - - , dn). 

It is seen readily that (a, - - +, %) may be defined also as the maximum 
of the number f(m#, - --, 4.) taken over the set of all ~ tuples (m4, -- +, un) 
(0,---, 0). | 


The proof of the following two lemmas is immediate: 


LEMMA 5. (v1, °° +, Un) 1s @ norm whenever o(m,-- +, Un) ts such. If $ ts 
symmetric, the same holds for wy. 


LEMMA 6, W01+ + + + +n Sb(m, +++, Un)W(U1, * °°, Un). 


The n-dimensional space of 2 tuples (m4, - - + , %n) on which there is defined 
the norm $(m, -- +, %n) will be denoted by %,(@). 
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LEMMA 7. Every linear functional F on &,(o) determines an n tuple of numbers 
(v1, ° °°, Un) such that, 


(1) F(uy, ++ * Un) = W101 + ++ + Undn for (t1,***, Un) in &(O). 
Furthermore, 
(2) Nell] = tub, 22 te 
p(u1, °° * , Un) 
where the last |.u.b. 1s extended over all n tuples (uw, +++, Un) ¥*(0,---, 0). 
CONVERSELY. Given an n tuple of numbers (v1, - + + , Un), then relationship (1) 


above determines a linear functional F. Its bound ts given by (2). 
Proof. Let F be a given linear functional on 2n(¢). We put 
F(1,0,---, 0) = 1, F(0, 1,--+,0) =, ---,F(0,0,--:,1) = a. 


Then, (1) above is a consequence of additivity and homogeneity for F. Clearly, 
(2) is a consequence of (1) and is the definition of a bound for a linear functional. 
That the converse holds is immediate. This concludes the proof. 


Lemna 8. The conjugate space of %.(@) may be characterized as &(p). 


Proof. This is a consequence of Lemmas 5 and 7. 
The previous considerations justify the following 


Definition 2: (uw, ---+,%) is termed the conjugate norm of the norm 
b(t, +++, Un). 

LEMMA 9. Any norm $(t1, +++ , Un) on &y ts at the same time the conjugate of 
its conjugate norm (v4, +--+, Un). 


Proof. By Lemma 8, the conjugate space of 2,(@) may be characterized as 
&,(W). But every finite dimensional space is reflexive. Therefore, the conjugate 
of %,(~) may be characterized as 2,,(¢). This concludes the proof. 

We conclude our section by pointing out on 2, an important class of sym- 
metric norms and their conjugate norms. Our arguments are based on the fol- 
lowing well known two inequalities which hold for any pair of ” tuples of real 
numbers (tu, - +--+, Un), (V1, °° *, Un). 

(a). Hélder’s inequality: 

Let p>1 and 1/p+1/q=1. Then, 


” n n l/p n l/q 
> us; sD] m||e| s( Ll ml) @ iD | 
; t==1 t=1 


t=1 t= 1 


(b). Minkowski’s inequality: 
Let p>1. Then, 
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n 1/p n 1/p n “\1/p 
(Xlwtelr) s (Llu) + (Dla) 
t=1 i=1 =l1 


Due to the significance of these inequalities we sketch their elementary proof. 
Proof. (a). Consider the curve y=x? where p>1, x20. On it we choose a 
system of ~ material points with masses m, - - - , m, and coordinates (x1, 4,1), 
- + +, (Xn, Yn), respectively. Since our curve is continuously convex downward, 
the center of gravity (&, 7) of the system lies above the curve, that is, 


n = &. 


Substituting in the last inequality the elementary formulas for the coordinates 
of the center of gravity, namely, 


nr nr 
> MX; > MeV: 
i=1 


t=1 


fag 


n n 
> mM; » Mm; 
i=1 t=1 


a rearrangement furnishes 


The last inequality holds for arbitrary m,’s and x,’s. 

Choosing in it m;=|v,|*%, mx? =miyi=|u,|?, we get maxi=|u,| |v], and 
hence conclude the proof of Hélder’s inequality. 

(b). We may assume 


dD | Hi + 2: |? ¥ 0; 
i=l 
otherwise the proof is trivial. We have 


>, | ws + 95 


t=] 


n 
P= Do | us + 95 [2*| as + 0 
i=l 


n 
<0] a + 2; 
=1 


= 


nr 
PA as| + DY | we + 95 [P| 2]. 
i=1 


Applying Hélder’s inequality to each of the last two sums and observing that 
(b—1)q=p, we get 


n n l/p n 1/q 
Dim tales (Llmle) (Ll t al) 
t=1 i=l i=1 
n 1/p n 1/@¢ 
+ (Sle!) (S| m+ ul?) 
t=1 


t=1 
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Dividing the last inequality by 
” 1/q 
( dD | ws + a |? ) 
ial 


we conclude the proof of Minkowski’s inequality. 
It follows therefore that for any p>1, 


n 1/p 
sino mg = (Sho) 
t= 1 
represents a symmetric norm on %,. That conditions (i), (ii), (iv), and (v) of 
Definition 1 are satisfied is clear; (iii) is given by Minkowski’s inequality. 
To determine the conjugate W(m, + - +, Yn) of the last norm we remark that 
for any non-zero m tuple (wm, ---, %n), Hélder’s inequality furnishes 


ee <( 


n 1/p = 
(S| ml) 
t=] 


It is seen readily that equality is actually assumed when we put us=e;| D; | q—1 
fort=1,---,n, wheree;=1 when v;>0, and e;= —1 when v7;<0. Thus, we may 
express the following statement: 

For any p>1, the conjugate of the norm 


n 1/p 
p(t, rer , Un) = (| «\*) 


i=] 


n l/q@ 1 1 
> |v") , where —+—=1. 
p q 


t=1 


is given by 


+= 


n 1/4 1 1 
Yn -+ 4m) = (Dl mle) where [+ = . 
qd 


7. Symmetric norms on the linear space of finite sequences. Consider the 
set whose elements are infinite sequences of real numbers (#1, #%, - - - ), having 
only a finite number of non-zero terms. Defining addition of elements and multi- 
plication of scalars by elements in the obvious fashion we obtain a linear set &. 

Definition 1’: Under a symmetric norm @ on & we shall understand any 
function (m4, mu, ---) defined on &%, subject to conditions (i),---, (v) of 
Definition 1, in which the z tuples are replaced by elements of &, that is, infinite 
sequences having only a finite number of non-zero terms. 

Clearly, the set of all elements (m1, ---, un, 0, 0,---) of 2 with u;=0 for 
1>n, may be identified with the n-dimensional linear space &,. 

A given norm (m4, m, -- -) on defines a norm @,(m1, °° +, Un) =O(M1, °° °, 
Un, 0, 0, +--+) on each &. Each on(m1, +--+, Ua) determines on %, a conjugate 
norm W,(v1, °° * , Un). 
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LEMMA 10. For a given n tuple (v1, + + - , Un) we have 
Wn(21, oe) Un) = Pn41(%1, mt y Un, 0) = Yn+2(01, 72+ Un, O, 0) = see, 
Their common value we denote by (m1, ---, a, 0,0,--°-). 
Proof. By definition, we have 
UyV1 +++ + Unda Uy to FE Undn 
Wn(¥1,°°°, Un) = Lub. ———-—————— = lub. ah nena 
(4,506 5%) dnl, cy Un) (uy 5+++5%,) dn4i(m, sty Uns 0) 
< Lub. Uy01 + “oe + UnVn + Unt 0 
(toy r0 005%, nad) Payi (U1, me ty Un, Un+1) 
= Wn+1(%1, "8 5 Un, 0). 
To prove the converse inequality, we remark, by Lemma 1, that for any 
n+i1 values m4, - ++, Un, Ung We have 
bn(t, my Un) = dn41(M, cet y Uny 0) s dn+i(t1, ety Un, Un+t1)- 
Thus, 
UWyV1 + °°: + Undn + Uni O < Uy Ft Ht UnVn 
bn+i(t1, set 5 Un; Un+1) 7 dn(u1, my Un) 
Definition 2 implies that Wys1 (v1, - + - , Un, 0) SWn(v1, - - - , Un). Thus, 


Wn+1(%1, se 8 4 Un, 0) = Vr(V%, my Un). 
The rest of the proof is clear. 


LemMA 11. For a given symmetric norm $(m, Us,°- +) on & the function 
(v1, 2, °° + ) represents also a symmetric norm on &. 


Proof. Clearly, w satisfies properties (i), (ii), (iv), and (v). Thus, it is suffi- 
cient to verify (iii). Given two sequences representing elements of %, there exists 
a number JW such that for both sequences the terms with the subscripts greater 
than JN are equal to zero. This means that the sequences may be written in the 
form 7, °-:, vy, 0,0,-:-andzv/,---,vy, 0,0,---.Wehave 


v(1 + 01,-°++, a + oy, 0, 0,---) 
= Py(v, + 01, °-°+, ov + Dy) 
S vy(o1, +++, Ov) + vw(o1, +++, ow) 
= ¥(1,---, vv, 0,0,---) +¥(v1,°--, on, 0,0,---). 
This concludes the proof. 


Definition 2’: We term (1, v2, -- - ) the conjugate norm of $(u1, ue, --- ) 
on &. 
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LEMMA 12. Any norm (um, U2, °° +) on X15 at the same time the conjugate of 
ats conjugate norm (v4, ve, °° -) on & 

Proof. Denote by y the conjugate of y. For (#4, ue, -- - ) in & there exists an 
N, such that u;=0 for 17>. By definition, 

Y(u1,°--, Uy, 0,0,°---) = ww(m1,--+, un) 

represents the conjugate of Wy(v, ---, vv). Hence, by Lemma 9, it must be 
equal to bn (tm, my un) =(t, -++, uy, 0,0,--- ). 

This concludes the proof. 

Once a norm $(%, Ue, - > - ) is defined on & we obtain a normed linear space 


2(@) which, in general, will not be complete. In that case %(@) can always be 
imbedded in a complete space as outlined by procedure (1) or (2) of the intro- 
duction. The Banach spaces furnished by these procedures will in general be 
different. The details form the content of the following two sections. 


8. Strong closure. This term will be attributed to an imbedding method 
outlined in (1) of the introduction. Its feasibility in the general case is based 
essentially on Lemma 1, which clearly carries over to norms $(m, ue, - ++ ) on 
. This Lemma in the required form was stated and proved in the joint paper 
of John von Neumann and the author [4, p. 568]. 

Let @ be a norm on & For a given infinite sequence of real numbers 


(u1, Ue, - > +), of which an infinite number may be different from zero, we form 
the corresponding sequence of elements: (m, 0, 0, 0, ---), (#1, %, 0,0,---), 
(W1, Us, Us, 0,---), °° >. By Lemmal, d(m, ---, un, 0, 0, -- - ) represents a 
non-decreasing function of z. 
THEOREM 1. The set of all sequences of real numbers (u1, U2, + - + ) for which 
lim $(w#1,- °°, %n,0,0,°-°) << + ae 


n> © 


forms a Banach space [|&(@)]|]; the number on the left side of the last inequality 
represents the norm of (1, U2, ° °° ). 


Proof. Lemma 1 and conditions (ii), (iii) for the norm @ prove that the set - 
of sequences (m1, M%,---) satisfying the last inequality is a normed linear 
space. Thus, it is sufficient to prove completeness. Let, therefore, (u, uf’, - - -), 
i=1,2,---, forma fundamental sequence of elements of [[&(¢)]]. This means 
that for a given e>0 we can find a natural V= N(e), such that 

lim (uy — ui, +++, ty — wy, 0,0,+++) <e 
RA © 
whenever both z and j are greater than or at most equal to N. Thus, Lemma 1 
gives 
(a) p(ur —_ um my Un — ln, 0, 0, se ) <6, 
for1z,7 2 N;n=1,2,--- 
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This, by Lemma 2 implies 


lun — us. | <e for1i,7 2N;n=1,2,---. 
We put lim;.. UN) = ty for n=1,2,---. By Lemma 4 and (a) above we get 
b(u, — wt, +++, ue — um, 0,0,+++) Se fort 2 N;n=1,2,---. 
Applying again Lemma 1, we obtain 
. (3) (s) , 
lim $(41 — 41,°°+, Un — Um, 90,0,---) Se fori = N. 
N~—> 00 
This proves that with (uw, u®,---) also (W®—m, u®—m,---+) and 
therefore (uw, uz, -- +) are elements of [[@(¢)]]; the sequence (u, u™?, ---) 
is convergent in the norm @ to (m4, us, «+ + ). This concludes the proof. 


9. The Cantor-Méray closure. In the present section we shall discuss the 
quite frequently used method of imbedding any metric space, hence also &(@), 
in its Cantor-Méray closure [&(¢) ]. 


THEOREM 2. The Cantor-Méray closure of &(¢) 1s always included tn tts strong- 
closure. The sequences (t1, Ue, ---) forming the elements of the Cantor-Méray 
closure of &(@) must all converge towards zero. 


Proof. Clearly, every element in &(¢) also belongs to [[&(@)]]. Thus, pre- 
cisely as in the proof of Theorem 1, a fundamental sequence (uw, uf, - - - ), 
t=1, 2,---,of elements of &(¢) determines a sequence (#4, t,°--) in 
[[&(@) ]] to which it converges. This means that for every e>0, we can find a 
natural number N= N(e), such that, for all z= N, we have 

. (t) (4) 
lim @(u1 — %1,°°°*, Un — Un, 0,0,°-°-) <e. 


TN 0 


Thus, again Lemma 1 gives 


| tn — | <e fori = N;n=1,2,--- 
In particular 
N 
tn — tin | <e for n= 1,2,--- 


Since (uf, uf", -. +) is an element of &(@), all its terms, say for n= 10, 


are equal to zero. Hence 


| tn| =| as — mm | <e for n = no. 


Therefore, limn.. 4%, =0. This concludes the proof. 
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THEOREM 3. The strong closure coincides with the Cantor-Méray closure of 


(p) of and only if for every sequence of real numbers (m1, U2, ++ + ) the condition 
lim @(w1, +++, Un,0,0,-*+) << + ow 
n— 00 
implies 
lim @(t4m, Umti,*** » Un, 0,0,-*+) = 0. 


R-—- > © 


Proof. The proof is an immediate consequence of the preceding discussion. 
Remark: In particular, when for (m1, ue, - ++) in & 


(1, m= (Llu) p>, 


the strong closure of &(¢) coincides with its Cantor-Méray closure. 

Example. We supplement Theorems 1 and 2 by showing that the Cantor- 
Méray closure may actually represent a proper subset of the strong closure for 
(@). For this purpose we define 


o(u1, 2,--++ ) = max | 2; | for (t#1, #2, °-*) in. 


Clearly, @ is a norm. It is seen readily that the strong closure of 2(¢) represents 
the Banach space of all bounded sequences (#1, 2, - - - ) of real numbers, where 
lu.b. |%;| represents the norm [1, p. 11]. The Cantor-Méray closure of &(¢) 
represents the Banach space of all sequences of real numbers converging towards 
0, with the least upper bound stated above as its norm [1, p. 181]. 


10. Strong closures as conjugate spaces of Cantor-Méray closures. In the 
present section we indicate another relationship between the strong and Cantor- 
Méray closure of &(¢). 


THEOREM 4. Let o(t, te, +--+) denote a norm on L and W(u, m2, +++) tts 
conjugate norm. Then, the conjugate space of the Cantor-Méray closure of &(¢) 
may be characterized as the space of all those sequences of real number (v4, v2, + + + ) 
(of which an infinite number of v;’s may be #0) for which 

lim W(v1, °° +, mn, 0,0,---) < + o. 
nI— 0 
The number on the left side of the last inequality represents the norm of (v1, v2, - «+ ). 

Thus, the conjugate space of the Cantor-Méray closure of &() may be interpreted 
as the strong closure of WwW). Conversely, the strong closure of &(o) may be inter- 
preted as the conjugate space of the Cantor-Méray closure of Qi). 


Proof. Clearly, a linear functional F on &(¢) can be extended in a unique 
manner without changing the value of its bound to a linear functional on [&(¢) ]. 
Thus, the conjugate space of [&(¢) | may be identified with the space of linear 
functionals on &(¢). 
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So let F denote a linear functional on &(¢) and ||| F/||| represent its bound. 
As for the finite-dimensional case we put F(1, 0, 0,0, -- -)=m, F(0,1,0,0---) 


=ve, F(0, 0, 1, 0, - + - )=v3, ---. Thus, F determines a sequence of numbers 
(v1, v2, ° °° ). Clearly, 
UV, tees + Un F(u,--+, Un, 0,0,--°:) ; 
Ss | IF]. 
Pn(M1, °° ° , Un) b(u1,°°°, Un, 0,0,--- ) 
The last inequality holds for any z tuple (m4, ---, u,). Thus, 
¥ (0, st 4 Un, 0, 0, se ) = Wn(21, my Un) Ss {FI lI. 
By Lemma 1, W(u1, - +--+, %,, 0,0, +--+) isa nondecreasing function of ~. Thus, 
lim V(01, sty Un, 0, 0, on ) Ss LF i||. 
On the other hand, using Lemma 6 for an element (m4, - - +, %, 0,0,-°-° +) in 
L(p), we have 
F(u1,++* , Un, 9,0,7°+) U1 + se. + Undn ce Pata tty Un)WnlD, 725 Un) 
o(u1, ey Un, 0, 0, se ) bn(u1, my Un) ~ bn (1, my Un) 
= Wrld1,° °°, Un) = W(21,° °°, Mn, 0,0,-+- ) 
S lim W(v1, -- + , Wn, 0,0,°-- ). 
Thus, 
FI | Ss lim ¥(01, set y Un, 0, 0, se. ). 
We have shown, therefore, so far, that a linear functional F on &(@) determines a 
unique sequence (v1, ve, - - - ) of real numbers, for which 
lFl|] = lim v(x, +--+, %,0,0,--°) << fo. 
Conversely, it is readily seen that every sequence of numbers (v7, %, - + - ), for 


which the limit on the left side of the last inequality is finite, corresponds to 
some linear functional F on &(¢). 

This proves the first part of our theorem. Using this and Lemma 12 we 
establish the remaining part. This concludes the proof. 


References 


1. S. Banach: Théorie des Opérations Linéaires, Warsaw, 1932. 

2. T. Bonnesen und W. Fenchel: Theorie der konvexen Kérper, Springer, Berlin, 1934. 

3. F. Hausdorff: Mengenlehre, Géschen, Berlin, 1935. 

4. Robert Schatten and John von Neumann: The Cross-Space of Linear Transformations ITI, 
Annals of Math., vol. 49, 1948, pp. 557-582. 

5. John von Neumann: Some Matrix-Inequalities and Metrization of Matrix-Space, Tomsk 
University Review, vol. I, 1937, pp. 286-300. 


THE BEST POLYNOMIAL APPROXIMATION OF FUNCTIONS 
C. D. OLDS, San Jose State College 


1. Introduction. One of the most interesting mathematical studies is that of 
finding the “best” polynomial approximation of a given function. The solution 
of the problem depends, of course, on the meaning we attach to the expression 
“the best polynomial approximation.” In this expository paper we will discuss 
some of the aspects of best approximation in the classical Tchebycheff sense. 


2. Statement of the problem. Let f(x) and @(x) be given functions which 
are continuous in the finite closed interval (a, 6). The problem is to find values 
of the parameters po, p1, -- + , px Such that the polynomial P,(«) = pox" + pix"! 
+ -:++-+ha, of degree not exceeding x, will differ in absolute value as little as 
possible from f(x) in the sense that the deviation 


(1) Da(p) = Dal Por P+ Px) = max | f(x) — Pa(x)/6(2)| , 


shall be as small as possible for all x in (a, 6). If po, pi, ++ +, bn are values of 
the parameters which give D,(p) its minimum value then we call the function 


(2) Onl; p) = f(x) — Pa(x)/0(x) 


a function of least deviation from zero corresponding to all functions of the 
given type f(x). Let x1<x2< +++ <X%m, m21, (x;=Xi,n) be the points in (a, 
b) where ¢n(x; p) attains its extreme value +D,(p). That is, Oa(x;; p) =€,D, 
(p),¢= 41, @=1, 2,---,m). Wecall each x;a point of deviation of $n(x; p). 


3. Fundamental theorems. The following basic theorems are necessary for 
the discussion which follows. Limitations of space forbid the presentation of 
proofs. For these the reader may consult [11]. At the outset we assume that a 
function of least deviation from zero exists, and that it is unique in the sense that 
there cannot be two sets of parameters which correspond to two different 
n(x; p)-functions having the same minimum deviation. 

(1) The function ¢,(x; p) has at least n+2 points of deviation x1<*#.< -+- > 


<Xn423 bnlX33 p) =€:D,(p), E= +1, (4=1, 2, nn n+2). 
(71) If the parameters po, p1,---,n are so chosen that the sequence 
ée:Da(p), (@=1, 2,--+-+,m), has at least »+1 variations of signs, then the cor- 


responding function ¢,(x; p) is a function of least deviation. 


4. Applications. We will now solve two typical problems in the theory of 
best approximation. 


Problem 1. In (2) take 6(«) =1, f(x) = —x+!, and ‘seek the polynomial F(x) 
=x"tl+ box"-+ +--+ +p, which deviates the least from zero in (—1, 1). 
Solution. By (2), F(x) has at least n+2 points of deviation. The only possible 
points of deviation are the end points x = +1 and the points within (—1, 1) at 
which F’(x) =0. But F’(«) =0 has at most m roots, hence F(x) has exactly n+2 
points of deviation, namely, the points x =1, x = —1, and the z roots of F’(x) =0. 
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We denote the latter by x1, x2, - - - , X,,and write D for D,(p). Clearly the points 
X1, x2, - + + , X, are double roots of F(x)?—D?=0, so that we may write 


(3) F(x)? — D? = c(x — 1)(«+ 1) Il (x — 44)?. 
imal 

Since F(x) =x"t! - - - we see at once that c=1. Again 

F'(x) = a(x" — a1)("% — x2) +++ (% — Mp) = (w+ 1)a*4+--- 
so that c.=2-+1. Thus (3) may be written in the form 

F(x)? — D? = (#2 — 1)[F’(x)/(n + 1)])2, 
or, as a differential equation, 
F'(x)dx (nm + 1)dx 

[F(a)* — De} (ae aye 


Integrating we obtain 


(4) P(x) + [F(#)* — D*}9 = Cle + (a? — 148), 
and hence 
(5) F(x) — [F(«)? _ D?]12 — D°?C-[x — (x2 — 1) 1/2 |n+1, 


To determine C notice that F(1)=+D, and that x=1 in (4) gives C=+D, 
with the same sign as F(1). Substituting this value of C into (4) and (5), and 
adding, we obtain 


(6) F(x) = £2-D{ [x + (a? — 1)¥?]e41 + [x — (a? — 1)¥2)>}. 
Equation (6) enables us to evaluate D. Expanding the right-hand side in 
powers of x, and recalling that F(x) =x"t!+ ---,we conclude that D=2-". 
If we now let x=cos ¢ in (6), we get 

(7) F(x) = D cos ((w+ 1)¢) = 2-@t» cos ((w + 1) arc cos 2%). 


Notice that as x varies from —1 to +1, D cos ((n+1)@) passes alternately 
through the values D, —D, D, - - - with n+1 variations of signs, hence, by (22) 
we conclude that this trigonometric polynomial is the required function of least 
deviation from zero. 

The transformation 2x=(b+a)+(d—a)t, —1StS1, aSxsSb, applied to 
(7) shows immediately that the polynomial 


b — a\*t! 2x—b—a 
2( ) cos ((w + 1) arc cos (“=-—*)) = yrtlti... 
4 b—a 


deviates the least from zero on (a, 6) among all polynomials of the form, 
xmti4t. ---+,a conclusion which is often used in the general theory of poly- 
nomials. Tchebycheff [9] used this and similar results to prove many beautiful 
and useful theorems in the theory of equations. 
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Problem 2. (Poncelet’s problem.) Our second illustration is the celebrated 
problem of Poncelet which in the masterly hands of Tchebycheff became the 
cornerstone of the theory of best approximation. Poncelet sought an approxi- 
mation of («?-++-y?)!/2 by a linear function ax+y such that the maximum of the 
relative error 


ax + By 
(4? + y?)? 


should be as small as possible when ax Sy Sbx, OSa<b, x>0. If we set g=y/x, 
then the problem is to determine a and @ so that the deviation D of the function 
o(z) =(a+6z)/(1+27)/?—-1 shall be a minimum in aSz3Sb. This is a problem 
of the type we have been studying with 0(x) =(1+2?)1/2, f(z) =1. 

Exactly as in Problem 1, the points of deviation are =a, z=), and z=6/a, 
the point at which ¢’(z) =0. Since there must be at least two variations of signs, 
we write 


(8) o(a) = + D, 
(9) o(B/a) = F D, 
(10) o(b) = + D. 


These three equations enable us to determine a, 6, and D. To this end, intro- 
duce a=tan 69, b=tan 6), then from (8) and (10) we have 


(11) acoséo9 +fPsind>5 -1= 4D, 
(12) acos 65+ Bsiné,;—1= + D; 


hence, by subtraction, 


. do + ox do + 6; 
a sin ————— = 6 cos ) 
2 
so that 
do + 6 do + 6 
a = C cos : - B =C sin : a 


where C0 is a constant to be determined. Substituting these values of a and 8 
into (12) and (9) we obtain, in turn, 


do — O1 


C cos —1= 4D, C—-1=7D, 


and, by addition, we find that 
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so that C>1. Hence D=C—1=sec?(6)—6,) /4-1 =tan?(6)—6;)/4, and ¢(a) 
= —D, o(8/a) = +D, ¢(b) = —D. Thus by (i), we have discovered the required 
function of least deviation and the problem is completely solved. 

It remains to give a numerical example. Suppose, for instance, that we take 
O<ysx so that a=0, D=1, 65=0°, 6:=45°. Then a=0.9605, B=0.3978, and 
D=0.0396. Hence 


(x? + y?)¥?2 = 0.9605x + 0.3978y, x2z2y20, 


with a relative error less than 4%. 
The following result may be derived in a similar manner. 


(x? + 2 + 22)1/2 0.940 + 0.328y + 0.2992, x2 y2220, 

with a relative error less than 6%. We may prove that 
e? & 0.8459x + 0.9549” + 1.0007, error < 0.088, Os-2xsl; 
e@ty)!2 ~ 0.946 + 0.649(4 + y) + 0.421xy, error < 0.054, O0Osxysl; 
e@tnl2 S 0,908 + 0.638% + 1.050y, error < 0.054, OSx,7 81; 
| «| S¥ 0.0675 + 1.9313”? — 1.0665x*, error < 0.0677, —-1sS4#S1. 


5. Conclusion. The problem of Poncelet stands at the beginning of the 
theory of best approximation. G. Zolotareff [12], W. Markoff [5], S. Bernstein 
[2], to mention only a few names, have greatly extended the theory. Present day 
mathematicians are still finding this a fertile field for further research. We men- 
tion, for example, the work of N. Achyeser [1] on polynomials of least deviation 
in two disjoint intervals, and that of J. Shohat [8] who uses the close connec- 
tion between the theory of interpolation and that of best approximation. A prob- 
lem similar to Poncelet’s problem was solved by J. V. Uspensky [10]. As ex- 
amples of problems in a closely related field we list the work of I. Schur [7], 
and that of P. Erdés and G. Szegi [4]. There is still much to be done in extend- 
ing the theory to functions of several variables. In 1889 Tchebycheff studied 
rational approximations of the function x~'/? and applied his theory to the ap- 
proximate evaluation of elliptic integrals. The theory of best approximation can 
be used to give approximate solutions of differential equations. The recent book 
by E. Remes [6] is recommended for its success in applying the classical theory 
of best approximation to practical engineering problems. 
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ON THE METHOD OF CHARACTERISTICS* 
P. G. HopcE, JR., Brown University and University of California, Los Angeles 


1. Introduction. In problems in applied mathematics, it is frequently neces- 
sary to consider systems of equations which contain both finite and differential 
relations. As an example, let us consider a set of m-++” unknown functions which 
are assumed to satisfy » first order quasi-linear partial differential equations 
and m finite relations. The straightforward method of solution (method A) is to 
solve the finite relations for m of the variables, substitute in the differential 
equations, and solve the resulting set of ” first order equations in m unknowns. 
However, it may prove more convenient to differentiate each of the finite rela- 
tions with repect to one of the independent variables and solve the resulting 
set of m+n first-order equations in m+n unknowns (method B). 


* The results presented in this paper were obtained in the course of research conducted under 
Contract N7onr-358, sponsored jointly by the Office of Naval Research and the Bureau of Ships 
at Brown University. 

1 See, for example, P. S. Symonds, “On the general equations of problems of axial symmetry in 
the theory of plasticity,” Q, Appl. Math. 6, 448-452 (1949). It was a consideration of this problem 
which suggested the present note. 
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Since a system of first order equations is often most easily solved by the 
method of characteristics, the question arises as to the relation between the char- 
acteristics obtained by the two methods. It is intuitively plausible that the 
m-+n families of characteristics obtained by method B will consist of the 2 
families obtained by method A, plus families of total multiplicity m parallel 
to one or the other coordinate axis. In the present note, a proof of this state- 
ment will be given. 

2. Discussion. Let the given set of equations be 

n Ou; a m | 00; = 
Aij— + Biyy—- | + Cia —- + Dia —| = Ei, 
(1) >| ” Ox * ay x ax ay 
Ve = falx, yy, W,°**, Un) , 
here Latin indices range from 1 to m, and Greek indices from 1 to m. The func- 
tions A,j;,:-::,#; may depend upon x, y, uj, Ya, but are independent of the 
derivatives of u; and vq. In order to save space, we shall consider the case where 
n=2, m=1, although the method is perfectly general. In this case (1) consists 
of three equations of the form 
(2) Ayu; + Bytty + Cy, + Dydy + fiws + Fwy = i, 
, Agu; + Botty + Cov, + Dory + How, + Powy = Gn, 
(3) w = f(x, y, u, v), 
where the subscripts x and y indicate differentiation. 
To solve the problem by method A, we substitute (3) into (2), obtaining 
(Ax + Eafu)us + (Ba + Pifu)uy + (Cr + Eafo) oz 
+ (D; + Fify) dy = Gi — Efe _ Fify, k= 1, 2. 
The characteristics of (4) are those curves along which the determinant 


A thf Bthh Aathf D+ kif. 
Ae + Eofy Bot Pofu Cot Eofp Det Poff, 
ax dy 0 0 
0 0 ax dy 


vanishes. 
To solve the problem by method B we differentiate (3) with respect to x, 
obtaining 


(5) Jule + fodx —~— Wz: = Se. 


The characteristics of the three equations (2) and (5) are the curves along which 
the determinant 
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A Bh a mh mh Fy 
Ae Be Ce Do Ee Pe 
6) An = lu O fo O —-10 
dx dy 0 O OO 0O 
0 O dx dy 0 O 
0 0 0 QO dx dy 


vanishes. We perform elementary operations on the columns and rows respec- 
tively to obtain 


(7) Ap =|CitfuCs CotfuCs CotfiCs Cat fiCs Cs Cel, 


(8) An =| Ri R. Rs Re Rs Re —fuks—foRs| ; 


here C; represents the 7th column of (6), and R; the jth column of (7). Finally 
we may expand (8) in terms of the cofactors of the third and last rows respec- 
tively to obtain 


Az = (— 1)(dy)(A4). 


Therefore, the characteristics according to method B are the four families of 
curves obtained as the characteristics by method A, plus the family of curves 
dy=0. 


3. Conclusion. In the general case, an analogous procedure applied to (1) 
leads to the relation 


Ap = + (dy)?(dx)™ (Aa); 


here p represents the number of finite relations differentiated with respect to x, 
and m—p the number differentiated with respect to y. 

The same conclusion can be drawn in the case where some of the equations 
are of the second or higher order. Thus, in general, it is permissible to differentiate 
any or all of a set of equations before obtaining the characteristics. 


A REMARK ON INFINITE GROUPS 
P. T. BATEMAN, Institute for Advanced Study 


1. Introduction. L. J. Paige [1] has shown that if G is a finite abelian group 
such that the number of elements of order two is different from unity, then 
there exists a one-to-one mapping x—8(x) of G onto itself such that x—7 (x) 
=x-0(x) is also a one-to-one mapping of G onto itself. This result was essen- 
tially proved also by Vijayaraghavan and Chowla [2] (independently of Paige) 
by explicitly constructing such mappings. Later Paige in effect proved (cf. [3], 
pp. 50-51) that mappings 6 exist for finitely generated infinite abelian groups in 
which the number of elements of order two is different from unity. It is the pur- 
pose of this note to remark that the well-ordering principle implies immediately 
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the existence of a mapping @ for any infinite group whatever, in fact for any 
infinite quasigroup. (A quasigroup is a set G in which is defined a product xy 
for every ordered pair x, y of elements of G such that if, in the equation xy =z, 
any two of the symbols x, y, z are assigned as elements of G, the third is uniquely 
determined as an element of G.) 


2. Theorem. We shall establish the following result. 


THEOREM. For any infinite quasigroup G there exists a one-to-one mapping 
x—6(x) of G onto itself such that x—>y(x) =x-6(x) is also a one-to-one mapping of 
G onto ttself. Moreover tf a and b are any given elements of G, we can choose @ so that 
O(a) =b. 


3. Proof. We may assume that G= {ga}, where a@ runs over the ordinal 
numbers less than some fixed initial ordinal 6 (cf. [4], pp. 71-72). We want to 
show that for each a less than 6 we can define xe, Ya =6(xa), and Ze =7(%e), such 
that xe¥e=Ze, and such that each element of G occurs once and only once in 
{xa}, in {yat, and in {Za}. First we choose x1 =a, y1=0, 21=ab. Then suppose 
B is any ordinal less than 6 and assume that we have defined xe, Ye; 2 for a<f. 
Put X,= { Xe \ <b, V,= {Ya} a<py Za= { Za} acs. Suppose fg is the first element of 
G not in Xe/\ Ve(\Zz. If tg X~, we choose xg as tg and yg as the first element of 
G not in Y,U{ y| tsy Zz}. (The set Y,U { y| tay €Z,} is a proper subset of G 
since 6 is an initial ordinal.) If ig@Xg but tg Ys, we choose yg as tg and 2g as 
the first element of G not in Ze {2 2 Xpig}. If gC Xp and tgC Vs but tg Zz, 
we choose gg as tg and xg as the first element of G not in X,U { x| tgEx Ye I This 
completes the proof. 


4. Remarks. It is known (cf. [3], pp. 40-42 and the first part of the proof 
of Theorem II.3 on p. 50) that if G is an abelian group, then the existence of a 
mapping @ (of the above type) with 6(1) =1 ensures the existence of a neofield for 
which G is the multiplicative group. Thus as a corollary of the above theorem 
we see that any infinite abelian group can be the multiplicative group of a neo- 
field. Our theorem also implies (cf. [1], §1) that (i) every infinite quasigroup is 
isotopic to an idempotent quasigroup, (ii) every infinite group is a subgroup of 
the automorphism group of some loop. 

The question of the existence of mappings @ for finite non-abelian groups 
appears difficult. 


References 


1. L. J. Paige, A note on finite abelian groups, Bull. Amer. Math. Soc., vol. 53 (1947), pp. 
590-593. 

2. T. Vijayaraghavan and S. Chowla, On complete residue sets, Quart. J. Math. (Oxford Ser.), 
vol. 19 (1948), pp. 193-199. 
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A NOTE ON SUMMATION 
F. H. Youne, University of Oregon 


The use of arithmetic means in summing nonconvergent series suggests that 
perhaps the harmonic and geometric means may yield results of interest. Pro- 
ceeding in a manner similar to that of Hélder, we consider the series 


U = >) uy. Let san = >. uy, andlet 1H, = >> (1/sx). 
k=] k=1 k=l 
Then 1H, is merely the harmonic mean of the first ” partial sums of U. In gen- 
eral, let -Hn=n/ > fa1(1/,-1H;i). If r is the smallest integer for which lity. +E» 
exists, we shall call the series summable (7, H) by harmonic means* of order +. 
This, of course, is not a regular method of summation, for it is not applicable 
to series having any partial sum zero, nor to series converging to zero. 

As an example of a series summable (1, H), consider the series whose partial 
sums are recurrently 2/3,1,2. Then lim,..., 147, =1. Hence the series is summable 
(1, H) to the value 1. Similarly, we can easily construct a series for which the 
harmonic means of the partial sums are recurrently 2/3, 1, 2. That is, for six 


terms, U=2/3+4/3—4+20/9—11/9+1/2+ ---. Then s,=2/3, s.=2, 53 
=—2, 54=2/9, Ss= —1, Ss= —1/2, see y and 13, = 2/3, WT3n41= 1, WT 3n42 = 2 
for n=1, 2,---. Clearly, a series constructed in such a manner is summable 


(2, H) to the value 1. 

The harmonic mean has the desired summation property that if U is a con- 
vergent series with the ordinary sum S, satisfying the special conditions above, 
then U is summable (1, H) to S. For let ,=1/s, and P=1/S. Then limn.o Pa 
=P. The p, may be considered as the partial sums of a convergent series. 
Hence, limns. (> teiPs)/n =P, or limns. 2/ Sy p(1/sz) =. 

A series may be summable (r, H) when it is not summable (C, 7), and the 
converse is true. Consider the series whose partial sums occur in pairs, either 1, 1 
or 10, 10/19. The harmonic mean of either pair is 1. The arithmetic mean of the 
first pair is 1 and that of the second is 100/19. Let us generate a series in the 
following manner: For the first pair of partial sums, take 1, 1. Then take 10, 
10/19 enough times so that the arithmetic mean exceeds 4. Then take 1, 1 
enough times so that the arithmetic mean is less than 2. If this process is con- 
tinued, we obtain a series that is summable (1, H) to the value 1 but is not 
summable (C, 1). Obviously, a similar series could be constructed that would be 
summable (C, 1) but not (1, ). 

In view of the arithmetic-geometric-harmonic mean inequality, it is appar- 
ent that the geometric mean of the partial sums is also applicable to series hav- 
ing only positive partial sums; and so, indeed, are means of other orders. 


* Not to be confused with 


1 om s 
> ee. oka. 


lim —— ), ———- 
n> log n kao K+ 1 


CLASSROOM NOTES 


EDITED By C. B. ALLENDOERFER, Haverford College 


All matertal for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Penna. 


Cir, WHERE THE n THINGS INCLUDE IDENTITIES 
J. P. BALLANTINE, University of Washington 
1. Introduction. Given the set of objects: 
A, A, A, A, B, B, B, C, C, D, 


in which the first 4 are identical, the next three, and so forth, it is desired to find 
the number of different combinations of those 10 things taken 5 at a time. This 
number is quite different from Cyo,s, where the 10 things are considered to be all 
different. 


2. Notation. [a, 5, c,---+.] is a finite set of objects having a subset of a 
identical objects, a second subset of 6 identical objects, and so forth. The set 
mentioned in Section 1 would be [4, 3, 2, 1], since there are 4 identical A’s 
making up the first subset, 3 B’s in the second, and so forth. 

The number of objects in a set is always called n. 


(1) m=atb+ct+-::-. 


All the letters used are supposed to be non-negative integers. 

If two or more of the subsets of identical objects have the same number of 
elements, the notation can be abbreviated by the use of exponents. Thus, the 
set [5,5, 1,1, 1,1, 1] may be written [52, 15]. 

C,[a, b, - ++ | is the number of different combinations of the objects of the 
set taken 7 at a time. For example, the problem proposed in Section 1 in nota- 
tion is to evaluate C;[4, 3, 2, 1]. 


3. The ¢-function for a Set. Associated with each set is a function @ which 
is a polynomial in x, and which serves as a generating function. 


(2) dlaJ=1tateet.-.- +a 


(3) ola, b,c--- | = d[a]-9[5]-9lc] --- 
The degree of ¢ is always n. In fact: 
ola, 6,cl=(tat---+ae)1+---+e)1+--- + 2%, 
= Apt Ar-x + Ao x? +--+ + An: x” 


The value of any coefficient, A,, can be found by multiplying out the factors 
of ¢[a, 6, cl, and collecting terms of like powers. Before collecting the terms, 
their number will be (1+a@)(1+6)(1+c), and each coefficient is 1. Each term in 
@ is formed by selecting one term in each of the factors. 
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For example, suppose the term x®’ is selected from the first factor, x®’ from 
the second, and x’ from the third. Their product is x to the power a’+0’+c’. 
Now if we are trying to evaluate A,, we shall select a’, 6’, and c’ so that their 
sum will ber. Also a’ is at most a, 0’ is at most 0, and c’ is at most c. The value 
of A, will be precisely the number of ways of choosing a set of values for a’, 
b’, and c’. , 

In trying to evaluate C,[a, 6, c], one combination will result from choosing 
a’ things from the first subset of a identical things, 6’ from the second, and c’ 
from the third. The number of possible choices for a’, 6’, and c’ is the same as 
when we were forming terms of ¢|a, b, c]. Therefore, 


C,[a, 6, c] = A,, 
the typical coefficient in Equation (4). Moreover, the reasoning may be ex- 
tended from the set [a, 0, c] with only 3 subsets to the general set [a, 6, c,--- |. 
Therefore, 
(5) ola, b,c,--- |] = DO C,[a, b,c, -- + J+ x. 
r=0 


As a check, apply Equation (5) in the case of the set [1*], having distinct 
elements. C,[1"] is the familiar C,,,, and 


(6) [ir] = (o[1]) = (1 + x). 


Equation (6), is the familiar relation between the values of C,,, and the binomial 
coefficients. 

Another familiar case is obtained by setting x =1 in Equation (5). The sum of 
the values of C,[a, b,c, - - - | for all values of r is 6(1) =(1+a)(14+0)(1+0) -->. 


4. A Recursion Formula. Next a recursion formula for the determination of 
C,[a, 6, c, - - + .| will be derived. 


la, sty 6, c| = o[c]-¢[a, a) b|, 


a ee eee 
j=0 


This is an identity, so the coefficients of «* may be equated. 


7=r 


(7) C,[a,---,b,c] = >> C,[a,---, dl], 
; j=r—c 
subject to the following conventions: 
1. [ ] is the empty set, and n=0. 
2. ¢[ ]=1. 
3. Co(S) =1, for any set S. 
4. C.(S) =0, if r<0, or if r>n. 
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EXAMPLE 1. Find C;[4, 3, 2, 1]. 
Solution. The computation is arranged in the following table: 


r Cl ] C,[4] C,[4, 3] C,[4, 3,2]  C,[4, 3, 2, 1] 
0 1 1 1 1 
1 0 1 2 3 4 
2 0 1 3 6 9 
3 0 1 4 9 15 
4 0 1 4 11 20 
5 0 0 3 11 22 


The value of Co[ | is 1, and C,[ ]=0 when 7>0. So the values of C,[ | 
are quickly filled out. The values in each following column are found by apply- 
ing Equation (7). The numbers in each column would be the coefficients of @ 
for the same set up to the term in x°. That is, ¢[4, 3] =1+2x4+3x2+4x3-+ 4x4 
A3yht 6, 


EXAMPLE 2. The number of different Bridge hands is Cse,13 = 635,013,559,600. 
From a practical standpoint, a hand is not essentially changed if one card is 
replaced by another in the same suit, provided both cards are below the ten- 
spot. Under this practical point of view, how many essentially different Bridge 
hands are possible? 

Solution. The problem, stated in our notation, is to evaluate Cj3[84, 120], 
Following is the solution in tabular form for C,[8*] for values of 7 up to 13. The 
last column of the table is explained later. 


r C,| J C,[8] C(8, 8] C,[8*] C,[8*] Cis-y [17°] 
0 1 1 1 1 1 77,520 
1 0 1 2 3 4 125 ,970 
2 0 1 3 6 10 167 ,960 
3 0 1 4 10 20 184,756 
4 0 1 5 15 35 167 ,069 
5 0 1 6 21 56 125 ,970 
6 0 1 7 28 84 77,520 
7 0 1 8 36 120 38,760 
8 0 1 9 45 165 15,504 
9 0 0 8 52 216 4,845 
10 0 0 7 57 270 1,140 
11 0 0 6 60 324 190 
12 0 0 5 61 375 20 
13 0 0 4 60 420 1 


It would be out of the question to extend the table for 20 more columns, to 
bring in the 20 remaining subsets of 1 element each. So now we use Equation 
(5), and form $[8*, 12°]. This is now easy, since the coefficients of one factor, 
@ [84], are known, and the coefficients of the other factor, ¢[1?°], are the easily 
found binomial coefficients, which we now enter in the last column. Since only 
the coefficient of x in ¢[8*, 12°] is wanted, this is found as the sum: 

r=313 
Cy3[84, 12°] = >) C,[84]-Cu_- [12°] = 34,033,880. 


feo( 
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Each term of this sum has a special meaning. Take for example the term in 
which r=8. Then Cg[8‘]=165, and this is the number of different ways of 
choosing 8 non-honor cards. Ci3_3[12°| =15,504 is the number of different ways 
of choosing the 5 honor cards. Their product, (165)(15,504), is the number of 
essentially different hands containing 8 non-honors and 5 honors. 


A NOTE ON LEAST SQUARES 
D. B. Houcuton, Franklin Institute 


In the usual treatment of the method of least squares it is recommended 
that the so-called normal equations be computed explicitly using, for instance, 
Crelle’s multiplication table and a table of squares, and that these equations 
then be solved. In this age of computing machinery a slightly different form of 
the result which gives the solution of the normal equations directly in terms of 
the coefficients of the given equations of condition may be helpful. The method 
is easily remembered, is similar to Cramer’s Rule in form, and may be thought 
of as a generalization of it in that when the number of equations of condition 
is equal to the number of unknowns the method reduces to Cramer’s Rule. The 
treatment in this form may be of interest to teachers to furnish exercises as it 
involves the multiplication of matrices, the evaluation of determinants, Cra- 
mer’s Rule, and least squares theory.* 

The equations of condition are a set of linear equations whose number is 
greater than or equal to the number of unknowns, and the equations are not 
strictly compatible with each other. The solution desired is a set of values of the 
unknowns which satisfies the equations as nearly as possible; that is, in the least 
squares sense. The equations of condition are: 


(1) D505 ;%; = b; (4 = 1,2,3,+++,m), m2 n, 


j=l 
and may be written as: 
(2) AX = B, 


where A is the m by n matrix of the coefficients; X, the one by z column matrix 
of the unknowns; and B the one by m column matrix of the right-hand con- 
stants. 

Transpose the b’s of (1) to the left sides leaving the right members zero. Since 
for independent equations with m>v1 no solution that satisfies all the equations 
may be found, any approximate solution—in this case, the least squares solu- 
tion—will not make the right members zero but small. Call these small quanti- 
ties €;. 


* For similar discussions, see: Holzinger and Harmon, Factor Analysis, University of Chicago 
Press, 1941, p. 290 ff.; and Arley and Buch, Probability and Statistics, John Wiley and Sons, 1950, 
p. 185 ff. 
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(3) > QiyjXj — b; = &i, i= 1, 2, 3, sty MM. 
j=l 

Let 

(4) c= Le 


then, for the least squares solution, € is a minimum, and 
Oe ; 

(5) — = 0, j= 1,2,3,---,m. 
Ox; 


This constitutes a set of m linear equations in unknowns (the normal equa- 
tions): 


(6) > ( > anes) 4, = > 4:40, k= 1, 2, cst yy M. 
j=l \ i=l i=l 

These may be written in matrix notation: 

(7) ATAX = ATB. 

If ATA is non-singular the solution is 


(8) X = (ATA)“ATB. 


By writing M; for the matrix A with the jth column replaced by the column 
matrix B, we may write (8) in the form: 


_ | ATM; 


9 oe 
(9) Xj | APA 


jg=i,2,---,n 


Note that | ATA | is always symmetric. 
When m=n the matrices are square and since the determinant of a product 
of square matrices is equal to the product of the determinants of the matrices, 


(10) 4 = = 


which is Cramer’s Rule. 
The following examples illustrate the use of (9) above. 


EXAMPLE 1. (Taken from The Calculus of Observations, Whittaker and Rob- 
inson, The Method of Least Squares, p. 212.) 
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4.91% — 59.0 y= — 339.8 
2.72% — 2.70y = — 47.5 
0.054% + 32.4y = 262.5 
— 2.91% + 27.7 y= 152.9 
—4.774+ 1.50y = — 27.9 
— 339.8 —59.0 
— 47.5 —2.70 
4.91 2.72 0.05 —2.91 —4.77 
| 262.5 32.4 
—59.00 —2.70 32.40 27.70 1.40 
152.9 27.7 
— 27.9 1.40 
X= — ' 
4.91 —59.0 
2.72 —2.70 
4.91 2.72 0.05 —2.91 —4.77 
| 0.05 32.4 
—59.00 —2.70 32.40 27.70 1.40 
—2.91 27.7 
—4,77 1.40 
—2096.349 —382.699 
32877 .72 5307.3 
1456317.5 
4 =>-—cCUh er —-———- 0h nnn eESEEeeeeeeeeeemmsse== 
186468. 404 


62.73 —382.699 
— 382.699 5307.3 


Similarly, y= 6.76 


EXAMPLE 2. (Taken from Numerical Mathematical Analysis, J. B. Scarbor- 
ough, p. 366.) 
Find a formula of the form 
y=at bx + cx? 


which will fit the following data: 


eS ac (nN (eS Spa eee rene I nN ry (en ee a ne epenmmemsanenmraneaeaath (Woeteumennnoemessnncenereeerenn eset (erased 


y| 3.1950 | 3.2299 | 3.2532 | 3.2611 | 3.2516 | 3.2282 | 3.1807 | 3.1266 | 3.0594 | 2.9756 


Substituting these values of x and y into the quadratic equation y=a-+bx 
+cx? gives ten linear equations of condition in a, 6, and c whose solution is 
obtained by the above process: a =3.1951; b=.44253; c= —.76530. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon Siate College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate thetr consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 936. Proposed by R. E. Horton, Los Angeles City College 


A wheel of radius a with a flange of radius 0 is rolling without slipping along a 
straight rail. On the corner of the rail a piece projects which scratches a mark 
on the face of the flange. Identify the curve of the mark so formed. What condi- 
tions on a and 0 are necessary in order that the mark on the flange will be a 
simple closed curve? 


E 937. Proposed by I. N. Herstein, University of Kansas 
If p is prime and n=), then 


n! > 1/pilj! = 0, mod 9. 


pitj=n 
E 938. Proposed by H. F. Sandham, Trinity College, Ireland 


If x= >02.41/i, prove that »=[e*-7], where y is Euler’s constant, and [a] 
denotes the integral part of a. 


E 939. Proposed by P. J. Schillo, University of Buffalo 


Circles Co, Gi, Co, +--+, having radii ro, 71, 72, ++ + , are tangent to a circle 
C, of radius 2r, and to a diameter of C. Circle Cy passes through the center of C, 
and C, is tangent externally to C,_1. Show that 


tn = 4w"r/(w"™ + 1)?, 
where w=3+2-+/2, and that 7/r, is an integer. 
E 940. Proposed by Victor Thébault, Tennie, Sarthe, France 


Being given a tetrahedron ABCD, an arbitrary point P, and four coplanar 
points A’, B’, C’, D’ lying in the planes of the faces BCD, CDA, DAB, ABC, 
show that the lines PA’, PB’, PC’, PD’ intersect the spheres PBCD, PCDA, 
PDAB, PABC in four points cospherical with P. 


SOLUTIONS 
A Polygonal Path of Arbitrarily Small Length 
E 906 [1950, 184]. Proposed by Vern Hoggatt, Oregon State College 
Let S be a bounded infinite point set. Show that there exists a polygonal 
632 
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path of arbitrarily small length passing through an infinite number of points 
of S. 

Solution by Norman Miller, Queen’s University, Ontarto. :The Bolzano-Weier- 
strass theorem guarantees the existence of a limit point P of S. With P as center 
draw a circle of diameter ¢/2, and within it select a point of S. Within a second 
circle with center P and diameter ¢/4 select another point of S. Continue this 
process with circles of diameters ¢/8, €/16, - - - . The polygonal path formed by 
consecutively joining the infinite set of selected points has length 1<e«/2+«/4 

ee =e, 

Also solved by F. Bagemihl, David Ellis, J. B. Feidner, M. D. Montgomery, 
C. S. Ogilvy, C. F. Pinzki, L. A. Ringenberg, R. M. Simons, O. D. Smith, 
Charles Solky, G. H. M. Thomas, S. S. Walters, and the proposer. 

As pointed out by Ellis, the above solution can be generalized to solve the 
problem where S is any bounded infinite subset of a finitely compact metric 
space (metric space in which bounded subsets are compact). It is to be noted 
that the proof assumes Zermelo’s axiom of choice. 


Sum of Two Squares in Three Different Ways 


E 909 [1950, 184]. Proposed by W. E. Buker, Perry High School, Pitisburgh, 
Pa. 


tii d positive integers satisfying 
N=p+h=(6+1) +h= (+2) +h. 
I. Solution by P. Somanadham, Vizianagram, India. Clearly ki>k2>ks 


and k, and ks are of the same parity. Setting a=(ki+hs)/2 and 6=(ki—ks)/2 
we have ki=a+0 and k;=a—b, whence 


p? + (a + 6)? = (p + 2)? + (a — 8B)? 
or 
p=ab—1. 
Since 
p+ (a+b) = (p+ 1) + be 
we have 


(ab — 1) + (a+b) = (ab) +b 


or 
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=a +b +1. 
The right side will be a perfect square if a =2#? and b=2t. We then have the 


parametric solution 


ke= 2? +1, p=4%—1, m&=2Ht+1), hy = 2Kt — 1), 


N = 16é + 4¢ + 47? + 1, i> 1. 
This does not give all solutions, however, since the particular solution 
(539)? + (48)? = (540)? + (35)? = (541)? + (12)? 
cannot arise from an integral value of é. 


Il. Solution by Elijah Swift, University of Vermont. We easily find that 


(1) hy + ky = 2(hy — 1). 


Noting that the square of an odd number is of the form 8a+1 we see that ho 
must be odd and k, and k; both even. Consequently, any solution of (1) will de- 
termine p as an integer and yield a solution of the given equations. For 2(#2? —1) 
to be the sum of two squares it must be of the form 2*MQ?, where r=0, the 
factors of M are primes of the form 4x-+-1, and the factors of Q are primes of the 
form 4x-+3. Substituting odd numbers for ke we find eight values of ke<100 
such that 2(kj—1) satisfies the above conditions. These give the following eleven 
solutions. 


hi he ks p N 
12 9 4 31 1105 
24 19 12 107 12025 
40 33 24 255 66625 
48 35 12 539 292825 
60 51 40 499 252601 
68 51 24 1011 1026745 
72 51 4 1294 1671865 
84 73 60 863 751825 
104 81 48 2127 4534945 
112 81 24 2991 8738625 
112 99 84 1371 1892185 


Also solved by D. H. Browne, R. L. Caskey, Monte Dernham, W. A. Fer- 
guson, Daniel Finkel, G. B. Huff, Free Jamison, Sam Kravitz, Roger Lessard, 
Leonard Morgenstern, Prasert Na Nagara, C. S. Ogilvy, K. S. Rao, L. A. Ring- 
enberg, Azriel Rosenfeld, C. M. Sandwick, R. M. Simons, O. D. Smith, G. W. 
Walker, and the proposer. Most of these gave the parametric solution in I above. 
A few provided more or less tentative processes for finding all solutions. Walker 
listed all solutions (twenty-three of them) for N <108. Jamison found some two- 
parameter solutions. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4412. Proposed by Jacques Dutka, Ruigers University 


Of the freshmen admitted to a certain college last fall it was found that: 

74% were seventeen years of age or older, 

89% weighed 125 pounds or more, 

78% measured 54 feet tall or more. 

Let p be the probability that a freshman chosen at random had all three 
characteristics. Determine bounds for the value of », and generalize the prob- 
lem. 


4413. Proposed by Paul Erdiés, University of Aberdeen, Scotland 


Let @:=2-3, d2=3-5, d3=5-7, +++, Gh=DPx- Presi, + +, where p; is the kth 
prime. Denote by f(z) the number of integers Sn composed entirely of the a’s 
(i.e., the integers of the form [[a%, 0Sa;). Prove that 


f(n) = cn)!? + o(n'/?), 
where $<c<1. 


4414. Proposed by Lucien Droussent, Clermont Ferrand, France 


The trilinear polar, with respect to triangle T, of any point P on the circum- 
scribed Steiner ellipse of T is tangent to the conjugate conic of T that has P 
for center. (The circumscribed Steiner ellipse of a triangle ABC is the circum- 
scribed ellipse whose tangents at A, B, C are parallel to the opposite sides BC, 
CA, AB.) 

SOLUTIONS 
Root of Maximum Modulus 


4331 [1949, 111]. Proposed by V. F. Ivanoff, San Francisco 


Let the equation, x*+ p.x"-!+ ---+,=0, possess a root x, whose modulus 
exceeds that of every other root of the equation. Prove that 


where A, is the k-rowed determinant (k>7z) 
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f(x) = 1+ pie + pox? +--+ + pat = [] (1 - ax), 
t=1 
then 


nr 


lim 
Ar-1 a | 


Also solved by the Proposer. 


Editorial Note. The Proposer’s solution proceeds by first showing that A, 
=(—1)*S;, where S; is the sum of the kth powers of all the roots. C. R. Phelps 
points out the intimate connection with Graeffe’s method of approximating 
roots. A. W. Goodman refers to similar problems in F. Riesz, Les Systemes 
d’Equations a une Infinite d’Inconnues, Paris 1913, pp. 9-11. D. H. Browne 
compares the present result with an earlier editorial note, [1942, 463]. 


Sequences of pth Powers 


4333 [1949, 112]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In every system of numeration whose base B has the form am?-+-1, each of 
the p-digit numbers 


(am?! + 1)”, (2am?! + 1)?, (3am?! + 1)?,-- +, [(m — 1am? + 1]?, 
gives rise to an infinite sequence of pth powers. The law of formation is very 
simple and is sufficiently clear from the’ following example: 

If B=97=6-4?4+1=12-234+1=6-2!+1=3-25+1, then we have 
25? = 6 43, 24 25° =6 6 42 43, 24 24 25° = 6 6 6 42 42 43,-- 
49? = 24 73, 48 492 = 24 24 72 73, 

48 48 492 = 24 24 24 72 72 73,--- 
eee 2 Aeeieeen: 


me 
emt a ed 


a i, 48 49% = 12 12 48 48 84 85, 


aN 
\o 
~) 
| 
pom 
bo 


aN 
eo) 
YS 
I 
nN 
OW 
© 
nN 
nn 
\O 
pom 
aN 
CO 
aN 
‘© 
ny 
| 
ON 
ON 
OW 
© 
OW 
© 
nN 
nn 
nN 
nn 
\O 
© 
\O 
pom 


ee 


1 HE 1 = 333 7 18 18 48 48 48 78 78 78 03 95 OU, . 
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Establish the general rule. 
Solution by E. P. Starke, Rutgers University. Put 


No = kam? + 1, k<m, 
Ny — 1 
nN; = 1 + (no —_— 1)(Bs + Bs} + eee + B + 1) = = 1 (Best _ 1) +. 1. 
Then we have 
B—1 Ny — 1 B-—1 Ns — 1 Betti — | 
a= ) = ) = 
mP k m R m 


The following formulas are easily computed: 


k Pp p—l 
ny = E + —(B- | =1+a>) mi(*) aie — 1)P-#1, 
mM q ; 


j=0 


p k P 
Ne = E 4+ — (Bett — | 
mM 


pl 
1 + a(Bs + Bs-! + cee + B + 1) > mi (2) eomicaee —_ 1)?-7-1, 

j=0 J 
Now suppose 2}, written in the scale of B, is dided3 - - - dp. Then n{—1 can be 
obtained from n}—1 by replacing each B by Bt! and multiplying the result by 
Bet+Be-14 .---+B+1. The result is clearly a number dd, ---dd.--- 
dodg > ++ d3+++@y+-* + dy with each digit now written s+1 times. 


Trigonometric Sum and Product 
4335 [1949, 112]. Proposed by D. D. Wall, Cambridge, Massachusetts 


If ~ is a prime greater than 3, show that 


nr 


(1) | II (1 + 200s 2) = 3, 


z=1 nN 


2rx 


= (—1) Diy, 


nr 

(2) >. sec 
r=] 

The restrictions on 2 can be lessened somewhat in each case. 


Solution by N. J. Fine, Unwersity of Pennsylvania. Let n be a positive 
integer. If 2 is a multiple of 3, the product (1) is zero since it contains the 
factor 

(1/3) 


1+ 2 cos 27 = Q), 
n 


Otherwise, set w=e?™/”, Then 
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n 


ark n n 
TL(1-+ 2 con 7) = TE + wht art) = arecerorf] (1-4 wt + wt 
nN 


n—1 
TT 1 — w*) 
= (=1)eH3 —____ = (-1) 3, 


II (1 — w) 


=] 


since 3% runs over all residues (mod m) except 0 as & does. 
For the second part, let 2 be odd and w=e?™/", Then 


n ark n 1 n w* 
sec = 25) ————. = 2 ———— 
2 n rae ae araery 
n 1 + qwrkn n n—1 
_ > w (=) _— > wt » (—1)*w?*r 
k=1 1+ ws k==1 r=0 
n—1 n 
= 2, (1) Di (wertt)t = (1) en, 
r=0 k=1 


since the inner sum is 0 if ” is not a divisor of 2r+1, and is x if ” is a divisor 
of 2r-+-1, and the latter is true for OSrSn—1 only when r=(n—1)/2. 
Also solved by N. C. Scholomiti and the Proposer. 


Motion Through a Planet of Constant Density 
4342 [1949, 268]. Proposed by R. J. Walker, Cornell University 


A spherical planet whose density at any point P is a function only of the 
distance of P from the center of the planet has the following property. If a 
straight frictionless tunnel is bored between two points on the planet’s surface 
the time required for an object to slide from one of these points to the other is 
independent of the positions of the points. Prove that the planet has constant 
density. 


Solution by M. Kac, H. Pollard, and the proposer, Cornell University. Let a be 
the radius of the sphere, p(r) the density at a point P, r units from the center, 
and f(r) the acceleration due to gravity at P. Then 


(1) f(r) = ~ J " Amp(s)s%ds. 


If a unit mass falls along any frictionless path from the surface to P its velocity 
at P is given by 


(2) ~ [V(r) |? = faroas 
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Consider a straight frictionless tunnel whose distance from the center is x. If y 
is the distance from P to the center of the tunnel we have 


y? = rt — 92, 


dt Jr? — x? da 
Hence if T is the time required to slide through the tunnel, 


T 
2 


@ J ae 


To solve this for V(r) we use a variation of the Abel inversion formula. (See 
Bécher, An Introduction to the Study of Integral Equations.) Multiply (3) by 
«/+/x?— 4? and integrate with respect to x from y to a, y being an arbitrary 
number between 0 and a. 


fie «f- xr ar in T xax 
Vir)Vat — yor? — at J, 2 Vat — 7? 


Interchanging the order of integration gives 


T Jen e t rdr t* xd x 
— a" — OO 
2 Sy WO dy VR Pl oe 


v f rar 
2J, V(r) 


On differentiating with respect to y we get 


Tv ———___—— 
V =—7/a’ — yy’. 
(y) 7 VJ y 
Differentiating (2) now gives 
Tv 
fn=a=r, 


and putting this in (1) and differentiating gives 
3r 
ART? 
Also solved by R. N, Haskell, and Fritz Herzog. 


p(r) = 


RECENT PUBLICATIONS 
EpITED By E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Association. 


Sampling Methods for Censuses and Surveys. By Frank Yates. London, Charles 
Griffin & Co. Ltd., 1949. 144318 pages. 24s. 


“This book has been written primarily for those who have little or no pre- 
vious training in mathematical statistics, but who have some training or exper- 
lence in the presentation and handling of statistical data. It is consequently not 
written in the form of a mathematical treatise, and mathematical proofs have 
not been included. On the other hand an attempt has been made to cover all 
the modern developments of sampling theory which are of importance in census 
and survey work, and to give an adequate discussion of the complexities that 
are encountered in their practical application.” This statement, with which 
the author begins his preface, accurately describes the book. 

The character of the work is influenced by its origin in a request of the United 
Nations Sub-Commission on Statistical Sampling that a manual be prepared 
for use in the projected 1950 world censuses of agriculture and population. It is 
concerned primarily with the techniques of planning, execution, and analysis 
of censuses and surveys. The first half of the book is devoted to a description of 
the different methods of sampling and to various non-mathematical procedural 
matters. The second half consists of recipes for estimating population values, 
sampling errors, and efficiencies. Numerous examples (almost entirely agricul- 
tural) are worked out with clarity and completeness, often being carried along 
from one section of the book to another. There is a classified bibliography on 
sampling, which is based on a more complete one prepared by the Statistical 
Office of the United Nations. 

It is a regrettable fact that many workers in statistics “have little or no 
previous training in mathematical statistics.” The large and growing demand 
for statistical work implies that the situation is not likely to mend automatically. 
Of course the only satisfactory long run solution is to insist that statistical work- 
ers secure the necessary training in mathematics. A “statistician” without this 
basic equipment is as much a public hazard as the quack doctor. But it will 
certainly be some time before professional standards can be fully enforced in the 
field of statistics, and meanwhile there is a real need to increase the effectiveness 
of the mathematically untrained statistician. One solution is the statistical 
“cook book.” Here the formulas and techniques are presented categorically 
with exact instructions as to what to do, but practically without justification. 
The reader with “little or no previous training” is still in this category after 
mastering such a book, although he is acquainted with new terminology and 
“tricks of the trade.” Moreover, he is likely to be confirmed in his impression 
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that “mathematical statistics” is a mystical religion understandable only to its 
high priests. Another and, it seems to this writer, a better solution is to try by 
means of precise statement, heuristic arguments, and intuitively appealing 
examples to increase the reader’s appreciation of the meaning and justification 
of statistical procedures. He may thus gain a “feel” for the theory which can 
be a helpful prelude or complement to the rigorous mathematics essential to a 
thorough understanding. Since the book under review is largely in the “cook 
book” category, the writer would be more inclined to recommend it as an up-to- 
date compilation of techniques for the mathematically trained statistician than 
as a text for those who stand in need of basic training in mathematical statistics. 
KENNETH May 


Higher Algebra for the Undergraduate. By Marie J. Weiss. New York, John Wiley, 
1949, 8-+165 pp. $3.75. 


Higher Algebra for the Undergraduate is designed for a one year course in 
algebra for students who have completed a year of calculus. The author’s pur- 
pose has been to give an introduction to simpler concepts of algebra at a level 
of difficulty about the same as that of the traditional courses in theory of equa- 
tions. To keep the presentation elementary the author has placed emphasis on 
careful exposition with many illustrative examples, on exercises for homework, 
and on keeping the number of new ideas introduced at any one time to a mini- 
mum. The smoothness of the exposition and careful choice of subject matter 
achieved by the author result at least in part from her testing of preliminary 
versions for a number of years in her own classes. 

The first chapter treats the integers. In line with the elementary character 
of the text there is no attempt at an axiomatic development of the properties 
of the natural numbers, but a complete set of postulates is set down. The exten- 
sion from natural numbers to integers is treated quite fully by the introduction 
of ordered pairs with a suitable equivalence relation. The frequent use of equiva- 
lence relations is an interesting feature of the text. Although the connection be- 
tween equivalence relations and partitions of sets is never stated as a proposition 
in set theory, it is sufficiently emphasized in specific cases to give the student an 
excellent background for a more complete treatment in some later course. The 
second chapter begins with the extensions from integers to rationals to reals to 
complex numbers. The first and third of these extensions are made by the use of 
ordered pairs. The extension from rationals to reals is a mixture of Kronecker, 
Dedekind, and geometric intuition and is in the reviewer’s opinion the weakest 
section in the entire book. The chapter closes with a discussion of roots of unity. 

Groups are introduced in the third chapter. The treatment begins with the 
group axioms and develops some of the elementary theorems on abstract groups 
and permutation groups. This first treatment includes the concepts of isomor- 
phism, subgroup, coset, cyclic group, and regular permutation group. The fourth 
chapter brings in rings, integral domains, and fields making considerable use of 
concrete examples from the number systems already discussed in the first two 


1950] RECENT PUBLICATIONS 643 


chapters. The definition of “indeterminate” is not too satisfactory logically al- 
though it is unlikely to lead any but the unusually gifted student into difficulty. 
The fifth chapter treats polynomials over a field, with primary emphasis on 
divisibility theory. There is a brief discussion of the determination of rational 
roots of an equation with integer coefficients; the elementary symmetric func- 
tions are defined (but not symmetric functions in general); and the idea of for- 
mal derivative is introduced and applied to get the usual criterion for multiple 
factors of a polynomial and to get Taylor’s Theorem for polynomials. 

In chapter six matrices and some matrix algebra are introduced. The defini- 
tion of rank is approached via the concept of row (column) equivalence and 
thus makes no use of determinants. The general theory for systems of linear 
equations is handled in matrix language. Then in chapter seven determinants 
are introduced as functions of square matrices. The author carefully limits the 
use of the word “determinant” to this function and never uses “determinant” 
where “matrix” is meant. The proof of the theorem on the determinant of a 
product is made to rest on the earlier results about “elementary” matrices. 
Then the determinant criterion for rank of a matrix and Cramer’s Rule are 
given. The chapter concludes with brief treatments of similarity of matrices and 
of polynomials with matrix coefficients which include the Cayley-Hamilton 
Theorem and the diagonalization theorem for matrices without repeated eigen- 
values. 

The final chapter returns to abstract algebra with primary attention given 
to the fundamental homomorphism theorems for groups, rings and immedi- 
ately related concepts and topics. Automorphisms of groups are briefly treated. 

The reviewer agrees with the author’s position that much of the content of 
the traditional course in theory of equations is more analysis than algebra. 
However, he feels that the balance of the text would have been improved if 
enough of the traditional theory of equations (in particular cubic and quartic 
equations) had been retained so that the prospective high school teacher could 
find in a one year course the necessary background material for school algebra 
as well as an introduction to abstract concepts. 

This book by Professor Weiss is a welcome and important addition to the 
list of advanced undergraduate texts in algebra. To the reviewer it seems to be 
the simplest introduction to abstract algebra yet available. It 1s recommended 
for courses which attempt to bridge the gap between college algebra and modern 
abstract algebra, especially in situations where some of the other modern algebra 
texts have been found too advanced. 

R. M. THRALL 


An Introduction to the Algebra of Vectors and Matrices. By T. L. Wade. Talla- 
hassee, Florida, 1949. 6+97 pages. $2.25. 


To quote from the preface: “the mathematical background of the student 
using this book is assumed to be quite limited, namely, a first course in analytic 
geometry and acquaintanceship with the usual theorems on determinants.” 
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The book presents a fairly extensive view of vectors and matrices, as the follow- 
ing chapter headings will indicate: IV. Vectors of N Dimensions; VII. Groups, 
Matrices and Transformations; VIII. The Characteristic Equation of a Matrix; 
X. Some Applications of Matrix Algebras. There are frequent exercises. 

I feel that this textbook offers the beginning student a useful body of infor- 
mation, unencumbered by the (at first bewildering) abstractions of modern 
algebra. In the hands of a well-informed and skillful teacher, it should prove 
valuable. At the same time it should be stated that the text would benefit from 
a thorough revision. The typographical errors are covered by three mimeo- 
graphed sheets issued by the author, but there are other defects as well. For 
example, the definition of a field is incorrect as it stands. Again, the definition of 
the product of two permutations is given two paragraphs later than a discussion 
of the representation of a permutations as a product of cycles. 

R. H. Bruck 


NEW BOOKS RECEIVED 


Phenomena, Atoms and Molecules. By I. Langmuir. New York, Philosophical 
Library, 1950. 12+ 436 pp. $10.00. 

Introduction to the Theory of Probability and Statistics. By N. Arley and K. R. 
Buch. New York, John Wiley and Sons, 1950. 12-+236 pp. $4.00. 

Giant Brains or Machines That Think. By E. C. Berkeley. New York, John 
Wiley and Sons, 1949. 16+270 pp. $4.00. 

Plane and Spherical Trigonometry. Fifth Edition. By C. I. Palmer, C. W. 
Leigh and S. H. Kimball. New York, McGraw-Hill, 1950. 14+102 pp. $3.25. 

L’analyse Mathematique. (“Que sais-je? ” no. 378). By A. Delachet. Paris, 
Presses Univerisiaires de France, 1949. 118 pp. 

Vorlesungen iiber héhere Mathematik. Vol. 1. By A. Duschek. Vienna, Springer, 
1949. 10+395 pp. $8.70. 

Fourter Methods. By P. Franklin. New York, McGraw-Hill, 1949. 10+289 
pp. $4.00. 

Grundzuge der theoretischen Logik. Third Revised Edition. By D. Hilbert 
and W. Ackerman. Berlin, Springer, 1949. 8+-155 pp. DM 19.80. 

Matrix Analysis of Electric Networks (Harvard Monographs in Applied 
Science, no. 1). By P. Le Corbeiller. Harvard University Press, 1950. 12+112 
pp. $3.00. 

Determinanten und matrizer. Third Revised Edition. By F. Neiss. Berlin, 
Springer, 1948. 8+111 pp. DM 6. 

Problemi di secondo grado risolti e discussit. By A. Sartori. Turin, Paravia, 
1949. 5+163 pp. Lire 600. 

Principles of Finance and Investment. By L. G. Whyte. Cambridge Uni- 
versity Press, 1950, xi+192 pp. $2.50. 

Statistics, Volume I. By N. L. Johnson and H. Tetley. Cambridge University 
Press, 1950, xii-+294 pp. $4.00. 

Out of My Later Years. By Albert Einstein. New York, Philosophical Library, 
1950. 8-+4+282 pp. $4.75. 
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Elements of Analytic Geometry. Third Edition. By C. E. Love. New York, 
MacMillan, 1950. 8+218 pp. $2.75. 

Plane and Spherical Trigonometry. Revised Edition. By J. A. Northcott. 
New York, Rinehart, 1950. 10+94 pp. $3.50. 

Transcendental Numbers. By C. L. Siegel. Princeton University Press, 1949. 
8+102 pp. $2.00. 

Theory of Sets. Translated by F. Bagemihl (from the Second German Edi- 
tion by E. Kamke). Dover Publications, 1950. x +150 pp. $2.45. 

Numerical Solutions of Differential Equations. By H. Levy and E. A. Bag- 
gott. Dover Publications, 1950. viii+238 pp. $3.00. 

A percu Historique de la Trigonomeirie Rectiligne et Spherique. By A. Gloden. 
Luxembourg, Worre-Mertens, 1949. 14+18 pp. 

Apercu Historique des Multigrades. By A. Gloden. Luxembourg, Worre- 
Mertens, 1949. 18+-23 pp. 

Contributions to the Theory of Nonlinear Oscillations. By S. Lefschetz. (An- 
nals of Mathematics Studies, no. 20). Princeton University Press, 1950. 10-+350 
pp. $4.00. 

L’analysts situs et la Geémeirie Algébrique. By S. Lefschetz. Paris, Gauthier- 
Villars, 1950. 6+154 pp. 

Albert Einstein: Philosopher-scientist. (Library of Living Philosophers, vol. 
7). Edited by P. A. Schilpp. Evanston, Library of Living Philosophers, 1949. 
16+781 pp. $8.50. 

Teortjska fiztka 1 struktura materije. By I. Supek. Zagreb, Nakladni Zavod 
Hrvatske, 1949. 688 pp. 

Elemenis of Calculus. T. S. Peterson. New York, Harper, 1950. 10+369 pp. 
$3.50. 

Tables of the Bessel Functions of the First Kind of Orders Sixty-four through 
Seventy-erghi. The Annals of the Computation Laboratory of Harvard University, 
volume XIII. Cambridge, Harvard University Press, 1949, 2+566 pp. $8.00. 

Science and the Goals of Man. By A. Rapoport. New York, Harper, 1950. 
29+262 pp. $3.50. 

Electromagnetic Theory. (Proceedings of symposia in applied mathematics, 
volume 2). New York, American Mathematical Society, 1950. 2+91 pp. $3.00. 

Algebraic Curves. By R. J. Walker. Princeton University Press, 1950. 11+ 
201 pp. $4.00. 

Geometry for Advanced Pupils. By E. A. Maxwell. Oxford, England, Claren- 
don Press, 1949. 176 pp. 

Plane Trigonometry—with Tables. By H. M. Dadourian. Cambridge, Addi- 
son-Wesley, 1950. 11-484 pp. 

Elements of Analytic Geometry. By W. L. Hart. Boston, Heath, 1950. 9+264 
pp. $2.75. 

The Science of Chance. By H. C. Levinson. New York, Rinehart, 1950. 
8-+348 pp. $2.00. 


CLUBS AND ALLIED ACTIVITIES 


EpiItEp By L. F. OLLMANN, Hofstra College 


Send reports of all activities such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Epitor’s Note. During the period from January, 1948, to December, 1949, 
inclusive, this section of this MONTHLY listed 854 titles of papers presented to 
over one-hundred different clubs or societies. An attempt has been made to 
catalogue these titles but the variety of topics reported was so great that a sum- 
mary appeared valueless. 

Letters have been sent to the Chairman of Mathematics Departments urging 
that mathematics groups report their activities for 1949-50. Many clubs have 
responded and the reports will be published in the order received. 


CLUB REPORTS, 1949-50 
Kappa Mu Epsilon, Chicago Teachers College 


The following papers were presented at meetings of the Illinois Gamma 
Chapter of Kappa Mu Epsilon: 

Concepts of infinity and infinite sets, by Norman Stein. 

Discriminants of polynomials, by Howard James. 

In addition, a film on The Einstein theory of relativity was shown at a regular 
meeting. . 

Illinots Gamma Chapter was invited to sponsor a meeting in connection 
with the Twenty-Eighth Annual Convention of the National Council of Teachers 
of Mathematics. This meeting was held on April 14, 1950 at the Congress Hotel 
in Chicago. The National President, Prof. H. Van Engen, was present and 
opened the meeting with a brief speech. The program consisted of the following 
student papers: 

A step forward, by Mary Lou Hodor and Nan Hutchings of the College of 
St. Francis, Joliet, Illinois. | 

Plane geometry without compasses, by Robert Allender of Iowa State Teach- 
ers College, Cedar Falls, Iowa. 

Topology—modern supplemeni to Euclid, by Patricia Mitchell of Chicago 
Teachers College. 

Some little known constructions with straight edge and compass, by Frances 
Donlon of Mount St. Scholastica College. 

Inversion, by Dorothy Karner, of Mount Mary College, Milwaukee, Wis- 
consin. 

The mathematical method in the light of a philosophical system, by Jeanne 
Culivan of Mount St. Scholastica College. 

Providing for individual differences in arithmetic, by Dorothy Dahlberg of 
Chicago Teachers College. 

The meeting was well attended and served the dual purposes of acquainting 
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members of Kappa Mu Epsilon with the National Council of Teachers of 
Mathematics and the reverse. 

A party for entering freshmen, the annual banquet, and a spring picnic were 
the social events of the year. 

The officers for 1949-50 were: President, Marie Marciante; Vice-President, 
William Woods; Secretary, Delphine Szulakiewicz; Treasurer, Manuel Sanchez; 
Sponsor, Dr. J. M. Sacks. 


Pi Mu Epsilon, University of Oklahoma 


The years activities of the Oklahoma Alpha Chapter of Pi Mu Epsilon 
included business, social, and regular meetings at which the following talks were 
given: 

Lion chasing, by Donald Dubois 

Mathematics and astonomy, by Prof. J. O. Hassler 

The construction of the real number system, by Gene Levy 

The application of mathematics to engineering problems, by Prof. J. Ray Mat- 
lock, School of Civil Engineering 

Some aspects of mathematics related to naval sciences, by Forrest Grogan. 

Ronald Smith was first place winner and T. L. McElhaney was second place 
winner of the annual, university-wide competitive mathematics examination. 
The chapter sponsored a tea for students and teachers of the state high schools 
that have entered students in the Interscholastic Algebra and Geometry Exam- 
inations. 

An initiation banquet was held at which the guest speaker was Dean W. H 
Carson of the College of Engineering. A total of 26 new members were inducted 
into the chapter. 

The following officers were elected: Director, Don A. Gorsline; Vice-Director, 
Walter C. Brown; Secretary-Treasurer, Rose M. Pratt. 


Mathematics Club, McMaster University 


The activities of the Mathematics Club of McMaster University for the 
academic year 1949-50 include the following topics, presented by members and 
guests: 

Scale and notation, by Robert Attridge 

A biography of Archimedes, by James McCulloch 

Greek mathematics, by Lorraine McDiarmid 

Laplace, by Edward Pennington 

Mathematical instruments, by Richard Beesack 

Experimental errors, by Joseph O’Brien 

Life of Fourier, by Ross McFarlane 

Fourter analysis with applications, by Vern Turner 

Lorentz transformations and the Minkowski four-dimensional space-time con- 
tinuum, by R. J. Donnelly 

“Tt 1s obvious,” by James Eastrott 
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Topology, By Dr. Krieger of the University of Toronto 

Why does applied mathematics work?, by Dr. J. D. Bankier. 

The officers for the coming year are: President, R. J. Donnelly; Vice-Presi- 
dent, Robert Attridge; Secretary-Treasurer, U. C. Strahlendorf; Year Repre- 
sentatives, Robert Stevenson, James McCulloch, and Ross McFarlane. 


Pi Mu Epsilon, Louisiana State University 


The Loutsiana Alpha Chapter of P: Mu Epsilon held the following meetings 
during the year: 

Newion’s law of gravity, by Dr. F. A. Rickey 

Statistical analysis of data, by Dr. Donald Billings 

Length and area, by Dr. H. L. Smith 

Transfiniie numbers, by Dr. N. E. Rutt 

Conservation of systems in phase space, Mr. Ernest Ikenberry 

Mathematics as applied to chemistry, by Dr. Olen A. Nance. 

Thirty-eight new members were initiated during the year. The Pi Mu Epsi- 
lon Lectures were given by Dr. H. S. Householder, Head of the Mathematics 
Section of Oak Ridge National Laboratory. His subject was, The relation of 
mathematics to the sciences. He also spoke on the subject Statistics and the com- 
puter’s art. 

The Senior Award was won by Miss Katherine Rollins and the Freshman 
Award was won by Mr. Van Be Luong. Five new volumes were added to the 
Pi Mu Epsilon shelf in the Mathematics Library. 

The officers for the year were: President, Marion Smith; Vice-President 
Rodger Richardson; Secretary, Alice Pecot; Treasurer, Agnes Schertz; Faculty 
Advisor and Corresponding Secretary, Dr. H. T. Karnes. 


Mu Alpha Theta, Yeshiva College 


The Yeshiva College Mathematics Club, Mu Alpha Theta, devoted its pro- 
gram to lectures, delivered by the students, on various branches of geometry as 
follows: 

Foundations of geometry (2 lectures), by Mr. Frank 

Non-Euclidean geometry (3 lectures), by Mr. Gold 

Analytic projective geometry (3 lectures), by Mr. Rosenfeld 

Axtomatic projective geometry (2 lectures), by Mr. Solomon 

Combinatorial topology (2 lectures), by Mr. Frank 

Differential geometry (2 lectures), by Mr. Hellerstein. 

Miss Ester Adler of Columbia University, spoke on Godel’s system of axioms 
sigma. 

Joint meetings were held with the Classical Society (on Pythagoras and Greek 
mathematics) and with the Hebrew Club (on mathematical terms in Hebrew). 

Other activities included a number of formal and stag parties; a colloquium 
during the Passover recess; a picnic at the end of the school year; and the pub- 
lication of a journal devoted to the original researches of the members. 
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The present officers of the club are: Presidents, Seymour Huber (1st se- 
mester) and Azriel Rosenfeld (2nd semester) ; Vice-President, Gustave Solomon; 
Secretary, Simon Hellerstein. 


Kappa Mu Epsilon, Mount St. Scholastica College 


The Kansas Gamma Chapter of Kappa Mu Epsilon at Mount St. Scholastica 
College had an enrollment of twenty-three members. The meetings were held 
bi-monthly. Besides the discussion meetings, the Chapter held the annual 
formal Christmas Wassail party, the pledge program, and the formal initiation 
and banquet. 

In line with the general theme of the year, Mathematics as a system of thought, 
the following papers were presented: 

Status of mathematics with the Greek philosophers, by Sister Helen Sullivan, 
O.S.B. 

Mathematics in the patristic pertod, by Noreen Hurter 

Mathematics in the scholastic period, by Mary Alice Weir 

Contemporary mathematical philosophers, by Jeanne Culivan 

Demonstration of mathematical systems, by Patti Shideler 

Korean mathematics, by Peter Kim, guest speaker (Korea) 

Geometric constructions with straight edge and compass, by Frances Donlon 

Frequency disiribuitons, by Frances Walsh 

Various number sysiems, by Victoria Fritton 

Our mathematical heritage, panel discussion by Margot Acree, Terry Breiten- 
bach, and Dorothy Ripley. 

The Chapter sent two delegates to Chicago to attend the convention of the 
National Council of Mathematics Teachers. The delegates read original papers 
in the Kappa Mu Epsilon section of the convention. Miss Frances Donlon read 
the paper, Geometrical constructions with straight edge and compass, while Miss 
Jeanne Culivan’s paper was The mathematical method tn the light of a philosophical 
system. 

The tenth anniversary of the founding of Kansas Gamma on this campus was 
celebrated by a founder’s day dinner. Testimonial letters and telegrams from 
charter members and past presidents were read. 

The Hypatian Award was granted to Jeanne Culivan and Frances Donlon. 
Anne Robben won the underclassman Scholarship award. 

The new officers of 1950-51 are: President, Frances Donlon; Vice-President, 
Jeanne Culivan; Secretary, Terry Breitenbach; Treasurer, Ruth Link; Sponsor, 
Sister Helen Sullivan, O.S.B. 


Mathematics Club, College of the Holy Cross 


The Holy Cross Mathematics Club conducted a series of seminars during the 
academic year 1949-50. The meetings were held twice monthly under the direc- 
tion of Professors C. G. Schilling and V. O. McBrien. The following papers were 
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presented: 

The gamma and beta functions, a series of four lectures, by Prof. V. O. Mc- 
Brien 

Theory of infinite products (two seminars) 

The theorem of mean value 

Unusual substitutions as a method of integration 

Parametric method in maximum and minimum problems 

Vertex and axts of a parabola in general position 

The Heine-Borel covering theorem. 

Solutions to proposed problems involving infinite products were presented 


by C. T. Mullins, J. A. Gobes, and W. F. Reynolds. 


Pi Mu Epsilon, University of Delaware 


The Delaware Alpha chapter of Pi Mu Epsilon heard the following talks 
during 1949-50: 

Topological dynamics, by Russell Remage 

Partitions, by Prof. N. J. Fine of the University of Pennsylvania 

The brachistochrone problem, by A. C. Nelson. 

Professor Fine spoke at the annual banquet in March. 

Officers for 1950-51 are: President, Patricia Reybold; Secretary, Donald 
Clark; Treasurer, E. K. Rees; Social Chairman, Mervine Rosen; Program Chair- 
man, Martha Walker; Director, Russell Remage. 


Kappa Mu Epsilon, Westminster College 


An important event in the past year for Delia Nabla, Westminster honorary 
mathematics society, was their installation as the Pennsylvania Alpha chapter 
of Kappa Mu Epsilon. At this ceremony, conducted by Dr. L. F. Ollmann, 
National Treasurer, nineteen students and four faculty members were initiated 
into Kappa Mu Epsilon. 

The outstanding papers presented to the club were: 

Linkages, by Fred Cassell and Robert Gunnett 

I. B. M. computation, by Mrs. Ben Bolt 

Abacus, by Thomas Petrecca. 

During the year, the club donated to the book drive for the library and also 
donated a book to the outstanding mathematics student now in the Sophomore 
class. The award was made on the basis of mathematics grades and general 
average during the Freshman year. 

Banquets held at Christmas and in the Spring, served as opportunities for the 
initiation of new members. At these ceremonies, each new member took the 
name of a famous mathematician and gave a short history of that person’s life. 

The present officers of the Pennsylvania Alpha chapter of Kappa Mu Epsi- 
lon are: President, John Williamson; Secretary, Barbara Williams; Vice-Presi- 
dent, John Kratz; Treasurer, Henry Barnhart; Faculty Advisor, Prof. G. W. 
Conway, Jr. | 


NEWS AND NOTICES 
EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


ANNUAL MEETING OF THE A.A.A.S. 


The Annual Meeting of the American Association for the Advancement of 
Science will be held on December 26~30, 1950, in Cleveland, Ohio. All of the 
sections and subsections of the A.A.A.S. and more than forty participating or- 
ganizations have completed plans for more than two hundred sessions. An ex- 
tensive series of tours to museums, laboratories, and industrial plants of the 
Cleveland area has been planned. The Annual Science Exposition will be held 
in the Arena of Cleveland’s Public Auditorium. 

The Cleveland Convention Bureau is in charge of housing arrangements. 
Announcements and coupons for reservations will be found in recent issues of 
Science and The Scientific Monthly. Advance registration closes on December 4, 
1950. 


STANFORD UNIVERSITY COMPETITIVE EXAMINATION IN MATHEMATICS 


The fifth Stanford University Competitive Examination in Mathematics 
(see this MONTHLY, vol. 53, no. 7, pp. 406-409 (1946)) was held March 25, 1950 
in 34 high schools in California; 207 senior high school students participated. 
The following problems were proposed: 

1. Observe that 

1=1 


1-4= — (1+ 2) 
1-44+9=14243 
1-449-16=—-—(1+24+34+4 


Guess the general law suggested by these examples, express it in suitable mathe- 
matical notation, and prove it. 

2. Given a square. Find the locus of the points from which the square is 
seen under an angle (a) of 90° (b) of 45°. (Let P be a point outside the square, 
but in the same plane. The smallest angle with vertex P containing the square 
is the “angle under which the square is seen” from P.) Sketch clearly both loci, 
give a full description, and a proof. 

3. Call “axis” of a solid a straight line joining two points of the surface of 
the solid and such that the solid, rotated about this line through an angle which 
is greater than 0° and less than 360° coincides with itself. 

A cube has 13 different axes, which are of three different kinds. Describe 
clearly the location of these axes, find the angle of rotation associated with each. 
Assuming that the edge of the cube is of unit length, compute the arithmetic 
mean of lengths of the 13 axes. Do not use tables and compute to two decimals. 
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The writer of the best paper, Glen Bredon, student at Sanger Union High 
School, Sanger, California, received a $600 Scholarship at Stanford University. 
Also, John R. Berry of Berkeley, California, Richard Couchman of Santa Ana, 
California, and John Rosser of Oakland, California, received “Honorable Men- 
tion.” 

PERSONAL ITEMS 

Professor R. E. Langer of the University of Wisconsin and Professor L. M. 
Graves, University of Chicago, were the delegates of the Association to the 
International Congress of Mathematicians which was held at Cambridge, 
Massachusetts, on August 30-September 6, 1950. 

Professor Emeritus F. W. Owens of Pennsylvania State College was the re- 
presentative of the Association at the inauguration of President M. S. Eisen- 
hower of Pennsylvania State College on October 5, 1950. 

Associate Professor P. C. Rosenbloom of Syracuse University has been 
awarded the Fréchet Prize by the French Academy of Sciences for a paper per- 
taining to applications in abstract spaces. 

Professor John von Neumann of the Institute for Advanced Study has been 
awarded honorary degrees of Doctor of Science by Harvard University and the 
University of Pennsylvania. 

Case Institute of Technology announces: Dr. R. A. Clark, Massachusetts 
Institute of Technology, has been appointed to an instructorship; Mr. Philip 
Clyne of Mid-Essex Technical College, Chelmsford, England, has been ap- 
pointed Visiting Instructor for the academic year 1950-51; Dr. R. F. Rinehart, 
who has been serving as Executive Secretary of the Research and Development 
Board, Washington, D. C., has resumed the position of Professor of Mathe- 
matics. 

Central Michigan College reports the following: Mr. August Arndt, formerly 
principal of Fenton High School, Michigan, has been appointed Visiting Assist- 
ant Professor; Mr. Dana Sudborough has been granted a year's leave of absence 
for the purpose of doing graduate work at Michigan State College. 

Kansas State College makes the following announcements: Dr. Abraham 
Franck of the University of Minnesota has been appointed to an assistant pro- 
fessorship; Dr. Violet G. Hachmeister, formerly an instructor in the Extension 
Division of the University of Wisconsin, has been appointed to an assistant 
professorship. 

At Randolph-Macon Woman’s College: Associate Professor M. Gweneth 
Humphreys has been promoted to the position of Professor and Head of the 
Department of Mathematics; Professor Gillie A. Larew, formerly head of the 
Department of Mathematics, is continuing as Professor of Mathematics and 
Dean of the College. 

Stanford University reports that the following persons delivered lectures in 
the Mathematics Department during the Summer Quarter, 1950: Dr. Paul 
Erdés, Aberdeen, Scotland; Professor Theodor Estermann, University College, 
London; Professor M. Fekete, University of Jerusalem; Professor K. A. Hirsch, 
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Durham University, King’s College, Newcastle, England; Professor Paul Levy, 
Ecole Polytechnique, Paris; Professor Walter Saxer, Polytechnical School, 
Zurich, Switzerland. 

Syracuse University announces the following: Dr. W. A. Pierce, formerly 
graduate student at Harvard University, has been appointed to an assistant 
professorship; Assistant Professor P. C. Rosenbloom has been promoted to an 
associate professorship; Mrs. May N. Harwood has retired with the title of 
Professor Emeritus. 

At the University of Delaware: Dr. Russell Remage, Jr. has been promoted 
to an assistant professorship; Dr. Henry Teicher has been appointed to an assist- 
ant professorship. 

University of Minnesota reports the following: Dr. M. D. Donsker of Cornell 
University has been appointed to an assistant professorship; Assistant Professor 
Elizabeth S. Carlson has been promoted to an associate professorship; Miss 
Ella Thorp has been promoted to an assistant professorship. 

University of Nebraska announces the following appointments to assistant 
professorships: Dr. L. K. Jackson of the University of California at Los Angeles 
and Dr. George Seifert of Cornell University. 

University of South Carolina makes the following announcements: Associate 
Professor E. A. Hedberg has been promoted to a professorship; Instructors C. F. 
Martin, Lillian Perkins, and Betty Weber have been promoted to assistant pro- 
fessorships; Associate Professor J. D. Novak is on leave and is doing graduate 
work at Michigan State College; Assistant Professor R. R. Croxton is on leave 
of absence and is located at the University of North Carolina; Instructor C. W. 
Huff is also on leave of absence and is engaged in graduate study at Tulane 
University. 

University of Toledo reports: Professor H. L. Zeiders who has been in mili- 
tary service in Germany has returned to his teaching position; Professor O. L. 
Dustheimer and Miss Lois L. Martin have resigned. 

University of Tulsa announces the following appointments to instructor- 
ships: Dr. R. N. Goss, formerly instructor at Iowa State College, and Mr. H. G. 
Shaklee, previously assistant at Oklahoma University. 

Assistant Professor E. H. Allen of Springfield College has been appointed 
Registrar of Northeastern University, Springfield Extension. 

Dr. R. D. Anderson, University of Pennsylvania, has been promoted to an 
assistant professorship. 

Assistant Professor T. W. Anderson of Columbia University has been pro- 
moted to an associate professorship. 

Associate Professor H. M. Bacon of Stanford University has been promoted 
to a professorship. 

Mr. Max Beberman, formerly a graduate assistant at Teachers College, 
Columbia University, has been appointed to an instructorship at University 
High School, University of Illinois. 

Associate Professor J. H. Bell of Michigan State College is serving as Acting 
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Head of the Department of Mathematics during the year 1950-51. 

Mr. C. R. Blyth, research assistant at the University of California at Ber- 
keley, has been appointed to an assistant professorship at the University of 
Illinois. 

Professor Harald Bohr of the University of Copenhagen, Denmark, delivered 
a series of lectures at the University of Georgia on September 13-18, 1950. 

Miss Marguerite A. Brown, recent graduate of Carleton College, has been 
appointed Teaching Assistant at the University of Minnesota. 

Mr. Errol Buker, a teacher in the Springfield Public Schools, has received an 
appointment to an instructorship at Springfield College. 

Dr. F. E. Clark of Tulane University has been appointed to an assistant pro- 
fessorship at University College, Rutgers University. 

Instructor H. C. Cooke of North Carolina State College has been promoted 
to an assistant professorship. 

Mr. R. B. Derflinger is teaching in the Department of Chemistry of Turtle 
Creek High School, Turtle Creek, Pennsylvania. 

Mr. G. M. Dillon, statistician in the Treasury Department of E. I. DuPont 
de Nemours Company, Wilmington, Delaware, is now in military service and is 
located at Camp Gordon, Augusta, Georgia. 

Dr. W. B. Evans of the University of IIlinois has been appointed to an assist- 
ant professorship at the Georgia Institute of Technology. 

Associate Professor G. M. Ewing of the University of Missouri has been 
promoted to a professorship. 

Dr. H. M. Feldman, formerly a lecturer at Washington University, is now 
teaching at Beaumont High School, University City, Missouri. 

Miss Ruth A. Fish of the University of Arizona is teaching at Contra Costa 
Junior College, Richmond, California. 

Assistant Professor Evelyn Frank of the University of Illinois has been pro- 
moted to an associate professorship. 

Dr. J. R. Garrett of Duke University has been appointed to an assistant pro- 
fessorship at Georgia Institute of Technology. 

Assistant Professor R. D. Gordon of the University of Buffalo has been ap- 
pointed Professor and Head of the Department of Mathematics of Washington 
College. 

Assistant Professor J. B. Greeley has been promoted to an associate profes- 
sorship and is continuing to serve as Head of the Department of Mathematics 
of Utica College, Syracuse University. 

Assistant Professor R. E. Greenwood of the University of Texas has been 
recalled to active duty by the Navy Department. 

Mr. W. H. Gregory is employed as a teacher at Hayward Union High School, 
Hayward, California. 

Mr. F. D. Grogan, previously teaching assistant at the University of Okla- 
homa, is teaching now at Minden High School, Minden, Louisiana. 

Dr. Emil Grosswald of the University of Pennsylvania has been appointed 
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Lecturer at the University of Saskatchewan. 

Dr. A. J. Hoffman of Columbia University is now a member of the Institute 
for Advanced Study. 

Dr. R. V. Hogg of the State University of Iowa has been promoted to an 
assistant professorship. 

Instructor J. R. Holzinger of Franklin and Marshall College has been pro- 
moted to an assistant professorship. 

Miss Marian B. Jeffries, graduate student of the University of Virginia, has 
been appointed to an instructorship at the University of Richmond. 

Associate Professor N. D. Lane of Acadia University has been appointed 
Lecturer at Carleton College, Ottawa, Canada. 

Mr. H. R. Leifer of the Registration and Research Section, Veterans Ad- 
ministration, Pittsburgh, has been promoted to the position of Chief of the Sec- 
tion. 

Assistant Professor R. C. Luippold of Antioch College has been appointed 
to an instructorship at New York State College for Teachers, Albany. 

Dr. Spencer Macy has been appointed Assistant Professor of Mathematical 
Physics at the South Dakota School of Mines and Technology. 

Associate Professor W. C. McDaniel of Southern Illinois University has been 
promoted to the position of Professor and Chairman of the Department of 
Mathematics. 

Mr. J. W. Mettler of Lehigh University has accepted a position with the 
Educational Testing Service, Princeton, New Jersey. 

Mr. P. T. Mielke, industrial research fellow at Purdue University, has been 
appointed to an assistant professorship at Wabash College. 

Associate Professor E. P. Northrop, who is also Associate Dean of the Col- 
lege of the University of Chicago, has been promoted to a professorship. 

Dr. Margaret Owchar of the University of Minnesota has been appointed to 
an associate professorship at Southwest Missouri State College. 

Dr. Jesse Pierce has been appointed Research Engineer at Northrop Air- 
craft, Hawthorne, California. 

Assistant Professor A. L. Putnam has been promoted to an associate pro- 
fessorship in the College of the University of Chicago. 

Mr. V. J. Rathbun, formerly head of Science Department of Colegio Pon- 
ceno de Varones, Ponce, Puerto Rico, is now a graduate student at Catholic 
University. 

Mr. T. L. Reynolds, previously a part-time instructor at the University of 
North Carolina, has been appointed to the position of Professor and Head of 
the Department of Mathematics of Millsaps College. 

Associate Professor H. E. Robbins of the University of North Carolina has 
been promoted to a professorship. 

Mr. F. E. Ross of the University of North Carolina has accepted a position 
as auditor in the Division of Rates and Services, Department of Transportation, 
Frankfort, Kentucky. 
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Miss Augusta L. Schurrer, graduate assistant at the University of Wisconsin, 
has been appointed to an instructorship at Iowa State Teachers College. 

Mr. W. H. Sellers, formerly teaching fellow at-West Virginia University, has 
been appointed Head of the Department of Mathematics of Alderson-Broaddus 
College. 

Sister Mary Ferrer, previously a graduate student at Notre Dame Univer- 
sity, is now Head of the Department of Mathematics at St. Francis Xavier 
College for Women. 

Associate Professor R. W. Wagner of Oberlin College has been appointed toa 
professorship at the University of Massachusetts. 

Mr. A. M. Weitzenhoffer has accepted a position as research associate at the 
College of Dentistry, University of Detroit. 


Associate Professor William Beverley of Lafayette College died on July 24, 
1950. 

Professor H. L. Smith of Louisiana State University died on June 13, 1950. 
He was a charter member of the Association. 

Mr. T. E. Tuthill, head of the Department of Mathematics of Nichols 
School, Buffalo, New York, died on August 22, 1950. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Oficial Reports and Communications 
SUMMER MEETING OF THE BOARD OF GOVERNORS 


Although the usual Summer Meeting of the Mathematical Association of 
America was omitted because of the International Congress of Mathematicians, 
the Board of Governors of the Association met on the evening of Thursday, 
August 31, 1950, in Phillips Brooks House of Harvard University, Cambridge, 
Massachusetts. Twenty-six of the forty-one members of the Board were present. 
Among the more important items of business transacted were the following: 

Since the Committee on an Index of the MONTHLY has completed its task, 
the Committee was discharged with a vote of thanks for its labors on behalf of 
the Association. It was also voted to express the thanks of the Association to 
Professors C. B. Allendoerfer, C. O. Oakley, D. L. Thomsen, and A. H. Wilson 
of Haverford College, and C. P. Bruderle of Villanova College. 

It was voted to accept the invitation of the Mathematics Division of the 
American Society for Engineering Education to hold a joint meeting at Michigan 
State College, East Lansing, Michigan, in June 1951. 

Reports of progress were submitted by the Committee on a Guidance 
Pamphlet, the Committee on Slaught Memorial Papers, and the Director of the 
Putnam Prize Competition. It was voted to discharge the standing Committee 
for the Coordination of Studies in Mathematical Education and to change the 
name of the standing Committee on Section Meetings to the Committee on 
Sections. Reports were also received from the Committee on Cooperation with 
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Industry and from the representatives on the Policy Committee for Mathe- 
matics. 
H. M. GEHMAN, Secretary-Treasurer 


MATHEMATICS CONTEST OF THE METROPOLITAN NEW YORK SECTION 


On May 11, 1950, the Metropolitan New York Section of the Associat on 
conducted a mathematical contest open to high school students in the area of the 
Section. A total of 690 students from 238 high schools participated in the com- 
petition. 

The Bronx High School of Science, whose students scored 437 out of a pos- 
sible 450 points, was awarded the Association’s bronze cup. Honorable mentions 
were won by Brooklyn Technical High School, Abraham Lincoln High School 
and Marymount School. 

First place individual honors were awarded to Paul H. Monsky of Brooklyn 
Technical High School for presenting a perfect paper. Individual honorable men- 
tions go to Arnold M. Faden, Lee R. Abramson, and Samuel J. Klein, all of the 
Bronx High School of Science. 

Certificates of Merit for proficiency in Secondary School Mathematics were 
awarded to the highest ranking student in each of the eleven regions to which 
the participating schools were assigned. Also the top student in each school re- 
ceived a gold medal in the form of a lapel button or pin bearing a facsimile of 
the seal of the Mathematical Association of America. 

The management of the contest was undertaken by the Section’s Committee 
on Contests and Awards consisting of Brother Bernard Alfred, W. H. Fager- 
strom (Chairman), H. F. Fehr, Julius Freilich, J. J. Kinsella, V. S. Mallory, 
K. B. Morgan. 

The contest included material only from Elementary Algebra, Plane Geome- 
try and Intermediate Algebra. Copies of the contest questions and other material 
used in publicizing the contest may be obtained from Professor W. H. Fager- 
strom, City College of the City of New York, New York 31, New York. | 

The engraved Certificate of Merit and the gold medals are available to any 
Section wishing to conduct a contest of this type. For information consult the 
Secretary-Treasurer of the Association. 


ANNUAL MEETING OF THE KENTUCKY SECTION 


The annual meeting of the Kentucky Section of the Mathematical Associa- 
tion of America was held at the University of Kentucky, Lexington, Kentucky, 
on Saturday, April 29, 1950. Dr. H. H. Downing, Chairman of the Section, pre- 
sided at the morning and afternoon sessions. 

Sixty-four persons were present at the meeting, including the following 
thirty-two’ members of the Association: D. F. Atkins, P. P. Boyd, M. C. Brown, 
Esther A. Compton, A. E. Cook, Lake C. Cooper, V. F. Cowling, D. L. Daly, 
H. H. Downing, Clarence Ford, A. E. Foster, A. W. Goodman, Beulah Gra- 
ham, Charles Hatfield, Jr., A. S. Householder, Aughtum S. Howard, Tadeusz 
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SPRING MEETING OF THE SOUTHWESTERN SECTION 


The tenth annual meeting of the Southwestern Section of the Mathe- 
matical Association of America was held at Arizona State College, Flagstaff, 
Arizona, on April 29, 1950. 

Professor E. J. Purcell, Chairman of the Section, presided at the morning 
and afternoon sessions. Thirty-six persons attended the sessions, including the 
following twenty-three members: J. W. Beach, A. W. Boldyreff, C. E. Buell, 
J. H. Butchart, Lee Byrne, W. W. Denton, F. C. Gentry, R. F. Graesser, M.S. 
Hendrickson, R. C. Hildner, Max Kramer, Lincoln La Paz, Rachael La Roe, 
B. C. Meyer, E. J. Purcell, B. D. Roberts, H. P. Rogers, J. L. Slechticky, R. D. 
Stalley, Deonisie Trifan, Earl Walden, D. L. Webb, and Charles Wexler. 

At the business session the following officers were elected for the year 1950— 
51: Chairman, A. W. Boldyreff, University of New Mexico; Vice-Chairman, 
Charles Wexler, Arizona State College, Tempe, Arizona; Secretary-Treasurer, 
R. L. Westhafer, New Mexico College of A. and M. A.; Lecturer, one-year term, 
J. H. Butchart, Arizona State College, Flagstaff, Arizona; two-year term, M.S. 
Hendrickson, University of New Mexico. The section accepted the invitation 
of the University of New Mexico to hold the spring 1951 meeting in Albuquerque. 
An assessment of $1.00 per member was voted. 

At an evening banquet session Dr. Earl C. Slipher of Lowell Observatory 
delivered an illustrated lecture on the planet Mars. 

Fifteen papers were crowded into the one-day sessions: 

1. An extension of Etsenstein’s criteria of irreducibility, by D. L. Webb, of 
the University of Arizona. 


The speaker presented an extension of Eisenstein’s criteria of irreducibility of polynomials 
with regard to linear factors, treating the case when p™ is a factor of the constant term. 


2. The place of statistics in the curriculum, by J. W. Beach and H. P. Rogers, 
University of New Mexico. 

3. Short formulations of Boolean algebra, using ring operations, by Dr. Lee 
Byrne, Arizona State College, Tempe. 


Much interest has attached to recent formulations of Boolean algebras intended to empha- 
size their character as rings, and thus featuring especially ring operations. Most of these are rela- 
tively long, and Dr. Byrne’s note was addressed to the question whether formulations of this type 
could not be made as brief as those representing other modes of approach. Leaving closure (and 
non-emptiness) assumptions tacit, and using as undefined concepts ring addition and multiplication 
and a special element 1 (one), he presented four “transformation” axioms: I. (X¥+Y)+Z=X 
+(YVY+Z); Il. (X+Y)4+X=Y; I. X(W+YZ)=XW+Y(2ZX); IV. X(X+1)=VY+Y1. From 
these are derived nine theorems sufficing to show the system to be a Boolean group, a ring, a 
Boolean ring, and finally a Boolean algebra. He further set up an alternative set of two such ax- 
ioms, II as already given and the new I’: X+X =P,+(P2+ Ps) (employing a device due to B. A. 
Bernstein), where Pi, P2, and Ps are respectively the abbreviations P:=[(A+B)+C ]+[4+( 
+C)], P2=C(F+DE)+[CF+D(EC)], Ps=G(G+1(+(H+4H1). After deducing three of the old 
theorems and two new ones it is then possible to deduce the previous four axioms from the two last 
mentioned. 


4. An inverse problem of the calculus of variations for multiple integrals, Lin- 
coln La Paz, University of New Mexico. 
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5. On proofs of Stokes’ theorem, involving Taylor's expansion, W. W. Denton, 
University of Arizona. 


In most text books on mathematical physics, the proofs of Stokes’ formula, Gauss’ formula, 
the relation of curl to angular velocity, the equation of continuity, and similar theorems are, in 
general, rather poorly presented. The proofs in question involve the expansion of functions by 
Taylor’s formula, and integration of results over an infinitesimal curve or surface. The object of this 
paper is to explain why these particular proofs are weak, and to point out how they may be strength- 
ened. The improvements suggested depend upon the following device. With each point of the 
given vector field there is associated an auxiliary system of coordinates having that point as origin, 
and the integration over the infinitesimal curve or surface is actually carried out. 


6. The boundaries of an arbitrary function, M.S. Hendrickson, University of 
New Mexico. 
“7. Invariant spherical harmonics, B. C. Meyer, University of Arizona. 
Let G be a finite group of orthogonal linear transformations of the variables X, Y, Z. A 


generating function was developed which gives the number of linearly independent spherical 
harmonics of a given degree M which are invariants of G. 


8. An arithmetical triangle, R. D. Stalley, University of Arizona. 


A triangular array of numbers is presented as it arises in the summation of a generalized geo- 
metric series. Properties and further applications of the triangular array are discussed. 


9. Some diophaniine equations, A. W. Boldyreff, University of New Mexico. 
10. A range of conics associated with a system of coaxial circles, J. H. Butch- 
art, Arizona State College, Flagstaff. 


Professor Butchart considered the figure formed by drawing tangents from a variable point 
of a circle of a non-intersecting system of coaxial circles to two arbitrary circles of the same system 
so that both of the chosen circles are within the angle formed by the tangents. When the points 
of contact are joined, the circles determine chords on this line which have a constant ratio. The 
envelope of this line is an ellipse whose major auxiliary circle is another circle of the system. As 
other circles of the system are considered as loci of the variable point, other ellipses are formed all 
of which are tangent to the four common tangents to the two chosen circles. 


11. A non-involuiorial Cremona transformation, in four-dimensional space, 
E. J. Purcell, University of Arizona. 

12. Mathematics 1n meteorology, Max Kramer, New Mexico College of A. 
and M. A. 


Requirements for mathematical forecasting were discussed, and the curriculum pursued by 
the average meteorologist outlined. Seven tables compiled from a thorough analysis of the mathe- 
matical content of textbooks and other publications covering the entire meteorological field were 
presented with comment. Three important problems were solved to exhibit the type of mathe- 
matics required. In each case the theorems were derived, using both cartesian and vector tech- 
niques, and results applied to the following meteorological problems: (1) The Eulerian form of the 
equations of motion; (2) Bjerknes’s circulation theorem; (3) The variation of wind in the friction 
layer, leading to the logarithmic spiral due to Ekman. 


13. An infinite set of formulas connecting binomial coefficients, R. F. Graes- 
ser, University of Arizona. 

14. The dilemma in mathematics, Charles Wexler, Arizona State College, 
Tempe. | 


662 CALENDAR OF FUTURE MEETINGS [November, 


15. Lhe plastic bending of plates, Deonisie Trifan, University of Arizona. 


In this paper Dr. Trifan formulated the basic partial differential equation governing the 
mechanical behavior of thin plates subjected to distributed transverse loads which produce plastic 
deformations. The plates were considered homogeneous and composed of isotropic materials ex- 
hibiting a gradual transition from the elastic to the plastic state. The stress-strain relation used 
was 


543= 2G61;— (Go—G) E/Eeiy. 


where s;; and e;; are tensors of stress and strain deviation, the elastic shear modulus and the tangent 
shear modulus are Gp and G respectively, the latter being assumed as a function of the strain in- 


tensity E=2/3 e,;; e;;, and variables with dots indicate rates of change with respect to time. 


B. D. ROBERTS, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-fourth Annual Meeting, University of Florida, Gainesville, December 


30, 1950. 


Joint Meeting with American Society for Engineering Education, Michigan 
State College, East Lansing, June 25-26, 1951. 
Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3-4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
IxLinors, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20-21, 
1951. 

KANSAS 

KENTUCKY, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

LourstANA-MississipPi, Mississippi State Col- 
lege, State College, February 16-17, 1951. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Catholic University, December 9, 1950. 

METROPOLITAN NEw YORE, Spring, 1951. 

MicHIGAN, Michigan State College, East Lans- 
ing, March 24, 1951. 

MinneEsora, College of St. Benedict, St. Joseph, 
April 28, 1951. 

Missouri, Central College, Fayette, Spring, 
1951. 

NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

Ouro, Columbus, April 21, 1951. 

OKLAHOMA, Oklahoma City, November 13, 
1950. 

Paciric NORTHWEST, State College of Washing- 
ton, Pullman, June 15, 1951. 

PHILADELPHIA, Lehigh University, Bethlehem, 
Pennsylvania, November 25, 1950. 

Rocxy Mountain, Colorado State College of 
Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and Pea- 
body College, Nashville, Tennessee, March 
16-17, 1951. 

SOUTHERN CaALiFornNiA, Whittier College, Whit- 
tier, March 10, 1951. 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

Texas, Southern Methodist University, Dal- 
las, Spring, 1951. 

Uprer New York State, Hamilton College, 
Clinton, May 5, 1951. 

Wisconsin, Carroll College, Waukesha, May, 
1951. 


COLLEGE TEXTS 


COLLEGE MATHEMATICS 


By Charles E. Clark, Associate Professor of Mathematics, 
Emory University 


This unusually fine text provides the beginning student with significant mathematical 
notions, useful both for further progress in mathematics and for general cultural or 
practical aims. Topics of Trigonometry, Statistics, Calculus, and Mathematics of 
Finance are developed independently and may be taken up in any order. It is good 
both as a terminal course and as preparation for further mathematics. 


Published 1950 331 pages 6” x 9” 


INTERMEDIATE COLLEGE ALGEBRA 


By Edward M. J. Pease, Rhode Island State College 


A unified text for beginning students, this book’s logical presentation stresses stu- 
dent realization of overall content. New facts tie in with past knowledge. This is 
accomplished by the dispersion of short orientation articles throughout the text 
enabling the student to see fundamental and important features rather than be- 
coming lost in unrelated details. Story problems are used throughout to train the 
student in the art of getting from the physical situation to the summarizing equation. 
Exercises follow each chapter. 


Published 1950 456 pages 52" x 84)" 


PLANE TRIGONOMETRY 


By Fred W. Sparks, Texas Technological College, 
and Paul K. Rees 


Carefully written in a clear direct style, this popular book offers the freshman stu- 
dent a modern introduction to the field of trigonometry. Outstanding among its 
many features is the avoidance of the traditional order of topics in an attempt to 
show the relationship between apparently different trigonometric identities. Other 
important features include: 

® New discussions of significant figures. 

®@ Simplified approach to the characteristic of the logarithm. 

®@ Clear, thorough expositions of angular measure, functions and variables. 

® Over 1,350 classroom tested problems. 

Published 1946 255 pages 6” x 9” 


Write for your copies today! 


PRENTICE-HALL, ING. 70 FIFTH AVENUE, NEW YORK 11, N.Y. 


AD cw MCGRAW-HILL Books 


ELASTICITY. Proceedings of Symposia in Applied Mathematics. Volume III 
Editor-in-Chief, R. V. CHURCHILL, University of Michigan. 235 pages, $5.00 


Includes a selection of recent advances and developments in the mathematical theory and applications 
of elasticity and plasticity. The book presents contributions to the subject made by specialists in these 
fields during the past two or three years. 


INTRODUCTION TO STATISTICAL ANALYSIS 
By WILFRID J. DIXON and FRANK J. MASSEY, Jr., University of Oregon. Ready in January 


This unique text presents the basic concepts of statistics in a manner which will show the student the 
generality of the application of the statistical method. Both classical and modern techniques are pre- 
sented with emphasis on the understanding and use of the technique. 


A MANUAL FOR THE SLIDE RULE 
By Paut E. MacHovina, The Ohio State University. 78 pages, $.75 


Designed to give the reader a complete general understanding of the operation and use of modern 
general-purpose slide rules. The book covers all scales found on the modern Log Log Duplex slide 
rules. Theory is explained as the text progresses. 


THEORY OF PROBABILITY 
By M. E. MuNROE, University of Illinois. Ready in December 


Presents, in terms of integrals studied in first year calculus, an outline of the mathematical framework 
and a number of the more important results of modern investigations in probability theory. Emphasis 
is on the concept of a stochastic variable and its use in the statement and proof of the probability limit 
theorems. 


BUSINESS MATHEMATICS. New 3rd edition 
By CLEON C. RICHTMEYER and JuDSON W. Foust, Central Michigan College of Education. 
441 pages, $3.50 


A thorough revision of an excellent text which has won wide recognition for its lucid, complete, step- 
by-step descriptions of mathematical techniques useful in business operations. The present edition has 
been revised and expanded to improve the teachability of the presentation. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 
330 WEST 42nn STREET, NEW YORK 18, Np Y. 


| For Second Semester Courses: 


Analytic Geometry, Revised Edition 
| CHARLES H. SISAM, Colorado College 


Classroom experience suggested numerous modifications in the contents of this book, and Professor 
Sisam has revised the text in accordance with the needs of teachers and students. The most im- 
portant change has been to place in a separate chapter the introduction to polar codrdinates. The 
exercises, ranging from simple problems to more challenging ones, have been completely revised 
and increased in number. 1949 304 pages $2.50 


Concise Analytic Geometry —charles H. Sisam 


The excellent, well-rounded, and brief treatment of the subject thoroughly adapts this text to use 
in the short course in analytics. It is made even more flexible by the inclusion of more than 1,000 
exercises and problems, graded to meet the needs of students of varying ability. 

1946 155 pages $2.00 


Mathematics of Finance, Combined Edition 


including Commercial Algebra 
CLIFFORD BELL, University of California, Los Angeles 
LOVINCY J. ADAMS, Santa Monica City College 


This new text provides a complete coverage of algebraic methods and a thorough training in the 
mathematics of finance. The material is consistently presented in terms of actual business practice. 


1949 568 pages $4.10 
Mathematics of Finance 1949 263 pages of text, 86 pages of tables, $3.00 
Commercial Algebra 1949 245 pages of text, 34 pages of tables, $2.90 


Arithmetic for Teacher-Training Classes thira Edition 


E. H. TAYLOR, Eastern Illinois State College 
CLIFFORD N. MILLS, Ilinois State Normal University 


Based on the premise that successful teaching of arithmetic depends upon a mastery of the meanings 
of number and the mechanics of computation, this text assures the prospective teacher of a clear, 
working knowledge of the subject. The authors have at the same time emphasized methods of 
teaching arithmetic—pedagogy that will prove most effective in the elementary classroom. 


1949 441 pages $3.20 


Mathematics of Finance 
J. B. LINKER and M. A. HILL, JR., University of North Carolina 


Distinguished for its insight into student needs, this text for the semester course covers the basic 
subjects of a first college course in the mathematics of finance. The theory and the examples are 
illustrated by line diagrams, which supplement the algebraic discussion and help the student to 
understand the problem by visualizing it. The book is unique in its extensive treatment of life 
annuities and life insurance and in its use of the symbolic method of studying annuities. 


1948 256 pages $2.90 


Henry Holt and Company 2:7 ron avenve, New York 10 


Mathematicians... 


¥ Check these new techniques, new theories. ... 


*TECHNOLOGICAL APPLICATIONS of STATISTICS 


By L. H. C. Tippett, British Cotton Industry Research Association. This book 
emphasizes the practical points that come up in applying statistics to technology. 
It presents the logic of statistical methods to be employed and their application to 
technological problems. Ready in November. 189 pages. $3.50. 


THEORY of the INTERIOR BALLISTICS of GUNS 


By J. CorRNER, British Ministry of Supply. Presents an up-to-date treatment of 
theoretical ballistics, emphasizing the recent advances of physical research. The 
author blends classical theory and methods with the results of post-war tech- 
nology, thereby simplifying much of the mathematics. October 1950. 443 pages. 
$8.00. 


*STATISTICAL DECISION FUNCTIONS 


By ABRAHAM WALD, Columbia University. The first book-length treatment of this 
recently developed theory, providing the principles of multi-stage experimentation 
and including the multi-decision function. Generalized ideas and results are stressed, 
rather than specific techniques. 1950. 179 pages. $5.00. 


MATHEMATICS of RELATIVITY 


By G. Y. RAINICH, University of Michigan. Gives the theory of relativity in as 
simple a form as is consistent with the clarity of the fundamental concepts, stress- 
ing the mathematical aspect. The book is arranged in such a way that the theory 
appears as a consistent whole. This is a book in the APPLIED MATHEMATICS 
SERIES, I. S. Sokolnikoff, editor. 1950. 173 pages. $3.50. 


*Wiley Publication in Statistics. Walter A. Shewhart, Editor 


Send for copies on approval. 


JOHN WILEY & SONS, Inc., 440 4th Ave., New York 16, N.Y. 


PHILOSOPHICAL LIBRARY 
PUBLICATIONS 


THE FOUNDATIONS OF ARITHMETIC 
By Gottlob Frege 


Used as Text in Leading College and Universities $4.75 
BERTRAND RUSSELL 
By H. W. Leggett 3.75 
THE PHILOSOPHY OF MATHEMATICS 
By Edward A. Maziarz 4.00 
THE MATHEMATICAL BASIS OF THE ARTS 
By Joseph Schillinger 15.00 
THE MATHEMATICAL ANALYSIS OF LOGIC 
By George Boole 3.795 
OUT OF MY LATER YEARS 
By Albert Einstein 4.75 

PHILOSOPHICAL LIBRARY 

Publishers 


15 East 40th Street, Desk 300, New York 16, N.Y. 


Special student bulk rate on 10 or more 
Expedite shipment by prepayment 


THE CARUS MATHEMATICAL MONOGRAPHS 


Two new Carus Monographs have been published in 1950. They are: 


No. 9. The Theory of Algebraic Numbers, by Professor Harry Pollard 
of Cornell University. 


No. 10. The Arithmetic Theory of Quadratic Forms, by Professor B. W. 
Jones of the University of Colorado, 


Each member of the Mathematical Association of America is entitled to 
purchase one copy of each Carus Monograph at $1.75. Orders (preferably 
accompanied by remittance) should be sent to: Harry M. Gehman, Secre- 
tary-Treasurer, Mathematical Association of America, University of Buf- 
falo, Buffalo 14, New York. 


Additional copies of Monographs 9 and 10 for members and copies for 
non-members may be purchased at $3.00 from John Wiley and Sons, 440 
Fourth Avenue, New York 16, New York. 


In the case of Monographs 1 to 8, these orders should be sent to the Open 
Court Publishing Company, La Salle, Illinois. 


“A True Friend of the Teacher and a Joy to Students’? 
THREE INDISPENSABLE SOURCE BOOKS 


Unexcelled for recreational and supplementary use, club activities, inspira- 
tion in teaching. Every library should have these fascinating handbooks. 


MATHEMATICAL CLUBS AND 
RECREATIONS 


by SAMUEL I. JONES 


A thorough discussion of mathematical clubs—purpose, results 
obtained, organization, programs, constitution, social activities, 
books for the library. Excellent selection of recreations—amuse- 
ments, tables, riddles, games, fallacies, magic squares, multiplica- 
tion oddities, etc., with solutions to recreations. 


61 illustrations 256 pages 5” x 734” $3.00 


MATHEMATICAL WRINKLES 


by SAMUEL I. JONES 


An elaborate, ingenious, and convenient handbook of arith- 
metical problems, geometrical exercises, mathematical recreations, 
fourth dimension, mensuration, short methods, examination ques- 
tions, answers and solutions, helps, quotations, kindergarten in 
numberland, tables, etc. 


94 illustrations 376 pages 5" x 734” $3.50 


MATHEMATICAL NUTS 


by SAMUEL I. JONES 


A unique companion volume to Mathematical Wrinkles, con- 
sisting of gems in mathematics—brain teasers, thought-provoking 
questions, interesting and stimulating problems in arithmetic, 
algebra, plane and solid geometry, trigonometry, analytics, cal- 
culus, physics, etc., with 700 solutions. 


200 illustrations 352 pages 5” x 734” $3.50 


Read What Others Say About These Books! 


“I have purchased all of your books and really enjoy them to the greatest extent.”—P. A. T., 
Selbyville, Delaware. 


“Contain the finest collection of practical mathematical problems that I have ever seen.”— 
C. J. B., Berkeley, California. 


“No earnest student or teacher of mathematics should be without them.”—M. C. E., Reynolds, 


Indiana. 
S. I. JONES COMPANY, Publisher 
1122 Belvidere Drive, Nashville 4, Tennessee 


Important Pitman Jos 
Widely Acclaimed... 
COLLEGE ALGEBRA 


By HARRY A. BENDER, Rhode Island State College. 452 pages, $3.50. 


“A clear exposition... . highly flexible... . 
well organized . .. . very readable . . . 
teachable .... one of the best books I have seen.” 


These are but a few of the many comments on this widely acclaimed 
text, Rich in interpretation and emphasizing manipulation, the book 
features new methods for finding the value of determinants, for solving 
a system of general quadratic equations in two unknowns, for approxi- 
mating the irrational roots of algebraic equations. New formulas are 
presented for finding the sum of an infinite geometric series, and for the 
derivative of polynomials. An abundance of exercises and problems en- 
courage the student to develop his analytical skills and enable him to 
reach logical conclusions without close supervision. Why not give this 
important text a trial in your classes, and see for yourself the rewarding 
results. 


An Exceptional Text... 


MATHEMATICS FOR 
FINANCE AND ACCOUNTING 


By J. BRUCE COLEMAN, formerly of the University of South Caro- 
lina, and WILLIAM O. ROGERS, Pennsylvania State College. 310 
pages, $4.00. 


Presents a clear and comprehensive introduction to fundamental con- 
cepts by closely correlating mathematics with accounting and business 
administration courses. Difficult formulas are developed in a simple and 
practical manner. Highlights of the text are the inclusion of up-to-date 
mortality tables, and numerous review exercises and problems based on 
the latest business practices, 


Newly Revised... 


THE NOMOGRAM, Fourth Edition 


By H. J. ALLCOCK and J. REGINALD JONES. 237 pages, $3.75. 


An effective, well-written text that combines general theory with prac- 
tical instructions for the construction and use of all classes of computa- 
tion charts having scientific or industrial applications. This newly re- 
vised edition includes a chapter dealing with the mathematical relation- 
ship between the Intersection and Alignment Nomograms on the basis 
of duality. Numerous illustrations and examples. 


You are invited to send for examination copies 


PITMAN oaiwots'stree, New York 19 


ELEMENTARY 
THEORY OF 


EQUATIONS 


By Samuel Borofsky 


A basic text for undergraduate courses in 
the Theory of Equations, this book places 
more than usual emphasis on algebraic 
properties of polynomials and number 
fields. Besides teaching the basic theories of 
elementary algebra, the book introduces the 
student to higher algebra and attempts to 
bridge the gap between classical and 
‘modern’ algebra. To Be Published in 


January 


MATHEMATICAL 
ENGINEERING | 


ANALYSIS = [AN®W ApvaNceD 500K] 


By Rufus Oldenburger 


Designed for courses in Engineering Analy- 
sis, Engineering Physics, and Applied 
Mathematics at the senior or graduate 
level, this book is entirely devoted to the 
setting up of engineering problems in mathe- 
matical form. For this purpose, the theory 
of the various fields of engineering is de- 
veloped from a minimum number of as- 
sumptions. To Be Published in December 


60 Fifth Avenue 
THE MACMILLAN CO. New York, N.Y. 


by William L. Hart 


INTERMEDIATE ALGEBRA 
FOR COLLEGES 


Provides a thorough foundation in college algebra for the 
poorly prepared student 


Offers a well-rounded terminal course for those who need a 
substantial knowledge of algebraic technique and computation 


Has been proved successful in colleges and universities through- 
out the country 


Is outstanding for its refresher work, logical arrangement, 
abundant exercises, extensive illustrative examples, and mature 
style 276 pages of text $2.75 


ELEMENTS OF ANALYTIC 
GEOMETRY 


Is characterized by: an efficient, distinctly well-rounded and 
complete selection of content, as preparation for calculus; sim- 
plicity of approach, with rigorous attention to logical accuracy; 
highly legible format, with many exceptionally clear figures; 
a brief treatment of solid analytic geometry with complete dis- 
cussion of those topics considered; a generous supply of illus- 
trative examples and well-graded exercises. 

239 pages of text $2.75 


D. C. Heath and Company 


285 Columbus Avenue, Boston 16, Massachusetts 


MATHEMATICS OF INVESTMENT | 


Paul R. Rider, Wash. U. and Carl H. Fischer, U. of Mich. Probably 512 pages, 
$4.50 


Contents: I. SIMPLE INTEREST AND SIMPLE DISCOUNT. Interest. Simple Interest 
Rate. Simple Discount Rate. Equivalent Rates. Exact and Ordinary Interest. Accumulating 
and Discounting. Promissory Notes. Partial Payments, Installment Contracts. The Residuary 
Mehod. The Constant Radio Method. 


Ii. COMPOUND INTEREST. Compound Interest. Conversion Period. Basic Compound 
Interest Formulas. Computation of Compound Amount. Computation of Present Value or 
Principal. Compound Interest for Fractional Periods. Unknown Time. Unknown Interest 
Rate. Equivalent Rates. Effect of Frequency of Conversion. Equations of Value. 

ITT. ORDINARY ANNUITIES. Terminorolgy, Accumulated Amount. Coincidence of the 
Interest Period and the Payment Interval. Accumulated Value of an Annuity. Cases where 
the Tables Do Not Apply. Present Value. Present Value of an Annuity. Perpetuities. Rela- 
tionship Between Present Value and Amount of an Annuity Immediate. Determination of 


-1 ~1 
an Unknown Payment. Relationship Between a— and s—. Determinations of an Unknown 
n{i n{i 


Length of Time. Determination of a Final Payment or Deposit. Determination of an Un- 
known Interest Rate. Valuation of an Annuity on Any Date. Deferred Anuities. Annuity Due. 


IV. MORE GENERAL ANNUITIES. Introduction. Valuation of an Annuity Immediate 
when the Payment Interval Contains an Integral Number of Conversion Periods. Valuation 
of an Annuity Immediate when the Interest Conversion Period Contains an Integral Number 
of Payment Intervals. Summary. Determination of the Number of Payments. Determination 
of an Unknown Interest Rate. Valuation when Fractional Interest Periods or Fractional 
Payment Intervals are Involved. Change of Interest Rate. Deferred Annuities. Annuities Due. 
Varying Annuities. The Amount of the Increasing Annuity. The Present Value of the De- 
creasing Annuity. 


V. AMORTIZATION AND SINKING FUNDS. Amortization. Finding the Outstanding 
Debt at any Time. Amortization Schedules. Sinking Funds. Comparison of Sinking Fund and 
Installment Methods of Repayment of Debts. 


VI. BONDS. Bonds. Bonds Paying Interest Periodically. Coupon Bonds. Yield Rate. Price 
or Value of a Bond on a Coupon Date. An Alternative Formula for the Price of a Bond. 
Premium and Discount. Amortization of the Premium. Accumulation of the Discount. Bond 
Tables. Price Between Coupon Dates, Book Value Between Coupon Dates. Approximate 
Yield Rate. Yield Rate Determined by Interpolation. Callable Bonds. Redemption Above 
Par. Serial Bonds. 


Vil. DEPRECIATION, DEPLETION AND CAPITALIZED COST. Depreciation. 
Straight-Line Method. Sinking Fund Method. Constant Percentage Method. Compound Dis- 
count. Depletion. Periodic Charges Related to a Fixed Asset. Capitalized Cost of a Fixed 
Asset. Reinvestment Rates. Generalized Annuity Formulas, 


VINI. LIFE ANNUITIES. Mortality Tables. Construction of a Mortality Table. Inter- 
pretation of a Mortality Table. Relations Among lx, dx, px, qx. Life Annuities, Present Value 
of a Whole Life Annuity. Commutation Symbols. Whole Life Annuity Due. Deferred Whole 
Life Annuity. Temporary Life Annuity. Forborne Annuity. General Annuity Formula. Pure 
Endowment, Annuities Payable m Times Per Year. 


IX. LIFE INSURANCE NET PREMIUMS. Introduction. Terminology. Types of In- 
surance. Net Premium. Whole Life Insurance Net Single Premium. Term Insurance Net 
Single Premium. Natural Premium. Endowment Insurance Net Single Premium. Deferred 
Insurances. Accumulated Cost of Insurance. General Insurance Formula. Annual Premiums. 
Ordinary Lite Net Annual Premium. Limited Payment Whole Life Net Annual Premiums. 
Term Insurance Net Annual Premiums. Endowment Insurance Net Annual Premiums, 
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von Karman, T. See von Mises, R. 

von Mises, R. and von Karman, T. Advances in 
Applied Mechanics. Vol. I. C. L. Dora, 
N. Copurn, 274-277. 

Wade, T. L. An Introduction to the Algebra of 
Vectors and Mairices. R. H. Bruck, 643- 


644. 

Wallis, W. A. See Eisenhart, Churchill. 

Weiss, Marie J. Higher Algebra for the Under- 
graduate. R. M. THRALL, 642-643. 

Whyburn, W. M. See Daus, P. H. 

Wilbur, W. E. See Slobin, H. L. 

Wood, F. C. See Dailey, C. L. 

Yates, Frank. Sampling Methods for Censuses 
and Surveys. KENNETH May, 641-642. 


CLUBS AND ALLIED ACTIVITIES 
Edited by L. F. OLLMANN, Hofstra College 


Adelphi College, 430. 

Alabama College, 697-698. 

Albany State College for Teachers, 577. 
Albion College, 199-200. 
Baldwin-Wallace College, 358. 

Berea College, 357. 

Boston College, 574-575. 

Brown University, 575-576. 

Bucknell University, 697. 

Butler University, 55. 

Bowdoin College, 199. 

Carnegie Institute of Technology, 500-501. 
Case Institute of Technology, 200, 697. 
Central College (Missouri), 698. 

Central Missouri State College, 277-278. 
Chicago Teachers College, 198, 646-647. 
Coker College, 281. 

College of the Holy Cross, 649-650. 
College of St. Francis, 52. 

College of St. Thomas, 500. 

College of Wooster, 577. 

Collinsville, Illinois, Township High School, 
Drake University, 356. 

Haverford College, 130, 574. 

Hofstra College, 56, 696-697. 

Huntér College, 430-431, 432. 
Immaculate Heart College, 198, 199, 576. 
Kansas (Pittsburg) State Teachers College, 502. 
Kansas State College, 280. 

Lafayette College, 430. 

Lehigh University, 128, 696. 

Louisiana State University, 648. 
Marquette University, 280. 

McMaster University, 647-648. 
Montana State University, 129, 198. 


Montclair Teachers College, 53. 
Mount Mary College, 128. 

Mount St. Scholastica College, 130, 649. 
Nebraska State Teachers College, 357. 
Oberlin College, 499. 

Oregon State College, 278. 

Purdue University, 128-129, 199. 
Queens College, 500. 

Regis College, 279. 

Southern Illinois University, 54. 
Southwest Missouri State College, 280-281. 
Stanford University, 197. 

Swarthmore College, 575. 

United States Naval Academy, 432. 
University of Alabama, 432-433. 
University of British Columbia, 431. 
University of Buffalo, 356. 

University of Colorado, 52-53. 
University of Dayton, 501-502. 
University of Delaware, 650. 
University of Georgia, 355-356. 
University of Kansas, 56. 

University of Massachusetts, 53-54. 
University of Miami, 357. 

University of Missouri, 51-52. 
University of Nebraska, 358. 
University of New Mexico, 55. 
University of Oklahoma, 54-55, 647. 
University of Rochester, 197-198. 
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Bing, R. H., 143, 586. 
Blumenthal, L. M., 67. 
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Bold, E. W., §13. 
Boldyreff, A. W., 661. 
Bowling, Floyd, 702. 
Brauer, A. T., 701. 
Brauer, Richard, 292. 
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Courtright, Henrietta, §89. 
6, 


Cowan, R. W., 70 
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Robinson, L. V., 706. 
Robinson, W. J., 214. 
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Thomas, J. M., 701. 
Thurston, H. S., 703. 
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Yates, R. C., 587. 
Zoring, W. M., 659. 


Personal Mention. This section contains the names of officers of the Association and its Sec- 
tions, persons mentioned in the Department of News and Notices, and those conducting the busi- 
ness of the Association. The list does not include names of new members or of attendants at 


meetings. 
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Beckman, F. S., 504. 
Bell, J. H., 653. 
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Berggren, R. L., $8. 
Berman, Gerald, 581. 
Bernard Alfred, Brother, 514, 657. 
Berry, A. C., 142. 
Bers, Lipman, 202. 
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Brenner, J. L., 133. 
Brewer, Jeneva J., 60. 
Brewster, J. B., 60. 
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Chern, S. S., 434. 
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A CURVE ASSOCIATED WITH A TETRAHEDRON* 
VICTOR THEBAULT, Tennie, France 


1. Introduction. The first twelve-point sphere of an orthocentric tetra- 
hedron passes through the extremities of the bimedians and of the bialtitudes. 
The bimedians meet at the centroid and the bialtitudes at the orthocenter. 
This suggested the following problem:** Given a tetrahedron T=ABCD, de- 
termine the locus (I) of points M such that the three lines passing through M 
and meeting respectively two opposite edges of T intersect these edges in six 
points of a sphere (S). 

The object of this article is to report some of the results obtained and to 
link them to a general theorem concerning pencils of spheres associated with a 
tetrahedron. 


2. Notation. Let O be the center of the circumsphere (O) and G be the 
centroid of a tetrahedron T=ABCD. Let the lengths of the edges of T be de- 
noted by BC=a, DA =a’, CA=b, DB=b', AB=c, DC=C'. 


3. Analytical considerations. In barycentric coordinates, referred to TZ as 
the reference tetrahedron, the equations of the curve ([) may be written:f 


(1) ay2/(y + 2) + a?at/(x + 0), 
b2x2/(«% +2) + b!yt/(y + 2), 
Cay! (a + y) + c?at/(z + 2), 
where M has the coordinates (x, y, 2, ). The sphere (S) cuts the edges of T in 
six other points. The lines joining pairs of these points on opposite edges pass 
through a point M'.{ The correspondance on (I) between the coordinates of 
M and M’ is given by 

aryzy’s’/(y + 2)(y’ + 2’) = a? ata't'/(x + t(a' + #), 
(2) = b®xex's'/(% + 2)(a’ +2’) = db yy't’/(y + Ay +7), 

= coxya'y’/(% + y) (a! + 9!) = csta’t!/(2 + t(2' + #’). 
The point M whose barycentric coordinates (x, y, 2, #) are inversely proportional 
to the differences 


P+efét+a’— (2+ c¢?%+ a’), 
e+ att 6? — (2+ a? + 0), 
a+ b+ c?— (a? + 0? + ©), 
a? + 62+ ¢?2 — (a + 8? + c?), 
* Translated from the French by W. E. Byrne, Virginia Military Institute. 
** V. Thébault, Intermédiaire des Recherches Mathématiques (I.R.M.), Tome 1, 1945, p. 49. 
+ A. de Majo, I.R.M., t. 3, 1947, p. 88. 


t This remark is still valid if sphere (S) is replaced by any quadric. J. Neuberg, Mathesis, 
1887, p. 126. 


(3) 
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between the sum of the squares of the edges drawn from a vertex and the sum of 
the squares of the edges of the opposite face, is situated on (I). We have for this 
point: 

ye/(y + 2) = 2(a? — a”), wy/(x + t) = — 2(@ — a”), 

we/(x + 2) = 2(b? — 5”), yt/(y + 1) = — 2(b? — b”), 

axy/(* + y) = 2(c? — c!*), at/(2 + 1) = — 2(c? — ”). 


The barycentric coordinates (x’, y’, 2’, ¢’) of the point M" corresponding to M 
satisfy the relations 


a*yzy's'/(y + 2)(y! + 2’) + alate’ t'/ (x + )(2’ +2) =0,--- 


and 
a®/a! + a’?/y' + a?/2' + a/t' = 0, 
b'?2/! + B/y’ + b'2/2' + b2/t’ = 0, 
c/a! + cl?/y’ + c?/2’ + 2/t' = 0, 
so that 


1/x’, 1/y’, 1/2’, 1/t’ are proportional to 


2 8 ¢ cc 

a’ a’? @ |, —|a a? @ |, 
Bb? b” OB? b/2 Bb’? 

(ri hn i hn 

a® a’? a?*i, —|a a? @”? 
b’2 b? b? b’? b? b’2 


In othe: words the coordinates of M’ are inversely proportional to the quantities 
I2= 2(bca’)? + (b'c’a)? — [c'a’b)? + (a’b'c)? + (abc)? | 

m?= 2(cab’)? + (c'a’b)? — [(b'c’a)*+ (a’b'c)? + (abc)*], 

m2= 2(abc’)? + (a’b'c)? — [(b'c’a)? + (c'a’b)? + (abc)*], 
2= 2(a'b’c’)? + (abc)? — [(b'c'a)? + (c'a’b)? + (a’b’c)*], 

and (1) is satisfied. 


(4) 


4. Geometric considerations. If we consider a sphere (w), of radius o, for 
which the powers of the vertices A, B, C, D of T are kl’, km?, kn’, kp?, where 
l?, m?, n?, p? are given and & is an arbitrary coefficient, the radical plane (7) of 
(O) and (w) satisfies 
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‘Aw? — o? = hi? = 20w- Aa, 
Bu? — o? = km? = 20w: BB, 
“Cw? — o2 = kn? = 20w-Cy, 


‘Dw? — o? = kp? = 20w- Dé, 


where a, B, y, 6 are the orthogonal projections of A, B, C, D on (a7). When k 
varies the locus of the center w of (w) is the line A drawn through O perpendicu- 
lar to (7); (7) remains fixed and has as its tangential barycentric coordinates 
12, m?, n®, p?.* To two values k,, ke of the parameter k correspond two spheres 


(w1), (we) such that 
Oun/Ow. = kif ke 


Aa-+ BB+ Cy + Dé = 4GP 


where P is the orthogonal projection of the centroid G of T on (7). In the special 
case where 


Aw — Bo = k[(a? — a’) — (0? — 8")], 
“Bw? — Cw? = k[(b? — 6%) — (ce? — c)],--- 


A coincides with the Euler line OG of T, since 


(5) 


AG! — BD = — 4[(0' — 0") — (8 — 09) 
BG — CG = — 3[( — 9) — @— 9], 
as (7) is then normal to OG, we have Ow/OG = — 4k 
“Aa = — 2:/80G, BB = — m/80G, Cy = — n?/80G, Dé = — p*/80G, 
and 
(6) (Aa -+ BB+ Cy + Dd)/4 = GP = — (2 + m+ n* + p*)/3206. 


If we write 


2 = 6%? + co? + gq’? — (6% + ¢?2 + @?), 


(7) m* = c? + a? + b — (c? + a? + 8’), 
n? =a? + B? +c? — (a? + 6? + c?*), 
pP=a?+ b?+c%?— (P+? + 0), 
we find 


“Aw — Bu? = — 2[(a? — a2) — (b? — 5”), --- 
of the same form as (5). For this choice of /?, m?, n?, p? (a) is perpendicular to 


* V. Thébault, Mathesis, 1932, Supplément. 
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OG at a point P such that 


GP = — (2 + m? + n? + p%)/320G = 0, 


so P coincides with G. The point M of ({) for which the barycentric coordinates 
are inversely proportional to the quantities (7) is the harmonic pole of the plane 
(7) perpendicular to OG at G.* 

The point M’ which corresponds to M is the harmonic pole of the plane (m) 
whose. barycentric coordinates are proportional to (4). (71) is parallel to the 
radical plane (2’) of (O) and of the sphere determined by 


l'2 = (bca’)? + (b'c’a)?, 
m'? = (cab’)? + (c'a’b)?, 
n’? = (abc)? + (a’b'c)?, 
p’? = (a’b'c')? + (abc)?. 
If we take values (4) of /?, m?, n?, p? we have 
2 — m* = 2[(bca’)? + (b'c’a)? — (cab’)? — (c'a’b)?] = 2(1'2 — m'?),-- - 
5. Special tetrahedrons. 


A. The orthocentric tetrahedron. The centroid G is on (I) since (1) is satisfied 
by x=y=s=t. The barycentric coordinates (x’, y’, 2’, t’) of the point G’ which 
corresponds to G are: 


1/x’ = 2(0? + 2 + a”) — (6% +c 4 a), -- 


G’ coincides with the orthocenter H. The sphere (S) is then the first twelve- 
point sphere of T. 

B. Circumscriptible tetrahedron. Besides the point M mentioned in section 2 
the point M, whose barycentric coordinates are inversely proportional to the 
quantities: 


P=2(btcta)—(W+c4+a), 
m=2(ctatd’)—(eé+a'4+ 3), 
2a+bo+c’)-(¢e+0' +0), 

pb’ = Aa +b' +c’) —-(a+6+0), 

is on (I). It is the harmonic pole of the radical plane of (O) and (w), where 
J?, m*, n?, p* are proportional to the powers of A, B, C, D with respect to (w). 
Let G, be the’centroid of the edges of the tetrahedron 7. The barycentric 
coordinates of the point Q symmetric of G, with respect to G are: 

a+é’+c¢', a+bot+c, a’ + b'+., atoét+e. 

The coordinates of the anticomplimentary point of Q are precisely the values 


* A. de Majo and V. Thébault, Mathesis, t, 57, p. 75. 


yy? 
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2, m*, n®, p®. Furthermore, M, coincides with the point of intersection of the 
lines which join the vertices of the tetrahedron with the Gergonne points of the 
triangles of the opposite faces. The lines drawn through M, meeting opposite 
edges of the tetrahedron encounter the opposite edges at the points of contact 
of the sphere tangent to the six edges, so M, and M{ coincide. 


Note 1. A. de Majo has communicated the following results concerning the 
harmonic pole M of the plane normal to the Euler line OG at G: 

a). The parallels to the medians of T drawn through M meet the corresponding 
faces 1n four coplanar points. 

b). The six isotomic planes of the planes drawn through M and the edges of T 
are parallel to the line joining the centroid G to the point Q of coordinates b?+c?+a"?, 


Ce+a?+b”, a®§+b%?+c", a@tortc’, 


NoTE 2. In general, the locus of the harmonic poles of the planes parallel 
to a fixed plane, with respect to a given tetrahedron JT, is a skew cubic which 
passes through G. If the fixed plane is perpendicular to the Euler line OG, its 
harmonic pole describes the cubic whose equation in normal coérdinates is: 


A A 
(5 +o + 0’ , Je (e+ or4or+—), 


a 


nN 
= (a+ oto + i ); 


r 
= (« +O? + ¢2+4 —); 
ha 


where ha, he, he, ha indicate the lengths of the altitudes 4A’, BB’, CC’, DD’ of 
I. This cubic is the isogonal inverse of the line joining the first point of Lemoine 
K to the point Q; of normal coérdinates 6?+c*%+a’?, @+a?+b”, a?+b2+¢'2, 
att o/2+ ¢/2, 


A MINIATURE THEORY IN ILLUSTRATION OF THE 
CONVOLUTION TRANSFORM* 


I. I. HIRSCHMAN, JR. and D. V. WIDDER, Harvard University 
1. Introduction. The convolution transform is defined by the equation 
+00 
(1) f(x) = G(x — t)p(é)dt. 
The kernel G(x) is thought of as given. Equation (1) then “transforms” functions 


* Supported in part by the Office of Naval Research under contract NR 045-052. 
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p(t) into functions f(x). If the kernel G(«) is suitably chosen the transform (1) 
becomes, after an obvious exponential change of variable, the Laplace transform 


(2) f(x) = J "ett (0)dl. 


For another choice of the kernel, equation (1) becomes 


(3) f(a) = f ° nor dt 


the so-called Stieltjes transform. 

The present authors [1]—[4]* have given a fairly complete discussion of the 
transform for a very general class of kernels. The analytic development of the 
theory is somewhat involved, but the type of result obtained can be illustrated 
by use of a special kernel. By use of it we shall obtain directly, without any 
reference to earlier work, results that are quite analogous to the general ones. 
They may also serve to illustrate the general theory for the Laplace and Stieltjes 
transforms, and we shall preface each theorem with a number in braces, { i, 
referring to the analogous theorems in The Laplace Transform,** [6]. 

The simplification effected by our present choice of kernel is due to the fact 
that for it equation (1) can be inverted (solved for #(é)) by a linear differential 
operator of first order, whereas in general, and in particular for the transforms 
(2) and (3), the inversion operator must be of infinite order. The results of the 
present note, though designed primarily as illustrations of a morecomplex 
theory, are not without interest in themselves. 


2. Notations. Throughout we shall assume that @(¢) is continuous and that 
f(é) has a continuous first derivative for all ¢. More general classes of functions 
could be considered, but the main points of the theory are brought out by the 
present simplifying assumptions. We say that f(é)€B if it is bounded on 
—o <i<o and that f(t) CL? if 


[ lsopa< @, 


—0o 


Arrows, =>, <=>, are used for implication. The kernel used throughout the re- 
mainder of this note is 


rd 


G(t) = 0, t> 0; 
G(t) = e', i<0. 


* Numbers in brackets refer to the bibliography at the end of this note. 
** Roman numbers refer to chapters, arabic to theorems. 
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3. Convergence. 
{VIII 2a} THEOREM 1. The integral (1) converges for some xo 
—=> the integral converges for all x. 


For, 


J “Gla — t)p(t)dt = J eg (t)dl. 


J e~'h(t)dt 


converges by hypothesis, from which the conclusion of the theorem is immedi- 
ate. As a result of this theorem we may speak of (1) simply as convergent or 
divergent. 

It should be observed that for other kernels the integral (1) may have other 
convergence properties; { compare IT, 1}. The general theory distinguishes 
between these properties on the basis of characteristics of the kernel. 


Then 


4. Inversion. 
{VII 6a, VIII 9} THEOREM 2. (1) converges 
= f(x) — fs") = 60), a <a<o, 


That is, the inversion operator, with our present choice of kernel, is the dif- 
ferential operator (1—D), where D indicates differentiation with respect to x. 
The proof is immediate. We have 


fla) =e f e'e(dae 


f@ =e [eed — 6, 2 cae. 


The result now follows by subtracting these two equations. 


5. Representation. We wish now to investigate what classes of functions 
f(x) can be represented in the form (1). 


{VII 11a, VIII 13} Tueoren 3. 
f(x) ~ Ae*, (some constant A,x—> + -), 


—> f(x) = J "Gla — 0) ) —f(O]dt+ Ae, -—wo << 


For, we have after integration by parts, 
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J e-'f'(i)dt = f(R)e-® — f(a) + f ef (1) dt, 
(4) ° 
f e[f(t) — f(D Jat = f(x) — f(R)e®. 


Let Ro. By hypothesis the right hand side tends to f(x) — Ae? so that 
(5) f lo -fola= se - ae 


This equation is equivalent to the conclusion of the theorem. 


COROLLARY 3.1 limz.4, e~*f(x) =0 
= fe) = f Geol - olan 


Coroiiary 3.2 fy e—'[f(t) —f'(t) |dt converges 
=> f(x) ~ Ae, X—> -F ©, 


where 


(6) A = #(0) — f “el — Oat 


This conclusion follows from equation (4), where now it is the left-hand 
side which is known to approach a limit as R>+ 0. Equation (6) follows 
from (4) when x=0, R=+ o. Thus we see that equation (5) is valid whenever 
the integral converges. 


6. Bounded ¢(t). We now characterize the functions f(x) which have the 
representation (1) with bounded ¢(t). 


{ VII 16a, VIII20a} THEorEM 4. f(x), f’(x) EB 


<=> f(x) = icc — t)d(t)dt, 


where o(t) CB. 


We observe first that G(t) 20 for all ¢ and that 


09 0 
J G(a — ‘dt -{ edt = 1. 


First assume the representation (1) with | b(2)| <M for all ¢. Then 
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L@)| sf ce-d| oolas uf ce-oa= 


| #(~) — f'(*)| =| o@| SM, 


from which it follows that f(x), f’(«) GB. 
Conversely, from the boundedness of f(x) it is clear that 


lim e~*f(x) = 0. 


Io 


By Corollary 3.1 


ia) = [Gl — Notoas, 


where $(t) =f(t) —f’(t). Since f and f’ are bounded, the same is true of @. 
COROLLARY 4. f(x) —f’(«) EB 


<=> f(x) = icc — t)p(t)dt + Ae, 


where o(t) EB and A ts some constant. 


Half of this conclusion follows from Theorem 2, the other half from Corol- 
lary 3.2. 


7. Positive ¢(t). Here we investigate the analogue of Bernstein’s classic re- 
presentation of completely monotonic functions. 


{ VII 14a, VIII 17c} THeoren 5. 
f(#)20, f(x) — fi) 20, (— 0 <x <o), 


<=> f(x) = [ 6 — t)d(t)dt + Ae, 


where d(t) 20 and AZO. 


If f(x) has the convolution representation described in the theorem one sees 
by inspection that f(x) and f(x) —f’(x) =#(«) are non-negative functions. 
Conversely, we have from equation (4) that 


i) tL) — FO at = f00) — (Re 


Since we are now assuming that f(#)20 and f(t) —f’(t) 20, we have 


J elf) —s'O]ar < f(0), 
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(7) [ elo - rola s so, 


Hence we may apply Corollary 3.2 to obtain 
fla) = J Ge — Noa + Aer 


where $(¢) =f(¢) —f’(t)20. From equation (6) and inequality (7) we see that 
A=20, and our result is proved. 

In the light of Corollary 4 we might seek to alter the present theorem in 
such a way as to eliminate the hypothesis f(x) 20. That it is not redundant for 
the present theorem is evident from the function f(x) = —xe*. Since it changes 
sign it cannot have the representation of Theorem 5. Yet f(x) —f’(x) =e7>0. 
However, we have the following alternative result. 


COROLLARY 5.1 


1. f(x) — f'(*) 2 0, —- 0 <x < 0, 
2. lim e*f(x) = 0 


x—> 0 


<=> f(x) = icc — t)d(t)dt, 


where (t)=0. 
This follows immediately from Theorem 2 and Corollary 3.1 


COROLLARY 5.2 


1. f(x) — f'(x) 2 0, —-o <4 <0, 
2. lim e f(x) = 0 
Z—-+ 0 
=> f(x) 2 0, —-—o7 <x< 0, 


This is a consequence of Corollary 5.1. It is of interest, independent as it is 
of any representation theory. 


8. Functions ¢(/) in L?. In general theory these classes must be discussed 
separately according as p>1 or p=1. Here the two cases coalesce into a single 
one. 


{ VII 15a, VIII 19a} THEoREM 6. f(x), f’(x) EL, (p21), 


<=> {(x) = icc — t)p(é)dt, 


where o(t) EG L?. 
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First suppose that f(x) has the integral representation described. 
Then if p=1 


| f(x)| J "G(e t)| o(t)| dt, 


and by Fubini’s theorem* 


fi f(x)| dx S [ie cc — t)| o(d)| dt 
< f p(t)| de f G(« — idx 


=f | 6) 


Thus f(x) GL. Since f(x) —f’(«) =6(«) EL, it is clear that f’(x) EL. 
If p>1, we have by use of Hélder’s inequality 


(a) = f [e@ — Dew — nprg(oa 


rl s | f tow obra] | tow - nbe| aobear)” 


where 1/p+1/q=1. 
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Evaluating the first integral on the right and again using Fubini’s theorem, we 


obtain 


fil teolras [=] P| ocoleae f “Tec — oras 
22027" [ora 


Thus it is again evident, from Minkowski’s inequality,** that f and f’CL?. 
Conversely, if f—f’GL? it is clear from Hélder’s inequality** (or from the 


boundedness of e~‘ if p=1) that 


[ Vo -role 


converges. Hence we may apply Corollary 3.2 to obtain 


i) = [Ge ena + Ae, 


* See, for example, E. C. Titchmarsh, The Theory of Functions, Oxford 1932, p. 392. 


** See E. C. Titchmarsh, loc. cit., pp. 683-384. 
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where $(¢) =f(t) —f'(é)GL?. Then the function defined by this integral GL? 
by the first half of the proof. Since e*€ L? and f(x) CL? we see from Minkowski’s 
inequality (or directly if p=1) that A =0. This concludes the proof. 


COROLLARY 6. f(x) —f’ (x) EL? (p21) 
<=> #£x#f(x) = icc — t)o(t)dt + Ae, 


where o(t)CL? and A is some constant. 
This follows from Theorem 2 and Corollary 3.2 
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NOTE ON MARTIN’S ERGODIC FUNCTION 
W.R. Utz, University of Missouri 


1- Introduction. Let M be a fixed bounded point set in the plane containing 
more than one point; let e denote a positive number. If C is a continuous, recti-_ 
fiable curve in the plane such that each point of M is within distance e of some 
point of C, then M. H. Martin (Ergodic curves, American Journal of Mathe- 
matics, vol. 58 (1936); The ergodic function, Bulletin of the American Mathe- 
matical Society, vol. 43 (1937)) calls C ¢e-ergodic to M. Let p>0 be the radius of 
the smallest circle containing M; for a given e let A(e) be the greatest lower 
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bound of the lengths of the continuous, rectifiable curves ¢-ergodic to M. Martin 
has shown that A(e)=0 if and only if «2p, and that, for all positive e, the 
function A(e) is continuous, monotone non-increasing and non-negative. He 
proves that there is a continuous, rectifiable curve e-ergodic to M and having 
length A(e). 

To show that A(e) is finite for each e, he exhibits a family of spirals e-ergodic 
to M and of finite length. In this note we remark that A(e) is strictly monotone 
decreasing and bounded above by a function more simple than the lengths of 
the spirals. 


2. Theorem. We shail establish the following result. 


THEOREM 1. The function A(e) 1s strictly monotone decreasing on 0<e<p. In 
fact, of 0<a<b<p, then A(a) —A(b) 2b—a>0. 


Proof. Let 
C: x= x(t), y= y(8), Ostsi1, 


be an a-ergodic curve to M with length A(a). We first observe that A(a) >b—a. 
If this were not true, an arbitrary point P of M could be joined to (x(0), y(0)) 
by a path of length not exceeding 6 by first joining P to C by a path of length 
not greater than a and then joining this point to the initial end-point of C by a 
path along C of length not greater than b—a. Thus, since <p, the inequality 
A(a) S$b—a is impossible. 

Let ¢* be the value of the parameter ¢ such that the part C* of C correspond- 
ing to 0S/S¢#* has length 6—a. We shall now show that C—C*, a non-degener- 
ate, proper sub-curve of C given by #* S$#S1, is b-ergodic to M. If P is a point of 
M within distance a of C—C*, then P is within distance 6 of C—C* since b >a. 
If P is farther than a from C—C*%, then its distance to some point Q of C* is not 
greater than a. Since Q is within distance 6 —a of (x(#*), y(é*)), the distance of P 
from this end-point of C—C* is not more than 8. Thus A(d) is smaller than 
A(a) by at least the positive number b—a. 


3. A further result. We shall establish another inequality, as expressed in 
the following theorem. 


THEOREM 2. For all 0<eSp we have 
p 
p—eS Ale) < ro(* + 3). 
€ 


Proof. The inequality on the left is an immediate consequence of the in- 
equality in Theorem 1 and A(p)=0. 

Let S denote the circle of radius p bounding M. For a given ¢ let 1 be the 
positive integer for which »—1<p/eSn. We shall construct a continuous, recti- 
fiable curve from circles concentric with S and held together by a radius of 5S. 
As our system of circles we take the m—1 circles concentric with S and having 
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radii p—je, j=1, 2,:--,n—1. Any point of the interior of S (hence any point 
of M) is within distance e of a circle of the system. Clearly the number of circles 
could be decreased if »>3. The sum of the lengths of circles of the system is 


a(n tp 20) 


If we add a radius of S, we secure a continuous, rectifiable curve having length 
less than A(e). In particular, we have 


A(e) < 2n (np — i ). 


Since n2p/e and n<p/e+1 we have 
p 
A(e) < mp (2 + 3). 
€ 


4. Discussion. It would be of interest to know what the shortest ergodic 
curves are in case M/ consists of a finite number of points. In case M consists of 
only two points, the shortest ergodic curve, for a fixed e¢, is a straight line seg- 
ment. In case M consists of three points, the shortest ergodic curve is easily 
proved to be a straight line segment or two straight line segments with a com- 
mon end-point. The two cases arise from considering the various possible posi- 
tions of the three points (cf. Courant and Robbins, What Is Mathematics, 
Oxford, 1941, p. 336 et seq. for a lemma useful in determining the position of the 
curve). The question asked here could be phrased as follows: A paper boy is to 
throw papers at »>1 given houses in a plane. If he can throw a paper « feet and 
can have his papers delivered to him at any point in the plane, what route has a 
minimum length? 

As is seen in the simplest case (when M&M consists of two points), A=A(e), 
0 <eSp, has a linear graph in the (e, A)-plane. Professor Martin has conjectured 
(in a letter to the author) that for any point set M, if A(e) is not linear, it is 
convex. That is, for any two values «, €, selected from the interval 0<eSp we 
have 


A(Aey + més) S AA(Ex) + wA(ed), 
where A\20, »20 and A+y=1. 


In addition to these questions one might ask when the (generally improper) 
Riemann integral of A(e) exists on 0SeSp. What does the linearity of A(e) on 
an interval of 0<eSp imply concerning the structure of M@? When is A(e) dif- 
ferentiable? 
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EUCLIDEAN n-SPACE ANALOGUE OF A THEOREM OF GALILEO 


JOsEPH BARNETT, JR., Oklahoma Agricultural and Mechanical College 


1. Introduction. The purpose of this paper is to establish an n-space analogue 
of the following theorem due* to Galileo: The area of a circle is the mean propor- 
tional between the areas of any two similar polygons, of which one ts circumscribed 
about the circle, and the other 1s tsoperimetric with the circle. 


2. Theorem. We shall establish the following result. 


THEOREM: Let V; denote the n-dimensional content of a sphere in Euclidean 
n-space, V the n-dimensional content of a circumscribed polytope, and v that of a 
similar polytope whose (n—1)-dimenstonal content is the same as that of the sphere. 
Then Vo™—\= V%. 


3. Proof. Let r denote the radius of the sphere, and Sj, S, and s respective 
(n—1)-dimensional contents, so that s=5S, by hypothesis. Since the circum- 
scribed polytope is composed of pyramids of altutide r, having a common apex 
at the center of the sphere, we have V=Sr/n, and similarly Vi;=Sr/n. Since 
the two polytopes are similar, it follows that 


ey 


Solving for v, we get v= V(s/S)*/"-!, Therefore we have 


HEY YC 
° 7 n n S 7 n on 


4. Conclusion. Hence we have a direct generalization} of Galileo’s theorem: 
The volume of a sphere 1n Euclidean n-space ts the geometric mean of the volume of a 
circumscribed polytope, and that of a similar polytope whose (n—1)-dimensional 
content 1s the same as that of the sphere, with weights 1 and n—1, respectively. 


A PROPERTY OF MINKOWSKIAN CIRCLES 


P. J. KELLy, University of California, Santa Barbara College 


1. Introduction. Let a Euclidean circle C with center A be given. Move C 
rigidly to circle Co with center A» on C, and let A; be one of the intersection 
points of C and Cy. If now Cp is moved to circle C, with center at Ai, then C 
and C; intersect at Ao and at a second point A». Again, if Ci is moved to C2 with 
center at A», then C and C, intersect at A, and at a new point A;. The fact that 


* The writer found the above theorem entitled Galileo’s Theorem as Ex. 135, pp. 377, in “Plane 
and Solid Geometry,” 1899, by William J. Milne. 

+ The writer is greatly indebted to Professors E. F. Beckenbach and H. S. M. Coxeter for their 
aid in the preparation of this paper. 
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in this process the new circle always passes through a previous intersection point 
can be called the “re-entrant”’ property of a circle with respect to its center. 
The intersection sequence, of course, contains only six points, or, the circle 
““goes around itself six times.”’ 


2. Theorem. If the motions above are restricted to translations, the process 
can be carried out, with identical results, on Minkowskian circles. Or, with 
translations understood, the same thing can be stated for the Euclidean plane 
as follows. 


THEOREM 1. Every simple, closed, strictly convex curve which has a center ts 
re-entrant with respect to that center and goes around ttself six times. 


3. Proof. Let such a curve C with center A be given, and let A» be an 
arbitrary point on C. The line ¢ determined by A and Ap cuts C again at A3. 
Take P a variable point on C and consider the chord which has P as an end-point 
and whose line is parallel to ¢. It is well known that the segment A,A3; has the 
unique maximal length for all such chords, and that as P moves away from Ay 
the corresponding chord length decreases monotonically until P reaches a posi- 
tion where its chord line is a supporting line of C and the chord length is zero. 
As P moves away from Ao, on one side of #, let A; be the first point at which 
the chord length is AoA;/2, and let the second end of this chord be As. Let the 
line of A; and A cut C in Ag, and the line of Az and A cut C in As. Join these 
points determined on C in the index order to form an inscribed hexagon. By the 
center property of C and the equality of vertical angles, it follows from con- 
gruent triangles that the opposite sides of this hexagon are equal in length and 
on parallel lines. Moreover, opposite sides have length half that of the chord 
determined by the remaining two vertices, and this third chord is parallel to the 
opposite sides. To show this, take Ta translation which moves C to C’ so that 
A falls, for example, on A, and let P be an intersection point of Cand C’. Then 
P and J-1!(P) determine a chord of C whose line is parallel to that of Ai and Ay, 
and whose length is A,A./2. Since C has only two such chords, namely A,A; 
and A2A3, it follows from the position of the vertices that P is A3or As. If A is 
moved to any vertex of the hexagon, then, C in its new position passes through 
the adjacent vertices. Starting with Ao, which was arbitrary, then, C has the 
re-entrant property and the intersection sequence closes with As. 


4, Another result. If a simple, closed, convex curve has the re-entrant prop- 
erty, with respect to an interior point A, and if P and Q are two consecutive 
points in an intersection sequence, it is easy to see that the chord through A, 
which is parallel to the line determined by P and Q, must be bisected by A. By 
the use of continuity this can be extended to give the following result. 


THEOREM 2. If a simple, closed, strictly convex curve C has the re-entrant 
property with respect to an tntertor point A, then A ts the center of C. 
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EQUATIONS OF COMPATIBILITY FOR FINITE DEFORMATION 
OF A CONTINUOUS MEDIUM* 


W. R. SEUGLING, University of California, Los Angeles 


This note contains a concise derivation, in explicit form, of the integrability 
conditions for the case of finite deformations. These do not appear to be con- 
tained in the existing literature on the theory of finite deformations.** 

If a continuous medium, occupying a region of three-dimensional Euclidean 
space, 1s subjected to a one-to-one continuous deformation such that the points 
of a line element of length dso are displaced to the points of a line element of 
length ds, then the Eulerian strain tensor e,; is defined by 


(1) (ds)? ~ (dso)? = 2ewdx'dx!, (4, j = 1, 2, 3), 


where x!, x”, x8 are the coordinates of a point in the deformed space. These co- 
ordinates are, in general, curvilinear. Using the same set of coordinates to 
designate points of the medium before and after deformation, we define the co- 
variant metric tensors g;; and h,; of the deformed and undeformed spaces, re- 
spectively, by the fundamental quadratic forms: 


{ (ds)? = gijdx*dx?, 


(2) _ 
(dso)? = hyjdxidx’, 


Inasmuch as the manifold in question is Euclidean, the Riemann tensor R;;,1, 
based on either £,; or 4;;, must vanish. If this condition is applied to the tensor 
h.;, by using g;; as the fundamental metric of the space in which the e,; are de- 
fined, one obtains a set of six non-linear partial differential equations, called 
the equations of compatibility. 

In the following derivation, covariant differentiation is performed with 
respect to the metric tensor g,;, and a prime is used to distinguish Riemann ten- 
sors and Christoffel symbols based on h,; from those based on g;;. 

Comparing (1) and (2) we get 


(3) his = Bij — 2e33, 

so that 

(4) hej,k = il — ‘ ° his —_ : ° Mh = 26:5, ke 
oxk ik Gk 


A calculation of Christoffel’s symbols [7j, 2 |’ yields 


* I am indebted for the suggestion of the method of deducing these equations to Professor 
I. S. Sokolnikoff. 

** A paper by V. Z. Vlasov, entitled “The Equations of Continuity of Deformations in Cur- 
vilinear Coordinates,” Journal of Applied Mathematics and Mechanics, vol. 8 (1944), pp. 301-306, 
utilizes ideas somewhat related to those of this note. However, in deriving his equations, Vlasov 
used variational techniques which restricted him to the consideration of infinitesimal deformations. 
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ee tf a 
(5) [i, k| = oe hea — Cijky 
Wy 
where ¢é,;, is defined by 
(6) Cijik = Csk,j Chia — Cai ke 
Since contravariant metric tensors g* and h* are 
(7) gii = Giisg, hii = Hiish, 


where G‘i and Hi are the cofactors of g;; and ij; in | g.j] =g and | hij| =h, respec- 
tively, it follows that 


(8) io \ Wels, RY = 4" ase 


17 1 


In order to obtain the Riemann tensor Ri, we compute 


a y-(2 {°\), A { © the dest: 
axe Nae tf US ant ant 
alah tat tank Ot A aS aed 
=(—— hei ha 
(Salat tat Laat PTV aS inf“? 

+ La flwa—oma— 4 afew La fee tf 
jl ai,k Cjli,k jk Cals I Chai ik Cjla- 


Also, from (5) and (8) we have 


{5} ware (2 {efor (Shon 


a 
— ‘ . ea + h®e;np€stay 
qk 


and from (4) and (6), we deduce that 


has,k = — leak = — (Cika + Caki)- 


Therefore 


we ON LF eal = ahh A Acad) 


+ Asjer — ejttk Hb he jesesta; 


where 


1950] MATHEMATICAL NOTES 681 


sen ({S}18} + HSPs oe Cao 
- aoe tig fee 15 beats 


Clearly, the system A,j,1 is symmetric with respect to the third and fourth 
indices. If we impose the condition that the Riemann tensor Ry, is a zero 
tensor, we get 


! 0 .., “Wy 0. Wy a)’. , a)! .. , 
Rize = 5 Lil, i| ~~ oyh | Gk, i| + { [4l, a | = , [ik, a | = 0; 


and the use of the foregoing formulas yields 
Rijet = hpiRou + esx + h”” (esnpesta — €;1p€ika)s 
since, by (6), 
Cjki,l — Cjlisk = Csk,jt 1 Cstik — Clingk — Crk, = Cizete 


However, we have R%,=0, and hence the equations satisfied by the strain 
tensor are: 


Cijki + AB (ejrpeita — Cj1g€ika) = O. 


If the second order terms are neglected, these expressions reduce to the usual 
form for the equations of compatibility, 


Cigkt = Csk,jt + Cjtik — Cligk — Cjx,4 = O, 
familiar in the theory of infinitesimal deformations. 
SOME ELEMENTARY IDENTITIES OF ORDERED ABELIAN SETS 
A. L. Foster, University of California, Berkeley 


1. Introduction. By slightly generalizing and abstracting the relations be- 
tween exponents which occur in the representation of the endomorphisms of an 
Abelian group as a (pseudo) matrix ring, one finds as a by-product a number 
of elementary ordering identities which seem to be of some independent interest. 
It is the purpose of this note to call attention to several of these, which are 
faintly reminiscent of four point ordering theorems of projective geometry 
(Theorem 5). 


2. Results. An ordered Abelian set S=(S, <, +) is an ordered set (S, <) 
a<b,a=b,orb < a (exactly one) 
(1) . ha, bcES, 
a<6 and b<e imply a <¢ 
such that S is a subset of an Abelian group (G, +), 


(i1) SCG, 


682 MATHEMATICAL NOTES [December, 


and where 
(142) a4,b€S and asb implyb—aE€ 8S. 


In an ordered Abelian set (S, <, +), (S, +) need not be closed with respect 
to +, nor need < be defined throughout G. From (211), however, one has 
(2.1) OES. 


In the special case where S =G (= “ordered Abelian group”), (772) is evidently 
redundant; an ordered Abelian group is then simply an Abelian group (G, +) 
whose elements have been ordered in any way (2). 

For example, for given m, the set of all integers OSxSm is an ordered 
Abelian set with respect to ordinary +, and < =natural order. Again the sub- 
set 0, 3, 6, 9 of the additive group of whole numbers is an ordered Abelian set if 
< refer to the natural order, but not if < is determined by 


0<6<3 <9, 
Again, for example, the natural numbers 0, +3,6,9,12,---, ordered by 
0< —-3<3 <9 <6<12< 15 <18<-:-.-, 
form an ordered Abelian set as do also 0, +3, —6, —9, —12,-+-, ordered by 
0<3< —-3< -6< —-9< —-12<:>-. 


Among the elementary functions definable in an ordered Abelian set S 
=(S, <, +), for all a, 6, c of S, we consider 


b—a Wf asd, 
(2.2) ja, a] = 4 

a—b £ b£4; 
(2.3) Ja, b/ yo" if as, 
. a, b/ = 

0 if b<a; 


(2.4) [a, b,c] = 0b’, where a’ Sd’ Sc’, anda’, 0’, c’ = a, b, c, in some order. 


It is seen that [a, 5, c] is uniquely defined by (2.4), that each of the three 
functions (2.2)—(2.4) has S as its range, and that (2.2) and (2.4) are symmetric 


in all arguments, 
(2.5) | a, 6] =| 4, a] , 
[a, b, c] = [a, c, b] = [8, a, cl] = etc. 


Relative to a given ordered Abelian set (S, <, +) one may call |a, 6| the 
“absolute range” between a and 8, /a, b/ the “forward range” from a to 0, and 
[a, b, c], the “middle” of the set a, }, c. 


THEOREM 1. In any ordered Abelian set we have 


(2.6) /a, bf + /b, c/ — /a, ¢/ =| 8, [8, ¢, al]. 
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The proof of (2.6) is seen by direct verification for each of the possible rela- 
tive orderings of a, 0, c. If 


a@X68c both sides of (2.6) reduce to 0, 
a<Zcx#b both sides of (2.6) reduce to 6 — ce, 
(2.7) b=asxc_ both sides of (2.6) reduce to a — 8, 
b<c#a _ both sides of (2.6) reduce to c — 8, 
¢cXazxzb both sides of (2.6) reduce to 6 — a, 
¢bsa_ both sides of (2.6) reduce to 0. 


In view of the fact that S is in general not closed with respect to + (or 
with respect to —), the following corollary is of interest: 


COROLLARY. In an ordered Abelian set, /a, b/+/b, c/—/a, c/ is an element 
of S for all a, b, cin S. 


As in Theorem 1, we have the following result: 
THEOREM 2. In any ordered Abelian set we have 
(2.8) lx, y| +]y,2| —|x, 2] = 2| y, [by z, a]. 
(Here 2t=t-+4t). 


If one abbreviates 


(2.9) /xyas++st/ = [x,y/ +/y,2/ + +++ +/s, 1/ 

| aya--- st] =| ay] +|ya] t+--- +] 5,4, 

by induction one obtains the following results: 

THEOREM 3. In any ordered Abelian set we have 

/xyz +++ uvw/ = /x, w/ +| y, [x, y,2]] + 2, [2 4 «]]| 
+---+| u, [u, 0, x]| +] 2, [v, w, «]]. 

THEOREM 4. In any ordered Abelian set we have 

| aye ++ wow] =| x, w| + 2] y, [y, 2, 2]] +2] 2, [2,4 2]| 
+---+2] u, [u, », «]| + 2| », [>, w, x]. 


Again by direct verification of the six possible arrangements of a, b, ¢ one 
proves: 


(2.10) 


(2.11) 


THEOREM 5. In an ordered Abelian set we have 
(2.12) | a, [a, 8, c]| +| 4, [d, c, d]| =| 8, [6, a, d]| +]a, [a, 2, c]]. 
If the left of (2.12) is denoted by II(a, 6; c, d) then (2.12) may be written 
II(a, 6; c, d) = II(8, a; d, c). 


CLASSROOM NOTES 
EDITED By C. B. ALLENDOERFER, Haverford College, 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pa. 


MATHEMATICS “AU NATUREL” 
N. A. Court, University of Oklahoma 


In a recent article of this MONTHLY (Artificial Mathematics, vol. 57, No. 5, 
May, 1950, pp. 329-330) Professor F. H. Miller takes sharp issue with writers of 
textbooks, say, in differential equations or the calculus who present their solu- 
tions and proofs in an arbitrary, deus ex machina fashion, without letting the 
reader in on the secret which led to those solutions. 

The transgressing authors are indicted on three counts: (1) Such a procedure 
on the part of the said authors tends to undermine the faith of college teachers 
of mathematics that the science they profess is based on logic and that the 
solutions they offer are arrived at in a rational way. (2) Those artificial ways 
have a discouraging effect upon the students who begin to doubt their ability 
to do mathematical thinking of their own if such “‘crystal ball methods”’ are an 
integral part of it. (3) Such unmotivated mathematical arguments are unneces- 
sary and unjustified. They can readily be avoided if a little care and thought is 
devoted to the situation. 

To take the last point first, there is very little doubt that the solutions ob- 
jected to could be dressed up so that they would look ‘‘natural’’ and would ap- 
peal to our sense of ‘‘reasonableness.”’ But if that neat appearance of theirs is 
meant to suggest that this was the path followed by their discoverers, it would 
be sadly misleading. Mathematical truths, solutions of mathematical problems, 
are seldom arrived at in such a matter-of-fact fashion. The proofs offered for 
them by their discoverers themselves have in most cases very little to do with 
the form in which these results were first conceived. The great masters of mathe- 
matical thought have been quite outspoken about this state of affairs (see 
Jacques Hadamard, An Essay on the Psychology of Invention tn the Mathematical 
Field, Princeton University Press, 1945). Is being hit on the head by an apple 
falling off a tree a strictly logical approach to the invention of the theory of 
gravitation? 

But there is no need to climb to such dizzy heights, or even to go as high as 
differential equations, to discover ‘‘artificial’’ elements in mathematical proofs. 
Almost any proof in plane geometry offers convincing evidence of it. Take the 
theorem of the sum of the angles of a triangle (Euclid, Book I, prop. 32). After 
a line has been drawn through the vertex of the triangle parallel to the opposite 
side, the proof is very simple and very ‘“‘natural.’’ But ‘‘where on earth does that 
parallel line come from?” Of all the things one might do, how does one know 
that the parallel line is the thing which will do the job? 


684 
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We might as well tell our students that solving problems involves an element 
of inventiveness and that they will have to supply it if they are to be successful 
in their mathematical endeavors. Perhaps by the time they are ready to study 
differential equations it is not too early to shock them with this disturbing and 
challenging piece of news. 

And while we are divulging secrets, we might perhaps let our students in on 
another one we have been guarding from them with zeal worthy of a better 
cause. In the problems we propose to our students we are very careful to supply 
all the data relevant to their solution, and we are just as careful to keep out 
anything that is irrelevant thereto. We might as well tell them that this is arti- 
ficial, that it is done in order to make their work easier. In problems they may 
actually be confronted with that may not be the case. In fact, the most difficult 
part of their task may be precisely the separation of what is relevant from what 
is not. We might even go so far as to offer them problems where such a discrimi- 
nation would have to be resorted to. Perhaps it would be advisable to start on 
this course much earlier. Suppose we amuse ourselves by asking a seventh 
grader to work a problem like the following. 

One end of a string 4.5 ft. long is attached to an end of a diagonal of a rec- 
tangular white piece of paper 1/16 of an inch thick; the two sides of the rectangle 
passing through that point are 3 in. and 4 in. long. The other end of that same 
string is fixed to the point of intersection of the diagonals of a rectangular ceiling 
painted green, in a room that is 8 ft. high. Find the length of the diagonal of the 
paper and of the diagonal of the ceiling. 

So much about the students. As to the college teachers of mathematics 
themselves, they can find in their subject so many solid virtues with which to 
bolster up their professional enthusiasm that they can, without much regret, 
dispense with one of questionable validity. 


THE GENERAL SINE AND COSINE CURVES 


E. L. EaGLeE, University of Tennessee 


In many textbooks on analytic geometry, and trigonometry, the equations 
of the general sine and cosine curves are given expression, canonically, in the 
form: 


y = k sin (bx + c) 
y = koos (bx + ¢). 


However, there is an advantage to writing such equations in the following form: 


y = asin n(x — a) 
y = acos n(x — a). 


Then, a will be the amplitude and 27/n the period (as usual), but the lag or 
lead will be indicated, definitely, by the point (a, 0). For example: Given 
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y= 2/3 sin (3x-+7/3), we convert to canonical form: 


y-Fna(—-[-$)) 


Therefore, the amplitude is 2/3 and the period is 27/3; and, to sketch the curve, 
we may conveniently start a cycle at (—7/9, 0). 

This approach removes any uncertainty, when the curve is out of phase, 
as to whether we have a lag or a lead. 

It is gratifying to note that the taking of a from behind a minus sign is a 
procedure familiar to the student for he has already done the same thing in deal- 
ing with the circle, parabola, ellipse, and hyperbola. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITED BY Howarp EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. Tofacilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 


E 941. Proposed by P. A. Piza, San Juan, Puerto Rico 
Find positive integers a, b, c such that a?+6?+3c?=(a+6+c)?. 


E 942. Proposed by L. A. Ringenberg, Eastern Illinois State College 


In the sequence of powers of 2: 2, 4, 8, 16, 32, -- -, the units digits form a 
sequence of period four. What periodic properties do the other digits have? 


E 943. Proposed by S. H. Gould, Purdue University 


By analogy with the motion of the planets, it seems natural to assume for 
any central motion that, at least if the particle never passes through the center, 
(a) the distance of the particle from the center is a maximum only when the 
velocity of the particle is a minimum, (b) the velocity is a maximum only when 
the distance is a minimum. Prove (a) and give a counterexample of (b). 


E 944. Proposed by E. R. Bowersox, Chicago, Ill. 


A truncated cone with one end open is to be formed from a circular sheet, 
cutting out a central portion for the base, and using the remaining annular ring 
for the curved area. Solve for the truncated cone of maximum volume. 
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E 945. Proposed by Leo Moser, University of North Carolina 


If all the faces of a convex polyhedron have central symmetry show that 
there are at least eight vertices where exactly three edges meet. (The cube has 
exactly eight such vertices. ) 


SOLUTIONS 


Odd and Even Derangements 


E 907 [1950, 184]. Proposed by C. D. Olds, San Jose State College 


A derangement of ordered letters is a permutation of the z letters which 
leaves no letter fixed. Find formulas which will give the number of odd and 
the number of even derangements of ordered letters. 

Solution by S. T. Thompson, Tacoma, Washington. Let On, En, and D, denote 
the numbers of odd, even, and all derangements of the z letters. One easily 
finds O;=F£,;=0, Oo=1, E,=0. We now determine a recursion formula for 
On, n>2. Starting with the original arrangement of the x letters, transpose the 
first and kth letters. There will then be £,_. derangements of the remaining 
n—2 letters which lead to odd derangements of the entire set. Since k may be 
any one of the integers 2, 3, ---,m, there are (n—1)F,_2 odd derangements of 
this type. Again, starting with the original arrangement of the letters, con- 
sider the first letter followed by any one of the E,_1 even derangements of the 
last 2 —1 letters. Now transpose the letters in the first and kth positions, and we 
obtain an odd derangement of all ~ letters. There are (1—1)E,_1 odd derange- 
ments of this type. The two types of odd derangements considered are mutually 
exclusive and exhaustive. Therefore 


On = (n — 1)(E,-1 + En-2), n> 2. 
Similarly 
En = (n — 1)(On-1 + On-2); n> 2. 


From these results one now easily establishes for all positive x, by mathematical 
induction, that 


(1) On — En = (— )*(n — 1). 
But it is known that 


On, + En = D, = n!>>(— )i/il. 
1=0 


Therefore 
On = {Dn + (— )*(m — 1)}/2, 
E, = {Dn — (— )*(m — 1)}/2. 


Also solved by D. H. Browne, C. F. Pinzka, James Singer, G. W. Walker, 
and the proposer. 
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The Proposer obtained the relation (1) by considering the determinant A(z) 
of order 7 all of whose elements are equal to 1, except those of the main diagonal, 
which equal 0. The value of the determinant is (—)*~1(n—1). Now let j,, 
ja, ** *,jn be any permutation of the integers 1,2, ---,m. Then we can expand 
A(n) in the form 


A(n) = » TF 1j,02j, °° * Anj,. 


Now any term in this sum which does not correspond to a derangement 
ji, j2) ° * * Jn Of the m integers 1, 2, - - -, m contains an element from the main 
diagonal and so is zero. The value of a term which does correspond to a derange- 
ment will be +1 or —1 according as the permutation is even or odd. Thus the 
value of A(z) is E,—O,, and we obtain relation (1). 


A Property of 1/2 
E 908 [1950, 184]. Proposed by R. J. Koch, Tulane University 


Show that r=1/2 is the only rational value of r for which the geometric 
series > ar”, a0, has the property that there exists a term equal to the sum 
of all terms from some point on, and that when r =1/2 this property holds for 
every term. 


Solution by Walter Fleming, Mankato State Teachers College. The sum after 
m terms, for —1<r<1, is ar™/(1—r). Equating this to ar” we have 


rm/(1—r) =r", 
For —1<r<0 it is necessary that m<n and we can write 


pr—mtl — pr-m + 1 = 0, 


This equation has no rational roots. For 0<r <i it is necessary that m>n and 
we can write 


mnr+tr—1=0. 


This equation has no rational root except if m—n=1, in which case r=1/2 is a 
root. 

It is clear that for 7 =1/2, r*t+!1/(1—r) =r’, for all 2, which means that each 
term is equal to the sum of all the terms after it. 

In the trivial case, 7=0, the required property holds for every term except 
the first. 

Also solved by R. E. Crane, Ragnar Dybvik, David Ellis, J. E. Freund, 
Roger Lessard, P. Na Nagara, C. S. Ogilvy, W. O. Pennell, Alex Rosenberg, 
Azriel Rosenfeld, C. M. Sandwick, O. D. Smith, Charles Solky, O. E. Stanaitis, 
Alfred Sylvester, C. W. Trigg, G. W. Walker, J. W. Young, and the proposer. 
Many of these solutions were incomplete. 
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Limit of a Determinant 
E 910 [1950, 184]. Proposed by R. M. Gordon, Carnegie Institute of Technology 


If k> 0, f;(x) are independent, f{”(x) exist and are well behaved, find 


fi(x) fal) ++ fal) 
fila + h) folx + h) +++ fala + h) 
[im h-* | fila + 2h) fo(x + 2h) -o + f(x + 2h) 


file + (n— 1k] fale + (mw — 1A] +++ fale + (w — Dd] 


Solution by O,. E. Stanattis, St. Olaf College, Minn. By adding to each row 
multiples of the rows above it as suggested by the difference operator 


Anf(x) -> ( — »(”) se + (m — j)h] 


7=0 


we may write the given expression in the form 


Filx) felt) +++ fal%) 
h h h 

lim 4(r—-Dnl2—k A*f;(x) A*fo(x) A*f,(x) 
ee ee 


An~"file) A”~*fa(«) A~"fa(2) 


hr} hr} Ar} 


The limit of the determinant is the well known Wronskian, which, according 
to the conditions under consideration, is finite and different from zero. It follows 
that the limit of the expression is the Wronskian for k=(n—1)n/2, equals zero 
for k<(n—1)n/2, and does not exist for k>(n—1)n/2. 

Also solved by Kurt Eisemann, Roger Lessard, Norman Miller, and the pro- 
poser. 

Miller stated that for k=(m—1)n/2, the theorem in question is a special 
case of a more general theorem in which x, x +h, x+2h,--+,x+(n—1)h are 
replaced by x1, %2, - + *, X%, and in which the denominator h* is replaced by a 
Vandermonde determinant. This more general theorem, again, arises from a 
generalized theorem of mean value of which the case m =3 is given in Goursat- 
Hedrick, Mathematical Analysis, vol. 1, p. 10. References to the more general 
theorems and proofs are as follows: H. A. Schwarz, Collected Works, vol. 2, p. 
296; T. J. Stieltjes, Collected Works, p. 105; N. Miller, Trans. of the Royal Soc. 
of Canada, 1931, p. 195. 
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Miller also mentioned, as an allied problem, that of showing that the de- 
terminant 


1 « x cee yn 
Lxth (w+h)? +--+ +h) 


H=|1 «+2h («+ 2h)? --+ («+ 2h)" 


1 x+nh (x«+nh)? --- («+ nh) 


is independent of x. This may be done by showing that dH/dx=0. The value of 
the determinant, found by taking x =0, is 


LL 2131. ++ ml Areryl, 


The special case, k=3, »=3, of the given problem, is found in Widder, 
Advanced Calculus, ex. 13, p. 220. 


Professor Umbugio’s Expedition 
E 911 [1950, 259]. Proposed by G. B Huff, University of Georgia 


The following item appeared in the April 1, 1913, issue of the Erewhon 
Daily Howler: ‘‘Science lovers of Guayazuela will be disappointed to learn that 
the antarctic expedition of Professor Euclide Paracelso Bombasto Umbugio, 
which was planned to start the first of next month and last through November, 
has been temporarily postponed. In making his characteristically thorough 
preparations, the eminent numerologist discovered that June 13 of this year 
falls on Friday and has decided that he will postpone the trip until a year when 
no Friday the thirteenth occurs in the seven months of the expedition. The 
Professor, an authority on the doctrine of probability, assured the press that 
the delay will be of short duration. He explained that the probability of an 
auspicious month is 6/7 and that hence the probability of seven consecutive 
auspicious months is (6/7)? or a little more than 2/5. From this the genius infers 
that the probability of postponing the trip next year is less than 3/5 and the 
probability that it will be postponed for nine consecutive years is (3/5)° or less 
than 1/100.” 

Of course, we now know that the Professor has never made his trip, though 
four times nine years have passed. Is the Professor having a tremendous run 
of bad luck? 


Solutton by C. F. Pinzska, Xavier University, Cincinnatt. Beginning with May 
13 of any year, the days elapsing until May 13, June 13, - - - , November 13 are 
congruent modulo 7 to 0, 3, 5, 1, 4, 6, 2, respectively. Since these numbers form 
a complete residue system, one of these dates must fall on a Friday. 

Or, a glance at any calendar will show that the 13th day of May to No- 
vember, inclusive, is always on a different day of the week, whence one of these 
dates must always fall on a Friday. 
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Also solved by Martin Berman, A. D. Bradley, G. M. Dillon, Ragnar Dyb- 
vik, Emil Grosswald, E. S. Keeping, J. R. F. Kent, Roger Lessard, Marie A. 
Moore, C. S. Ogilvy, Bart Park, Azriel Rosenfeld, R. M. Simons, G. W. Walker, 
A. Wilansky, and R. V. Andree’s freshman mathematics class at the University 
of Oklahoma. 

The Professor’s probability argument falls down, of course, because calendar 
months are not independent of each other. It is interesting that the thirteenth 
of a month is more likely to be Friday than any other day of the week. See 
E 36 [1933, 607]. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers Uniersity, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
ciose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4415. Proposed by R. P. Boas, Jr., and W. K. Hayman, Brown University 
Find all the values of a and 8 for which the series 
>, n* sin (n®) 
n=1 


converges. 


4416. Proposed by D. J. Newman, New York University 


Let ai, de, a3, -- - be a sequence of integers such that > x., 1/a, diverges. 
Show that almost all integers have a factor in common with some ap. 


4417. Proposed by Victor Thébault, Tennie, Sarthe, France 


(1) The necessary and sufficient condition that an orthocentric tetrahedron 
I’'= ABCD can be bordered by isosceles tetrahedrons T,=A,BCD, T;=B,CDA, 
T.=C,DAB, Tz=D,ABC is that all the face angles of J be acute. (2) The 
tetrahedrons T and T,=A,1B,C,D, are orthologic. (3) The lines 4A, BB, CC, 
DD, are four hyperbolic lines. (4) The sum of the squares of the areas of the faces 
of T., 7%, T., T'4is equal to the sum of the squares of the products of the opposite 
edges of T. 
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4418. Proposed by A. C. Attken, Edinburgh, Scotland 


Evaluate: 
1 
—_ ee 
1! 
2? 1 
— — —2 
2! 1! 
33 2? 1 
— — — —3 
3! 2! 1! 
n™ (n— 1)" (n — 2)? 1 
n! (n— 1)! (n — 2)! 1! 


4419, Proposed by L. G. Jones, University of Oregon, and Alex Rosenberg, 
University of Toronto. 


In a paper, Remarks on Divisors of Zero, this MontHLy [1942, 286-295], 
N. H. McCoy stated and proved the following theorem: Let f(x) be an element 
of R[x], where R is a commutative ring. Then f(x) is a divisor of zero in R[..] 
if and only if there exists a nonzero element c of R such that cf(x) =0. 

Show that, if R is not assumed to be commutative, the theorem no longer 
holds. 

SOLUTIONS 
Area Having Lowest Centroid 
4336 [1949, 186]. Proposed by Orrin Frink, Pennsylvania State College 


Find the arc of fixed length />2a, lying below the x-axis and joining the 
points (—a, 0) and (a, 0), which includes between itself and the x-axis an area of 
lowest possible center of gravity. This will be the form actually assumed by a 
weightless flexible arc supported at its ends if it is holding water. 


Solution by Frank Herlthy, Comstock, Michigan. Let: 


R= tension in the cable, which will be constant throughout its length since 
it is itself massless and the liquid cannot exert any shear on it; 
p=radius of curvature of the cable; 
o= mass per unit area of the liquid; 
g=~ gravitational constant; 
and let y be measured downward from the x-axis. 


Then the pressure at depth y below the axis is ogy. If the cable is in equilibrium 
the pressure ogy and the radius p at the point at distance y below the x-axis will 
determine R= —ogyp or 
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(1 + | dy/dx |2)8/2 
d*y/dx? 7 
With R/og=a?/4, an integration gives 
y? = 50°(1 + | dy/dx|?)-? + ¢ = h? — a? sin? 36, 


where @=arc tan (dy/dx), and h= (c+4a?)'/? is the maximum value of y. 
In order that y shall vanish at the supports, a?>h?. Let h?=k?a? where 
k? <1, and let k sin ¢= —sin 30. Then y=h cos ¢ and since 


sin 9 = dy/ds = — h(sin ¢)(d¢/ds) 


we shall have 


ds sin @ a 1 
dp sind 2 1 — sin? 
Thus 
_@ ¢ dp 1 
s= oS Vin Pan's = $aF(R, ¢). 
Similarly 
dx sin @ a 1-— 2k? sin? ¢ 
de sine °F Via Png 


cao f Vi= Fargas —~ f" ee 
0 250 V1 — Rk sin? 
= aE(k, 6) — 4aF(R, ¢). 
If a is the half span of the problem, then 
a = aE(k, 4) — §aF(k, 47) 
since y=h cos ¢ implies 6= $m when y=0. Also 3/=4aF(k, 47). 
If k and a are fixed, the curve is given in the parameter @ by 
y = hcos 4, x = ak(k, ¢) — 4aF(R, ). 


This solution is merely Euler’s solution of the Elastica, identical except for the 
values of k and a. See MacMillan, Statics and Dynamics of a Particle, pp. 196- 
200, where also curves are drawn for various values of k (including both the case 
where there are inflections, which is the present problem, and the non-inflec- 
tional case where k? 21). 


RECENT PUBLICATIONS 
EDITED BY E. P. VANCE, Oberlin College 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the other 
editors or officers of the Association. 


A Short Course in Differential Equations. By E. D. Rainville. New York, The 
Macmillan Company, 1949. 9+210 pages. 


Upon reflection on the objective of the book which is being reviewed, one 
concludes that it was designed as a text for students who need a more complete 
set of recipes for the solution of the commonly occuring ordinary differential 
equations than he would find in the usual calculus book. The student reader, 
however, is not expected to have reached the stage where the term “theorem” 
belongs in a mathematics text. When a result is stated for the reader, he fre- 
quently finds a footnote indicating other hypotheses or the location of a precise 
statement and proof. 

The standard material of a first differential equations course is included with 
the exception that neither power nor Fourier series solutions are included nor 
is any treatment given of systems of equations. The highlight of the presenta- 
tion is the inclusion of a large number of examples in each section, so that the 
student may see in rather complete detail the procedure suitable for the par- 
ticular equation being treated. However, one may question the advisability of 
the inclusion of several examples with no variation in technique whatsoever in 
some sections. 

The book is well supplied with exercises and answers are included for vir- 
tually all the problems. The space devoted to applications is given to a more 
detailed study of the problems of the vibrating string and the electric circuit 
rather than a more superficial treatment of numerous applications. 

PAUL CIVIN 


An Introduction to College Geometry. By E. H. Taylor and G. C. Bartoo. New 
York, The Macmillan Company, 1949. 6+143 pages. 112 figures. $3.15. 


The book is a revision of one which appeared in 1939, and of which the re- 
viewer could find no mention in this MontHLY. It is designed for prospective 
teachers of secondary mathematics who have had no synthetic geometry since 
high school; also to stimulate students interested in geometry to study the dis- 
coveries made in this subject since Euclid. 

No knowledge of mathematics is presupposed save that from the usual course 
of plane geometry in high school; no attempt is made to stress the logical founda- 
tions of the subject, nor any use made of imaginary elements in algebra. How- 
ever, on page 108, the cross ratio of a pencil of lines is defined in terms of the 
sines of the angles. Historical notes are scattered throughout the text wherever 
appropriate. 

The first four chapters deal with directed lines and angles, points at infinity, 
similar figures and loci. Chapter five is devoted to the properties of the triangle, 
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but nothing more modern than the Theorems of Ceva, Pascal and Desargues, 
the nine-point circle and the Simson line. The remaining chapters are concerned 
with harmonic ranges and pencils, pole and polar as to a circle, orthogonal and 
coaxal circles, cross ratio and the principle of duality. 

Numerous exercises of various degrees of difficulty appear in each chapter. 
The appendix lists 108 theorems from elementary plane geometry for ready ref- 
erence in the text and 22 constructions the reader should know. Here may be 
found 70 additional exercises and 50 construction problems if the student de- 
sires supplementary work. 

Within the scope of the book it is well written and should serve as a good 
introduction to a second course in the modern geometry of the triangle and cir- 
cle. The press-work and the proof-reading seem excellent. One slip occurs on 
page 59 where Menelaus is credited as living around 100 B.C. instead of 100 A.D. 

J. R. MussELMAN 


NEW BOOKS RECEIVED 


From Euchd to Eddington, the Tarner Lectures, 1947. By Sir E. Whittaker. 
Cambridge University Press, 1949. 10+212 pp. 

Analysis and Design of Experiments. By H. B. Mann. New York, Dover, 
1949. 10+198 pp. $2.95. 

La Geometrie Conitemporatne. (‘‘Que sais-je?,’’ no. 401.) By A. Delachet. 
Paris, Presses Universitaires de France, 1950. 128 pp. 

An Index of Nomograms. By D. P. Adams. New York, Wiley, 1950. 10+174 
pp. $4.00. 

College Algebra. By H. A. Bender. New York, Pitman, 1950. 12+ 451 pp. 
$3.50. 

Legons sur la Théorte des Foncttons. Fourth Edition. By E. Borel. Paris, 
Gauthier-Villars, 1950. 12+-295 pp. 

Experimental Designs. By W. Cochran and G. Cox. New York, Wiley, 1950. 
10+454 pp. $5.75. 

Monografia sobre los Nuimeros. By F. J. Duarte. Caracas, Tipografia Ameri- 
cana, 1949. 246 pp. 

Premters principes de géoméirie moderne. Third Edition. By E. Duporg. 
Paris, Gauthier-Villars, 1949. 173 pp. 

Plane Trigonometry. By Gordon Fuller. New York, McGraw-Hill, 1950. 
134270 pp. $2.75. 

Eléments de Physique Moderne Théorique. By Georges Guinier. Paris, Bordas, 
1949: 159 pp. 

Geléste und Ungeléste Mathematische Probleme aus Alter und Neuer Zeit. By 
Heinrich Tietze. Biederstein Publishers, Munich, 1949. Volume I: xx+256 pp.; 
Volume II: iv+305 pp. Paper Bound 18 DM, Linen Bound 25 DM (German 
Marks). 

Science 1s a Sacred Cow. By Anthony Standen. New York, E. P. Dutton and 
Company, 1950. 221 pp. $2.75. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1949-50 
Newtonian Society, Lehigh University 


The Newtonian Soctety of Lehigh University is composed of sophomores and 
juniors who have demonstrated outstanding ability in mathematics during their 
freshman year. 

During the academic year 1949-50, the society devoted several meetings to 
reorganization. The following informal talks were presented at the remaining 
meetings: 

Some applications of number theory, by Prof. G. W. Petrie III 

Stellar astronomy, by Prof. R. N. Van Arnam 

Numerical analysts, by Prof. V. W. Latshaw 

Homogeneous functions and homogeneous differential equations, by Prof. J. W. 
Mettler. 

In February the constitution was changed to provide for the election of 
officers in February instead of in September. It was also decided to obtain cer- 
tificates of membership for all members. 

The present officers are: President, J. Burk McNamara; Vice-President and 
Treasurer, Frederick Kieshauer; Secretary, Alan Koppes; Faculty Advisors, 
Prof. J. O. Chellevold, Prof. G. W. Petrie III (fall semester). 


Kappa Mu Epsilon, Hofstra College 


The New York Alpha Chapter of Kappa Mu Epsilon held regular monthly 
meetings at which the following talks were presented: 

Mathematics in the schools of England, by Geoffrey Charlesworth 

The four-color problem, by Prof. L. F. Ollmann 

Verb tense determined symbolically, by William Beller 

Complex roots of polynomials determined graphically, by Prof. H. F. Fehr of 
Columbia Teachers College 

Non-Euclidean geometry, by Perry Watts 

Lissajous’s figures, by Otto Juelich 

Biometry, by Jane Brandt. 

In addition to the regular meetings, the chapter held a Christmas party and 
square dance, a picnic and an initiation banquet at which Prof. J. E. Eaton of 
Queens College spoke on The nature of applied mathematics. 

John Richard Prussen was the winner of the award offered to the best 
student of first year mathematics. 
™. The chapter was represented by five faculty and five student members at the 
Kappa Mu Epstlon luncheon held in New York City at the time of the Christ- 
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mas meeting of the M.A.A. 

The national officers of Kappa Mu Epsilon met on the Hofstra campus dur- 
ing the Christmas holidays. 

During the past semester, the chapter sponsored student help sections. 
Kappa Mu Epsilon members gave their time to help those who came at the 
assigned periods. 

Prof. L. F. Ollmann, chairman of the department, and national treasurer of 
Kappa Mu Epstion, installed the Pennsylvania Alpha Chapter of Kappa Mu 
Epstion at Westminster College, New Wilmington, Pennsylvania on May 17th. 

The officers for 1950-51 are: President, Peter Hinrichs; Vice-President, 
Richard Jaeger; Secretary, Emily Schuppel; Treasurer, Peter Marshall; His- 
torian, Jane Brandt; Corresponding Secretary, Lysle Marshall; Faculty Sponsor 
E. Marie Hove. 


Mathematics Club, Case Institute of Technology 


The activities of the Mathematics Club of the Case Institute of Technology 
for the year 1949-50 were entirely those of lectures by both students and 
members of the faculty. These lectures were: 

The method of least squares, by Dr. F. C. Leone 

The problem of trisecting an angle, by Irwin Wieder 

The Kénigsberg bridge problem, by Dr. C. Saltzer 

Conformal mapping, by George Millburn. 

The new officers are: President, James T. Morse; Vice-President, Ernst 
Prasse. 


Pi Mu Epsilon, Bucknell University 


The papers presented to the Pennsylvania Beta Chapter of Pt Mu Epsilon 
for the academic year 1949-50 were: 

Binomial theorem, by James Bortner 

Group theory, by Donald Ohl 

Practical equation solution, by Edwin Irland 

Applications of the finite calculus, by Evan Boden. 

Other activities included a business meeting, a social, and a picnic. Average 
attendance at each meeting was 30. 

The officers for 1950—51 are: Director, John W. Sprout; Vice-Director, F. R. 
Stauffer; Secretary, Charlotte Stratton; Treasurer, R. E. Jones, Jr. 


Kappa Mu Epsilon, Alabama College 


The Alabama Gamma Chapter held regular meetings from September 
through May. In October a party was given for all students in the college taking 
mathematics. In March nine new members were initiated and a banquet fol- 
lowed the initiation ceremony. 

The following papers were presented at other meetings: 

Number is everything, by Joyce Moncrief 

The number system, by Annie Falls. 
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Officers elected for the year 1950-51 are: President, Joyce Moncrief; Vice- 
President, Betty Ellis; Secretary, Gay Penn; Treasurer, Annie Falls; Program 
Chairman, Betty Crow; Faculty Sponsor, Mamie Braswell; Corresponding 
Secretary, Rosa Lea Jackson. 


Kappa Mu Epsilon, Central College (Fayette, Missouri) 


The Missourt Epsilon Chapter of Kappa Mu Epsilon at Central College 
enjoyed the following papers during 1949-50: 

Newton and Leibniz, by Paul Calvert 

Hamulton and quaternions, by Mark Barton 

The kinetic theory of gasses, by Merle Cartwright 

An introduction to modern geometry, by Dr. Floyd Helton 

Cantor’s theory of infinity, by Niels Nielson 

A brief history of the development of the engineering profession, by Prof. C. 
Denny 

EMstory of the number system, by David Bouldin 

Gauss, Prince of Mathematics, by Norman Drissell 

Galileo, the Star Gazer, by Eva Gilbertson 

The duodecimal system of counting, by J. P. Karnes 

Methods of summabdility of infinite series, by Dr. Paul Burcham, Chmn. of 
Department of Mathematics, University of Missouri 

Evariste Galois, by Mary J. Groce 

Calculating prodigies, by Robert Christian 

Peaucellier’s cell, by Mary Cronbaugh. 

At the final meeting of the year, a picnic dinner for members and guests was 
held at the home of the Sponsor, Dr. Floyd Helton. 


NEWS AND NOTICES 
EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news tems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


THE ELEVENTH ANNUAL WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 
The eleventh annual William Lowell Putnam Mathematical Competition 
will be held on Saturday, March 31, 1951. This competition, made possible by 
the trustees of the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband, is under the sponsorship of the 
Mathematical Association of America and is open to undergraduate students in 
universities and colleges of the United States and Canada who have not received 
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a degree. The examination will consist of two parts of three hours each. The 
questions will be taken from the fields of calculus (elementary and advanced) 
with applications to geometry and mechanics not involving techniques beyond 
the usual applications, higher algebra (determinants and theory of equations), 
elementary differential equations, and geometry (advanced plane and solid 
analytic geometry). Any college or university wishing to enter a team or indi- 
vidual contestants may secure an application blank from Professor L. E. Bush 
112 Albertus Magnus Hall, College of St. Thomas, St. Paul 1, Minnesota, by a 
postcard request. All applications must be filed with the Director not later than 
March 1, 1951. If three candidates are presented from a college or university, 
they are to constitute a team; if more than three are presented from any one 
college or university, the team of three must be named on the application. 
Fewer than three from one college or university may compete as individuals. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to this rule may be made by the Di- 
rector in cases where it would entail unusual inconvenience to a contestant. 
Sealed copies of the examinations will be sent to the supervisor of the examina- 
tion in time for the examination day and are not to be opened before the hour 
set. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200 and $100, in the order of their 
rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to the 
members of these teams according to the rank of the team; a prize of $50 to each 
of the five highest contestants and a prize of $20 to each of the succeeding five 
highest contestants. Each of the winners will receive a suitable medal. Honora- 
ble mention will be given to several teams next in order after the four winning 
teams and to several individuals next in order after the ten individual winners. 
For further encouragement of the Competition, there will be awarded at Har- 
vard University (or at Radcliffe College in the case of a woman) an annual 
$1800 William Lowell Putnam Prize Scholarship to one of the first five con- 
testants, this to be available either immediately or on the completion of the 
student’s undergraduate work. 

Reports on the ten previous competitions and examination questions will be 
found in this MonTHLY for May, 1938, 1939, 1940, 1941, 1942, October, 1946, 
August-September, 1947, December, 1948, and August-September, 1949, 1950. 


COMMITTEE ON THE MATHEMATICAL TRAINING OF SOCIAL SCIENTISTS 


At the summer meeting of the Association at the University of Colorado on 
August 29-30, 1949 there was held a Symposium on the Mathematical Training 
of Social Scientists (this MONTHLY, vol. 56, 1949, p. 658). The Symposium was 
sponsored by the Mathematical Association of America, the Institute of Mathe- 
matical Statistics and the Econometric Society. A summary of the statements 
made by the participants in the Symposium has been printed in Econometrica, 
vol. 18, 1950, pp. 193-205. 
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At the conclusion of the Symposium it was voted that the officers of the 
participating societies be requested to appoint a joint committee to study the 
need for better mathematical training of social scientists and the ways and means 
of improving their mathematical preparation. 

In accordance with this resolution a Committee on the Mathematical Train- 
ing of Social Scientists has been established under the chairmanship of Professor 
W. G. Madow of the University of Illinois. Twelve organizations interested in 
the problem are represented on the committee. The representatives of the 
Mathematical Association of America are Professors F. L. Griffin and E. P. 
Northrop. Members interested in the work of this committee are urged to com- 
municate with our representatives on the committee. 


MATHEMATICAL COLLOQUIUM AT THE UNIVERSITY OF ST. ANDREWS 


A Mathematical Colloquium under the auspices of the Edinburgh Mathe- 
matical Society will be held at the University of St. Andrews on July 18-28, 
1951. The Colloquium will consist of three or four short courses of lectures on 
topics of general interest, supplemented by several individual lectures on more 
specialized subjects. Professor H. S. M. Coxeter of the University of Toronto 
and Professor J. L. Synge of Dublin Institute for Advanced Studies will give 
courses. Other courses are being arranged. As accommodation in the University 
residence halls may be limited, application for membership should be made as 
soon as possible to the Colloquium Secretary, Dr. D. E. Rutherford, United 
College, St. Andrews, Scotland. Further information can be obtained from the 
Secretary. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
APRIL MEETING OF THE SOUTHEASTERN SECTION 


The annual meeting of the Southeastern Section of the Mathematical As- 
sociation of America was held at the University of Florida, Gainesville, Florida, 
on Friday and Saturday, April 7-8, 1950. Professor F. A. Lewis, Chairman of the 
Section, presided at the Friday afternoon and Saturday morning meetings of the 
subsections, which were presided over by Professors C. G. Phipps, George 
Sauté, R. J. Levit, T. M. Simpson, F. W. Kokomoor, C. L. Seebeck, Jr., L. A. 
Dye, and W. A. Gager. Professor C. G. Phipps presided on Friday evening at 
the dinner. 

There were about two hundred and fifty present, including the following one 
hundred and eleven members of the Association: W. H. Badgley, Jr., W. S. 
Beckwith, R. G. Blake, F. C. Bolser, Floyd Bowling, A. T. Brauer, N. R. 
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Bryan, R. K. Butz, T. C. Carson, J. D. Charron, C. E. Clark, M. J. Cleveland, 
Reginal Cobb, A. C. Cohen, Jr., J. B. Coleman, R. W. Cowan, R. R. Croxton, 
J. C. Currie, R. D. Depew, N. E. Dodson, R. D. Doner, L. A. Dye, J. C. Eaves, 
G. B. Findley, R. B. Folsom, Tomlinson Fort, W. A. Gager, D. B. Goodner, 
S. T. Gormsen, E. H. Hadlock, B. F. Hadnot, G. B. Huff, W. R. Hutcherson, 
Rosa L. Jackson, A. J. Killebrew, C. E. Kirkwood, Jr., F. W. Kokomoor, J. W. 
LaGrone, G. B. Lang, J. W. Lasley, Jr., R. J. Levit, F. A. Lewis, M. E. McCarty, 
W. G. McGavock, S. W. McInnis, J. D. Mancil, Nathaniel Macon, C. F. Mar- 
tin, J. E. Martin, R. H. Mason, W. N. Mebane, Jr., H. A. Meyer, Herman 
Meyer, E. P. Miles, Jr., W. L. Miser, J. A. Morales, J. C. Morelock, H. W. 
Morrow, Jr., K. W. Morrow, W. B. Moye, T. F. Mulcrone, T. A. Newton, A. J. 
Owens, W. V. Parker, P. B. Patterson, W. D. Peeples, Jr., Lillian G. Perkins, 
P. B. Peyton, Jr., C. G. Phipps, Z. M. Pirenian, P. A. Piza, M. D. Prince, F. M. 
Rankin, Ellen F. Rasor, B. P. Reinsch, G. E. Reves, T. L. Reynolds, M. C. 
Rhodes, J. M. Robertson, A. J. Robinson, H. A. Robinson, L. V. Robinson, 
George Sauté, P. C. Scott, C. L. Seebeck, Jr., E. B. Shanks, D. C. Sheldon, 
T. M. Simpson, C. B. Smith, W. R. Smythe, Jr., W. S. Snyder, W. H. Spragens, 
Jr., F. W. Stallard, E. L. Stanley, P. M. Swingle, J. M. Thomas, S. L. Thomp- 
son, H. S. Thurston, E. A. Voorhees, Jr., B. T. Wade, T. L. Wade, Jr., D. T. 
Walker, F. A. Wallace, Betty R. Weber, W. W. Weber, Ernest Williams, W. H. 
Wilson, Herbert Wolf, G. N. Wollan, J. W. Young, R. W. Young. 

At the business session the following officers were elected: Chairman, C. G. 
Phipps, University of Florida; Vice-Chairman, B. G. Clark, Vanderbilt Uni- 
versity; Secretary-Treasurer, H. A. Robinson, Agnes Scott College. The Section 
voted to hold its next meeting on March 16-17, 1951, at Vanderbilt University 
and George Peabody College. 

The program consisted of the following papers: 

1. A note on problem number 4288 1n the American Mathematical Monthly, 
January 1950, by Professor C. G. Phipps, University of Florida. 

This problem was proposed in the March 1948 issue of this MONTHLY. Two purported solu- 
tions were published in the January 1950 issue. These solutions appear to contain several misinter- 


pretations. The present note explained the derivation of the probabilities of the events to which 
the probability 13/41 applies. The analysis was based on a corrected diagram. 


2. Parttal fractions, by Professor J. M. Thomas, Duke University. 


It was shown that synthetic division can be used to develop the theory completely and to 
calculate the coefficients systematically. 


3. Simultaneous linear equations, by Professor L. A. Dye, The Citadel. 


This paper presents an orderly, economical method of solving any system of simultaneous 
linear equations possessing a solution. A check on the computations is provided at each step and 
inconsistent equations are easily recognized as such. 

4. A criterion for a common root of k algebraic equations, by Professor A. T. 
Brauer, University of North Carolina. 


This paper has appeared in this MONTHLY for May, 1950. 
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5. Graph paper as a teaching aid, by Professor Floyd Bowling, Lincoln 
Memorial University. 


The author demonstrated two types of graph paper which he designed, one for trigonometric 
curves, and the other for three dimensions. The latter is useful in solid geometry, solid analytics 
and some phases of engineering drawing. 


6. The linear congruence group modulo n, by Professor F. A. Lewis, Uni- 
versity of Alabama. 


The speaker discussed the results of a study of GLH(m, n), the group of linear homogeneous 
transformations on m variables whose coefficients range over the integers 0, 1, --- , »—1 in such 
a way that the determinant of each transformation is relatively prime to n. Properties of GLH (m, n) 


were developed by the general linear homogeneous group on m variables with coefficients in the 
GF[p"]. 


7. The brachtstochrone problem, by W. R. Smythe, Jr., Rollins College. 


In the first part of this paper, the path of minimum time of descent between two fixed points 
was discussed. In the second part, the path from a point to a curve, including Barnett's construc- 
tion for the focal point, was given. 


8. Mathemaitcs tn art and nature, by Sarah I. Hancock, Agnes Scott College, 
introduced by the Secretary. 


In this paper, the author discussed certain curves, numbers, and geometric forms which appear 
in art and nature. 


9. Notes on certain unsolved problems, by E. A. Voorhees, Jr., Vanderbilt 
University. 


In this paper the explanation, progress, and by-products of the investigation of certain of the 
more elementary unsolved problems, including some of the so-called ‘‘Hilbert problems,"’ were dis- 
cussed. 


10. A prime-representing function, by D. T. Walker, University of Georgia. 


A theorem given by W. H. Mills in June 1947 Bulletin of the American Mathematical Society 
was discussed and extended. Between the cube of an integer and that of the next higher integer 
less one there is always at least one prime. From this a bounded monotone increasing sequence of 
real numbers was constructed. 


11. Some theorems in matrix algebra, by Professor T. L. Wade, Florida State 
University. 

With the use of the delta and epsilon permutation symbols (numerical tensors) and identities 
on them, explicit proofs are given of the theorem “if A is a matrix with n columns and B is a 
matrix with 1 rows, then any m-rowed determinant of the matrix C=AB is equal to the sum of 


ternis, each of which is the product of an m-rowed determinant of A and an m-rowed determinant 
of B,” and related theorems. 


12. A generalization of the field of values of a matrix, by Professor J. C. Currie, 
Georgia Institute of Technology. 


For a given matrix A, and a positive definite Hermitian matrix S, the set of complex numbers 
xASz', where x ranges over the set of vectors such that x S #’=1, is called the S-field of values 
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of A. The nature of this S-field, its relation to the ordinary field of values (for S=I), and some re- 
sults of its application to the problem of limits for the characteristic roots of A were discussed. 


13. A method of construction of a properly primitive positive ternary quadratic 
form, by Professor E. H. Hadlock, University of Florida. 
The author gave an example illustrating a method of construction of a properly primitive 


positive ternary quadratic form when the invariants 7 and delta and the associated progression 
were known. 


14. A new interpolation formula, by Professor C. L. Seebeck, Jr., University 
of Alabama. 


The formula involves m derivatives evaluated at +1 points, and reduces to Lagrange’s 
formula when m=0. It is 


te =D Te—-ns JT - x) | +R, 
k=0 ks ks 


m — 7)! 
= ED Cif) 


15. An algebraic geometry formula, by J.C. Morelock, University of Florida. 


The formula referred to may be used for writing the terms of any homogeneous polynomial of 
prime degree in four variables. The method permits a classification of the terms of the polynomial 
into sets where each set is invariant under the same special linear transformation. The method also 
affords a new way to count the number of terms in the most general polynomial of prime degree. 


16. Geometric aspects of the euclidean algorithm in wmaginary quadratic do- 
mains, by Professor H. S. Thurston, University of Alabama. 


Professor Thurston demonstrated with diagrams the existence or non-existence of the eu- 
clidean algorithm in quadratic domains Ro[./m], where m <0. 


17. Plane analytic geometry of the complex domain, by B. F. Hadnot, Uni- 
versity of Georgia. 


By use of a one to one correspondence between the field of complex numbers and points 
oriented by the rectangular coordinate system, Mr. Hadnot outlined a study of straight lines and 
conics with as little reference as possible to the plane analytics of the real domain. 


18. Effect of a rigid elliptic disk on the stress distribution in an orthotropic 
plaie, by A. J. Owens, University of Florida. 


An analysis of the stress distribution in an orthotropic plate was made from a study of a 
stress function of two complex variables. The results were applied to a Sitka spruce plate in a state 
of plane stress. 


19.- The Monte Carlo method, by Professor W. S. Snyder, University of Ten- 
nessee. 


The Monte Carlo method of solving a problem consists in devising a mathematical model in- 
volving a stochastic variable whose expected value is the answer to the problem, and in evaluating 
the expected value by sampling. In many cases the mathematical model is at once suggested by the 
problem, but the method is proving adaptable to such problems as the inversion of matrices, solu- 
tion of integral equations, evaluation of integrals, and determination of eigenvalues and eigenfunc- 
tions of certain partial differential equations. The difficulties of sampling are often less serious than 
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those encountered in attempting a solution by the customary algebraic or analytic procedures. 
Present experience seems too limited to characterize the class of problems where the method may be 
used, or to give very precise indications of its relative efficiency. 


20. A grade crossing quadratic, by Doctor J. B. Coleman, formerly with the 
South Carolina Highway Department. 

Where visibility is limited at a grade crossing the safe speed of approach will depend upon the 
distance at which visibility occurs, the time reaction of the driver, and the rate of deceleration. 


Finding the safe speed involves the solution of a quadratic whose coefficients have physical signifi- 
cance, the importance of which may not be realized by the average driver. 


21. A simple perfect point becomes a triple point, by Professor W. R. Hutcher- 
son, University of Florida. 
Curves of order 21 determined by cubic and seventh degree surfaces were studied. These 


curves were invariant under a certain transformation. A simple perfect invariant point on the 
seventh degree surface became a triple point on the cubic curve in the tangent plane. 


22. Applications of summation by paris in the theory of summability of infi- 
nite sertes, by Professor Tomlinson Fort, University of Georgia. 


In this paper the author established certain tests for the summability of series by a triangular 
matrix analogous to well-known tests for convergence. 


23. Some remarks on the Monte Carlo method, by Professor A. C. Cohen, Jr., 
University of Georgia. 


A discussion of the statistical approach in the numerical evaluation of n-fold integrals was 
given. When 7 is large, for example when n=10, ordinary methods of numerical integration re- 
quire an abnormal length of time to complete even when modern high-speed electronic computing 
machines are employed. By use of the Monte Carlo method, such computations can be quickly com- 
pleted with sufficient accuracy for most practical purposes. 


24. Some plane curves drawn by a method suggested by a common construction 
of an ellipse, by Professor W. L. Miser, Vanderbilt University. 


The common method of constructing an ellipse from two concentric circles and the line 
y=mx suggested the problem of constructing a curve which comes from replacing the two circles 
by two general conics. An equation of degree eight in x and y is found. Some simple examples are 
given, among them being the witch, the pseudo-witch, the serpentine, and other simple curves. 


25. Continuity concepts in college algebra, by Professor J. D. Mancill, Uni- 
versity of Alabama. 
The need for the treatment of the concept of continuity of the real number system in college 


algebra is stressed, particularly as a prerequisite for calculus. Methods and means of presenting 
concepts of continuity in college algebra are demonstrated. 


26. On the diophantine problems that arise in teaching, by Professor G. B. 
Huff, University of Georgia. 


Most teachers of elementary mathematics are familiar with the fact that diophantine prob- 
lems occur in constructing ‘‘nice”’ numerical problems. It was shown that for many of these prob- 
lems, satisfactory solutions may be obtained by reducing the problem to one that can be solved by 
factoring a determinate integer. 
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27. Electronic differentiating and integrating circuits and thetr use as teaching 
aids, by M. D. Prince, Georgia Institute of Technology. 

This speaker described the operation and use of an electronic device which performs differenti- 
ation and integration of periodic functions. The technique employed permits direct observation of 


the input and output functions by means of a standard cathode-ray oscilloscope which traces out 
the curves on its screen. 


28. Newton and his Principia Mathematica, by Professor W. A. Gager, Uni- 
versity of Florida. 


In this descriptive paper attention was called to certain highlights in the Principia such as in 
Book I, laws of motion and fluxion; in II, motion of bodies in resisting media; and in III, Newton’s 
“system of the world.” Behind a great book there must exist a great personality. Many interesting 
phases of Newton’s life were discussed. 


29. The use of group diagrams in the theory of finite groups, by W. D. Peeples, 
Jr., University of Georgia. 

The author considered the construction of group diagrams when the generators and defining 
relations are known, and he illustrated same by solving a particular problem. 

30. A study of a certain transformation in the complex plane, by Polly A. 
Harris, Agnes Scott College, introduced by the Secretary. 

This paper consisted of a study of the properties of the function w=2/(z2—1) when the func- 
tion is considered as a transformation between the z and w planes. 

31. Kummer’s test for convergence obtained by the Abel-Dint theorem, by T. A. 
Newton, University of Georgia. 


The Abel-Dini theorem and the Pringsheim modification were used to obtain a generalization 
of the comparison test of the second kind for infinite series. The result was Kummer’s test for con- 
vergence. 


32. The evaluation of certain definite integrals and some applications to heat 
flow, by M. D. Findley, University of Florida, introduced by the Secretary. 


By contour integration in the complex plane, integrals of the type 
f sinh ax cos dbx(sinh mx cosh nx)— dx 
0 


were evaluated. An application of the integral was given where the temperature distribution along 
one edge of an infinite strip was represented by B sech kx and the other edge was kept at zero. 


33. A proof of a theorem from Bromwtch's “Infinite Series,’’ by G. N. Wollan, 
North Georgia College. 


A theorem stating a necessary and sufficient condition under which alternating series of a 
certain type can be multiplied by the Cauchy rule was proved directly from the definition of con- 
vergence. 


34. Iterated sums of powers of the binomial coefficients, by Professor E. B. 
Shanks, Vanderbilt University. 


For arbitrary positive integers i, k, n, p, (tn), let 
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n k 
si(n, p) = >, si(j, p—1) where si(n, 0) = ("). 


jm 
It is shown that 
k tkos+1 (Gaarehenan 
s\7l, = A; . 
si(n, p) 2 i ik+> 
where A, =1 and 4;=A ce_j42 for j=1, 2, +--+ ,ik—-t+1. The A; are positive integers independent 


of n and p, whose values are given by a determinant of order j. This result is a two parameter 
generalization of Bernoulli’s ‘‘Summa Potestatum.”’ 


35. A mechanical system related to a continued fraction, by Leo Moser, Uni- 
versity of North Carolina, by title. 
The oscillations of a certain mechanical system were shown to have a close connection with 


the continued fraction expansion of a certain quadratic surd. The possibility of obtaining a me- 
chanical system similar in structure to a given continued fraction was discussed. 


36. On series of Walsh functions, by Professor W. H. Spragens, Jr., Florida 
State University. 
Professor Spragens extended a result of Walsh on series of certain eigenfunctions which he 


proved to be equiconvergent with Fourier sine series for functions in L?. It was shown that this 
result may be extended to functions in L. Extensions to double series were indicated. 


37. A generalization of the remainder theorem, by Professor R. J. Levit, Uni- 
versity of Georgia. 
The familiar theorem, ‘‘If a polynomial p(x) irreducible over a field K has a root in common 


with a polynomial f(x) over K, then p(x) divides f(x),”’ is a generalization of the factor theorem. 
In this paper a corresponding generalization of the remainder theorem was discussed. 


38. Powers of triangular numbers, by Mr. P. A. Piza, San Juan, Puerto Rico. 


This paper, privately printed in English, will appear in French in Mathesis. The author pre- 
sented many interesting properties of the powers of triangular numbers, Fermat coefficients, and 
tetrahedral numbers. 


39. A new generalization of Legendre’s differential equation, by Professor R. 
W. Cowan, University of Florida. 

The differential equation is taken in a form containing two parameters, and is solved by the 
method of Frobenius. For certain particular values of the parameters the general solution reduces 


to polynomials. It is shown that the polynomials are orthogonal over the interval (—1, 1) with 
respect to a certain weight function. 


40. A further generalization of the Letbnitz theorem, by Professor L. V. Robin- 
son, University of South Carolina. 
When D in F(D) of the Leibnitz theorem is replaced by X defined as the sum of terms g;D,, 


where g; is a function of ” independent variables x;, and D,; is the partial differential operator of xz, 
it is shown that a more general theorem is thus obtained. 


41. Calculus concepts 1n connection with the quadratic function, by Professor 
N. R. Bryan, Clemson College. 


Professor Bryan suggested how continuity may be maintained in the teaching of quadratic 
functions in algebra and in calculus. 
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42. Extended integration by parts, by B. F. Hadnot, University of Georgia. 


By repeated integration by parts, Taylor’s formula and certain indefinite integrals of a given 


type of determinant were obtained. 


43. On Akilov’s Theorem, by Professor D. B. Goodner, Florida State Uni- 


versity. 


Akilov (Doklady Akad. Nauk SSSR (N.S.) 57(1947), 643-46) proved the theorem by using 
Kantorovich’s extension theorem. This speaker presented a direct proof of Akilov’s theorem and 
certain ramifications of the theorem. Certain spaces having property P were characterized. 


44. Discussion of classroom notes and junior college mathematics. 


This discussion was led by Professor W. A. Gager, University of Florida. 


H. A. ROBINSON, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirty-fourth Annual Meeting, University of Florida, Gainesville, De- 


cember 30, 1950. 


Joint Meeting with American Society for Engineering Education, Michigan 
State College, East Lansing, June 25-26, 1951. 
Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3—4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHANY MounrtTaIN, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
ILLinors, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20-21, 
1951. 

KANSAS 

KENTUCKY, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

LOUISIANA-MissIssiIPPi1, Mississippi State Col- 
lege, State College, February 16-17, 1951. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Catholic University, Washington, D. C., 
December 9, 1950. 

METROPOLITAN NEw YORK, Spring, 1951. 
MicHIGAN, Michigan State College, East Lan- 
sing, March 24, 1951. 
MINNESOTA, College of St. 
Joseph, April 28, 1951. 
Missouri, Central College, Fayette, Spring, 

1951. 
NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 


Benedict, St. 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

Oxn10, Columbus, April 21, 1951. 

OKLAHOMA 

PaciFIc NORTHWEST, State College of Wash- 
ington, Pullman, June 15, 1951. 

PHILADELPHIA 

Rocky Mountain, Colorado State College of 
Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and 
Peabody College, Nashville, Tennessee, 
March 16-17, 1951. 
SOUTHERN CALIFORNIA, Whittier 
Whittier, March 10, 1951. 
SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

TExas, Southern Methodist University, Dallas, 
Spring, 1951. 

UprER NEw YorK STATE, Hamilton College, 
Clinton, May 5, 1951. 

WISCONSIN, Carroll College, Waukesha, May, 
1951. 


College, 


anew spring crop of rinehart mathematics texts 


TEACHING MATHEMATICS in the SECONDARY SCHOOL 


Lucien B. Kinney, Stanford University 
C. Richard Purdy, San Jose College 
probably 520 pages, $4.50 


A careful description of applications of present-day methods and materials, in- 
cluding visual aids as derived from actual classroom experience. Organized in a 
thoroughly teachable form, this book has been pretested in the methods classes of 
the authors. 


MATHEMATICS and STATISTICS for ECONOMISTS 


Gerhard Tintner, Iowa State College 
probably 480 pages, $5.00 


A book for the student who has had no thorough training in college mathematics, 
but who is willing to acquire some of the mathematical equipment necessary for 
a serious study of economics. It includes some applications of elementary mathe- 
matics to economics, as well as topics in calculus, probability, and elementary 
statistics. 


MATHEMATICS of INVESTMENT 


Paul R. Rider, Washington University 
Carl H. Fischer, University of Michigan 
probably 512 pages, $4.50 


A complete text on the mathematics of finance covering: Simple Interest and 
Simple Discount; Compound Interest; Ordinary Annuities; More General An- 
nuities; Amortization and Sinking Funds; Bonds; Depreciation, Depletion and 
Capitalized Cost; Life Annuities; Life Insurance Net Premiums; Life Insurance 
Reserves. 


just published ... the revised and alternate edition of 


PLANE and SPHERICAL TRIGONOMETRY, Rev. 


John A. Northcott, Columbia University 
without tables, 234 pages, $2.50 


A thorough revision of a text widely used over the past fifteen years. New problems 
have been added, carefully selected and graded as to difficulty. The larger edition, 
priced at $3.50, contains 94 pages of tables. 


complimentary examination copies are available to instructors of related 
courses 


rinehart & COMPANY row yori te, now yor 


COLLEGE TEXTS 


Trelic le 


ANALYTIC GEOMETRY AND CALCULUS 


By Lyman M. Kells, Professor of Mathematics, U.S. Naval 
Academy 

Combining the subjects of Analytic Geometry and Calculus, this new text provides 
the student with a better assimilation of both subjects, and a tremendous saving of 


time by the early grasp of fundamental and analytic principles which enables him 
to go on more quickly to the advanced topics and spend less time in review. 


A large number of carefully graded problems provide drill work and numerous 
important applications. Answers and solutions to half the problems are at the back 
of the book. Other answers and solutions are available to the instructor upon 
adoption of the text. Appendices and index are included. 


Just published 623 pages 6”"x9" 


CALCULUS, Second Edition 


By Lyman M. Kells, Professor of Mathematics, U.S. Naval 
Academy 


Thoroughly revised, this outstanding calculus text presents a deep understanding of 
the basic principles of calculus without extreme rigor of proof. Many improvements 


suggested by teachers who use the previous edition have been incorporated in the 
revision. These include: 


® Early introduction of integration. 
@ New chapter on vectors. 


@ Fundamentals more clearly presented—improved proofs, simplified explanations 
and expanded problem material. 


® Improved exercises—a wide variety of problems. 


Published 1949 508 pages 6"x9" 


ANALYTIC GEOMETRY 


By Lyman M. Kells, and Herman C. Stofz, U.S. Naval Academy 


This new text has been created to provide a workable background for thorough 
understanding of the general definitions and principles of analytic geometry. Reason- 
ing rather than mere memorization is highlighted throughout. The student thus be- 
comes able to recognize a proof as a familiar working principle, rather than just 
another sound that must be re-learned each time it appears. Ample opportunity is 
provided for a deep understanding of fundamentals through their application in the 
solving of ordinary problems. (Over 1350 carefully graded problems are included.) 


Published 1949 280 pages 6"x9" 


Send for your copies today! 


PRENTICE- HALL, ING. 70 Fifth Avenue New York 11, N.Y. 


Vew Books in Whathematics 


Fulmer-Reynolds: College Algebra 


A clear, well-organized review of the essentials of elementary algebra 
with an adequate treatment of the theory of equations. For a semester or 
quarter. 


Powell-Wells: Differential Equations 


A brief first course (semester or quarter) which gives students proficiency 
in the most important methods of solving ordinary differential equations. 


Urner-Orange: Elements of Mathematical Analysis 


A unified presentation which makes mathematics of immediate utility. 
Integrates algebra, trigonometry, analytic geometry and simple calculus. 


Rosenbach-Whitman: Essentials of College Algebra 


An unusually sound brief course. Introduces principles and processes with 
all necessary definitions, theorems, proofs, illustrations and examples. 
Ready in January. 


° d C. Boston 17 NewYork 11 Chicago16 Atlanta 3 
nn an ompany Dallas 1 Columbus 16 San Francisco 3 Toronto 5 


PHILOSOPHICAL LIBRARY PUBLICATIONS 


THE HEBREW IMPACT ON WESTERN CIVILIZATION 


Edited by DAGOBERT D. RUNES 


THIS epochal symposium is a sociological and historical contribution of utmost importance. Each of the 
17 authors is an authority in his field. Subjects covered include the Jew’s effect on: religion, the arts and 
sciences, law, philosophy, the democratic idea. Frankly discussed are the Jew as statesman, as soldier, in public 
life, in social work; in drama, theatre, film and the dance; music, painting and sculpture. 


Henry Pratt Fairchild, New York University, says: 
“An eye opener to the majority of even well-informed people. . . . Anyone who wishes his behavior to 
be guided by the knowledge of the truth will be the better for reading it.” 
900 Pages ... cc ccc c ere c cece cc eccncscccccsceens $10 


AN EPOCHAL WORK THE ONLY VOLUME OF ITS KIND 


A HISTORY OF PHILOSOPHICAL SYSTEMS 


Edited by VERGILIUS FERM 
Compton Professor and Head of the Department of Philosophy in The College of Wooster 
41 DISTINGUISHED CONTRIBUTORS from American and European Universities 


PART OF CONTENTS 


Story of Indian Philosophy 
Buddhist Philosophical Systems 
Chinesg Philosophy (Contucian- 

ism, Moism, Taoism, Legal- 


ism ) 
Ancient Jewish Philosoph 
Hellenistic and Roman Schools 
of Philosophy 
Arabic & Islamic Philosophy 


47 CHAPTERS 


Renaissance Philosophies 

The Philosophy of the Enlighten- 
ment 

Dialectical Materialism 

Logical Positivism 

English and American Absolute 
Idealism 

Early Philosophies of Evolution 

Vitalism 


—and many more 


Existentialism 

e New Materialism 
Contemporary Thomism 
Semantics 
Recent Schools of Logic 
Philosophy of the Sciences 
Recent Schools of Aesthetics 
Recent Schools of Ethics 
Philosophies of Culture 
Philosophies of Religion 


OVER 700 PAGES—$6.00 


PHILOSOPHICAL LIBRARY, Publishers 


15 E. 40th St., Desk 300, New York 16, N.Y. 


Special student bulk rate on 10 or more 


Expedite shipment by prepayment 


ANNOUNCING 


this precise and RIGOR- 
OUS encyclopedic survey 
of modern MATHEMATI- 
CAL PHYSICS again avail- 
able. 


New revised edition of this famous book acclaimed by 
Professors Leigh Page of Yale, Max Black of Cornell and 
Edward Kasner of Columbia because it provides a com- 
prehensive, precise understanding of scientific theory and 
methods that is non-technical but rigorous. 


Not an over-simplified general survey for laymen, but a 
penetrating, mature study of the history of scientific ideas 
from the start of the 18th century on: to the present day. 
Every theory and topic of modern physics of interest to 
you as a mathematician is covered in this encyclopedic 482- 
page work (350 thousand words): the theories and in- 
fluence of Newton, Maxwell, Poincaré, Mach, Weyl, 
Heisenberg, Riemann, Gauss, Minkowski, Kepler, Faraday, 
Lorentz, Hertz, Michelson, Einstein and many others. 


This book will give you a clearer concept of the rela- 
tionships among various phases of physics. You'll gain a 
new perspective and understanding of manifolds, the vari- 
ous systems of relativity (including Einstein's Special and 
General theories), the equations of electromagnetics and 
Lorentz’s theory, the paradoxes associated with space- 
time, potentials and forces, the postulate of equivalence, 
tensors and the laws of nature, the principle of conserva- 
tion, etc. 


Special 100-page revised section on the Methodology 
of Science has been included in this edition. Here is a bril- 


BY A..0’ABRO 
second edition, revised and enlarged 


482 pages, $3.95—about the cost 
of an ordinary novel! 


liant dissection of the Bergson viewpoint. d’Abro effec- 
tively disposes of the widely-held belief that physicists 
and mathematicians should confine their activity to 
“weighing and measuring’’—and leave the interpretation of 
scientific data and theories to philosophers and the like. 


Priced at only $3.95 because of large advance library 
sale, only 221 copies remain. This edition includes 15 spe- 
cial portraits of leading mathematicians and physicists. 
Money refunded immediately and unconditionally if this 
book does not live up to your expectations. Order TODAY 
—while our limited 221-copy supply is still on hand. 


Save up to $7.00 on 
these famous monographs 


INTRODUCTION TO THE THEORY OF FOURIER’S 
SERIES AND INTEGRALS by H. S. Carslaw. Third re- 
vised edition. 380 pages. 39 illustrations. Originally $6.00. 

° $3.95 


ORDINARY DIFFERENTIAL EQUATIONS by E. L. 
Ince. Fourth revised edition. 566 pages. 18 illustrations. 
Originally $12.00. $4.95 


ANALYSIS AND DESIGN OF EXPERIMENTS by H. 
B. Mann. Analysis of variance and variance designs. 201 


pages. $2.95 
LINEAR INTEGRAL EQUATIONS by William V. Lov- 
itt. 265 pages. 65 exercises. $3.50 


THE FOURIER INTEGRAL by Norbert Weiner. 201 
pages. $3.95 


FREE PORTRAITS. Special brochure containing 30 


portraits of outstanding scientists is yours if you detach 
and mail the coupon below or order before February 28th 
mentioning Dept. AMM. Included are portraits of Des- 
cartes, Fermat, Pascal, Newton, Leibniz, Laplace, Weier- 
strass, Cayley, Kowalewski, Boole, Hermite, Riemann, 
and others. 


 Caeeetete eet eee ee ee eS ete ee ee eee eee eee eS ee 


DOVER PUBLICATIONS, Inc. Dept. AMM 
1780 Broadway, New York 19, N.Y. 


Send me books checked below: 

--- EVOLUTION OF SCIENTIFIC THOUGHT $3.95 
...Fourier’s Series (Carslaw) $3.95 

.- Ordinary Differential Equations $4.95 

.. Analysis and Design of Experiments $2.95 
..Linear Integral Equations $3.50 

....The Fourier Integral (Weiner) $3.95 

Books may be returned in 10 days for full refund. 


NAME .occc ccc cc ccc ccc ee te eee cee t ee eee erence eee tenet enees 


Enclosed 18 $--.+.-++++eseessss im check or money order. Please 
send special brochure of portraits if my order is mailed before 
February 28, 1951, 


CORLISS + BERGLUND 


Plane Trigonometry 


“The book gives every evidence of being written by those 
who appreciate and anticipate points which cause the 
students difficulty. I am impressed by the wealth of care- 
fully drawn figures which should add greatly to its 
teachability. I particularly like the introduction of radian 
measure early as well as the general definitions of the 
trigonometric functions.”’ 


FLtoyp S. HARPER, Drake University 
UNDERWOOD : SPARKS 


Analytic Geometry 


In Analytic Geometry the authors have produced a brief 
text possessing clarity, serviceability, and efficiency. The 
book includes only the most immediately useful topics. 
New concepts are introduced as they are needed in the 
normal development of the subject, with new proofs for 
traditionally difficult subjects. A large number of care- 


fully selected and graded problems are provided. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


THE TEACHING OF SECONDARY MATHEMATICS. New 2nd edi- 
tion 


By Cuartes H. BuTLer, Western Michigan College of Education; 
and F. Lynwoop WReEN, George Peabody College for Teachers. 
McGraw-Hill Series in Education, Ready in January. 
A moderate revision of this very successful ‘‘methods” textbook. While 
there has been little revision of old textual material, some sections have 
been rewritten to integrate the essential parts of the original text with dis- 
cussion of new developments. Exercises and bibliographies are completely 
revised, 


INTRODUCTION TO STATISTICAL ANALYSIS 


By WitFrip J. Dixon and FRANK J. Massey, JR. ; University of Ore- 
gon. Ready in January. 
This unique text presents the basic concepts of statistics in a manner which 
will show the student the generality of the application of the statistical 
method. Both classical and modern techniques are presented with emphasis 
on the understanding and use of the technique. 


ELASTICITY. Proceedings of Symposia in Applied Mathematics. 
Volume Ill 


Editor-in-Chief, R. V. CHurcHILL, University of Michigan. 235 pages, 
$6.00. 
Seventeen papers, prepared for the American Mathematical Society’s Third 
Symposium in Applied Mathematics. These papers include a selection of 
recent advances and developments in the mathematical theory and applica- 
tions of elasticity and plasticity. The book presents contributions to the sub- 
ject made by specialists in these fields during the past two or three years. 


ANALYTIC GEOMETRY 


By R. D. Douctass and S. D. ZEeLp1In, Massachusetts Institute of 
Technology. 217 pages, $3.00. 


Simple and direct in approach, and containing a large number of illustrative 
examples, this text presents the essential topics of elementary analytic 
geometry, both plane and solid, thus enabling the student to learn the prin- 
ciples involved and their applications in mathematics and other sciences, 
and preparing him for a course in the calculus in the least possible time. 


ELEMENTS OF ORDINARY DIFFERENTIAL EQUATIONS 


By Micuaet Gotoms and M. E. Suanxs, Purdue University. Inter- 

national Series in Pure and Applied Mathematics. 356 pages, $3.75. 
This new text is for use in the usual first course in differential equations, 
but also contains sufficient material to permit its use in a more advanced 
course or a full year course. The chief aim is to stimulate student imagina- 
tion and at the same time to inculcate correct mathematical thinking. Many 
techniques not often found in textbooks are included. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42nd STREET, NEW YORK 18, N. Y. 


Important Texts from Macmillan 


Elementary Theory 
of Equations 


By Samuel Borofsky 


A basic text for undergraduate courses in the Theory of Equations, this book 
places more than usual emphasis on algebraic properties of polynomials and 
number fields, Besides teaching the basic theories of elementary algebra, the book 
introduces the student to higher algebra. To Be Published in December 


Mathematical 
Engineering Analysis 
By Rufus Oldenburger 


This book is devoted to the setting up of physical problems in mathematical 
form, The theory of the various fields of engineering is developed from a mini- 
mum number of assumptions to give a simple, logical picture of the entire 
domain of engineering and the underlying physics. To Be Published in December 


A Primer of 
College Mathematics 


By John Randolph 


Designed for the Freshman Mathematics course, this text presents college alge- 
bra, trigonometry, and analytic geometry in a unified treatment and introduces 
the student to calculus. Review material on high school algebra is introduced as 
incidental to work on permutation, combinations, or probability in the first chap- 
ter. $4.75 


A Short Course in 
Differential Equations 
By Earl Rainville 
Furnishing an introduction to differential equations for those students who have 
completed a course in calculus, the book places emphasis on the careful develop- 


ment of methods for solving differential equations. Numerous exercises accom- 
pany the material. $3.00 


THE MACMILLAN COMPANY 
60 Fifth Avenue, New York 11 


COMING IN JANUARY 


A new text by WILLIAM L. HART 


ollege Trigonometry 


WITH LOGARITHMIC AND TRIGONOMETRIC TABLES 


A substantial treatment of plane and spherical trigonometry, of 
moderate length, incorporating distinctly collegiate viewpoints. 


COMMENCES with an introductory chapter on the trigonometric 
functions of the general angle. 

EMPHASIZES analytic trigonometry, oriented for application in later 
mathematics. 

PRESENTS a mature and well-rounded treatment of numerical plane 
trigonometry. 


OFFERS a satisfactory foundation in spherical trigonometry, includ- 
ing a reasonable number of elementary applications. 


INCLUDES the author’s extensive Logarithmic and Trigonometric 
Tables, revised by the addition of a six-page table of haversines and 
their logarithms. 

THE TYPE is exceptionally large and open, and the format generally 
appealing. 


Text pages: PLANE TRIGONOMETRY, 151 p. 
COMPLEX NUMBERS AND APPENDIX, 2] p. 
SPHERICAL TRIGONOMETRY, 35 p. 


TABLES, 130 p. 


D. C. HEATH AND COMPANY 


COLLEGE DEPARTMENT 
285 COLUMBUS AVENUE 
BOSTON 16, MASSACHUSETTS 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 


